ON THE SPIEGELUNGSSATZ FOR THE 4-RANK

ETIENNE FOUVRY AND JURGEN KLUNERS

ABSTRACT. Let d be a non square positive integer. We give the value of the
natural probability that the narrow ideal class groups of the quadratic fields
Q(+v/d) and Q(v/—d) have the same value for their 4-ranks.

1. INTRODUCTION

1.1. Conventions and notations. Throughout this work, the letter D is reserved
to denote a fundamental discriminant, i.e the discriminant of a quadratic extension
of Q. Let K = Q(v'D), N be the norm function on K and let Ok be the ring
of integers of K. On the set of non zero ideals of D we say that two ideals J
and J are equivalent in the narrow sense, if there is an element a € D g, such that
J = (a)J and N(a) > 0. By the multiplication of the ideal classes, we obtain the
(narrow) class group of K, that we denote by Cp. This is a finite abelian group.

We extend this definition of Cp in the following way: if d is a non square integer,
not necessarily a fundamental discriminant, we also denote by Cg4 the class group
of the quadratic field Q(v/d). When d is a non zero perfect square, we define Cg to
be the trivial group.

We reserve the letter p to prime numbers and, for n > 1, the number of distinct
primes divisors of n is denoted by w(n). The M&bius function of n is u(n).

If A is a finite multiplicative abelian group and p a prime number, the p—rank
is, by definition rk,(A) := dimg, (A/AP). More generally, if k is an integer > 1, we
define the p*—rank of A, by rk«(A) := dime(Apkfl/AT’k).

1.2. Scholz’ Theorem. The original Spiegelungssatz concerned the 3-rank of Cp
and was proved by Scholz [13] in the form of the double inequality

(1) tk3(Cq) < r1ks(C_zq) < rks(Cq) +1,

for any non square d > 1. With the above convention, it is straightforward to
extend (1) to any d > 1.

Hence, when d > 1 is given, the integer rk3(C_34) can only take two values:
either rk3(Cq) or rk3(Cq)+1. Each of these possibilities is well described in algebraic
terms. But the natural question is to know the frequency of each of these events.
Dutarte [6] further pushing the probabilistic model leading to the heuristics of
Cohen—Lenstra [3], proposed a value of the second frequency. More precisely, he
was led to conjecture
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Conjecture 1. ([6, Formula(3) p. 8]) For every integer a > 0 we have

@) lim #{D; 0< D < X, 1k3(Cp) = a and tk3(C_3p) = a+ 1}

= 3~ (e D),
X o0 #{D; 0 <D< X, rks(Cp) =a}

The equality (2) can be seen as a conditional probability under the following
convention: Let A be a subset of the set DT of positive fundamental discriminants
D, we define the probability of the event D € A as being equal to the following
limit (if it exists)

(3) Prob(A) :leiriloo( Z 1) ( Z 1).

0<D<X 0<D<X
DeA

This probability also is the natural density of A, considered as a subset of DT.
With this definition, Conjecture 1 is only a statement concerning the existence and
the value of a conditional probability. In other words, Dutarte thinks that for any
a > 0 we have the equality

(4) Prob(rkg(Cst) =a+1 and rks(Cp) = a | rks(Cp) = a) =31

Now we appeal to the following consequence of the heuristics of Cohen and Lenstra
3, (C9) p. 57]

Prob(rk3(CD) = a) = 3—a(a+1) noo(g) 77_2(3) (1 _ 3—((1-1-1))—17

a

where the function 7 (t) is defined in (8) below. Summing the equality (4) over all
a > 0 we have

Prob(rks(C_sp) = rks(Cp) +1) = »_Prob(rks(C_sp) — 1 = rks(Cp) = a)
a=0

(5) = Noo(3) i 3-(a+1)? no2(3) (1 — 3~ (et
a=0

=0.283530---

But the equality (5) is conjectural for the moment, even if it has been tested on a
computer (see [6, §4.2]). As far as we know, the only result around the conjectural
value (5) is due to Belabas [1, Theorem 2.1] & [2], who proved the following equality

Z 3rks(Cp)

0<D<X
rk3(C_3p)=rk3(Cp)+1

(6) = i + O (exp(

Z 3rks(Cp)

0<D<X

(log X loglog X)%)),

1
5)

as X tends to +00. The equality (6) can be seen as a weighted version of (5).
These weights are chosen in order to easily apply the seminal work of Davenport &
Heilbronn [4] concerning the average behavior of the 3—part of Cp.

1.3. Damey—Payan’s Theorem and the contribution of Gerth. We owe to
Damey and Payan [5, Théoreme I1.9 & II1.10] to have proved that a phenomenon
similar to the 3—rank also holds for the 4-rank, that is

Theorem A. (”Spiegelungssatz for the 4—rank”) For every d > 1 we have
(7) rky(Cq) < rka(C_g) < rky(Cq) + 1.
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Note the equality Q(v/—d) = Q(v/—4d). We shall say that the fields Q(v/d) and
Q(v/—d) are associated.

As for the 3—rank, the natural question is to evaluate the frequency of each of
the events "rky(C—q) = rka(Cq)” and "rky(C—g4) = rka(Cq) + 17. The only paper
concerning this question is due to Gerth [11]. In order to present his results we
introduce several notations. For k € N U {oo} let 7 be the function defined for
t>1by

k
(8) Hlftj

For x > 1 and a,t > 0 integers we 1ntroduce the two sets
Apy = {m m squarefree < x, exactly ¢ primes ramify in Q(v/—m)/ Q}
and
Al pw i ={m;me Ay, tka(C_pn) = 1ky(Cp) = a}.
With these conventions, Gerth proved
Theorem B. ([11, p.2551]) For every integer a > 0, we have
ﬁ Aza;x

t;x

(9) lim  lim = 27727 o (2)ma(2) 72

t—oo xT—00

In this statement, Gerth has chosen to list all the imaginary quadratic fields in
the form Q(y/—m) with m squarefree. Gerth could have adopted the other point
of view of writing these imaginary fields in the form Q(v/D) with D a negative
fundamental discriminant. This is the point of view that we prefer to adopt in
the present paper. Also remember that D = —m or D = —4m according to the
cases m = 3 mod 4 or m = 1 or 2 mod 4, and that exactly w(|D|) primes ramify in
Q(VD).

More precisely, here is the variant of Theorem B that we have in mind and that
could have been equally proved by Gerth in [11]:

Theorem C. For any integer a > 0 we have
lim lim ﬁ{D, 0<—-D< X, W(‘DD = t, I‘k4(CD> = I‘k4(C,D) = a}
00 X oo #{D;0<-D < X, w(|D]) =t}
—a o—a? —
= 27927 1o (2)n4(2) ?

Theorems B & C appeal several commentaries. By mixing Theorem C with the
central result of [10, Formula (1.5)], we get

Corollary A. ([11, p.2551]) For every integer a > 0

lim lim 1{D;0<-D < X, w(|D|) =t,tks(Cp) = rky(C_p) = a}

=27
t—o0 X—oo0 ${D;0< —-D < X, w(|D|) =t,1k4(Cp) = a}

This corollary, roughly speaking, asserts that for an imaginary quadratic field
with 4-rank equal to a, the probability (in the special sense introduced by Gerth)
that its associated field has the same 4-rank is equal to 27*. But the meaning of
this probability cannot be reduced to the natural probability introduced in (3).

The second remark is when we sum the equality contained in Theorem C over
all a > 0 we obtain



4 ETIENNE FOUVRY AND JURGEN KLUNERS

Corollary B. (see [11, Theorem 1])

) . t{D;0<-D < X, w(—D)=t,1ks(Cp) =1k4(C_p)}
lim lim
oo X beo t{D;0< -D <X, w(|D|) =t}

=3 27927 (2)14(2) 2 = 0.610321 - -

This Corollary shows that certainly the behavior of the 4-ranks differs from the
3-rank as long as the Spiegelungssatz is concerned.

The third remark is that Gerth could have equally stated Theorem B by first
considering the value a of rky(Cy,) (instead of rk4(C—r,)). Then the value of the
second part of the equalities contained in Theorems B, C and Corollary A would
have been modified. Of course, the numerical constant appearing in Corollary B
would have been unchanged.

The purpose of this paper is to prove the statements of Theorem C and Corollar-
ies A & B, but in the context of the more natural space of probability, as defined in
(3), but naturally transposed to the set of negative discriminants. This is far from
being a simple transposition of the original proofs of Gerth, since he writes [11,
p.2547]: However, computing these limits appears to be very difficult. The limits
mentioned by Gerth are those which will appear in Theorem 1 below.

