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?�cdZQmbNxcdl cdS>\(S	kQR&nOSOpfegRTZ ktRTlE9'Nt\Gp P(cdaokO5
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Z(k,G; x) ∼ c(k,G)xa(G) log(x)b(k,G).
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a(G)+ε egMON x P(NQs�� P�RYS-noP
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P�cdWwk � 5 ?�cdRTZxRTZ��
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NQRTpon2DTcXRTNQRYS�x cdN0nOSoZQRTN�� NQs�aOWXRTl \(nre.p>\(Z�C-ktnopOcdnOl v(s�S@DYRTS	ktNQ\(WdRYS@U cdSba5RYkQkQnOSOP�Z 	
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x
RYSOpORTS { nol \(WXWdR ��Y�ZxnOSOP�RYS RYcdSORYZ P�RTRYcdP�SOR ktRYS�U cdSba5RYkxktnOSOP(ZQ�ONxs�aOWdRYl�Z DYn �>\(Nt\�	
l�R ktNQcXZQcXRTNQRYSp5h?&\(a5RTckx RTNxpORTS-x cXN egMoN U cdSba5RYkxktnOSOP(ZQ�ONxs�aOWdRYl�Ril cXk \(a5RTWXZQ^`_ORYl U'RYNQS
RTcdSoR+R
�r�OWdc DTcwktR �
RYZQ^`_ONxRTcdaonOSOP \GWdWdRYN ��Y�ZQnoSOP�ZQm.Y�NQ�5RTN*\(SOP�RYaBRYS { ZQs(a>\(Wdp:x cXN RTcdSoRTS
m(RTSoSORTSp55h cXkMuicdWwegR�pOcXRTZQRYNMv RTpOnOm	kQcds�S+m.Y�SOSORYS x cXN pOcXR&U'nOl l�RYNxkt_oRTs�NxcdR({-pp5 _p5opO\(Z
u�cdSsDTnoegMOP(RTSfnOSOp�U SbkxegRTNxSORTS�poRTN t̀bktRYSeU cXSO_ORTcwktZyx nONVDYRTWdS RTcXSOZQ�O\(NQRYSp5
�"cdN x RTNQpoRTS egMON ZQs(P�RTS>\GSOS	ktR�v(RTNQ\(WdWXP�RTl RTcXSORTN ktR�w&n>\GkQRTNQSocds�SORYSOP�NxnO�O�5RTS

G = Q4mnOSOp U'Nt\(S2DY�ONQs-pOnOm	kQRzpoRTN [>s�NQl
G = Z2 oH

nOS	ktRYN.ZQ^`_nx \G^`_ORTS L s�NQ\(nOZxZQRYkVDTnOSoP�RTS
\(S

H 
 DI5 � 5 H SOcXWd�5s(ktRYSbk srpORYN H NQRYP�nOW yGN nOSOp RTZ R
�rcXZxktcXRTN k K/k l�cwk Gal(K/k) =
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G
P�cdWwk 
 CryGkRDYR=A65 �IX nOSop >65BK � �

Z(k,G; x) ∼ c(k,G)xa(G).

[7MON0\(WdWXP�RTl RTcXSORzSOcdWX�Bs(kQRTS	ktR
9'NQno�O�BRYS
G
a5R|x RTcdZxRTS x cdN&cXS�Cr\GkRD F25 ���*RYcdSOR s�a5RTNxR
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v(RTNQ\(WdWXP�RTl RTcXSORTN ktRTS-w&n>\GktRYNQSOcXs�SORYSOP�NQno�O�BRYS

G 
 Co\GkVD<>65BK � 56u�cXRTN a5RTSbnokVDTRTS x cXN
pOcXRU NxP�RTaOSocdZQZxR \(nOZ U0\(�OcwktRYW6F25I?�cdR
R
�o\(m	ktR }�Zy�-l��okQs(ktcXm RYNQ_>\GWXktRYS�x cdN7pOnONQ^`_ p>\(Z�C-ktn 	
pocdnOl poRTN DTnVnOSOZQRYNQRYN�H y(_OWwegnOSOm	ktcXs�Sf\(ZxZQs�DYcdcdRYNxkQRTS�?�cdNxcd^`_OWXRYktNxRTcX_ORI53C-s�m.Y�SOSORYS�x cdN
DYRTcXP�RTS {rp>\(ZxZ.pOcdRYZQR�?�cXNQcX^`_OWdR ktNQRYcd_ORYS+\(S+pORYN C-kQRTWdWXR

a(G)
RTcdSoRTS+RTcXSoe:\(^`_ORYS �7s�WBnOSOp

RYcdSOR l RTNxs�l�s(NQ�O_OR []s(NxktZxRYkVDTnOSOP S>\(^`_�WdcXSOmbZ'aBRYZQcXkVDTRYSp5)?�nONx^`_ }�Snx RTSOpOnoSOPjRYcdSORYZ
P(RTRTcXP�SOR ktRTS Q7\(nOa5RTNxZt\GkVDTRTZiRTNx_>\(WwktRTS-x cXN p>\(SoSVpOcXR&P�R�x MOSOZQ^`_	kQR }�Zy�-l��okQs(ktcXm35O[DMON
pocdRTZxR }�aOZx^`_>yGkVDTnOSOP(RTS$aBRYS2Y(ktcXP�RTS x cXN&pOcXR�U NQP�RYaOSOcXZQZQR \(noZ'U0\(�OcXkQRTW]As5 qKSOZxaBRYZQs�S 	
poRTNQR pocdR H y(_oWXegnOSOm	kQcds�SORYS �bn>\(pONQ\GktcXZQ^`_ORYN<U N{x RTcXkQRTNxnOSOP�RYS$l cXk�Wds�m=\(WXRTS�L s�NQP	\GaBRYS
Zx�OcdRYWdRYS RYcdSOR�x RTZxRTS	ktWXcd^`_OR=vis(WdWdR.5
L RYN{x RTSOpoRYktR � RTP�Nxc��BR�nOSop ��s(kt\GktcXs�SORYS�_>\GaBRYS x cdN cdl qKSOpoR
�*nOSOp cXl�C"�-l a5s�WXv(RTN 	
DYRTcX^`_OSOcdZi\(l�U SOpORzpOcdRYZQRTN }�NQa5RTcXk DYnOZt\Gl�l RTSOP(RYe:\(ZxZxkb5
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qKS pOcXRTZxRTl U0\(�OcwktRYWoZt\Gl�l RTWXS�x cdN RYcdSoe:\(^`_oR�90NxnOSOpOWd\(P�RTS noSOp �is(k`\=ktcds(SORTSp5G}�n �(RTN 	
poRTl ZxktRYWdWXRTS x cXN
pOcXR�}�Zy�-l��okQs(ktcXm	v�RTNxl nokQnOSOP nOSOp+RYcdSoe:\G^`_OR'[>s�WdP(RTNQnoSOP�RTS*_OcdRYNt\(nOZ
v(s�NO5 qKS$pocdRTZxRTN'}�NQa5RTcXk&aBR|DTRTcX^`_OSOR

k
ZxkQRYkQZzRYcdSORYS$\(WdP�RYaONt\GcdZQ^`_oRTS H \(_OWXmIY�Nx�BRYNT{Bpp5 _q5

RYcdSOR'RYSOpOWXcd^`_OR;U N{x RTcwktRTNxnOSOP v�s�S
Q
5

����� 	�

������������������� �
qKl []s(WdP�RYSOpORTS ZxRTc

G ≤ Sn

Z ktR ktZzRTcdSoR kQNt\(SoZQcXkQcXv(R u�S	ktRYNQP�NxnO�O�5R�pORYN Z{�-l l�R ktNxc�	
Zx^`_ORTS�9'NQnO�o�BR'\Gnoe

n
� nOSOm	kQRTSp5>[7MON RTcXSOR�RYSOpOWXcd^`_OR U Nyx
RYcXkQRTNQnoSOP

K/k
v(s�l�90NQ\(p

n
l cXk

K = k(α)
a5RODTRYcd^`_OSoRTS x cXN&l cXk

Gal(K/k)
pOcXR
9z\(WXs�cdZxP�NQno�O�BR

Gal(mα)
{

x RTWX^`_OR \(nre pORTS��inOWdWXZxkQRTWdWXRTS
α = α1, . . . , αn

pORTZ0h cdSOcXl*\(WX�Bs(W �-SOs�l Z
mα ∈ Q[x]v(s�S

α
s��5RTNxcdRYNxkb5 �"cdNMx
RYcdZxRTS�\GnOZQpONxMO^`mbWdcX^`_jp>\(NQ\(noeD_OcdS {>pO\(ZQZ x cdN.l cXk pOcXRTZxRTN���s�	

kt\GktcXs�S$\(nO^`_�RTcdSoRTN0SOcd^`_	k SOs�Nxl*\(WXRTS U N{x RTcwktRTNxnOSOPVRTcdSoR 90\(WXs�cdZxP�NQnO�o�BR DYnOs�NQpoSORTSp5
uicdRYNQa5RTc l�\(^`_	k RYZ RTcXSORTS�u�S	kQRTNQZx^`_OcdRYp {Ds(a�RYcdSOR�U Y�Nx�BRYNQRYN{x RTcXkQRTNxnOSOPjpocdR 9z\(WXs�cdZ 	
P(NQnO�O�5R

S3

_>\Gk 
 U�Y�NQ�5RTNxP�Nt\Gp�A � srpORYN.s�afZQcXR'pOcdR'P�NxnO�O�5RTS	kt_oRTs�NxRYktcXZQ^`_VcdZQs(l�s�Nx�O_OR90\(WXs�cdZxP�NQnO�o�BR
S3(6)

a5RTZxcXkRD kI{2x RTWX^`_ORTZ�pOcdR'SOcX^`_	k�\GaBRYWdZQ^`_oRzkQNt\(SOZxcXkQcXv�RzuiSbkQRTNxP�NQnO� 	
�5RipORTN �'NxpOSbnOSOP�Kzv�s(S

S6
cXZxk 
 U Y(NQ�5RTNQP(Nt\(p K � 5"uicdRTNxaBRYc]pORTnokQRYk
pOcdR ��s(kt\GktcXs�S (6)cXS

S3(6)
\(S { p>\(ZxZ'pOcdR�90NxnO�O�5R \(noe K-� nOSombkQRTS$s��5RTNQcXRTNxRTS%ZQs(WdW 5 �"cXN�l RTNQmGRTS$\(S {

pO\(ZQZ x cdN cdS+v-cdRYWdRYS Crcwktn>\=ktcds(SORTS+v�s(NQm(s(l�l RTSOpoR�9'NQno�O�BRYSjcXl��OWXc DYcXk
\(WdZ kQNt\(SOZxcXkQcXv�R
� RTNxl nok`\=ktcds(SOZQP�NxnO�O�5RTSV\(n � \(ZQZxRTSp5

���!� "����$#��%��& ���'
��)($� �*���+��

($�����'� �
�"cXN aBR|DTRTcX^`_OSORYS%l�cwk

dK/k

pOcXR=v RTWd\Gktcwv-pOcdZxm-Nxcdl cdS>\GSbkQR&RTcXSORTN�U Y(NQ�5RTNQRYN{x RTcwktRTNxnOSOPO{
x RTWX^`_OR RTcXS qKpORI\(W pORTN$hj\��ocXl*\GWds�NxpOSbnOSOP Ok

pORTZ$U Y(NQ�5RTNQZ
k
cdZxkO5f?�cXR hVRTSoP�R
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pORTN;� NQcXl�cXpORI\(WXR v(s�S Ok

a5RODYRTcX^`_OSORTS x cdN'l cXk
P(k)

5)?�RTS�U Y�Nx�BRYNQP�NQ\(p%v�s�S
K/kaBR|DTRTcX^`_OSORYS x cXNjl cXk

[K : k]
5&[DMoNjRTcXS qKpORT\(W

a ⊆ OK

aBR|DTRYcd^`_OSORYS�x cdNjl cXk
NK/k(a) ⊆ Ok

ZxRTcdSoR ��s�NxlV{fx RTWX^`_ORMx cdRTpoRTN RTcXS qKpORI\(W>cXZxkO5���RTcXkQRTNx_OcdS a5RODYRTcd^`_oSORTS
N (a) := |Ok/a|

pOcXR&}�aoZQs�WXnoktSOs(NQl RTcdSoRTZ.qKpORT\(WdZ
a ⊆ Ok

nOSOp
dk := N (dk/Q)

pOcXR
}�aOZxs�WdnokQpOcdZxmbNQcdl cdSO\(S	ktR7v(s�S

k
5?qKS pocdRTZxRTN }�NxaBRYcXk�x cXNQpzRTZ�v�s�S=DTRYSbkQNt\(WXRTN �
RYpORTnrktnOSOP