1.4. Statement of the results. The central result of our paper is

Theorem 1. For every integer r > 0 we have

(10)
D;0<—-D< X, rk — k(O ) = ]
i ﬁ{ — - .,r 4(Cp) = rka(C-p) r} — 9 T 9T 7]00(2)777"(2)727
and
(11)  lim ﬁ{D; 0<—-D < X, 1ky(Cp) =rka(C-p) + 1 :7‘}

X —o00 ﬁ{D,O<—D<X}
=(1-27")2 " e (2)n,(2) 2

Similar statements remain true if, in the above expressions, we restrict to the neg-
ative fundamental D congruent to 1 mod 4, to 0 mod 8 or to 4 mod 8.

Summing (10) or (11), we obtain
Corollary 1. We have the equalities

(12)
. #{D;0< —-D < X, rky(Cp) =1ks(C-p)} ~=._ 2
1 2727 r oo 2 T 2 )
P ¢{D:0<-D<X} Z e 21 (2)
and
(13) lim jj{D; 0<—-D < X, rky(Cp) =rks(C_p) + 1}

X—00 #1{D;0<-D< X}

= (-2 2 (20, (2) 72
r=0
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Similar statements remain true if, in the above expressions, we restrict to the neg-
ative fundamental D congruent to 1 mod 4, to 0 mod 8 or to 4 mod 8.

It is important to notice that the values appearing on the right sides of the
equations (10), (11), (12) & (13) coincide with the values appearing in Theorem C
and Corollary B, but the probabilistic models are not the same at all. However,
these coincidences confirm an intuition of Gerth (see [11, p.2547]) expressed as:
Although the limits we compute are not guaranteed to equal the above limits, our
results do provide some insight into this question.

2. THE THEORY OF MOMENTS

A classical tool of analytic number theory in the study of the distribution of the
values of an arithmetic function is the theory of moments of this function. Hence,
as in [7, p.470], we introduce the quantities

(14) ST(X ka,q) =y, 2FOn),

0<—-D<X
D=a mod ¢

where X > 2 is a number and a,k > 0, and ¢ > 1 are integers. In the present
paper, we only deal with the cases

(15) (a,9) € {(1,4), (0.8), (4,8)},

which corresponds to the classical partition of the set of fundamental discrimi-
nants, into three subsets, according to the highest power of 2 dividing D. The
sum S~ (X, k, a,q) is the moment of order k of the function 2'%¢(C») on the set of
negative discriminants congruent to a mod ¢. It is more efficient to work with the
powers of 2°%4(Cp) than with the powers of rky(Cp) itself, since algebra furnishes a
flexible formula for 2°%4(Cp) (see (26) below).

It is natural to compare this moment to the corresponding counting function

IDi(X7 a? q) = 57 (X7 07 a’ q)7

which is the cardinality of the set of negative fundamental discriminants D, congru-
ent to a mod ¢, of absolute value less than X. These cardinalities are well known
since we have

2
(16) D (X,1,4), 4- D (X,0,8) & 4- D (X,4,8) = - X + O(VX),
™
uniformly for X > 2. The equalities (16) are only variations on the classical formula
6
> i) = 5X +0(VX),
n<X &
which counts the number of squarefree numbers up to X. We recall a notation
introduced in [7, p.461]: N(k,2) denotes the total number of vector subspaces (of
any dimension) of F%.
One of the central results of [7] is
Theorem D. (see [7, Thm. 6, 8 & 10]) Let (a,q) satisfying (15). Then for any
integer k > 0 and for any ¢ > 0 we have the equality

(X k.0.) = N(k,2) - D™ (X,a,4) + Opo (X(1og X) 2" +°)
uniformly for X > 2.



6 ETIENNE FOUVRY AND JURGEN KLUNERS

From Theorem D we deduced the following

Corollary C. (see [7, Theorem 3]) Let (a,q) satisfying (15). For every r > 0 we
have

L #{Di0<-D<X D=amodg rki(Cp)=r} _
Jim_ D-(X,a,q) -

27" oo (2)m (2) 72

In order to trap the values of the pair of variables (rk4(Cp),rks(C_p)), we
introduce the mixed moment
(17) S_. (X, k,a,q) := Z 2k ka(Cp) . orka(C-p)

mix
0<—-D<X
D=a mod ¢

Generally speaking, we should have to compute the sums corresponding to the
terms 2F%4(Cp) . 9¢rka(C-p) “for all the integer exponents (k, £). But the functions
2'ka(Cp) and 2'k+(C-p) are highly constrained by Theorem A. Hence it is sufficient
to compute the mixed moments for the exponents (k, 1) only (see (18) below). This
remark avoids a huge amount of work, particularly in the combinatorial aspect.
Such a situation already appeared in [9], where we studied the values of the pair
of functions (rk4(Cp),rks(Clp)), where Clp is the ordinary class group of the field
Q(v/D), with D > 0, divisible by no prime = 3 mod 4.
Theorem 1 will be deduced from

Theorem 2. Let (a,q) satisfying (15). Then for any integer k > 0 and for any
€ > 0 we have the equality

N 1,2 N(k,2 -
(Xohaq) = SEFLAENED) 1o 0,g) 4 0y (X105 x) 2 +)

g 2

mix

uniformly for X > 2.

Theorems D & 2 imply that asymptotically the ratio
Six(X, b a,¢)/S™(X,k+1,a,q)

mix
has a limit strictly less than 1 as X tends to infinity. This means that frequently,
the event rky(C_p) = rkq(Cp) — 1 happens. The theory of moments, via Theorem
2 is strong enough to deduce the frequency of such an event.

2.1. From Theorem 2 to Theorem 1. The structure of the proof is the same
as the proof of [9, Theorem 2, see §2.2]. We shall restrict to the case (a,q) = (1,4).
The other cases (a,q) = (0,8) and (a,q) = (4,8) of (15) are exactly similar. To
obtain the equalities (10) & (11), it suffices to sum the equalities corresponding to
these three cases.

For r, s integers > 0 and for X > 5 define the densities

${D;0<—-D < X, D=1mod 4,1ks(Cp) = r,tk4(C_p) = s}
D—(X,1,4) '

Theorem A (Damey—Payan’s Theorem) is equivalent to the following equality

(18) 5(r,8,X)=0for X >5and for s <r—1ors>r

Corollary C and (18) imply the equality

(19) Jim (8(r, 7, X) 4+ 3(r,7 = 1, X)) = 27 e (2m,(2) 72

o(r,s, X) =

From Theorem 2 we deduce Theorem 1 as follows.
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Proof. Dividing by D~ (X, 1,4), we write Theorem 2 in the weaker form

= N(k+1,2) + N(k, 2
Jim 3 (37, X)2EE 4 5 — 1, )20 D) (k+1, ;* (k,2)
o r=0
for k=0, 1,.... In an equivalent form we write this equality as
(20) D &(r, X) 20T = (N(k +1,2) + N(k,2)) + ox(1),

r=0
for any £ > 0 and X — oo. We have introduced
E(r, X) :=26(r,r, X) +6(r,r — 1, X).

The function £(r, X) takes its values between 0 and 2. Applying positivity to (20)
we obtain

&(r, X) 2D = 04(1),
which leads to
(21) 0 < &(r,X) = O (27 * 1),

uniformly for X > 5 and » > 0. By an infinite diagonal process, we build an infinite
sequence of integers M and a sequence (&,),>¢ of real numbers in [0, 2] such that

Jim £(r,m) = &,
meM

for all 7 > 0. The relation (21) allows us to apply Lebesgue’s dominated convergence
theorem to (20), in order to deduce the equalities

(22) Zfr 2(hHDT — N(k 4 1,2) + N(k, 2) for any k > 0.
r=0
The equations (22) appear to be an infinite linear system in the positive unknowns

&-. The study of this system is divided in several steps.

Lemma 1. The infinite linear system has at most one solution (& )r>o in positive

&
Proof. The system (22) is equivalent to the following system

(23) > g2k =0y (k> 0),
r=0

with the new unknowns & = 27¢, and Cy, = N(k+1,2) +N(k,2). The system (23)
has the shape of the system studied in [8, §4.2]. By the explicit formula for N(k, 2)
(e.g. see [8, Lemma 1]), we see that C}, satisfies

412 2 2
Cp < 2575 1 o' « o,

We are exactly in the conditions of the application of [8, Prop. 3], the proof of
which is based on Jensen’s formula. Hence (23) has at most one solution in positive
&!.. From this we deduce that the system (22) has at most one solution in positive
& O

The second step is



8 ETIENNE FOUVRY AND JURGEN KLUNERS

Lemma 2. The values
—r\ o—12 —
&=01+27")27" n(2) 1, %(2) (r>0)
are a solution of the infinite linear system (22).

Proof. By a proof based on formulas around the theory of partitions, we know 8,
Prop.2] that the real numbers

yr = 2" 0 (2)0,2(2) (r > 0),

satisfy the linear equations
oo
>y 2P =N(k,2),
r=0

for any integer k > 0. (This result was used to deduce Corollary C from Theorem
D, see [7]). Applying this result twice, with a change of variable k + 1 — k and
using linearity, we see that y,. + 27"y, is solution of (22). O

Now putting Lemmas 1 & 2 together, we deduce that the system (22) has only
one solution in positive (§,) given by Lemma 2. This also implies that, for each r,
the sequence £(r, X) has only one limit point when X — oco. In other words, we
know that
(24)  lim (20(r,m, X) + 007 = 1,X))= (14+27) 27" na (2 (2) 2.

— 00
Putting together the relations (19) and (24), we deduce that each of the quantities
o(r,r, X) and §(r,r—1, X) have limits when X tends to co. These limits respectively
have values 27" 27" 1o (2)n,(2)"2 and (1—277) 2427}00(2)7%(2)72- This is exactly
what is claimed in Theorem 1. (]

2.2. Possible extensions. Due to its flexibility, the method presented in this
paper may have several extensions. The first one is to rather count the positive
discriminants when summing the moments, that is to evaluate

(25) ST(X,k,a,q) = Z okrka(Cp) . 9rka(C-p) = for (a, ) satisfying (15).

0<D<X
D=a mod g

This possibility was already mentioned at the end of §1.3. We could even restrict
the summation in (25) to special discriminants D, which means that no prime p =
3 mod 4 divides D (see [9], for a study of the distribution law of the function rky(Cp)
on that set of discriminants with applications to the real quadratic fields, with a
fundamental unit with norm —1). The interest of these two possible extensions will
rely on the combinatorial question, which would lead to constant certainly different
from the constant (N (k + 1,2) + N (k,2))/2, appearing in Theorem 2.

3. STRATEGY OF THE PROOF OF THEOREM 2

Almost all of the tools required for the proof of this theorem are already in [7],
since the problem has many similarities with one of the problems solved in that
paper, namely to prove Theorem D.
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The starting point is a formula for 2'%¢(Cp) in terms of sums of product of Jacobi
symbols over divisors of D. When D < 0 is = 1 mod 4, we have

1 D D D D
2 ogrka(Cp) — _ ~ 2N (V2B (20
( 6) 2. 9w(=D) Z (DO D3 DO D3

—D=DyD1D2Ds

(see |7, Formula (20)]). Of course there are similar formulas where D is positive or
even, they are more complicated, because of the influence of the integers —1 and 2
(see [7, Formulas (77), (107), (111), (119) & (129)]).

In order to study the moment of order k of 2'¥4(Cp) it is necessary to raise
(26) to the k—th power. Then the number of variables becomes 4*. To skirt round
this technical difficulty, we exploit an idea introduced by Heath-Brown in [12]:
take the indices in F2* and use polynomials of degree two over Fy to detect which
Jacobi symbols appear and which do not appear in the expansion of 2¢k+(Cp)  This
idea was already exploited in [7]. Then we arrive at Lemmata 4, 14 or 19 below,
according to the congruence of D mod 8.

We multiply the expression by 2°%4(C-p) in terms of a quadruple sum, to finally
arrive at an expression of S X, k,a,q) as a sum of dimension 4k+1 oyer variables
Dy, with w € Fg(kﬂ) (see Lemma 6, 16 & 21). We concentrate more on the
case D = 1 mod 4. Then the D,, are odd squarefree variables which satisfy the
inequality Hw er2(kt) Dy < X. The Jacobi symbols appear in this expression

mix(

of Sr:lix(Xvkaaaq) in the form (DDin

defined over Fy. This expression has much to do with S7(X,k + 1, 1,4) defined in
(14) and thoroughly studied in [7, §5]. In particular, analytic methods will take

D1 (wiw') . .
) , where ®;; is some polynomial

advantage of the oscillations of the character g—‘", , provided Dy, and Dy, satisfy

some inequalities. But the question is to be sure that we effectively meet such a
character, in other words, such a study has a meaning only if the indices w and w’
satisfy the equality ®j41(w;w')+®py1(w'; w) = 1. In that case, we follow an idea
introduced in [12] and we say that these indices are linked (see the definition given
in (31)). Then a combinatorial study proves that the main term can only come
from the contribution from sets of indices {w} such that exactly 2**! of these form
a vector space (or a translate of vector space) of unlinked indices called ¢/, and such
that Dy, = 1 if w ¢ U. Gluing back the variables we arrive at Lemmata 7 & 13,
where it remains to evaluate the coefficient of the main term. It is at that point
that the proof of Theorem 2 really differs from the proof of Theorem D (for the
parameter k + 1), as done in [7]. Actually, some new cancellations appear in the
coefficient of the main term. Their role is to testify that, oftenly, rky(C_p) is less
than rks(Cp). As we said before, the analytic part of the present paper is almost
the same as in [7]. It is useless to write it again. We ask the reader to refer to this
paper, we have even chosen the same notations as far as possible.

3.1. Conventions. Before embarking the proof, we make the following conven-
tions, which will apply for §4, 5 & 6, and we recall some easy facts. We have tried
to follow the notations of [7], which were much inspired by [12]. We frequently
introduced a subscript 04 under some symbols to mean that we have modified the
definition of this symbol by comparison with [7].

First of all, some conventions in set theory:
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e If S and T are two sets, we put SAT := (SUT)\ (SNT).

e If S is a set, we denote by P(S), P°44(S) and Pv?(S) the set of all subsets of
S, the set of all subsets of S with odd cardinality and the set of all subsets of S
with even cardinality, respectively.

e Let £ > 1 be an integer. If A is a subset of F, we denote by o(A) the sum of its
elements. Hence o(A) belongs to F5. Note the equality 0(AAB) = o(A) + o(B)
for all A and B C F%.

Here are our definitions and conventions for geometry in characteristic 2:

e k> 0, will be an integer,

o u=(up,uy,...,uy) and v = (vy,va,...,ve;) will be elements of F3*,

e a = (aj,az) and B = (B1,[2) will be elements of F3. Hence (u,a) and (v,3)
will be viewed as elements of ]Fg(kﬂ).

o w = (wi,...,Wapq2), W = (W,...,wh, ) and & = (01,...,02,42) Will be

elements of IF;UCH). In that vector space, an important point of our study will be
p=(0,1,---,0,1).
e C:={éy,...,Exp12} is the canonical base of IE‘2 (k+1),

e For 0 < /¢ < k, define the new vectors b25+1 = 624+1 + €2g+2 and b2(+2 = €9¢42
to introduce another basis of IFQ(kH) defined by B := {l)17 R b2k+2}. Let X (resp.
Y') the subspace generated by the vectors 51, l;g, el gng (resp. 52, 54, e 52k+2).
The decomposition in direct sum FQ(kH) X @Y defines the projection wx (resp.
7wy ) on X, parallel to Y (resp. on Y, parallel to X ).

e We modify the b as follows: we put b = b for 1 < j < 2k, b2k+1 = Dok yo

and b2,€_~_2 = b2k+1. Then we define the modlﬁed basis Bmod = {bl, ol 2k+2}7
the subspaces Xmod and Yioeq are respectively generated by b7, bs, ..., b5, and
5,04, .., by . Then we define the projections 7x,, and 7y, , as before.

2(k+1)

e H is the hyperplane of I, defined by the equation waogy1 + wok1o = 0 (in the

basis C).
e &y is the polynomial in 4k variables over Fy defined by (see [7, Formula (27)]):

Op(u;v) = (w1 +v1)(ur +v2) + -+ - + (uor—1 + vag—1) (U2k—1 + Vak).
Similarly, we have
Qi1 ((w,); (v, 3)) = (w1 +v1) (w1 +v2) + -+ - + (uok—1 + vog—1)(u2k—1 + var)
+ (a1 + 1) (a1 + B2).

e For £ C {1,...,k} and u € F3*, we put
Ve(u) = Z(u%—l +uge +1).
et

2(k+1)

By extension, for (u,a) € I, , we also put

Ve((u, a)) = Z(Uﬂ—l +uge +1).
leg

e A is the polynomial over IF;UCH) defined by

A((u, a)) = aqae,
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or equivalently by
A(W) = Wap41Wak+2-
e B is the polynomial over Fg(kH) defined by
B((u, @) = (a1 +1)(az + 1),
or equivalently by
B(w) = (w241 + 1)(wap42 + 1).
e )\, is the second degree polynomial over F2* defined by (see [7, Formula (79)])

Ae(0) = ugug + - -+ + Ugg— 1 U2k

® )i is similarly defined, but on ]F;(kﬂ).
e For w and w' € Fg(kﬂ), we define the bilinear form L (see [7, Formula (60)])
k
(27) L(w,w') = Zw2j+1(wl2j+1 + Whj o),
3=0
and its modification L0q
k—1
(28) Linoa(w,w') = Z Waj41(Whjyy + Whjyo) + (Wakt1 + Wakt2)Why i1
j=0

Let A be the linear form (see [7, p. 484])

k
A(W) = Z ng_,_l .
7=0

We will use the following relations between these functions

(29) Q)k+1(w;w’) = L(W+W/7W/) +A(W+W/)a
and
(30) Linoa(w,w') = L(w,w') + A(w) + A(W') + A(w + w').

e w and w’ are said to be unlinked if and only if they satisfy
D1 (w;w') + Pppq (Wi w) =0.
Otherwise, w and w’ are said to be linked.

ol C Fg(kﬂ) is said to be an unlinked subset (for ®y1), if for any w and w’ € U,
we have

(31) ‘I’k+1(W; W/) + <I>k+1(w’; W) =0.
By (29) this condition is equivalent to
(32) Liw+w,w+w)=0.

and also equivalent to
(33) Lmod(w + W/v W+ W/) =0.