ZQRTcXS�pOcXR ?�cdZQmbNxcdl cdS>\(S	kQRTS�v(s�S U�Y�NQ�5RTN ktMONxl�RYS�DTn�m(s�S	ktNxs�WdWXcdRYNQRTSq5)?�cdR�RTcdSre:\(^`_OZxkQR
L RTNQZxcds�S$RTcXSORTN0Zxs�Wd^`_ORYS:v RTW \=ktcds(S%RTNQ_O\(WXkQRTS x cXN0cdl egs(WdP�RYSOpORTS���RTl l*\ 
 D.5 � 5 � �IT-{� Nxs��p5kF25BX�� � 5
� !"�@��0 *����
�������	�
���

L/K/k
�	��
����
���������������	���	� ������!"���$#%�'&(�	�*),+�-.�/�0&'�	��!1�	�*2

dL/k = d
[L:K]
K/k NK/k(dL/K),

dL = d
[L:K]
K NK/Q(dL/K).

u�SOZxRTNQR �
RTcXZQ�OcXRTWXRiZxcdSOp*SOcd^`_	k cdl l�RYN NQRTcXSOR�U Y�Nx�BRYNxktMoNQl R�x cXR�cXl s�aOcXP�RTS � RYl�l�\s5
U Z�ZQRYcdRTSV_OcdRYNVDYn

N/k
RTcXSOR Sos�NQl�\(WdR<U Nyx
RYcXktRYNQnOSoP*v�s�S�H \(_OWdm.Y�NQ�5RTNxSVl cXk 90\(WXs�cdZ 	

P�NQnO�o�BR
G
noSOp

H1, . . . , Hr ≤ G
5 �"cdN a5RODYRTcd^`_oSORTS�l�cwk

Ki := NHi
pOcdRi[Dc �rmIY�Nx�BRYN

v�s�S
Hi

{rpp5 _q5OpOcdR�l*\��rcXl*\(WXRTS
Q7RYcdWXmIY�Nx�BRYN
v�s�S
N
{sx RTWd^`_oR'nOS	ktRTN

Hi

RTWXRTl RTS	k x RTcdZxR
cdS	vG\(NQcd\(S	k
aOWXRTcXaBRYSp5OuiSOZQRYN�H cdRTW	x cdNxp RTZ.ZxRTcdS�v RTWd\GktcXs�SORTS D|x cXZQ^`_ORYSVpORYS�?�cdZxm-Nxcdl c�	
S>\(S	ktRYS�pOcXRTZxRTN U Y(NQ�5RTN�DTn ~>SOpoRTSp5 �"cdN7v�RTNyx
RYSOpORYS cdl�[]s(WdP�RYSOpORTS pOcXR ��s(kt\GktcXs�SORYS
v�s�S �BA67�{pL&q 5BA��`5)u�cdRYNVDYn�ZxRTc

sG/Hi

poRTN=�7RTNxl nokt\GktcXs�SOZQ^`_O\(Nt\(m	kQRTN pORYN�� RTNxl nok`\=ktc�	
s�SOZQpO\(NQZ ktRTWXWdnOSoP v(s�S

G
\(noe pORTSe� cXSOmbZ t6�iRTa5RTSOmbWd\(ZQZxRTS

G/Hi

5	?�RTNiegs�WdP�RYSOpOR=Co\GkVD
cdZxk RYcdSOR'pocdNQRYm	ktRzU�s�SoZQR �bnORYS2D v(s�S�� Nxs��5s�ZQcwktcds(S K noSOp  
s(NQs�WXW \(Ny�e70cdS �GAs7�{sL�q 5PA�� 5
	p0s#bl *�� *
354%�

ai ∈ Z
&(����!1��
6�
�87:9��;&(�	��
/�=<����>-(!
�
9���2

r
∑

i=1

aisG/Hi
= 0.

+�-?�/�@�	�A�,-?��!1�	�B�C���
r
∏

i=1

dai

Ki/k = (1).

�"cdN
l RTNxm(RYSf\(S {opO\(ZQZ \(popOcXkQcXv�R viRYW \GkQcds�SoRTS D�x cdZx^`_ORTS��7RYNQl nrk`\GkQcds�SOZx^`_>\(NQ\(m	ktRTNxRTS
\(nO^`_+pOcXR�RYSbkQZQ�ONxRT^`_ORYSOpORYSjl nOWwktcX�OWdcXmG\=ktcXv(RTS
v RTW \=ktcds(SORTS
D|x cXZQ^`_ORYS poRTS ?�RYpORTmbcdSop 	
ZQ^`_ORYS H R k`\GegnOSombkQcds�SoRTSfRTNxP�RTa5RTS 
 � FO{]�"7 � � 5k?�cXRTZ.cXZxki\(a5RTN
egMoN.nOSOZQRYNQR0}�NxaBRYcXk.Socd^`_	kv�s�S �
RTpoRTnokQnOSOP25
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qKl [>s�WdP(RTSOpORYS aBRY_>\(SOpoRTWdS@x cXN �
RYcdZx�OcdRYWdR({ pOcXR cdl�x RTcXkQRTNxRTS:L RTNxW \(noe.v(s�S P�Nxs���RTN
� RTpORYnoktnOSoP ZQcdSopp5s?�\(aBRYc a5RODYRTcd^`_oSORYk

E
pOcdRiktNxcXv-c \(WXR�90NxnO�O�5RI5s?&\(Z egs(WdP�RYSOpORf��RYl 	

l�\VcXZxk RTcXSOR*pOcXNQRYmbkQR Uis�SOZQR �bnORTS2Df\GnOZ Co\GkVD+�65 �r{�x s�aBRYc
Z`

Z ktR ktZ pOcXR D��rmbWXcdZQ^`_oR
9'NQno�O�BR0l cXk

`
U WdRTl RTS	kQRTS aBR|DTRTcX^`_OSOR k�noSOp

`
RTcXSOR<� NQcdl
DI\G_OW cdZ kb5

��!"�@��0 *�� Z
�C� � ���

G = Z`×Z`

)$+�-.�/� � �	�A��!��%!
G

&(���,-(#
`+1 � ��!"���A&�� #$�/���	�

Hi � 1 ≤ i ≤ `+1 �
(�	���5� 
6��#%�(&
`
)	� ����!1�	� �(��� &�� ��! 
6� �=<����>-(!
�
9���2

sG/H1 + . . .+ sG/H`+1
= `sG/G + sG/E .

3 4%�
Gal(N/k) = G

&�� ��! 
 -?���	��
 ��! 9 � � &(���
�8�����	� ���/��#%�(&(���*2

dN/k = dK1/k · · ·dK`+1/k.

h cXk)uicdWXegRDpOcdRYZQRTZ ��RTl l�\(Z mIY(SOSORTS;x cdN ZxRT_ON�v-cdRYW�MOa5RTN p>\(ZpL RYNVD�x
RYcdP�nOSoP�Zxv(RTNQ_O\(WXkQRTS
Zxs�Wd^`_oRTN U Nyx
RYcXkQRTNQnoSOP�RTSjWdRTNxSORTSq55qKl [>s�WXP�RTSOpoRTS aBR|DTRTcX^`_OSOR

vp(a)
pOcdR 
 R��r�Bs�SoRTS	ktc 	RYWdWXR � p

t �
R�x
RYNxkQnOSOP v�s(S
a
{bpp5 _q5

vp(a) = j
{hx RTSoS

pj || a
{bpp5 _p5

pj | a
nOSOp

pj+1 - a
5

��!"�@��0 *�� �
�C�����	�
���

N/k
������� �C� ������!"���$#%�'&�
 ��!��8-?�
9�� �A&�� #$�/���

Z` × Z`

#%��

p ∈ P(k)

�����
�$-?��
�� �	���%�C�	� & !"�	��� 
/� -.��)/+�-.�/�0&'�	��!1�	�*2

�����
vp(dN/k) = `(`− 1)

)

�����
p

��� !�&(�	�,-'# ���
` � �����! ���:�C��� �"� 9��

N/k
��9#
$� �	-�


`
� �	���%�C�	� & ! )%�1��& � 
/�'


� 9�� �����	� � �����! ���:�C���
K

&�� ��! 2
vp(dK/k) = `− 1

)

( !ng�!6��_
?�\

N/k
P	\(WXs�cdZxZQ^`_ cdZ kI{�P�cdWwk

pON = (P1 . . .Ps)
` egMON � Nxcdl cdpORT\(WdR Pi E ONnoSOp�RYcdS$P�RTRYcdP�SOR ktRYZ

s ∈ N
5)?�RYN�U �r�5s�SORTS	k cdZxk

`
{ p>\fpOcdR
Q Nty(P�_oRTcXkQZQP�NxnO�O�5R v�s�S

DT\(_Ol v�RYNVD|x RTcXP(ktRYS�� Nxcdl cdpORT\(WdRYS�cXl�l RTN�D��rmbWXcdZQ^`_fcXZxkb5-}�WXWdR � NQcdl cdpoRI\(WXR
Pi
_>\GaBRYS

poRTSOZxRTWda5RTS Q Nty(P(_ORTcwktZQP(Nt\(p
f
5z?&\G_ORTN P(cdWXk egMON�pOcdR�WXs�m=\(WdR�U N{x RTcwktRYNQnOSOP

NPi
/kp

�
dNPi

/kp
= p(`−1)f 5k?&\ `2 = `fs

P�cdWwkI{	egs�WXP(k Zxs�l�cwk �
vp(dN/k) = `(`− 1)

5>[7MON RTcXSOR
cXS

p
DI\(_ol v�RTN{D|x RTcXP(ktR

Z`

t"U Nyx
RYcXkQRTNQnoSOP
K/k

P�cXWXk'S>\=ktMONxWdcd^`_
vp(dK/k) = ` − 1

5
��\(^`_ � RYl�l�\z�65BA0l nOZQZ p>\(Z � NQs-pOnOm	k pORYN ?�cdZQmbNxcdl cdS>\(S	kQRTS pORTN�Q RTcXWdmIY(NQ�5RTN P�WXRTcd^`_
poRTN ?�cdZxm-Nxcdl cdS>\GSbkQR

dN/k

ZQRYcdSp5"?&\
vp(dN/k) = (`− 1)`

cdZ kI{bZQcXSOp P�RTS>\Gn
`
Q RTcdWXmIY�N 	

�5RTN cXS
p
v(RTNVD�x
RYcdP(kO5

���RYcdpORYNDZxkQcdl l k7s�aOcdP(RTZ���RTl l�\�SOcX^`_bk l�RY_ON7egMON'x cdWdpzv�RYNVD|x RTcXP(ktR � Nxcdl cdpORT\(WdR.5&?�cdRYZ
DYRTcXP(k D.5 � 5opOcXR U N{x RTcwktRYNQnOSOP

N = Q(
√

2,
√

3)
5suicdRTN P�cdWwk �

v2(dN/Q) = 8
5sH�x
RYcBpORYN

poNQRTc �bn>\(pONQ\GktcXZQ^`_ORYS Q7RYcdWXmIY�Nx�BRYND_>\(a5RTS
2
t �
R�x
RYNxkQnOSOP<Ao{&x yG_ONQRYSOp pORTN v�RYNQaOWXRTcda5RTS 	

poR
2
t �
R�x
RYNxktnoSOP+� _>\GkO5OqKl l�RYNQ_OcXS+mIY�SOSoRTS�x cXN egs�WdP(RTSOpORYZ DTRTcXP�RTS �
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� !"�@��0 *�� r
��� � ���

N/k
������� �C� �C�	�:!"�	� #%�(& 
 �:! �=-?� 9�����&��$# �/�C�

Z` × Z`

#%��

p ∈ P(k)

���	�
�	��� �C��� 
 ����� �?����� &,!1�	� � 
/��-?�

�
�����
����������� �	������
�� �C���������	�� 6�������	�

K
� 9�
 ����-6


`#%� ���	���%�C�	�;&,!����$!A) +�-.�/� ���$!
p

&(�	�,-'#B� �
` � �	� �  6�������	�A� ��9�
 ����-6


`
� �	���%�C�	� & ! )