Any translate of an unlinked subset is also unlinked. We say that U is mazimal
unlinked when it is maximal for the inclusion. In that case, its cardinality is 2F+1
and U is the translate of some unlinked vector subspace Uy of dimension &k + 1 (For
the proof, see [7, Lemma 18]).

e A vector subspace V of ]Fg(kH) is said to be good for L (resp. for Liyoq), if it
has dimension k + 1 and if the restriction to V x V of the bilinear form L (resp.
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Loa) is identically equal to zero. A direct consequence of (31), (32) & (33) is the
following implication:

(34) V is a good vector subspace for L or Lyoq = V is maximal unlinked.
Finally, some facts concerning counting of vector subspaces in characteristic p:

e n(k,¢,p) is the number of vector subspaces of IF]; of dimension /. We recall some
identities (see [7, Lemma 3])

k

(35) > p'a(k,,p) = N(k+1,p) = N(k,p) (k > 0),
=0

and

(36) N(k +1,p) = 2N(k,p) + (p" — 1) N(k — 1,p) (k> 1).

3.2. Counting good vector subspaces. As in [7], the factor N(k,2) appearing
in the formula of Theorem 2 has its origin in the counting of some good vector
subspaces. The following lemma gathers all that we shall require in this counting
process. It is only an extension of [7, Lemma 26].

Lemma 3. Let k > 0.

(i) There is a one—to—one correspondence between vector subspaces Uy of Fg(kﬂ),
good for L, and vector subspaces of X. More precisely, if F is a vector subspace
of X, there is only one good vector subspace Uy of L such that mx(Uy) = F. It is
given by

(37) Uy=F @ F*,

where F+ :={§ €Y ; L(%,) = 0 for all ¥ € F}.

(i) A similar statement holds for vector subspaces F' of Y.

(iii) Similar statements are also true for the subspaces Uy good for Lyoq, with the
modification that we replace the vector subspaces X and Y by Xmoa and Yimod,
respectively.

(iv) In Fg(k—ﬂ) there are N(k + 1,2) vector subspaces good for L and N(k + 1,2)
vector subspaces good for Lyod.

Proof. (i) Let F = wx(Uy). Decompose each element w and w’ € Uy in the form
w =wx +wy and w = w'x +w'y according to the direct sum Fg(lﬁ_l) =XaqY.
Since Uy is good for L, we obtain the equalities L(wx,w'y) = L(w'x, wy) = 0, this
is an easy consequence of the fact that, in B, L(w, W') = 21254 - -+ Top 4125, o, if
(x;) and (z}) are the coordinates of w and w’ in this basis. This expression shows
also that dim F+ = k + 1 — dim F. Hence, since wx belongs to F, wy belongs to
the vector subspace F'* of dimension at most k + 1 — dim F. Since we impose to
Uy to have its dimension equal to k + 1, necessarily we have my (Uy) = F*. This
gives (37).

(#) This item is evident.

(i) It is sufficient to notice that, Lyoa (W, W') = 2125 4 - - + Zopq 105, o, if (24)
and (x}) are now the coordinates of w and w’ in the basis Byoa.

(iv) This is a direct consequence of the bijection with the vector subspaces of X
or of X 04 which are both of dimension k + 1. O
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4. PROOF OF THEOREM 2. THE CASE OF ODD NEGATIVE D

4.1. Beginning of the proof. In this section we deal with the sum
Sle(X k,1,4) introduced in (17). If D is a negative fundamental discriminant
= 1 mod 4, then —4D is the fundamental discriminant of the associated field
Q(v/—D). To transform the first term 2* rka(Cp) e appeal to

Lemma 4. For any k > 0 and for every odd negative fundamental discriminant D
we have the equality

2krk4(CD) _ ; Z H H D (u;v)
2k . 2kw(=D) )

(Du )uE]FZk u

where the sum is over all the 22 —tuples (Dy) such that

(38) I] Du=-

u€erzk
Proof. See [7, Formula (25)]. O

To deal with the other factor 27%4(C-p) = 9rka(C-4p) e use the following formula

Lemma 5. For any positive fundamental discriminant D congruent to 4 mod 8,
we have the equality

(39)

(a1+p81)(a1+p2) 1\ @ras
orka(Op) _ m ZD}E@;) 1 2][1;[ (Di) 1 2}
a 2 ar1tags+1
X [1 + 1;[ (Da> },

where the first sum, is over the 4—tuples (Da)aeﬁr% such that
(40) [[Pa=D/4

Proof. See [7, Formula (129)]. O

We apply Lemma 4 for D = 1 mod 4 and D < 0 and Lemma 5 to the value —4D.
We are led to simultaneously solve (38) and (40), in other words

H Dy = H Dy =—-D
uengk ae]F%

Let Dy,a = g.c.d.(Dy, Da). Then we have Dy = [[, Dua and Dg = [, Du,a-
Using the multiplicative properties of the Jacobi symbols we deduce the following
equality which is true for any negative D = 1 mod 4:

(41)

2krk4(CD)_2rk4(C,D) _ 1 Z H H <I>k+1 ((u7a);(v,ﬁ))
T 9k+1 . 9(k+1)w(—D)

Du a u,x v /8
5\ A+B)(wa)
Dy ’

_1 \ Allwe)
X[H<Du,a> ]x 1+H(
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where the sum is over all the 4**1—tuples (D, o) satisfying

H Dy = —D.
Summing (41) over the set of D = 1 mod 4 satisfying 0 < —D < X, and replacing
the variables of summation (u,«) and (v,3) by w and w’ (€ Fg(k+l)), resp., we

get:

Lemma 6. For every k > 0 and every X > 2 we have the equality

(42) So

mix

L Z [H 2(kr+1)w(Dw)‘| « [H H <Dw>¢k+1(W;w/)]
9k+1 52 U il Dy
9 (A+B)(w)
(5, ]

()]
X — X
w Dw

where the sum is over all the 4*+1—tuples (Dy,) of coprime, squarefree and positive
integers satisfying

(X, k,1,4) =

HDW <X and HDWE3m0d4.
w w

Note that in (42), the Dy, are not necessarily fundamental discriminants. We
decompose S_. (X, k, 1,4) into two terms

mix(
(43) Sh (Xvka1a4)221(X)+22(X)7

where 1 (X) and ¥2(X), resp. correspond to the contributions of the terms 1 and

9 (A+B)(w) 9 (A+B)(w) . .
H (Dw> 1+ 1;[ (Dw> appearing in

w

the right part of (42).

contained in the term

4.2. Study of ¥;(X). The beginning of the proof is the same as in [7, Lemma 28
& Prop. 6]. We introduce the following notation: for » = 0 or 1 mod 2 and U a

maximal unlinked subset in Fg(k+1), let

(44) )= 30 [T (A=

(hw) WeEU
8 { 11 (—1)‘1”““(””?“”/)-%-“%]

wel
w’eu

In (44) the sum is over (hy)wew € {+1 mod 4}2""" satisfying
(45) I 7w = (=1)" mod 4.
wel

We follow the proof leading to [7, Prop. 6]. The only differences are the sub-
stitutions k — k+ 1, Ay — Aand v = 0 +— v = 1 in (45). Finally, we arrive
at
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Lemma 7. For every k > 0 and every € > 0 we have uniformly for X > 2 the
equality
92— (k+1)—2"+! e
S1(X) = T (37T D) - X + O (X (log X)),
u

T2

where the sum is over all the maximal unlinked subsets U C Fg(k+1).

Using (16), we write Lemma 7 in the equivalent form
(46) (X)) =27 T DX, 1,4) + O (X (log X) 72T,
with
(47) I = Zv*(u, 1).
u

4.2.1. Study of the main coefficient I'y. Preliminary steps. We are now concerned
by the study of I'y. Let U be a maximal unlinked subset of Fg(kﬂ), let (h“’)weu
be a family of congruence classes satisfying (45) for v = 1. Let S be the subset of
U consisting of the indices w € U such that hy = 3 mod 4. By (45), we know that
S has odd cardinality. Inverting the summations, we can write (44) in the form

YU = Y (1l

scu
#S odd
where
(48) eroa(9) = Y AW) + D B (wiw),
wesS weS
w’'es

where the double sum is made over unordered pairs of elements of S.

The study of v (U, 1) will mimic the study made in [7, §6.1]. Later on, we shall
require results on v (U, 0). It is natural to generalize our study by considering for
v =0 or 1 mod 2 the equality

(49) YU, v) = Z (—Ueiwd(s), for v =0 or 1.

scu
# S=v mod 2

Note that our function el _,(S) slightly differs from the function e*(S) defined in

mod

[7, Formula (83)]. Hence the way of treating it is very similar. For S and T' C U,
we define

(50) er—rlod (87 T) = eJr-:(_lod(S) + er—;od (T) + e;od(SAT)v
and define
(51) e(S) = Z D1 (wyw') (=ef q(9) + Z A(w)).
wes weSs
w/es

The function e(S) exactly coincides with the function introduced in [7, Formula
(57)], but in dimension k + 1. Also let

(52) e(S,T) := e(S) + e(T) + e(SAT),

which also coincides with the function e(S, T) introduced in [7, Formula (62)]. This
quantity satisfies the equality

(53) e(S,T) = egoq(S. T),

mod
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which is an easy consequence of the equality

DTAW) D AW+ Y A(w) =0.

weSs weT weSAT

Squaring (49), inverting summation and following the proof of [7, Formula (89)],
we get the equality

(54) ) = 2 ) (71)ertod(T)+y(A(U(T))+L(U(T),c)),
TeT

where

- v € {0,1 mod 2},

— L, A and o are defined in §3.1,

— T is the set of subsets T' C U of even cardinality such that

L(o(T),o(5)) =0,

for every subset Sy of U with even cardinality, (note that 7 contains the subsets T'
of even cardinality satisfying o(T") = 0),

— ¢ is any point of Fg(kﬂ), such that U = ¢ + Uy, where U is a vector subspace.
Note that (7,A) is a commutative group.

Now we recall some facts taken from [7].

Lemma 8. Let U be a mazimal unlinked subset of Fg(kﬂ)

T of U, we have the equalities

. For all subsets S and

(55) e(S,T) = et (S, T)
= L(0(S),0(T)) + 45 - (Z L(w,w)) 4T A(0(S)) + 15 - Alo(T)).

weT

If 45 is even and if c is a point of U, we have the equality
(56) e({c,c+0(9)}) = L(a(5),¢) + Ao (9)).

Proof. Combine (53) and [7, Lemma 21 & Formula (61)] to obtain the first equality.
The second one is [7, Formula (72)]. O

Lemma 8 implies that e (T,7T") = 0 for every T and 7" € 7. This equality

mod

combined with (52) implies the equality e (TAT') = el (T)+et (T") (for all

mod mod

T and T' € T), from which we deduce the fact that the application

T (_1)e$0d(T)+u(A(o(T))+L(a(T),c))’
is a multiplicative character on (7, A). From this property and from (54) we easily
deduce
Lemma 9. Let v € {0, 1 mod 2} and let U a mazimal unlinked subset of Fg(kﬂ)
such that v+ (U,v) # 0. Then we have

er (T)=0,

mod

7

for every subset T of U, satisfying §T even and o(T) = 0.

Lemma 9 appears to be the analogue of Lemma 29 of [7]. Now we prove an
analogue of Lemma 30 of [7].
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Lemma 10. Let v € {0, 1 mod 2} and let U a mazimal unlinked subset of Fg(k+1),

such that v+ (U,v) # 0. Then for any S C U we have the equality
ehoa(S) = A(0(9)) + (1425) (Lmoa (0(5), €) + A(0(5))).
In that expression ¢ is any point such that U = c+Uy, where Uy is a vector subspace
ong(kH) and Lyoaq is defined in (28).
Proof. Tt mimics the proof of [7, Lemma 30]. We discuss on the parity of § S.

o If £.5 is odd, we have o(S) € U. By Lemma 9 applied to the subset T of U defined
by T := S A{c(S)} (which satisfies  T'= 0 mod 2 and o(T) = 0), we obtain
(57) er (T)=0.

mod

By the definition of T', by equations (57) and (50) we have

(58) 0= e0a(S) + eoa{a(9)}) + e0a (8. {a(5)})-
The equality (55) of Lemma 8 gives the equality e (S, {o(S)}) = 0. The definition

mod

(48) produces et ({c(S)}) = A(c(S)). Inserting these two equalities into (58), we
obtain the proof of Lemma 10 in the case 214 S.

e If £ S is even and ¢(S) = 0, Lemma 9 gives Lemma 10 in that case.

e Now suppose £S5 even and o(S) # 0. Then o(S) belongs to Uy. We consider
T =SA{c,c+0(S)}. Then T is a subset of U satisfying § T even and o(T") = 0.
By Lemma 9 we also have (57). By the choice of T and by (50), we deduce from
(57) the equality

(59) 0= ef0q(S) + ehoa({e, e+ (9)}) + (S {e,c + a(S)}).

By (56) of Lemma 8 and by (51) we have

(60) et d{c.c+0a(9)}) = A(c) + A(c + a(S)) + L(a(9), ¢) + A(a(S)).
By (55) of Lemma 8 we obtain

(61) emod(S: {c,c+0(8)}) = L(a(S),0(8)) = 0,

since o(S) and 0 both belong to the maximal unlinked subset Uy (see (32)).
By (59), (60) & (61), we have

emoa(S) = A(e) + A(c + a(8)) + L(a(S), ¢) + A(a(S))
To finish the proof of Lemma 10, it remains to check the equality
A(0(S)) 4 Lioa(c(S), ) + A(o(5))
= A(c)+ A(c+ o(9)) + L(a(S), c) + A(a(9)).
This directly follows from (30). O

Now we prove an analogue of Lemma 31 of [7].

Lemma 11. Let v € {0, 1 mod 2}. LetU be a mazimal unlinked subset of Fg(kﬂ),

written in the form U = ¢+ Uy, such that v (U,v) # 0. Then Uy is good for Lieq-
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Proof. Let o and 7 be two non zero elements of Uy. Then S := {c,c + o} and
T := {c,c+ 7} are two subsets of U with even cardinalities. By Lemma 10, we get
the three equalities

e:md(s) A(U) + Linod (0’, C) + A(U)v
e$0d(T) A(T) + Lmoa(T, ) + A(7),
er (SAT) = A(oc +7) + Lioda(o +7,¢) + Alo + 7).

mod

We sum these three equalities, use linearity and the definition (50), to arrive at the
equality

(62) et [(8,T) = A(o) + A(r) + A(o + 7).

mod

By (55) of Lemma 8, we know that e (S,T) = L(o,7). Combining this with (62)
we get the equality

A(o)+ A(1) + A(c + 1)+ L(o,7) = 0.

Thanks to (30), we recognize Lyoaq(o,7) in the right part of the above equality.
This proves that the restriction to Uy x Uy of Ly,oq is identically equal to zero. [

From Lemma 11 we deduce an analogue of [7, Lemma 32]. It is an extension of
Lemma 10.

Lemma 12. Let U = c + Uy be a mazimal unlinked subset of ]Fg(kﬂ) such that Uy
is good for Lyoq. Then for every S C U we have

(63) ¢hoa(8) = A(0(8)) + (14 £S) (Lmoa(a(8), €) + A(o(9)).

Proof. We prove it by induction on 5.

e If S =0, then o(S) = 0 and the result is trivial by (48).

o If S consists of exactly one element, say w, the Definition (48) gives the equality
et 4(S) = A(w) which proves (63) in that case.

e Suppose now that S = {w, w’}. By Definition (48), and by the relations (29) &
(30), we have in that case

Foa(5) = A(w) + A(w
Aw) + AW') + Liw +w',w) + Aw+w)
AW +Ww') + Lipoa(w, w') + L(w',w') + A(w + w').

(W) + Pppa (W W)

(64)

By (30) we have

(65) LW, %) = Lunoa(w', w').