354%�8-?� �
��
6� �	�������������	� � �$! 
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c(k,G) > 0
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Z(k,G; x) ∼ c(k,G)xa(G) log(x)b(k,G),
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k
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}�WdWdR%l cXk pORTNVU�s�SoZxktNxnOm	ktcXs�S
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b(k,G) 6=
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egMONiP�RTRYcdP�SoRYktR�H \(_OWXmIY�Nx�BRYN

k
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RTcXZQ�OcXRTWXRTS

_oRTNt\GnOZT{>p>\GZQZiRTcdSf_2Y(_ORTNxRTN
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tr[]\(m	kts�N \GWdZ v�RYNQl nrktRYk�\(nre<ktNQcwkQkO5
�"cXR aBRYNQRTcwktZ cdSzpORTN'U cdSOWXRTcwktnOSOPi\(SoP�RTl RTNxmbkT{bx nONQpoR
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L RTNQl noktnOSoP egMoNiRYcdSORYS�H \(_OWdm.Y�NQ�5RTN

k
nOSopVRYcdSOR;9'NQnO�o�BR

G
Z ktcdl l RTS {rZQs _>\Gk pOcXRTZ

DTnON [>s�WXP�R({Yp>\(ZQZ RYZ�nOSORTSopOWdcX^`_zv-cdRYWdR U�Y�NQ�5RTNxRTNyx
RYcXktRYNQnOSoP�RTS
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l cXk pocdRTZxRTN 90\(Wds(cdZ 	
P�NQnO�o�BR P�cXaokb5 qKSoZQa5RTZQs(SOpORTNxR _>yGkxktR cdS$pOcXRTZQRYl []\(WdWDp>\(ZzcdS	v�RYNQZQR 90\(Wds�cXZ t6� Nxs�aOWdRYl
MOaBRYN*pOcXRTZxRTl H \(_OWdm.Y�NQ�5RTN nOSOp egMON*pOcXRTZxR�9'NQnO�O�5RjRYcdSORV�Bs(ZQcXkQcXv(Rj}�S	k x s�NxkO5 [DMoN
\(n��kY�Zxa>\(NxR 90NxnO�O�5RTS�cXZxk�aBRYmG\GSOS	kI{ pO\(ZQZ&ZxcdR MOaBRYN!�xRTpoRTl H \(_OWdm.Y�NQ�5RTN�\(WdZ 90\(Wds�cXZ 	
P�NQnO�o�BRi\(noe<kQNQR ktRTS 
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s(Nxk egMoN pOcXR
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 hj\GkQ_OcdRYn"t � 9'NQno�O�BR M23

5
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b(k,G)
\(Sq5=}�WdZ RTNxZxktRYZ

cdZxk mbW \(NY{rpO\(ZQZ
ind(σ) = ind(G)

SbnON egMON U WdRTl RTS	kQR�v�s�S-� Nxcdl
DI\(_oWds�NxpOSbnOSOP P(RTWXkQRTS
mG\GSOSp5 �"cXN&_>\(a5RTS Zx^`_Os�S$RTN{x
y(_OS	kT{ p>\(ZxZzZ ktR ktZ

1/(n − 1) ≤ a(G) ≤ 1
P(cdWXkO5q?�RTN
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a(G) = 1/(n−1)
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G
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G = Sn
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���$!A)(+�-?�(�
���	� � !

∆ ⊆ Ω
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g ∈ G
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b(k,G) = 0
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G = Sm oH 7"4?�
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H ≤ Sn/m
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τ = (i, j)RYcdSOR Q Nt\(SoZQ�5s�ZQcwktcds(S nOSOp

B
RTcXS l�cXSOcdl�\(WdRYN 
 SOcd^`_	k ktNxcXv-cd\(WdRYN � � Wds-^`m5{	poRTN i RTS	kt_>yGWXkb5?�\(SOS P�cXWXk
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τ
pOcdR \(SOpoRTNQRYS U WdRTl RTS	kQR cXS

B
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G|B
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B
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m.Y�SOSORYS�x cdN
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τ
RYcdSOR Q Nt\(SoZQ�5s�ZQcwktcds(S�cdS

G|B̃
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Zxs�l cXk
n/|B| v�RYNQZx^`_OcdRYpORTSOR Uis��OcXRTSjpoRTN S|B|
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G ∼= S|B| oH

{2x s�a5RTc
HpO\(Z"� cdWdp pORYZ S>\=ktMONxWdcd^`_oRTS u�s�l s�l s�NQ�O_ocdZQl nOZ

ϕ : G → Sn/|B|
cXZxkI{px RTWX^`_ORTN pOcdR

mGs�S��xnOP(cdRTN ktRYS �
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B
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��"cXN0mIY�SOSoRTS@D�x
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G
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Z(k,G; x) = O(x)
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n
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Sn
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n = 4

cdZxk&pOcdRYZ
D.5 � 5OegMON pOcdR;9'NQnO�o�BR

G = D4 = Z2 o Z2 
 ZxcdRT_oR%� 7�{kK�� � a5R|x cdRYZQRYSp5�"cXN.aBR|DTRYcd^`_OSORYSjl cXk
Z(k, n; x) := |{K/k | [K : k] = n,N (dK/k) ≤ x}|
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n
l cXkDaBRYZQ^`_ONQy(SOm	ktRYNz?�cXZQmbNQcXl�cXS>\(S	ktR.5(}�noZ
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n > 1
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c(k, n) > 0
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Z(k, n; x) ∼ c(k, n)x.
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c(k,G),
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∞
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∞
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-?�,-.����! � � ����� 3 #%�� �! � 9������ 
 ��!

g(a) 6=
0
�A����
,) +�-?�/� &����:! 7"4%�

x→ ∞ 2

∑

n≤x

an =

(

g(a)

aΓ(w)
+ o(1)

)

xa log(x)w−1,

�C9 � �	�
Γ


��
� �8- 
 
 - � 3 #%�  �!
�
9�� � �'�.���
���/��� ! ) +=�
�	� � �$! ���(#%��� -?�
����!	�%#

∑

n≤x

an ∼ g(a)

aΓ(w)
xa log(x)w−1.

�"cXN l�RYNQm(RYS%\(S {]p>\GZQZ�RYZ�x cX^`_	ktcdP�cdZ kI{>p>\(ZxZ&\(WXWdR
an

SOcd^`_	k�SORTP	\=ktcXv(R NxRTRYWdWdR=H \(_oWdRTS
ZxcdSOpq5DqKl ZQRTWXaBRYS }�aOZx^`_OSOcwkQk cXS � �I>�� x cXNQp SOs-^`_ RTcXSOR+\(SopORTNxR L RTNxZQcds(S aBR�x cdRTZxRTS {
cXS pORTN

log(log(x))
tr[]\(m	kts�NxRTS$cdS pORYNz}�Z{�-l �okts(kQcdmj\(noe<ktNxRYkQRTSp5 ?�cXRTZQR x RTNxpORTS x cdN

\GaBRYN SOcd^`_	k aBRYS2Y(kQcdP�RYSp5�?�RYN L s(NxktRYcdW pOcdRYZQRTN L RYNQZQcXs�S RTcXSORTZ Q7\(nOa5RTNQZQ\GkRDYRTZ cdZ k RTZT{
pO\(ZQZ'RYN&SOcd^`_	k'SbnON�egMONf� s�WdR RYNQZ ktRTN �&NxpOSbnOSOPf\(Snx RTSOpOaO\(N'cdZ kb5 ��RYcXktRYNQ_OcXSex RTNQpoRTS
mGRTcXSOR L s�NQ\(nOZxZQRYkVDTnOSoP�RTS \(SzpOcXRz9'NVY��(R poRTN [>nOSombkQcds�SoZ{x RTNxkQR v(s�S

g
s-pORYN

h
P�RYZxkQRTWdWwkb5

�"cXN l�RYNQmGRTS \GS {	p>\(ZxZ egMoN P�\(S2DODT\(_OWXcdP�R
w
pORYN ��RYNxk g(a)

Γ(w)

\(nOZ pORYN � \GnONQRYSbkQNQRYcd_ORYS"t
U S	k x cd^`mbWXnOSOP pORYN [>nOSOm	kQcds�S

f
\(aoP�RTWXRTZxRTS x RTNxpORTS+m=\(SoSp5 �
RTcXZQ�OcXRTWdZyx
RYcdZxR�W yGZQZxk ZQcX^`_

pocdR�v cdRYl*\(SoSOZQ^`_OR�H RYk`\=egnOSOm	ktcXs�S
ζ(s) = 1/(s− 1) + h(s)

Zx^`_ONQRYcda5RTS {6x
s�a5RTc
h(s)\GS>\(W �bkQcdZQ^`_+egMON <(s) > 0

cXZxkO5

���	� 
 ��� � 
 � 
���� ��� � 
 � ( �+�'����� �
qKS pOcdRYZQRTl }�aOZQ^`_OSocXkQk Zt\(l l�RYWdS x cdN RTcXSOcdP�R }�aoZQ^`_>yGkVDTnOSoP�RTS�egMON-CrnOl l�RYS { pOcdR
x cXN&ZQ�OyGktRYN&aBRYS2Y(kQcdP�RYS x
RYNQpORYSp5)u�cXRTNVDYn%ZQRYcdRTS

k
RTcdS H \G_OWdm.Y�NQ�5RTN�nOSOp Ok

pOcXR�DTn 	
P(RT_2Y�NxcdP�R+hj\��rcdl�\(Wds(NQpOSbnOSOPs5D[DMoN RTcdS qKpORT\(W

a ⊆ Ok

a5RODYRTcX^`_OSORTS x cdN l cXk
ω(a)pocdR0}�S2DT\(_OW pORYN v(RTNxZQ^`_OcXRTpORYSORTS � NQcXl�cXpORI\GWdR({rpOcdR

a
ktRYcdWdRYSp5 ��RTcwktRTNx_OcdSfa5RODYRTcd^`_oSORTS

x cXN&l cXk
tk(a)

pocdR }�SsDI\(_OWDpORTN'v�RYNQZx^`_OcdRYpORTSORYS�qKpORT\(WXkQRTcXWdRTN�v�s�S
a
5 �"cdN�RTNQ_O\(WXkQRTS

egs(WdP�RYSOpOR'}�aoZQ^`_>yGkVDTnOSoP25
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ε > 0, m, b ∈ N
�#"'��� ! �
��� ���@� 9��(�$!�-.��!1�	�

c(ε,m), c(ε,m, b) �
� 9 
 -?� ��7"4?�

-?��� � �*-?�/�! ���:�C���
k
��9�
 � �	-�


m
&����:! 2

� ���
tk(a) ≤ c(ε,m)N (a)ε )

� ���
bω(a) ≤ c(ε,m, b)N (a)ε )

( !hg�!"�`_
?�RTN 7�5&Q7RYcdWbcdZ kDP(RTNt\GpOR pocdR }�nOZxZt\(P(R
v�s�S��87bXo{d� RYl�l�\i�65 ��� 5.CrRYcrSbnOS

a =
∏

p pep
pOcXR

[5\GmbkQs�NQcXZQcXRTNQnoSOP v(s�S
a
52?�\(SOSfP�cdWwk �

tk(a) =
∏

p(ep + 1)
nOSop

bω(a) =
∏

p b
52?&\(l cXk

P�cdWwk
bω(a) < tk(a

b−1) ≤ c1(ε,m)N (a)(b−1)ε S>\G^`_ 
 7 � {]x s�NQ\(nOZ pOcXR+P�R|x MOSoZQ^`_	ktR}�aOZx^`_>yGkRDYnOSOP egs�WdP(kO5
�[5\GWdWdZ cXl�s(aOcdP�RYS ��RTl l*\iegMON \(WXWdR � NQcdl ktRTcXWdRYN

p
a5RTNxRTcwktZ

ep ≥ b−1
P�cXWXkT{=Zxs'RTNx_>\(WXkQRTS

x cdN.pOcXNQRTm	k
bω(a) ≤ tk(a)

5
?&\(Z egs�WXP�RTSOpoR ��RTl l*\�WdcdR egRTN k RTcXSOR�s�a5RTNxR%}�aOZx^`_>yGkVDTnOSOP egMON RYcdSOR�CrnOl l�RG{
pOcXR
ZQ�>yGkQRTN _>y(ns~>P(RTN \Gnoe<k`\(no^`_ORTS x cXNQpp5r[DMON �5s�ZQcwktcXv(R�P�\(S2DTRfH \(_OWXRTS

r, e1, . . . , er

ZxnOl 	
l�cXRTNQR

∑

a
e1
1 ···aer

r =n

1

MOaBRYNi\(WdWXR Q nO�BRYW
(a1, . . . , ar) ∈ Nr l cXk ae1

1 · · ·aer
r = n

5
� !"�@��0 *�� *��
354%�

e1, . . . , er > 0

 ��!

e := min(ei)
#%��


m := |{i | ei = e}| &����:! 2

∑

n≤x

∑

a
e1
1 ···aer

r =n

1 = O(x1/e log(x)m−1)
7"4%�

x→ ∞.