Since w + w’ and ¢ + w’ belong to Uy, which is good for Ly,,q, we have

(66) Lioa(w +w',c+w)=0.

Putting together (64), (65) & (66) and using linearity, we obtain the equality
e oa(8) = AW + W) + Linoa(w + W', €) + A(w + W),

which is exactly (63) in that case.
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e Now suppose that S contains at least three elements. Let T be a subset of S
with exactly two elements. Let S’ = S AT. By the hypothesis of the induction,
concerning (63), applied to S’ and T, we have the two equalities

(67) emoa(S") = A(0(8)) + (1 +15') (Lmoa (0 (5), €) + Aa(S"))),

mod
(68) emod(T) = A(@(T)) + (Lmoa (0 (T), ¢) + A(a(T))).
By (55) of Lemma 8 we write
(69) emod(T, ") = L(o(T),0(8") + 5" Aa(T)).
Combining (67), (68) & (69) with (50) then using linearity and (30), we can write
(70) Emoa(S) = A(0(8)) + (1 + £ 8)A(0(8)) + Q(S),
where

Q(S) = (14 45)(Lmoa(c(S"),€)) + Linoa((T), €) + Linoa(c(T),a(5")).
Now we appeal to the fact that Uy is good to modify Q(S) as follows:

—If .S is even, then o(7) and o(S’) both belong to Uy. Hence Lyoda(co(T),0(S")) =
0, and, by linearity we deduce the equality

(71) QS)=1+£S) Linoa(c(9),c).
Combining this with (70) we obtain (63) in that case.

—If .S is odd, then o(T) and c+0(S’) both belong to Uy. Hence Lyoa(o(T), c+
o(S’)) = 0. This implies the equality 2(S) = 0, which means that £(.S) also satisfies
(71). We recover (63) again. O

4.2.2. Study of the main coefficient I'y. The final step. We are now in position to
compute the coefficient 'y defined in (47). Of course, in (47), we can restrict the
summation to U, such that v+ (U, 1) is non zero. This was the purpose of Lemma
11 which, combined with (34), implies the equality

@ Ti= Y yUb=gn XY Aetin)

U; Uy good Uy good celFi(M'l)

for Lyog for Lyog

Now we use (49) and Lemma 12 in order to write

(73) He+tp, 1) = Y (~1)ACBD,

SCc+Ug
S odd

Note that in the expression (—1)‘4("(3)), S only appears by the sum of its terms. The

application S — o(S) is a surjective morphism from (PV"(Up), A) onto (Up, +).
Hence, for every o € Uy, the equation

(74) o(8) = o,

has 22k+1/(2 - 28F1) solutions in S € PV°"(Uy). Considering the application S —
S A {0}, we deduce that the equation (74) has the same number of solutions S €
Podd(Uy). Using now the translation by c, we see that the equation ¢(S) = c + o
has the same number of solutions in S € P°4(c + Up). This allows us to transform
(73) into

(75) ’7+(C + Uy, 1) _ 22k+1_k—2 Z (_1)A(c+cx).
ocly
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Putting this expression into (72) and inverting summations we obtain

(76) I = 22k+1_2k—3 Z Z Z (_I)A(c—&-o-).

Up good oclUy CGJFZ(kJrl)

for L,oq 2

Let o = (01,...,00k42) and ¢ = (c1, ..., Copto). First write the equality (—1)4(¢t+o) =
(—1)(C%“+"2"‘+1)(62’“+2+"2k+2), and check that, for any (o2x11, 0aks2) € F3, the fol-
lowing equality holds
Z (_1)(62k+1+02k+1)(62k+2+02k+2) = 92.
(c2k+1,C2k42) EFZ
Using this remark we transform (76) into
(77) Iy, = 22k+1_2k—3 . 2k+1 . 22k .9, Z 1= 22k+1+k_1 Z 1

U good Ug good

for L for L

mod mod

Now we appeal to Lemma 3 (%) in order to transform (77) into
(78) Iy =2>" "INk +1,2).

4.3. Study of ¥5(X). This second sum is defined in (43) and the study has many

similarities with 3;(X). But a new phenomenon appears: the oscillations of the
)(A+B)(W)

2k:+1

symbol (%

To be more precise, if the congruence modulo 4 of Dy, is fixed (Dy = +1 mod 4

, if the associated exponent, i.e. (A + B)(w), is non zero.

2
or Dy, = —1 mod 4, say), the symbol (Diw) = (—1)% takes the values +1 and
—1 with equal frequencies, and then gives birth to an error term. This idea was
exploited in the proof of [7, Proposition 7]. By the same technique, we arrive at
the following analogue of Lemma 7:

Lemma 13. For every k > 0 and for every e > 0 we have uniformly for X > 2 the
equality

92— (k+1)—28+1 g—k—1
£a(X) = ————— (7 U ) - X + 0 (X (log X)),
u
where the sum is over all the mazimal unlinked subsets U C Fg(kﬂ), such that the
function (A + B) is identically zero on it. The function vT is defined in (44).

The analogue of (46) is the equality

(79)  Ba(X) =221y D (X,1,4) + O (X (log X) 2" F)
with
(80) F2 — Z,y-‘r (u7 1),

u

where now the sum is over all the maximal unlinked subsets ¢ on which the affine
function A + B is zero identically. By Lemma 11 we restrict the sum to the U of
the form U = ¢ + Uy, with Uy good for Lyoq. By the easy equality

(A + B)(W) = wap41 + wapq2 + 1,

which is true for any w € Fg(kﬂ), we see that U = ¢+ Uy (with Uy good for Lyeq)

participates to the summation in (80) if and only if Uy is included in the vector
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hyperplane H (defined in §3.1) and if ¢ satisfies car41 + copro = 1. Also note the
implication

(81) (A+B)(w)=0= A(w) =0.

If U is as above, every subset S of it, with odd cardinality satisfies o(S) € U. Hence,
by Lemma 12 and by (81) we have the equality

el (S)=0.

mod

After all these considerations we transform (80) into

(82) Ty =27+t > > dooa

Uy good for Lyoqg c SCetip
UgcH 0% (A+B)(@=0 45 odd

— 92" k-1 f {Uy; Uy good for Lyoa C H}.
Lemma 3 implies the equality
(83) g {Uo; Uy good for Lyog C H} = N(k,2),
as follows. Let (z1,...,Tar42) be the coordinates of a general point of ]Fg(kﬂ) in
the basis Bp,oq introduced in §3.1. The hyperplane H has the equation zo4+1 = 0.

We remark that Yi,0q C H. By Lemma 3 we know that a good subspace Uy for
Lpyoa is characterized by mx, ., (Up), hence the equality

# {Uy; Uy good for Lyoa C H} = {F'; F' vector subspace of H N Xyod},

which directly leads to (83), since dim(H N X0q) = k. Inserting the equality (83)
into (82) we obtain the equality

(84) T, =22 T IN(k, 2).
4.4. End of the proof. It suffices to put together (43), (46), (78), (79) & (84) to
finish the proof of Theorem 2, in the case (a,q) = (1,4).

5. PROOF OF THEOREM 2. THE CASE OF NEGATIVE D DIVISIBLE BY 8

In that section we are concerned with negative fundamental D, which are divisi-
ble by 8. The goal is to evaluate the sum S_, (X, k,0,8) defined in (17). Note that

mix
—D is also a fundamental discriminant and that —D/8 is squarefree and congruent
to +1 mod 4. Here also, we shall highly benefit from the combinatorics elaborated

in [7]. In order to replace Lemma 4 we use

Lemma 14. For any k > 0 and for every negative fundamental discriminant D
divisible by 8 we have the equality

) 1 Dy Py (u;v) 9 Ak (u)
ok tka(Cp) _ S (D)Z [H H (Dv> } . [H (Du> },
waerge UV u

where the sum is over all the 22K —tuples (Dy) such that

(85) II Du=-Dys.

u€elrzk
Proof. See [7, Formulas (107) & (108)]. O
We replace Lemma 5 by
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Lemma 15. For any positive fundamental discriminant D divisible by 8 we have
the equality

(86)

r 1 Dy, (a14B1) (a1 +52) 9 aras
2D — 3 [HH (Dﬁ) } : {H (Da> }
(Do) @ B o
1 aa 1 (a14+1)(a2+1)
(z) (5 J

where the first sum is over the 4—tuples (Da)aerg such that
(87) [[Pa=D/s.

Proof. See [7, Formula (112)]. O

As we did in §4.1, we parametrize the solutions of the system of the equations
(85) & (87), sum over all the D = 0 mod 8, satisfying 0 < —D < X to arrive at the
following lemma (compare with Lemma 6 above):

Lemma 16. For every k > 0 and for every X > 2 we have the equality

(88) S, (X,k,0,8) =
1 o " Dy ‘I’k+1(w;w/)
b5 e mm ()™
Dy w w o ow’

(06"

where the sum is over all the 4"+ —tuples (Dy,) of coprime, squarefree and positive
integers satisfying

[IDw < X/8 and [[ Dw = +1 mod 4

and where the indices w and w' belong to ]F;(kﬂ).

We split S_. (X, k,0,8) into
(X,k,0,8) = S5(X) + 4(X),

(89) Shix
where 33(X) and X4(X) correspond to the contribution of the first and of the
second term inside the symbol [- -+ + - - -] appearing in (88), respectively.

5.1. Study of X3(X). Recall the definition (44). The analogue of Lemma 7 is

Lemma 17. For every k > 0 and every ¢ > 0 we have uniformly for X > 2 the
equality

21—2’c+1 N N X 9—k—1,
Za(X) = ———- (;{v (U,0) + 7+ U 1)} ) - 5 + Oc(X (log X) )
where the sum is over all the maximal unlinked subsets U C Fg(lﬁ_l) such that A1

is tdentically equal to zero on U.
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Proof. See the proof of [7, Proposition 7]. We point out that, as in Lemma 13, the
Ak41(w)
2)

condition Ag41 = 0 on U is to avoid oscillations of the character (D—
Again using (16), we write Lemma 17 in the equivalent form

ok+1_1

(90)  By(x) =272 (147 +T4Y) - D7(X,0,8) + O, (X (log X) 72 "' +°),

with
Fg”) = Z P (U,v), forv=0o0r1,
u

where the summation over U is the same as in Lemma 17.

5.1.1. Study of Fgl), It is very similar to the study of I'y made in §4.2.2. We use
(75) to write an analogue of (76):

(91) Fé1):22’“+1—2k—3 Z Z Z (_1)A(c+0'),

Up good ocly CEIFg(kJrl)

for L 04

where c satisfies the extra condition
(92) >‘k’+1 =0onc+ Z/{Q.
We use the following result of linear algebra, where p is defined in §3.1.

Lemma 18. Let Uy be a vector subspace of Fg(kﬂ) which has the property to be

good for Lyoq. Let ¢ be a point of Fg(kﬂ). Then the condition (92) is satisfied if
and only if

c+Uy=p+U.
Proof. The proof is similar to the proof of [7, Lemma 36|, with the difference

that it is concerned with subspaces which are good for the bilinear form L. The
transcription to L,oq is standard. O

Coming back to (91) we deduce from Lemma 18 the equality

(93) Fg) _ 22“171@72 Z Z (_1)A(p+a).

Up good ocly
for L, 04

Note the direct consequence of the definition of A
A(p+ o) = oopr1(0oopr2 + 1),
for o = (0’1, ey U2k+2)~

5.1.2. Study of I‘go), Now we use Lemma 12 with 5 even. Hence for any S with
even cardinality, included in p + Uy, with Uy good, we have

Emod(8) = A(0(S)) + Lunoa(0(8), p) + A(0(S5)) = o2111(5) (02642(5) +1)
by writing
O'(S) = (0’1(5), e ,O‘Qk+2(5)).

By summing as above according to the value of o = o(S) (see the proof of (75))
we arrive at the equality

1—\:(31) — 22k+1—k:—2 Z Z (_1)0'2k+1(0'2k+2+1).

Uo gOOd ocly
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This combined with (93) gives
(94) Fgo) + 1—\:(31) — 22k+1—k}71 Z Z (_1)02k+1(02k+2+1)'

Uy good o€E€Uy

5.2. Study of ¥4(X). Similarly to (90) we have the equality

(95)  Ta(X) =27 (1 +T() - D(X,0,8) + O, (X(log X) 72" +)
with
(96) FiV) = Z U, v), forv=0or1,

u
where the summation is over all the maximal unlinked subsets U, such that A\;y1,
defined in §3.1, is identically equal to zero on U. We have put

(97) Uy = Y (-1,

scu
f S=v mod 2

where the function é slightly differs from e}, (defined in (48)), since it is equal to

é(s) == Z B(w) + Z Ppy1(w;w)

wEes weS
w'es

(98) = eimd(S) + 02k+1(S) + 02k+2(8) +15S.

In the first line of (98), the second sum is over unordered pairs of elements of S. A
variant of Lemma 11 adapted to the function é(S) gives

F(U,v) #0 for v =0 or 1 = Uy good for Lyed.

Hence, in (96) we can restrict the sum to the I of the form ¢ + Uy, with Uy good
(for Limod). By Lemma 18, we restrict this summation to the U of the form p + Uy,
with Uy good. After these considerations, we apply Lemma 12 to simplify (98) into

(99) €(9) = (o2k+1(5) + 1) (o2k42(5) + £.5),

for any subset S of U as above. Summing over the values of o = o(5) (o € Uy,
£S5 = 0 mod 2), as we did for (75), we obtain for such a U the equality

WU 0) = D (~1)en S ma(s)

scu
# S=0 mod 2

(100) _ 22"“—1@—2 Z (_1)(02k+1+1)02k+2_

ocly
Similarly, summing over the values of p + o = o(S) (o0 € Uy, £5 = 1 mod 2) we
also obtain

F(U,1) = Z (_1)(02k+1(S)+1)(02k+2(5)+1)

scu
# S=1 mod 2

(101) _ 22k+17k72 Z (71)(0‘2k+1+1)0‘2k+2'
ocly
By (96), (100) & (101) we write
(102) F4(10) + Fgl) — 92" k-1 Z Z (71)(02k+1+1)02k+2'

Uy good O'EMO
for Lyoq
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Gathering (94) and (102) we have
(103) T 410 41 41l
_ 92tk Z Z {(_l)a%ﬂ(amﬁzﬂ) 4 (_1)(agk+1+1)a%+2]

Uy good U'GZ/{O
for Ly,oq

Now we easily remark

0, if oopy1 + o2pt2 = 1,

(71)U2k+1(02k+2+1) + (71)(U2k+1+1)02k+2 _
2, if oopq1 + o242 = 0.

Hence, if the Uy (good for Lyeq) is included in the hyperplane H (defined in
§3.1) we have

(104) Z |:(_1)‘72k+1(‘72k+2+1) + (_1)(02k+1+1)02k+2:| — 9k+2
ocly
By (83) we know that there are exactly N(k,2) such Uy.
In the other direction, if Uy is not included in ‘H we have f (L{o NH) = 2% and
also the equality

(105) Z |:(_1)‘72k:+1(‘72k+2+1) + (_1)(02k+1+1)‘72k+2:| — 9k+1
ocly
Combining Lemma 3 with (83) we know that there are exactly N(k+1,2) —N(k,2)

subspaces Uy which are good for Ly,,q and not included in H. Putting together
(103), (104) & (105) we have

T+ T 4 T 4 T = 227 kLol 2) 4 254 (N(k + 1,2) - N(k, 2)) }
ookt ) N(k‘ + 1, 2) —+ N(I{?, 2)

(106) 2 : .

5.3. End of the proof. Put together (89), (90), (95) & (106), to exhibit the
asymptotic expansion of S_. (X, k,0,8) announced in Theorem 2.

mix

6. THE CASE OF EVEN NEGATIVE D NOT DIVISIBLE BY 8

In this last section we deal with negative fundamental discriminantsD, which
are = 4 mod 8 in order to evaluate the sum S_, (X, k,4,8). Note that the integer
—D/4 now is squarefree and congruent to 1 mod 4, hence it is the discriminant of
the associated field to Q(v/D).

6.1. Reduction of the proof. We have

Lemma 19. For any k > 0 and for every negative fundamental discriminant D,
congruent to 4 modulo 8, we have the equality

1

krks(Cp) _

2m ~ 9k . 9kw(—D/4) Z Ue
£C{T,...k}

e Y {H H(g:)m(u;v)} | [H (;u)vg(u)]’

(Du)yerge vV u

where
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where the sum is over all the 22 —tuples (Dy) such that

(107) I[ Pu=-D/a

ueckzk

Proof. See [7, Formula (120) & Lemma 41], with a slight change of notation con-
cerning the affine function Vg defined in §3.1. (]

We also use

Lemma 20. For any positive fundamental discriminant D =1 mod 4 we have the
equality

(108)
Ka(Cp) (a1 +p1)(a1+p2) 1)\ o1z
rk4(C —
e = S5 ()
where the first sum is over the 4-tuples (Da)aery such that
(109) T Do =D.
Proof. See [7, Formula (78)]. O

As we did before, we parametrize the solutions of the simultaneous equations
(107) & (109), then sum over all D satisfying 0 < —D < X and D = 4 mod 8 to
arrive at

Lemma 21. For every X > 2 we have the equality

(110) S— (X, k,4,8) = 2k1+1 Z Te(X)
Ec{1,....,k}
with
‘I’kﬂ(W;W')
on e [ e

)G

where the sum is over all the 4*+1—tuples (Dy,) of coprime, squarefree and positive
integers satisfying

HDW < X/4 and HDw51m0d4.
w w

Using symmetries we write (110) in the form

(112) S- (X, k,4,8) 2k+1 ( )T{1 X)

The same analysis as for Lemma 7 leads to
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Lemma 22. For every k > 0, for every ¢ > 0 and for every € C {1,...,k} we
have uniformly for X > 2 the equality

2272’“+1
Te(X)

<XZ/{: ’YJF (u’ O)) ’ % + O (X(log )()727&71%%)7

e 7.(-2 .
where the sum is over all the mazimal unlinked subsets U C Fg(kﬂ) such that Vg
is identically equal to zero on U.