( !hg�!"�`_
?�RTN�[]\(WdW

r = 1
cXZxk ktNxcXv-c \(W`5o[7MON

m = r
ZxkQRT_	k�pOcdRYZ�P�RYNt\(poRzcXSVpoRTN �)Y(ZQnOSOP
DTn�� �.Kr{

U �rRYNQ^TcXZQRi�65 �6587��`5��"cdNDaBR�x
RYcdZQRYS S-noS�pOcXR
}�nOZQZQ\(P�R pOnONx^`_ qKSopOnOm	ktcXs�S S>\(^`_
r
{dx
s(aBRYc

x cdN
e1 > e

\(SOSORY_Ol�RYSVm.Y�SOSORYSp5	U Z�P�cXWXk��

∑

n≤x

∑

a
e1
1 ···aer

r =n

1 =
∑

a
e1
1 ≤x







∑

n≤ x

a
e1
1





∑

a
e2
2 ···aer

r =n

1











=
∑

a
e1
1 ≤x

c(
x

ae1
1

)1/e log(
x

ae1
1

)m−1 + o(x1/e log(x)m−1) 
 S>\(^`_ qKSOpp5 L s�N|5 �

≤ cx1/e log(x)m−1
∑

a
e1
1 ≤x

1

a
e1/e
1

+ o(x1/e log(x)m−1) (
x RTP�RYS

ae1
1 ≥ 1)
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= c̃x1/e log(x)m−1 + o(x1/e log(x)m−1),pO\ x RTP(RTS
e1 > e

pOcdR;C-nOl�l R ∑
a

e1
1 ≤x

1

a
e1/e
1

egMON
x→ ∞ mGs�S	v�RYNQP�RYSbk�cdZ kb5

�

[]\(WXWdZ�nOSOZQRYN�90NxnOSOpOm.Y�NQ�5RTN
k
Socd^`_	k

Q
cdZ kI{ x
RYNQpORYS x cdN*ZQs�WX^`_OR CrnOl l�cXRTNxnOSOP�RYS

\GnO^`_ egMON qKpORT\(WdR�cdS Ok

aONt\GnO^`_ORTSq53CrRTcXRTS+_OcXRTN{DTn-x cdRYpORTN
e1, . . . , er

�5s�ZQcwktcwv�RiP	\(S2DYR
H \G_OWdRYS noSOp

a ⊆ Ok

RTcXSfqKpORI\(W`5k?&\(SoSVa5RODYRTcd^`_oSORYk
∑

a
e1
1 ···aer

r =a

1

pocdR�C-nOl�l R�MoaBRYN.\(WdWXR Q nO�5RTW
(a1, . . . , ar)

v�s(S+qKpORI\(WXRTS+cXS Ok

l cXk
ae1

1 · · · aer
r = a

5
�"cXN.RTNx_>\(WXkQRTSfp>\(Zi\(SO\(Wds�P(R�U NQP�RYaOSOcdZ DYne��RTl l�\ �65 �"7�5
��!"�@��0 *�� *	*
3 4%�

e1, . . . , er > 0

 ��!

e := min(ei)
#%��


m := |{i | ei = e}| & ����!A2

∑

N (a)≤x

∑

a
e1
1 ···aer

r =a

1 = O(x1/e log(x)m−1)
7"4%�

x→ ∞.

( !ng�!6��_
�"cXN a5RYkQNt\(^`_	kQRTS@x cdRYpORTN=DTnORYNQZ k pORTS []\(WXW

m = r
{)x RTWd^`_oRTN cXSOZQa5RTZxs�SOpORYNQR

r = 1RYcdSOZx^`_OWdcXR �(kO5OqKS pOcdRYZQRTl [5\GWdW P(cdWXk��
∑

N (a)≤x

∑

(a1···ar)e=a

1 =
∑

N (ae)≤x

∑

a1···ar=a

1 =
∑

N (a)≤x1/e

∑

a1···ar=a

1,

x RTZyx
RYP�RTS x cdNis25 � 5 pp5 }=5
e = 1

\(SOSORY_Ol�RYS�mIY(SOSORTSq5 �"cdNiaBR|DTRYcd^`_OSORYS l�cwk
tk,r(a)pocdR }�S2DI\(_oW pORTN&v(RTNxZQ^`_OcXRTpORYSORTS []\(m	kQs�NQcXZQcdRYNQnOSoP�RTSjv(s�S

a
cdS
r
[]\(m	kQs�NQRYS%nOSOp RTN 	

_O\(WXkQRTS
tk,r(a) =

∑

a1···ar=a

1
5-}�S>\GWds�P�DYnONM��Y�ZxnOSOP v�s�S�� �IKo{sU �oRYNQ^YcdZQR 7I5 �65 ���BmIY�SoSORTS

x cXNMDTRYcdP�RYS {>p>\(ZxZ
∞
∑

n=1

∑

N (a)=n

tk,r(a)

ns
= ζr

k(s)

P(cdWXkT{2x
s(aBRYc
ζk
pOcXR�?�RYpORTmbcXSOpOZQ^`_oR tsH R k`\GegnOSombkQcds�S%poRTZ<H \(_oWdmIY(NQ�5RTNQZ

k
a5RODYRTcX^`_OSORYkO5

?�\
ζr
k(s)

egMON <(s) > 1
\(aOZxs�Wdnrk m(s�S	v�RYNQP�cXRTN kI{5aBRYc

s = 1
RTcdSoRTS � s�W pORTN��&NQpoS-noSOP

r
aBRYZQcwkRDYk&nOSOp \(S>\GW �bktcXZQ^`_ \(noe <(s) = 1

egs�NxkQZQRYkVDTa>\GN&cdZ kI{5RTNQ_O\(WXkQRTS x cdN�l�cwk<Co\=kRD
�"5 7WX

∑

N (a)≤x1/e

∑

a1···ar=a

1 ∼ cx1/e log(x)r−1

egMoN
x → ∞ nOSopVRYcdSOR0P�RYRTcdP(SORYkQR0U�s�SOZ k`\(S	kQR

c > 0
5
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CrRTc�SbnOS s25 � 5 pq5 }=5
e1 > e

53?&\(SOS P�cdWwk �

∑

N (a)≤x

∑

a
e1
1 ···aer

r =a

1 =
∑

N (a1)e1≤x





∑

N (a)≤x/N (a1)e1





∑

a
e2
2 ···aer

r =a

1







 .

��\(^`_ qKSOpOnOm	kQcds�S RTNx_>\(WXkQRTS x cdN.SbnOS �

=
∑

N (a1)e1≤x

c

(

x

N (a1)e1

)1/e

log(x/N (a1)
e1)m−1 + o(x1/e log(x)m−1)

≤ cxe log(x)m−1
∑

N (a1)e1≤x

1

N (a1)e1/e
+ o(x1/e log(x)m−1).

��RYP�RTS N (a1)
e1 ≥ 1

_>\(a5RTS�x cdN7cdS pORTN WXRYkVDYktRYS CrnOl l R
log(x/N (a1)

e1) ≤ log(x)\(aOP�RYZQ^`_>yGkVDYkO5p��noS�m(s�S	v(RTNQP(cdRTN k'pOcXR�Crnol�l R ∑

N (a1)e1≤x

1
N (a1)e1/e

egMON
x → ∞ {3x RTcXW

e1 > e
{OnOSOp x cdN.RYNQ_>\(WwktRYSVp>\GZiP(R|x MOSOZx^`_	ktR�U NxP�RTaOSocdZO5

��"cdN aONQ\(nO^`_ORYSjSOs-^`_ RTcdSoR<x RTcwktRYNQR�L \(NQcd\GktcXs�S pOcXRTZxRTN CrnOl l�R��
� !"�@��0 *�� *3Z
354%�

e1, . . . , er, l1, . . . , lr > 0

 �:!

e := min(ei)
#?��


m :=
∑

{i:ei=e}
li

&�� ��!A2

∑

N (a)≤x

∑

a
e1
1 ···aer

r =a

l
ω(a1)
1 · · · lω(ar)

r = O(x1/e log(x)m−1)
7"4%�

x→ ∞.

( !hg�!"�`_
�"cdR'cdl �
R|x RTcXZ DTn�� RYl�l�\ �65 �(� P�cdWwk �

l
ω(ai)
i ≤ tk,li(ai) :=

∑

ai,1···ai,li
=ai

1.

?&\(a5RTc�P�cXWXk P(RTS>\(n p>\(SoS
� =

� {"x
RYSOS
ai

�bn>\(pONQ\GkQegNxRTc�cXZxkb5 �"cdN.RTNx_>\(WwktRTS \(WXZQs �
∑

N (a)≤x

∑

a
e1
1 ···aer

r =a

l
ω(a1)
1 · · · lω(ar)

r ≤
∑

N (a)≤x

∑

(a1,1···a1,l1
)e1 ···(ar,1···ar,lr )er =a

1.

� R kRD ktRTNxR-C-nOl�l R RTN egMOWdWwk0S>\(^`_@��RYl�l�\ �65 �(�fP�RYS>\(n�pOcdR P�R�x MOSOZQ^`_	kQR s�a5RTNQR }�a 	
ZQ^`_>yGkVDTnOSoP25

�
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����� ����
��$�$� ��#����%��� �%( 
��+�
�����
H noN"�
RYZQ^`_ONxRTcXaOnOSOP%v�s(S \(a5RTWdZx^`_ORTS U Nyx
RYcXktRYNQnOSoP�RTS \(WXP�RTaoNt\(cXZQ^`_ORYN�H \(_oWdmIY(NQ�5RTN

kx noNQpOR pocdR
Zxs�P�RYS>\(SOS	ktR U0Wd\(ZQZxRTSOm.Y�NQ�5RTN kt_ORYs�NQcXR
RYSbk x cX^`m(RYWXkb5(qKl []\(WXW
k = Q

P(cdWXk poRTN
Cr\GkRD.v�s(S U'NQs�SoRT^`m(RYN t ��RTa5RTNY{rpoRTN aBRYZt\(P(kT{	p>\(ZxZ��xRYpORi\(aBRYWdZx^`_OR U Nyx
RYcXktRYNQnOSoP

K/QcXS+RTcXSORTl~U0NxRTcXZxktRYcdWXnOSOP�ZxmIY�Nx�BRYN
Q(ζf )

RYSbkQ_>\(WwktRTSfcXZxkI{6x
s�a5RTc
ζf
RTcdSoR'�ONQcXl�cwktcXv(R

f
t

kQR-U cdSo_ORTcwktZ{x noNVDTRYW cXZxkO5'?�\(Z mbWdRYcdSOZ ktR
f
l cXk

K ⊆ Q(ζf )
_oRTc �Gk pORYN [DMo_ONQRYNzv(s�S

K/Q
53?�cdRTZxRTN RTN egMOWdWwk.S>\(^`_ � �ITo{k� NQs(�eTs587�� egs(WdP�RYSOpOR<U cdP�RYSOZQ^`_O\Ge<ktRYSp5

��!"�@��0 *�� *k�
�C��� ���

K/Q
������� �	��
6��� ����� - � �	������������� ������!1�	�$#?�(& 
 ��! 354%�/���	�

f
) +�-?�/� &(�	�:!"�	��2

�����
p | dK

&(���,-(# 
'-?�/�
�
�C�	�(�

p | f )