Recall that v*(U,0) is defined in (49). As before, we appeal to Lemma 11 in
order to restrict the summation to the U = ¢ + Uy, such that Uy is good for Lyyoq-
With the help of (16), we write Lemma 22 in the following equivalent manner

(113) Te(X) = Te - D™ (X,4,8) + O (X (log X)~2 " '+)
with
(114) Te =227 (Z 7*(1/170))
u
and the same conditions of summation for ¢ as in Lemma 22. Considering (112)

& (113) we see that the proof of Theorem 2 in the case (a, q) = (4, 8) is reduced to
prove the equality

k
1 k N(k +1,2) + N(k, 2)
(115) ST D <kO>T{1,A..,ko} = 5
ko=0

for every 0 < kg < k.

6.2. Transformation of the fundamental sum. By Lemma 12, we have the
equality
emod () = A(0(85)) + Linoa(0(S), €) + A0 (S)),

mod

for every S, with an even cardinality, included in & = ¢ + Uy, such that Uy is good
for Lyoq. For such an S, the sum o(S) belongs to Uy, then, summing over the
values of o = ¢(S), as we did for (75), we obtain

(116) YU 0) =22 YT (e,
o €Uy
with
J(o,c):= A(0) 4+ Limoa(o,c) + Ao)
=o1(cr+ca+ 1)+ +oop_1(cop—1+cop + 1)
+ cart1(02k+1 + 02k 42) + o2k 41 (1 + o2k t2).
Inserting (116) into (114), and inverting summations, we have the equality

(117) Te = 2—2k—2 Z Z Z (_1)J(a,c)’

Ug good ocly c
for Lgood

where the sum is over all the ¢ such that

(118) Ve =0 on ¢+ Uy.
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6.3. The case £ = (). In that case, the condition (118) is empty. Summing over ¢
first, we see that the sum Y _(—1)7(®) is equal to 22*+1) if and only if

(119) 01 =03 =" = 02k—1 = O2k+1 T O2k42 = 0.

Otherwise, this sum is equal to zero. Now we work in the basis Bnoq defined in
§3.1. Let (x;) be the coordinates in By,oq of 0. Then (119) is equivalent to

(120) T1 =23 ="+ =Top_1 = Topy1 = 0.

So we have the equality

(121) Ty = Z t{oely; vy =23 ="--- = x2841 = 0}.

Uy good

for Ly,oq

Now we apply Lemma 3. In the decomposition Uy = 7x,,.,(Uo) & 7y, (Uo), only
the elements of F' := my. _ (Up) satisfy the condition (120). Their number is 24™ 7"
Since F’ characterizes Uy, by summing over £ := dim F’, we obtain the equality

k+1
(122) Ty=> 2" n(k+1,(2).
{=0

6.4. The case £ = 1. We continue to investigate all the T¢ participating to (110).
The second step concerns the case when £ has only one element. Hence we are led
to study the quantity Ty1y. The condition (118) is simply

ci+c+1 =0
w1 + Wo =0 for all w € Uj.

It is easy to see that the sum >__(—1)7(7®) appearing in (117) is equal to 22F+1 if
and only if we have

(123) 03 =05 = " =02k—-1 =0 and 02k+1+02k+2 =0.

Otherwise this sum is equal to 0. Now we use the coordinates x; in the basis By,oq-
With the above observations we have the equalities

1
(124) T{l} = 5211{0’62/{0; T3 =+ " = T2k—1 = T2k+1 ZO},
Uo
1
= 5211{061/{0; Ty =T3= = Top—1 = Topt1 = 0}
Uo
1
+5Zﬂ{0‘€“0; ry=1land 23 =+ = Top_1 = Tok+1 :0},
Uo
where the sum is over all the subspaces Uy of ]Fg(kﬂ), which are good for L,,q and

which are contained in the hyperplane H; with equation zo = 0. Now we go back
to Lemma 3, particularly to the decomposition

(125) Uy = TX o od (Z/{o) D TY,,0a (UO) =FaF.

It is easy to see that Uy C H; if and only if F/ C H;. Since F and F’ are
perpendicular, relatively to Lyoq, this last statement is equivalent to b} € F. We
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deduce that the translation by 5’1 is an involution of Uy, so we can simplify (124)
into

(126) Ty = Zﬂ{d EUy; x1 =23 =" = Top_1 = Tap41 = 0}.
Uo

In order to conclude the above discussion, we sum over £ = dim F’, where F’ is a
vector subspace of Hy N Yiea (which is of dimension k) to finally transform (126)
into

k
(127) Tiy =28 n(k,(,2).
£=0

6.5. The case € > 2. Now we are considering the case £ = {1,...,ko}, where kg
now satisfies 2 < ko < k. This case has much to do with the case € = {1}. Now
the constraint (118) becomes

ko
Z(Czeﬂ +ew+1)=0
(=1
(128)
ko
Z(w%_1 + wae) = 0 for all w € U.
(=1

Under that constraint J(o, c) is now

J(o,¢) = (01 + oopg—1)(c1 +ca+ 1) + -+ - + (02ky—3 + T2kg—1) (Co2ko—3 + C2kg—2 + 1)
+ Ookg+1(Cokgt1 + Corgr2+ 1) + -+ o2p—1(Cok—1 + cop + 1)

+ Coty1(02k+1 + O2kt2) + O2kg1 (1 + O2k42).

Now it is easy to see that the sum > _(—1)7(e®) appearing in (117) is equal to
22k+1 if and only if we have

(129) 01 =03 =" = Ooky—1, O2kg41 = -+ = O25—1 = 0 and o241 + 0242 = 0.

Otherwise it is zero. Now we use the coordinates x; in the basis Bnoq. With the
above observations we have the equalities

(130)

1
Th,.my =3 Zﬁ{ff EUn; o1 =+ = Topy—1, Takgt1 = * = Tog—1 = T2k4+1 = 0},
Uo
1
= 52“"'6“0; Tl =3 =+ = Top—1 = Tok41 = 0}
Uo
1
+§Zﬁ{0 EUp; x1 ="+ =Top,—1 =1, Tapg41 =+ = Topy1 = 0},
Uo
where the sum is over all the subspaces Uy of Fg(kﬂ), which are good for Ly,,q and

which are contained in the hyperplane Hy, with equation zs + x4 + - - 22, = 0.
One more time, we use the decomposition (125). It is easy to see that Uy C Hy,
if and only if F/ C Hy,. Since F' and F’' are perpendicular, this last statement
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is equivalent to B + b + - - + 5’%071 € F. The translation by this vector is an
involution of Uy, so we can simplify (130) into

(131) T{l,m,ko} = Zﬁ{a’ S UO; 1 =3 = = T2k—1 = T2k+1 — O}
Uo

We recognize an expression already met in (126). Hence by (127), we also have
k
(132) Tiipkoy = 9 20 n(k, £,2) (Ko > 2).
(=0

6.6. The final step. We put together (122), (127) & (132) in order to write the
equality

k k+1 k
k
(133) > (k >T{1,m7k0} => 2 n(k+1,62)+ (2" - 1)) 2" n(k,(,2).
0 =0

ko=0 =0
Using (35) we deduce from (133) the equality
(134)

k

2 (/Z) Th, koy = (N(E+2,2) =N (k+1,2)) + (2" = 1) (N(k+1,2) = N (£, 2)).
ko=0

Now we appeal to (36) to replace N (k +2,2) by 2N(k + 1,2) + (2F+! — 1) N(k, 2)
in (134). This finally gives the equality

k
k
Z <k0> T{L-~»J€0} =2 N(k+1,2) + 2" N(k,2).
ko=0

This proves (115). The proof of Theorem 2 is now complete in the case (a,q) =
(4,8), which was the final case to consider.
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