�����
p
���$!	�$-?��
�� �	���%�C�	� & ! � �

K/Q
&(���,-(# 
'-?�/�

�
�C�	�(�

p | f #%��

p2 - f

)

h cXk uicdWXegR�pOcdRYZQRYZ ��RYl�l�\(Z m.Y�SOSORYS�x cXN pORTSV[DMO_oNQRTN.RYcdSORYN U N{x RTcXkQRTNxnOSOP cdS v-cdRYWdRYS
[Dy(WdWXRTSV\(SO_>\(Sop�pORTN�L RTN{D|x RTcdP(nOSOP*v(s�S

K/Q
a5RTZxkQcdl l�RYSp5	��RTpOcXP�WdcX^`_�x RTSOS x cXWdpOR

L RYNVD�x
RYcdP�nOSoP \(noe<kQNQcXkxkI{ m(RYSOSORYS x cdN*Socd^`_	k pOcXRVR��o\(m	ktR�� s(ktRYS2Djv�s(S
p
{ pOcdR cdS

f\GnoegP�RT_	kO5��"cXN l�RYNQm(RYS�\(S { p>\(ZQZ
x cdWXpOR-L RTN{D|x RTcdP(nOSOP SbnON egMON
� NQcdl
DI\G_OWdRYS
p ≤

[K : Q]
\(nre<ktNQR ktRYSVm=\(SOSq5

qKS pORYN U0Wd\(ZQZxRTSOm.Y�NQ�5RTN kt_ORYs�NQcXRzx
RYNQpORYS*pOcXRTZxR U NxP�RTaoSOcdZxZQRi\(noep90NxnOSOpOm.Y�NQ�5RTN
k 6= Qv(RTNQ\(WdWXP�RTl RTcXSORTN kb5�?�cdR v s�WdWXR
pORYN U'NxRTcdZ ktRYcdWdnoSOP�ZQm.Y�NQ�5RTN x cXNQp v(s�S�poRTS ZQs�P�RYS>\(SOS	kQRTS

CbktNt\G_OWdmbW \GZQZQRYSOmIY(NQ�5RTNQS�RYcdSOP(RTSOs�l l RTSp5 ?�cdRYZ a5RTpORYnoktR kI{ p>\GZQZ �xRYpOR \(a5RTWdZx^`_OR�U N 	
x RTcwktRYNQnOSOP Q7RYcdWXmIY�Nx�BRYN.RTcdSoRTZiP�RTRYcdP�SOR ktRYS C-kQNt\(_oWdmbW \(ZxZQRYSOmIY�Nx�BRYNQZicdZ kb5>qKl []\(WXWdR�v(s�S
Q(ζf)/Q

x \(N pocdR 90\(Wds(cdZQP(NQnO�O�5R
P(RTNt\GpOR
(Z/fZ)∗

{�\(WdZxs'pOcdR.l noWXktcX�OWdcXm=\Gktcwv�R 90NxnO� 	
�5R0v�s�S

Z/fZ
5	?�cdR�9z\GWds�cXZQP�NxnO�O�5R&pORTZfC-ktNQ\(_OWXm-Wd\(ZQZxRTSOm.Y�NQ�5RTNxZ�cXZxkipOcdRzZQs(P�RTS>\GSOS	ktR

CbktNt\G_OWdmbW \GZQZQRYSOP�NxnO�O�5R({>pOcXRfx cdN.cdl~[>s�WdP�RYSOpORYS RYcdSoegMo_ONQRYS x s�WXWdRTSq5
�"cXN
a5RTZx^`_ONty(Som(RTS nOSOZ
_OcdRYN \(noe poRTS+cdpoRI\(Wwkt_ORYs�NQR ktcdZx^`_ORTS H nOP	\(SOPs5o[DMoN
pORYS+cdpORYWdR t
kQ_ORTs(NQRYkQcdZx^`_ORTS�H nOP�\(SOPznOSOp pOcXR � R|x RTcdZxR&pORYN egs�WXP�RTSOpoRTS*}�nOZQZQ\(P�RYS v�RTNyx
RYcdZxRTS-x cdN
\Gnoe � �IX-{ �����`5 �"cdNf~ �ocXRTNxRTS cdl []s(WdP�RYSOpORTS%RYcdSORYS 90NxnOSOpOm.Y�NQ�5RTN

k
l cXkzhj\��ocXl*\GW�	

s(NQpOSbnOSOP Ok

5 �"cXN aBR|DTRYcd^`_OSORYS l cXk
m := (m0,m∞)

poRTS�� eJ3��-� �
32"!	!�-: ����B_,��
"!� {
x s�a5RTc

m0

RYcdS P	\(SsDTRTZ qKpORT\(WOv�s(S Ok

cXZxk nOSOp
m∞

RYcdSOR egs�Nxl*\GWdR hVRYSOP�R.v�s(S*NQRYRTWXWdRTS
CbktRTWXWdRYS v(s�S

k
a5RODTRYcd^`_OSoRYkb5�U cdS 
 P�RYaONQs-^`_ORYSORTZ � qKpORT\(W a v�s�S Ok

_ORTc �(kim(s��ONxcdl DYn
m
{Oe:\GWdWdZ
RTZ m(s��oNQcdl�DTn

m0
cdZ kb5>[DMoN.RTcdSoR \GWdP�RYaONt\(cXZQ^`_OR;H \G_OW

α ∈ k
pOR�~>SOcdRYNQRYS�x cXN

α ≡ 1 mod ∗m,
e:\(WdWXZ

α ≡ 1 mod m0

nOSOp
v(α) > 0

egMON \(WXWdR
v ∈ m∞.

�"cXN Zt\(P�RYS {	p>\(ZxZ
RYcdS*hVsrponOW
m
RTcXSORTS*hVs-pOnOW

n
ktRYcdWXkT{Ge:\(WXWdZ

m0 | n0

nOSop
m∞ ⊆ n∞P(RTWXkQRTSp52?�cdR	�m�;3 �-�!�[�-� �-:�:�
�	!�
3�"�\�\'


Clm
cXZxk.pocdR0[]\(m	kts�NxP�NQno�O�BR

Im/Hm

{2x
s�a5RTc
ImpocdR 9'NQnO�o�BR.pORYN P�RTaoNQs-^`_ORTSORYS�qKpoRI\(WXR
v�s�S Ok

mGs��ONxcdl DTn
m0

noSOp
Hm

pOcdR 9'NQno�O�BR



*	* j�02m'�$#W!"� * � +-,.% � /'�102(3!"�

pORTN 
 P(RTaONxsr^`_ORYSORTS � u�\(nO�okQcdpORT\(WdR (α)
v(s�S Ok

a5RODYRTcX^`_OSORYkT{ pOcdRfRTcXSORTS�U NVDYRTnOP(RTN
α ≡ 1 mod ∗m

aBRYZQcwkRDTRYSp5
CrRTc SbnOS

Hm ≤ U ≤ Im
RYcdSOR aBRYWdcXRTaOcXP�R
H�x cdZx^`_ORTSOP(NQnO�O�5RI5]?�RTN mbWdRTcXSOZxkQR h srpOnoW

n | m
{7Zxs�p>\(ZxZ

Im/U → In/UHn

cdS��xRYm	ktcXv x cXNQp { _ORYc �(k pORTN��X1��!3�
�3
fU
v(s�S

U
5

�"cdN+Zt\GP�RTS { p>\GZQZ
Hn ≤ U ′ ≤ In

����"!��=-�
��
�	'�fDTn
U
cdZ kI{
e:\(WXWdZ+pOcXR U'RTNQSoR�pORYN

u�s�l s�l s�NQ�O_ocdZQl RTS
Clmn → In/U ′ nOSOp Clmn → Im/U

MOa5RTNxRTcXSOZxkQcdl l�RYSp5
qKS
pOcdRYZQRTl [5\GWdWdR�ZQ^`_ONxRTcXaBRYS�x cdN

U ′ ∼ U
53?�RTN�u�\(nO�okQZt\GkVDzpoRTNiU'W \(ZxZQRTSomIY�Nx�BRYNxkt_oRTs�NxcdR

aBRYZt\(P(k SbnOS 
 D.5 � 5 � �IX-{kQ._ORTs�NxRTlE>6587�� � �
	p0s#bl *�� *3r
�������	�

m
����� �B9 
�#%�:)

� ��� 354%� & � 
/�	�
Hm ≤ U ≤ Im

�#"'��� ! � �	�$! &'�	�,-(# �	� ��� - � �	� � �����5�C� �C�	��!1�	� #%�(&
K/k
 �:!

Gal(K/k) ∼= Im/U �
�C9 � �	� 
/��� �1� 9�
 9������/����
 #%� 
�#%����� 
��
����9 &(�	� -?�/��!"�

� � ! ��� � � ��� ���

,#%�(&

Im/U → Gal(K/k), aU 7→ (a, K/k)

&(��&'� � �	� ��� !
�
�C�	� ����� ���A� 
 �

/��-?�
�C-(#%7����(� �	� 3 ��9 � ���/��#?�	-(#/!19�
 9���� �(��� 
 #%�C- � �

� ��� 
/��!A)
� ��� 354%� & � 
/� - � �	��������� �C� �C�	��!1�	� #%�(&

K/k
�#"'� �$! � �	� ! &(�	�,-'# ������� ��� -?� ��� ��9��

3�-  �!"9���&��$#$�(�C���
Im/U


 ��!
Gal(K/k) ∼= Im/U

� �>- 
/��� � � ! ��� � �
��� ���

,#%�(&,)

��� � � �	�
f

/��� 354%�/���	� ��9��

Im/U
#%��


K/k

6�
� �%#?&(�	����� �;&(� - � ����������� �C� ����� �

!"���$#%�(& ) +�-?�(� � �$!8����� �C� �!
 � 
/� -.�
p
� 9�� Ok

&(�	�,-'# 
'-?�/�B���
K

� �	� �?����� &,!
������/�

p | f0
&�� ��! ) �C�=� �$! &(���,-(# 
'-?�(� �C� �

 ����� �%�C�	�;&,!

�
�C�	�(�

p2 | f0
&����:! )

?�cdRYZQRTN Co\GkRD�cdZ k cdS�m=\(SOs�SOcXZQ^`_ORYN"��RTcdZxR pOcXR L RTNQ\(WdWXP�RTl RTcXSORTNxnOSOPfpORYZ
Co\GkRDYRTZ v(s�S
U0Nxs�SORY^`m(RTN t ��RTa5RTNO5 �"cXN SORYSOSORYS poRTS U Y�Nx�BRYNT{7pORTN DYnON u�S	kQRTNQP(NQnO�O�5R

U = HmP�RT_2Y(NxkI{opORTS �m� 3 �-�!�[�-� �-:�:�
�	���c-3`\'
�3 v�s�S
m
53?&\(_oRTN ZQcXSOpfl�cwk u�cXWXegR�poRTZis�aOcdP(RTS�Co\Gk 	

DTRTZ \(WXWdR%\GaBRYWdZQ^`_oRTS}U Nyx
RYcXktRYNQnOSoP�RTS1cdS�RTcXSORTl P�RTRYcdP�SOR ktRYS}C-kQNt\(_oWdmbW \(ZxZQRYSOmIY�Nx�BRYN
RTS	kt_>\GWXktRYSp5 ��RTSoS x cXN pORYS []\(WdW

m = ((1), ∅) a5RYkQNt\(^`_	kQRTS { Zxs%cdZxk pOcdR DTnOP(RT_2Y�Nxc�	P�R
C-ktNQ\(_OWXm-Wd\(ZQZxRTSOP(NQnO�O�5R P�RTNQ\(pOR pOcXR qKpORI\GWdmbW \(ZxZQRYSOP�NQno�O�BR pORYZ�H \G_OWdm.Y�NQ�5RTNxZO5�?�RYN
DTnOP�RY_2Y�NxcdP�RfC-ktNQ\(_OWdmbWd\(ZQZxRTSOm.Y�NQ�5RTN _ORTc �(k��E��� C�
�32� :����'
�3 *F� �-:�:�
�	���c-39\'
�3 5
U N
_>\=k pOcXR
U cXP�RTSoZQ^`_>\Ge<kT{>p>\(ZxZ�RYN�\(SV\(WXWdRTSfRYSOpOWdcX^`_ORTS nOSOpVnOSORYSOpOWdcX^`_ORTSeC-kQRTWdWXRTS nOS	v�RYNVD|x RTcXP(k
cdZxkO5 CrRTc SbnOS

m∞
pocdRVhVRTSoP�R�\(WXWdRYN NQRYRTWdWXRTS C-ktRYWdWdRYS v�s�S

k
5 ?&\(SOS _ORTc �(k pORTN
DTn

m = ((1),m∞)
P�RY_2Y�NxRTSOpORfC-ktNQ\(_OWXm-Wd\(ZQZxRTSOm.Y�NQ�5RTN pORYNl�
3@,WVX
��E��� C�
�3���:����'
 *F� �-:�:�
�	'.

��c-39\'
�3 5"?�cXRTZQRYN cdZ k.\(S \(WdWXRTS*RYSOpOWXcd^`_ORYS C-ktRYWdWXRTS nOS	v(RTNVD�x
RYcdP(kO5k?�cXR �&NQpOSbnOSoP�RTS+pORYN
aBRYcdpORYSeCbktNt\G_OWdmbW \GZQZQRYSOP�NxnO�O�5RTS nOS	ktRTNxZQ^`_ORYcdpORYS�ZQcX^`_Vnol RTcXSORz�Wt6� s(ktRYS2DI5
[DMON noSOZ cdZ k cdl [>s�WdP(RTSOpORYS pOcXR+[>Nt\(P�R�cdS	ktRYNQRYZQZt\GSbkT{]x cdR v-cdRTWXR+\(a5RTWXZQ^`_OR U Nyx
RYcXktR�	
NQnOSOP(RTS*RYcdSORYZzH \G_OWdm.Y�NQ�5RTNxZ

k
R
�rcXZxktcXRTNxRTS {	pOcXR 
 _2Y-^`_OZxkQRTSOZ � cdS RYcdSORYN RYSOpOWdcX^`_ORTS v�s�N 	P�RTP�RYaBRYSORTS hVRTSoP�R�v(s�S@� NQcXl�cXpORI\GWdRTS�v(RTN{D|x RTcdPGk ZxcdSOpp5 }�noegP�NQnoSOp�v(s�S:Co\=kRD��65 ���



*�� ��j���0k_O_O!"� ^p�3,&m�!h,W#&c !ho3,d��! *3Z


 A � l MOZQZxRTS-x cXN a5RTc5pOcdRYZQRYN [>Nt\(P(RTZxkQRTWXWdnOSOPz\(no^`_+_2Y�_ORYNQRf� s(ktRYS2DTRYS v�s�S-� Nxcdl cdpORT\�	WXRTSVcdl [DMO_oNQRTNia5RTNQMo^`m-Zxcd^`_	ktcXP�RTSq5�H nORYNQZxk�aBRYZQ^`_ONxRTcXaBRYS x cdN P�RTSO\(nORTN�pOcdR�C-kQNQnOm	ktnoN
poRTN
C-kQNt\(_OWXmbW \(ZxZQRTSoP�NQnO�o�BR.5 [DMON �xRTpORYS h srpOnoW

m
cdZxk pOcdR egs�WdP�RYSOpOR C-R �bnORTSsDfv(s�S

\GaBRYWdZQ^`_oRTS 9'NQnO�o�BRYS l cXk s �BRTSoZQcd^`_	kQWdcd^`_oRTS }�aOaOcXWdpOnOSoP�RTS R
�o\(m	kI{�x s�aBRYc
Clk

pOcdR
qKpoRI\(WXm-Wd\(ZQZxRTSOP(NQnO�O�5R0aBR|DTRYcd^`_OSOR k 
 DI5 � 5>cdS � ���-{	C	5 7 �(�Wt	7 �IK�� � �

1 → Hm/Hm → Clm → Clk → 1. 
 �65 � �
uicdRYNQa5RTc�a5RODYRTcX^`_OSORYk

Hm
pOcdR�90NxnO�O�5R�pORTN+P(RTaONxsr^`_ORYSORTS u�\GnO�oktcXpORI\GWdRjv(s�S Ok

{
x RTWX^`_ORfm(s��oNQcdl DTn

m0
ZQcXSOpp5 �"cXN�x s�WdWXRTS cXl [>s�WXP�RTSOpoRTS�egMON RYcdS

` ∈ P
pORTS t̀

vi\(SOP�v�s�S
Clm

pOnONx^`_ pocdR�C-nOl�l R�pORYN t̀6viy(SOP�Rjv(s�S
Clk

nOSOp
Hm/Hm

SO\(^`_
s(aBRYS \(aOZQ^`_OyGkRDYRTSp5 �"cdN aBR|DTRYcd^`_OSORYS l cXk

km

pOcXR 9'NQnO�O�5R+pORYN U WdRTl RTS	kQR v�s�S
k
{

x RTWX^`_ORzm(s�SOP(NQnORYSbk
1 mod ∗m

ZxcdSOpp5o}�S>\(WXs�P aBR|DTRYcd^`_OSORYS�x cXN.l�cwk
km
pOcdR;9'NQno�O�BR

poRTN U WXRTl RTS	ktR0v�s(S
k
{kx RTWd^`_oR m(s(�ONQcXl DTn

m
ZxcdSOpp5	�inOS�P�cXWXk.S>\G^`_ � �(�r{�CrRTcwktR 7 �����

pocdR&egs�WXP�RTSOpoR'qKZQs�l s�NQ�o_OcdR&v(s�SVl nOWXkQcd�OWXcdm=\Gktcwv�RYS 9'NQnO�O�5RTS �
Hm/Hm

∼= km/O∗
kkm. 
 �"5PA �

��R kRDYkQRTNxR<90NxnO�O�5R�cXZxk RYcdSOR�[]\(m	kts�NxP�NQnO�o�BR�pORTN 9'NQno�O�BR
(Ok/m0)

∗ ×Z
|m∞|
2

{hx
s�a5RTc
DYn �xRTpoRTNDNxRTRYWdWdRYS C-kQRTWXWdR cdS

m∞
P(RTS>\(n RTcdS

Z2

tr[]\(m	kts�N m(s�NxNQRYZQ�5s�SOpOcXRTNxkO5��"cXN mIY�SOSoRTS
SbnOSjpORTSjegs(WdP�RYSOpORTSeCo\GkVD a5R|x RTcXZQRTSq5 ?�\(aBRYc7a5RODYRTcX^`_OSORYk�cdl [>s�WXP�RTSopORTS

rk`(ClK)poRTS
`
� kP�
	!�'pORTNiU'W \GZQZQRYSOP�NxnO�O�5RI5

	q0s#Wle*�� * �
�C� � ���
�	�

k
�	� � -.� &(� � �	-?� � ������� �*-?�/�  6�������	� 
 ��!

r1
��� �	� �
��� �C� � � ��!A! #%�'&(�	�

� `
�������

�C�A� 
 � -?�/�
� S

�	�������	��
6� �
����� �B���(&(� ��9 ���C� �!
 � 
/� -?� �	� ��9?�C�
�

S1 := {p ∈ S | p
� �
� &,! �/� ����!84 � ���

`}.
+�-?�/� &�� � ! �	� ���'���/� !"���/� `s−1

`−1
Z` �

�C� �C�	��!1�	� #%�(&(��� ��9��
k �


6�
� ��� ���/�$!1�	�/� � �
S� �	���%�C�	� & ! �A����
�) �=�
��� � �	�*� �$!

s =

{

rk`(Clk) + |S1| + 2[k : Q] ` > 2

rk`(Clk) + |S1| + 2[k : Q] + r1 ` = 2

( !ng�!6��_
?�cdR�qKpORYR%pORTZ �
R|x RTcXZQRTZfcXZxk RYZT{ RYcdSORYS hVs-pOnOW

m
Zxs:DTn x
y(_OWdRYS { p>\GZQZ+\(WXWdR

Z`

t
U Nyx
RYcXktRYNQnOSoP�RTS=Q7RYcdWdm.Y�NQ�5RTN�poRTZ'C-ktNQ\(_OWXm-Wd\(ZQZxRTSOm.Y�NQ�5RTNxZ v(s�S

m
ZQcXSOpp5W?�\(aBRYcbcdZxk mbWd\(NT{

pO\(ZQZ pocdR
noSORTSOpoWdcd^`_oRTS
C-kQRTWdWXRTS S-noN aBRYc
` = 2

RYcdSOR vis(WdWdR Zx�OcdRYWdRTS nOSOp&�xR|x RTcXWdZ7_2Yr^`_ 	
Z ktRYSOZ RTcXSORTS

Z2

t-[5\GmbkQs�N)DTnON C-ktNQ\(_OWXm-Wd\(ZQZxRTSOP(NQnO�O�5R
a5RTcwktNQ\(P�RTSq5.?�\(_ORTN7RTS	kt_O\(WXkQR
m∞cXl []\(WdW

` = 2
\(WXWdR

r1
NxRTRYWdWdRYS C-ktRYWdWdRYS { \(SOZxs�SOZ ktRTS x y(_oWdRTS x cdN0pOcXRTZxR hVRYSOP�R*\(WdZ

WXRTRYNO5 �"cXN.pOR|~>SocdRTNxRTS
m0 :=

∏

p∈S

pep,



*k� j�02m'�$#W!"� * � +-,.% � /'�102(3!"�

x
s�a5RTc
ep = 1

egMoN
p ∈ S1

P�cdWwkb5r[DMON
p ∈ S \ S1

ktNxcXkQk x cdWdpoR L RTN{D|x RTcdP(nOSOP�\(noe7nOSOp
pOcdR egs(WdP�RYSOpORTS%}�aOZQ^`_OyGkRDYnOSOP�RYS�P�RYWXkQRTS�egMON&a5RTWXcdRYaOcdP�R

ep > 1
5 �"cdN�ZQ^`_>yGkVDTRYS�SbnOS

pORTS t̀6v�\GSOP v�s�S
(Ok/m0)

∗ \(ap55h cXk�u�cXWXegR&poRTZ ^`_OcdSoRTZQcXZQ^`_ORYS v RTZ ktZt\=kRDTRYZ�P�cXWXk��
(Ok/m0)

∗ ∼=
∏

p∈S

(Ok/p
ep)∗

egMON
m0 =

∏

p∈S

pep.

[DMON
ep = 1

cdZ k
(Ok/p)∗

P�RYNt\(poR�pOcdRjl nOWXkQcd�OWXcdm=\GkQcXv�R�9'NQnO�o�BR�RYcdSORYZ+RTSOpoWdcd^`_oRTS
U Y�Nx�BRYNQZT{hx RTWd^`_oR�D|�-mbWdcdZx^`_+cdZ kb56?�cdRYZ
RTNxmbW y(N k pORYS |S1|

t"Q7RYcdW5cdS�s�aOcdP(RTN [>s�Nxl�RYW 5b[DMoN
P�NVY��(RTNQRYZ

ep

P(cdWXk
(Ok/p

ep)∗ ∼= (Ok/p)∗ × (1 + p)/(1 + pep)
5 ?�cdRTZxRTN []\(WXW m=\(SOS

S-noN'\(noe<kQNQRYkQRTS {	x
RYSOS
p
MOa5RTN

`
WdcXRTP(kO5]qKS%pOcdRYZQRTl []\(WdW cXZxk&pocdR �&NxpOSbnOSOP+pORYN&l nOW 	

ktcd�oWdcdm=\GkQcXv(RTS 9'NQno�O�BR�pORTZ v RTZ ktmbW \(ZxZQRYSOmIY�Nx�BRYNQZim(s��oNQcdlNDTn
`
{6x
y(_ONxRTSOp pOcdR D|x RTcXkQR

90NxnO�O�5RiRYcdSOR
`
ts9'NQnO�o�BR cdZ kb5	qKS �87bK��kx cdNxp�a5R|x cXRTZQRYS {-p>\(ZQZ WdR kRD ktRTNxR 90NxnO�O�5RiponONQ^`_

[kp : Q`] + 1
U WdRYl�RYS	ktR'RTN{DTRYnOP(k�x
RYNQpORYSjm=\(SOSp53?�\

∑

`∈p

[kp : Q`] = [k : Q]

ktNQcwkQk pORYN ZQ^`_OWXcdl l�Z ktR []\(WdWbp>\GSOS \(noe {&x RTSOS \(WXWdR � NQcXl�cXpORI\(WXR MOa5RTN
`
cdS
S
RTS	kQ_>\(WXkQRTS

ZQcdSopVnOSopVpOcXR<DTnOP�RY_2Y�NxcdP�RYS�L RYNxv�s(WdWdZ k`y(SopOcdP�noSOP�RTSfpORYS�9'Nt\(p 7z_>\(a5RTSp5>qKSVpOcdRYZQRTl
[5\GWdW(m.Y�SOSORYS=x cXN poRTS �
RTcwktNt\GPipocdRTZxRTN � NQcXl�Z ktRTWXWdRYS'cdS

S
pOnONx^`_

2[k : Q]
\(aOZQ^`_OyGkRDYRTSp5

?�RTN �
RYcXktNQ\(PfpORTNznOS	v�RYNVD�x
RYcdP(kQRTS:U N{x RTcwktRYNQnOSOP(RTS�DYnOl t̀6vi\(SOP x cdNxp�pOnoNQ^`_�poRTS
`
t"v�\(SoP pORTNiU'W \(ZxZQRYSOP�NQno�O�BR0S>\G^`_js�a5RTS \(aOP(RTZQ^`_OyGkRD kb5

�

j-o	,&o	����02, *�� *�4
��� � ���
�	�

k
����� -?� &(� � �	-.��� �����	� �*-?�/�  6�������	�

� S ⊆ P(k)
�	����� ����
6��� ����� � �����!
 ���(&(�

� 9?�C�
�
` ∈ P

) +�-?�/� � "(� �$!
�
�	� ! �	� ��� � 9��(�$!�-.��!1�
c(k, `) �

� 9 
'-?�A� 
6�
� �=��� -.�/� 
/�	�
Z` ���� ������!1�	�$#?�(&(�	� ��9 �

k �

6� � ���'���(�$!"���/� ���

S
���	���%�C�	�;&,! � ����


�
�,-6��� 9 � �	� � �	� ���(� �?�� �!

���$! 
,#%� ���

`rk`(Clk)+3[k:Q]`|S| = c(k, `)`|S|.
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aBRYZQ^`_>y=e 	
kQcdP�RYS { x s�a5RTc

`
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Φk,Z`
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DTn 	
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x
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poRTN � \(nO\(Nxk

G = Z2 oH
pocdR&}�Z{�-l��rkts(kQcdm*poRTN [>nOSOm	ktcXs�S

Z(k,G; x)
nOS	kQRTNQZxnO^`_ORYS

noSOp egMoN vrcXRTWXR
H

DYRTcXP�RTS {>pO\(ZQZ
Z(k,G; x) ∼ c(k,G)xa(G)

P(cdWXkO5
qKS%poRTN&s�a5RTSeDTcXkQcdRYNxktRYS�}�NxaBRYcXk �P>r{	Q._ORYs�NQRYl 7�587�� x cdNQpVegs�WdP�RYSOpORYZfu�\GnO�oktRYNQP�RYaOSOcXZ
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c(k, Z`) > 0
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Z(k, Z`; x) ∼ c(k, Z`)x
a(G) log(x)b(k,G).
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a(G)
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b(k,G)
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NxcdP�R<?�cdNQcX^`_OWdR ktNxRTcd_oR

Φk,Z`
(s) 
 ZxcdRT_oR pORYSVegs�WXP�RTSopORTSf}�aoZQ^`_OSOcwkQk � egMON <(s) > a(G)\GaOZQs�WXnok noSOp Wds�m=\(W P�WXRTcX^`_Ol*y ��cdPfm(s(Sbv(RTNxP�cdRYNxk nOSop aBRYc

s = a(G)
RTcXSORTS � s�W pORTN

�&NxpOSbnOSOP
b(k,G) + 1

_O\Gkb5 ��RTcwktRYNQ_OcXS x cXNQpfP�R|DTRTcXP(kI{op>\(ZQZ pOcXRTZxR [>nOSombkQcds�Sfl RTNxs�	
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S ⊆ P(k)

nOSOp pOR|~>SocdRTNxRTS

Z(k,G, S; x) := |{K/k | Gal(K/k) = G, dK/k

m(s��oNQcdlNDTn
S,N (dK/k) ≤ x}|.

�"cdN RYNQ_>\(WwktRYSVp>\GSOSVcXS�Co\GkVD=A65PX egMON RTcXS
c(k, Z`, S) > 0

�

c(k, Z`, S)xa(Z`) log(x)b(k,Z`) ≤ Z(k, Z`, S; x) ≤ Z(k, Z`; x)
egMON

x >> 0.

[DMON
G = Z2

nOS	ktRYNQZxnO^`_ORTS
x cdN \GnO^`_ pOcdRzDYnOP�RY_2Y�NQcXP�RM?�cXNQcX^`_OWdR ktNQRYcd_OR nOSOp a5R|x RTcdZxRTS
cdS�Co\GkVD;As5 7?� pO\(Zi\(S>\(WXs�P�R�v RTZxnOWXkt\Gk DTneCo\GkVD=A65 7�5
�"cdNzaBR ktNt\G^`_bkQRTS p>\(SoS RTcdSoR x RTcXkQRTNxR H y(_OWwegnOSOm	ktcXs�S { pOcdR�pOcdRYZQl�\(W \(WdWXR*U�Y�NQ�5RTNxRTN 	
x
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ZS(k,G; x) := |{K/k | Gal(K/k) = G,N (dS
K/k) ≤ x}|,

x
s�a5RTc
dS

K/k

pORTS DYn
S
mGs��ONQcXl�RYS }�S	ktRTcXW.v�s�S

dK/k

aBR|DTRYcd^`_OSOR kb5��"cdN a5R|x RTcdZxRTS
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c(k, Z`) > 0
l cXk��

Z(k, Z`; x) ≤ ZS(k, Z`; x) ≤ c(k, Z`)`
|S|xa(Z`) log(x)b(k,Z`).
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qKl [>s�WdP�RYSOpORYS a5RODYRTcX^`_OSORYk

ζk(s) :=
∏

p∈P(k)

(1 − 1

N (p)s
)−1, <(s) > 1
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ζk(s) ≤ 21+n(dkπ
−n/2)εε1−n ≤ 21+ndε

kε
1−n.
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c ⊆ Ok

a5RYktNQ\(^`_	ktRYS@x cdN RYcdSORYS  
_>\(NQ\(m	ktRYN
χ
pORTN C-ktNQ\(_OWdmbWd\(ZQZxRTS 	
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χ
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Lk(χ, s) :=
∏

p∈P(k)

(1 − χ(p)

N (p)s
)−1.
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|(s− 1)δLk(s, χ)| ≤ c(ε, n)(D|1 + s|n)(1−σ)/2+ε.
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| ≤ c(ε, n)(D|1 + s|n)(1−σ)/2+ε,
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∏
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Φk,Z2(s) =
∑

[K:k]=2

1

N (dK/k)s
=

∞
∑

n=1

an

ns
.

an

cdZ k
Zxs�l cXk pOcdRi}�S2DT\(_OWBpORTN
U Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP�RTS+l cXk ?�cXZQmbNQcXl�cXS>\(S	ktRYSOSOs�Nxl
nnOSOp ZQs�l cXk.P(cdWXk

an ≥ 0
53?�RYN egs(WdP�RYSOpOR;Co\GkVD�x cdNQpfcXS��BK�� a5R|x cXRTZxRTS �
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k

 �:!

i(k)
 9�
 � � �#",�	� �C��� � � ! !A#%�(&(���0&�� ��! 7"4%� <(s) > 1

2

Φk,Z2(s) = −1 +
2−i(k)

ζk(2s)

∑

c|2Ok

N (2Ok/c)
1−2s

∑

χ

Lk(s, χ),

�C9 � �	�
χ
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� �(#�-6
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Lk(s, χ)
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� ��� �  6�	� �����

L � <���������� 9��
k

7"4?��
(�	� � �,-?�	-  �!1�	�
χ

� �$! )

h cXk�u�cXWXegR�v(s�SeCo\GkRD �6587WX�x cdNxpfcdS �BK�� p>\(Z.egs�WXP�RTSOpoR0U�s�Nxs�WdWd\(N
a5R|x cXRTZQRYSp5
j-o3,&o	�`�102, Z�� � � �=o	c !"��� � ��0sl�\ � ��02l
� �
���1����!h, �

Z(k, Z2; x) ∼ 2−i(k) ress=1 ζk(s)

ζk(2)
x,

�C9 � �	�
2−i(k) ress=1 ζk(s)

ζk(2)

&(�	��-6
/� 
'-?�8<��	� � 
�#/# 
 ���
s = 1

� 9��
Φk,Z2

��� ! )

h cXk<uicdWXegRzv�s�S ��RTl l�\-As5 �+RYNQ_>\GWXktRYS x cdN
ress=1 Φk,Z2(s) = Oε,n(d

ε
k)
{qx
s(aBRYc pOcdR

Uis�SOZ k`\(S	ktR
S-noN7v�s(S
ε
nOSOp

n
\(aO_Oy(SOP�cXP�cdZ kb5 }�nregP�NQnOSop pORTN7aBRYm=\(SOS	ktRYS U cXP�RTSoZQ^`_>\Ge 	

kQRTS pORYN�?�RYpORTmbcdSopOZQ^`_ORYS-H R k`\&t-[]noSOm	ktcds(S nOSOp pORYN�u�RY^`m(RYZQ^`_ORYS
L
t6v RTcd_oRTS cdZ k mbW \GNT{

pO\(ZQZ
Φk,Z2

RYcdSOR l RTNQs(l�s�Nx�O_OR [>s�N ktZxRYkRDYnOSOPj\(noe <(s) > 0
a5RTZQcwkRD kb5 �"cdNfx RTNxpORTS

cXl S>y(^`_oZxktRYSfU0\(�OcXkQRTW>}�aOZQ^`_>y=kRDTnoSOP�RTS+pocdRTZxRTN
[]noSOm	ktcds(S egMON <(s) ≤ 1
aBRYS2Y(ktcXP�RTSq5

?�RTN.egs�WdP(RTSOpOR;Cr\GkRD�x cdNxpfcdl �OWdc DTcXk cdS �GK�� a5R|x cXRTZQRYS �
	q0s#WleZ�� 4
+=�
�83 #%�� �!
�
9��

Φk,Z2(s)
�,-'! �	� ����
 �	� 9#
 9��:� ��� 3�9 �$! ����! � #%�(& -'#%7 <(s) > 1/2

) � �
�
� �	�A��! � ! ��� 
6�
��� �'
 �8�	���	�
��� ��#%� ��������� �����/7
-6�����	� �C9�� � ���

s = 1

 �:!5<��	� � 
�#/# 


R(k) = 2−i(k) ress=1 ζk(s)
ζk(2)

)�� ����!1�	� �(��� � �$!�
6�
� 3 #%�� �! � 9��
gk(s) := Φk,Z2(s) − R(k)

s−17"4?� <(s) > 1/2
-.�,-?����!
��� ��� #%��
 ���8&�� ��! ��� 
6�
��� �'
 �8�	���	� ��� 7"4%�=-?� �
�

ε > 0
2

|gk(s)| ≤ c(ε, [k : Q])(dk|1 + s|[k:Q])(1−σ)/2+εd
1/2
k .

( !ng�!6��_
?�\(Z�v RTZxcdpOnonOl aBRYc

s = 1
RTNx_>\(WXkQRTS x cdNz\(nOZ U�s(NQs�WXW \(N�A65PKs57hVcwk;u�cXWXegR v�s(S Co\GkVD

A65 �fRTNQ_O\(WXkQRTS x cXN0RTcdSoR ?&\GNQZxkQRTWXWdnOSOPfv�s(S
Φk,Z2

\(WXZ RYSOpOWdcX^`_OR ?�s��O�5RTWXZQnOl l�R v(s�S
uiRT^`mGRTZQ^`_oRTS

L
t6v RTcX_ORTS {3x RTWd^`_oR ZQs�P	\GN�egMON <(s) > 0

RTcXSOR l RTNxs�l�s(NQ�O_OR [>s�NxkQZQR k 	
DYnOSOP aBRYZQcXkVDTRYSp5"?�cdRicdl��iRTSOSoRTN \(noe<ktNxRYkQRTSOpOR�[>nOSOm	ktcXs�S

ζk(2s)
cdZ k egMoN <(s) > 1/2SbnOWXWdZ ktRTWXWdRYSoegNQRYc|{TpO\�ZQcXR pOs�Nxk RYcdS�U nOWXRTNx�ONQs-pOnOm	k aBRYZQcwkRDYkO5d?�cdR }�SsDI\(_OW-pORYN7qKpORT\(WdRG{?pOcdR

2Ok

ktRYcdWdRYS { ZxsWx cdR pOcXR ��s�Nxl�RYS pORTN0\(nre<ktNQR ktRYSOpORTS$qKpORT\(WdR cXS%pORTN0RTNxZxkQRTS�CrnOl l�R
m.Y�SOSORYS l�cwk;u�cXWXegR RTcXSORTNzv�s�S

[k : Q]
\GaO_>y(SOP(cdP�RYS�Uis�SOZxkt\(S	ktR SO\(^`_ s�a5RTS�\(aOP�R�	

Zx^`_>yGkVDYk�x RTNxpORTSp5 ?�cdR�}�S2DT\(_OW
poRTN \Gnoe<ktNxRYktRYSOpORYS �-nO\(pONt\=ktcdZx^`_ORTS  
_O\(Nt\(m	kQRTNQR*cdZxk
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aOcdZ \(nre RTcXSOR v�s(S
[k : Q]

\(ao_>y(SOP�cXP�R U�s(SOZxkt\(S	ktRiP�RTNQ\(pOR pOcdR.}�S2DI\G_OW>pORTN U WdRYl�RYS	ktR
pORTN��'NxpOSbnOSOPf� cdSVpORTN�U0Wd\(ZQZxRTSOP(NQnO�O�5R v(s�S

k
{	x RTWX^`_OR�x cdNil cXk Co\GkVD �65 �IT pOnONQ^`_

Oε,[k:Q](d
1/2+ε
k )

\(aOZx^`_>yGkVDTRTSq5q?�cXR0\(noe<kQNQRYkQRTSOpoRTS
L
t"viRYcd_ORYSVZx^`_>yGkRDYRTS�x cdN.l cXk Uis�	

NQs�WXW \(N As5GF \(ap5s?&\(a5RTcBmIY�SOSoRTS x cdN
pocdR&\Gnoe<ktNxRYktRYSOpORYS N (f)
pOnONQ^`_fRYcdSOR�v(s�S

[k : Q]\(aO_>y(SoP�cdP�R U�s�SOZ k`\(S	kQR�\(aoZQ^`_>yGkVDTRYS {bp>\
f
S-noN v(s�S � Nxcdl cdpORT\(WdRYS MOa5RTN pORYN

2
P(RYktRYcdWwk

x cdNQpq5O}�noeDpOcdRYZQR ��RTcXZQR0RTNx_>\(WXkQRTS x cdN.p>\GZ.P�R|x MOSoZQ^`_	ktR U NxP�RTaOSocdZO5
�

?�cdR.}�aOZQ^`_>y=kRDTnoSOP \(nOZ poRTl v�s(NQcdP(RTS Co\GkVD x cXNQp SbMokRDYWdcX^`_�ZxRTcdS {Ix
RYSOS x cXN l�cwk Co\GkVD
�65 7bX&}�Z{�-l �oktsGktcdmGRTS pORTN�DYnOP�RT_sY�NQcXP�RTS H y(_OWwegnOSOm	ktcXs�SORYS RTNQl cXkxktRYWdS�x s�WdWXRTSp5�[DMON pOcXR
}�Snx
RYSOpOnOSoPjpOcXRTZQRYN=CoyGkRDYR cdZxkzSbnON0pOcXR l�RYNQs�l s�NQ�o_OR [>s�NxkQZQR kRDTnoSOPj\Gnoe <(s) = 1x cd^`_	ktcXP25ku�cXRTN.RYNQP�cXaok.pORYNis(aOcdP�R;Cr\GkRD'egMON \(WXWdR

ε > 0
�

|gk(s)| ≤ c(ε, [k : Q])d
1/2+ε
k |1 + s|[k:Q]ε.

�
RTZxs�SOpORYNQZ&yGNQP�RYNQWdcX^`_VcXZxk�_OcdRYN pORTN
d

1/2+ε
k

t-}�S	kQRTcdW9{>pOnONx^`_�pORTS�x cdNipOcdR0}�S2DI\(_oW7pORYN
U WXRTl RTS	ktR pORYN �'NxpOSbnOSOPj� cdS pORTNzU'W \GZQZQRYSOP�NxnO�O�5R�\GaOZQ^`_>y=kRDTRYSp5 }�WdWXP�RTl RTcXSex cdNxp
_OcdRYN v(RTNxl noktR kI{Bp>\(ZQZipOcXRTZQR }�S2DT\(_OW

Oε,[k:Q](d
ε
k)
egMON�\(WdWXR

ε > 0
cXZxkO5B[7MON

[k : Q] =
2
P�cXWXk pOcXRTZ*\(noegP�NxnOSOp�pORYN 9'RTZx^`_OWdRY^`_bkQRTN kt_ORYs�NQcXR�nOSOp�x cXNQp \(nO^`_�cXl �
R|x RTcXZ �BK-{

CrRT^ ktcds(S�F���pORTN }�Z{�-l��rkts(kQcdm*egMON
D4
t"U Nyx
RYcXkQRTNQnoSOP�RTSVMOa5RTN

Q
a5RTSbnokRD kb5

� ��� � �'
 �*��

($��� � 
�� 
 ��� �+� ($� � �'����� � & ��( � � � � � �+�
�

���'�'��� ��� ��������������� �
qKS+pOcdRYZQRTl }�aoZQ^`_OSOcwkQkzx s�WXWdRTS x cdN nOSOZMD|x RTc�L \(NQcd\(S	ktRTS*nOSOZQRYNQRYN H y(_OWwegnOSOm	ktcXs�S \(S 	
ZQ^`_>\(noRTSp5.u�cXRTNVDYn pOR�~>SOcXRTNQRYS�x cdN�egMON RYcdSOR aBRYWdcXRTaOcXP�R ktNQ\(SOZQcwktcwv�R �7RYNQl nokt\GktcXs�SOZxP�NQnO� 	
�BR

G
noSOpVRYcdSORzh RTSOP�R0v�s(Se� NQcXl�cXpORI\GWdRTS

S ⊆ P(k)
�

Z(k,G, S; x) := |{K/k | Gal(K/k) = G, dK/k

m(s��oNQcdlNDTn
S,N (dK/k) ≤ x}|.

Q7NxcXv-c \GWdRTNyx
RYcdZxR P�cXWXk
Z(k,G, S; x) ≤ Z(k,G; x)

egMON&\GWdWdR hVRYSOP�RYS
S
5	?�cXR v(RTNt\GWdW�	

P�RTl RTcXSORTN ktRfL RTNxl nokQnOSOP aBRYZt\(PGk�SbnOS �
�=!h,d� %)#W%'�)(@Z�� �
354%� �	��
6��� �����	�

S ⊆ P(k)
&�� ��! 2

Z(k,G, S; x) ∼ c(k,G, S)xa(G) log(x)b(k,G),

��9 � �	�
a

#%��

b

6� �	� ��� � �	�0� 9 �/�$!:-?��!"�	� �C�
�8� � � ��� 
 #(! #%�(& � ) �#� � � ��
�)

�
RYv(s�NMx cdNzDYnOl �bn>\(pONQ\GktcXZQ^`_ORYS�[]\(WXWBmGs�l�l RTS {sx
s(WdWdRYS x cdN RYcdSOR'nOS	kQRTNQRz}�aoZQ^`_>yGk 	
DTnOSOP egMONMD��rmbWXcdZQ^`_oR�9'NQnO�o�BRYSfv(s�S � Nxcdl
DI\(_OWXs�NQpoS-noSOP \(SOP�RYaBRYSp5



Z�� Z �
%)0k/),&0s#&��_ba.c)!e� ,&g�!"�1#W!h,d% � (3!"���@�$# �;!h,dl�g�!"��(	% � (	_O��!"/ �`�)(	%'�)(3!6��Z��
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k
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S ⊆ P(k)
�������B�	��
6��� ����� � �����!
 ���(&(��) +�-?�/�

� "'���$!
�
���$! �	� ��� � 9��(�$!�-.��!1�
c(k, Z`, S) > 0


 ��!A2

Z(k, Z`, S; x) ≥ c(k, Z`, S)xa(Z`) log(x)b(k,Z`)
7"4?�

x >> 0.

( !ng�!6��_
?�RTN �
R|x RTcXZzegnOSombkQcds�SocdRTN k�x cdR pORYN"�
R�x
RYcdZ0v�s�S �87bXr{�Q._ORYs�NQRYl �"5PK��`5)?�RYN RYcdS2DYcdP�R
uiS	ktRTNxZQ^`_OcXRTp a5RTZxkQRT_	k p>\(NxcdS {=p>\(ZxZ]x cdN7cdS poRTN qKSOponOm	ktcds(S egMON

S = ∅ s�aOcXP�R �
RY_>\(nO� 	kQnOSOPV\(WdZfx
\(_ONz\(SoSORT_Ol RTSq5)?�cdRYZzpoMONxegRYS x cdNY{ p>\ L RTNxl noktnoSOPV�65 7?�+egMON0\GaBRYWdZQ^`_oR
9'NQno�O�BRYSVa5R|x cXRTZxRTS cdZxk �GA�A��`5

��"cXN.pOR|~OSOcdRYNQRTS pOcXR�DTnOP�RY_2Y�NxcdP�R<?�cXNQcX^`_OWdR ktNQRYcd_OR�DYn
Z(k, Z2, S; x)

v-cd\

Φk,Z2,S(s) =
∑

K

1

N (dK/k)s
=

∞
∑

n=1

an

ns
,

x s�aBRYcbMOaBRYN \(WdWXR �bn>\(pONQ\GktcXZQ^`_ORYS U�Y�NQ�5RTN
K
ZQnOl l�cXRTN kpx cdNxp {IpORYNQRTS=?�cXZQmbNQcXl�cXS>\(S	ktR

mGs��ONxcdl DTn
S
cXZxkO5]H noN uiSbkQRTNxZQnO^`_bnOSOP pOcXRTZxRTN�v RTcX_OR ZxktRYcdP�RYS�x cdNzcdS�pORTS �
R|x RTcXZ

poRTZ�[5\GWdWdZ
S = ∅ cXS �GKo{	CrRYcXkQR;>.F���>���� RTcXSp53?�s�N k ZxkQRT_	k �

Φk,Z2(s) = −1+
2ru(k)+1

4[k:Q]s

∑

c|(2)
N (c)2s−1

∏

p|c
(1−N (p)−2s)

∑

χ

∑

a∈Ac

χ(a)

N (a)s
, 
 A65 7 �

x s�a5RTc
χ
pOcdR �bn>\(pONQ\GktcXZQ^`_ORYS  
_>\(NQ\(m	ktRTNxR*pORYN C-kQNt\(_oWdmbW \(ZxZQRYSOP�NQno�O�BR

Clc2
pOnONQ^`_ 	

Wdy(noe<kDnOSOp
Ac

pOcXR hVRTSoP�R.pORTN �-nO\(pONt\=kQegNQRYcdRYS qKpORI\(WXR m(s(�ONQcXl DYn
c
cdZxkO5

ru(k)
cXZxkD_OcdRYN

poRTN U cXSO_ORYcXktRYSONt\GSOP v�s�S Ok

53?�cXR _ocdRTN.P(RODIyG_OWXkQRTSVU Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP�RTSeDTn
(a, c)_O\(aBRYS P�RYNt\(poRe?�cXZQmbNQcXl�cXS>\(S	ktR

4a/c2 �BKo{ � NQs(�p5 As5BF�� 5�?&\G_ORTN l MOZxZQRTSix cdN p>\GegMON
Zxs�NQP(RTS {]p>\(ZxZ�x cXN.SbnON�qKpoRI\(WXR

c | (2)
a5RYkQNt\(^`_	kQRTS {]ZQs�p>\(ZxZ

(2)/c
m(s��ONxcdl DYn

S
cdZxkO5

C-RTc \GWdZQs
d
P�RTNQ\(pOR&pO\(Z l�\��rcdl�\(WdR.qKpORT\(W l cXk pORYNMU cdP�RYSOZQ^`_>\=e<kI{opO\(ZQZ

(2)/d
m(s(�ONQcXl

DYn
S
cdZxkO5h?&\(pOnoNQ^`_ {-p>\(ZxZ x cXN SOcd^`_	k l�RY_ON \(WdWXR

c | (2)
a5RYkQNt\(^`_	kQRTS {ry(SOpORYNxk ZQcX^`_�poRTN

}�nOZQpoNQnO^`m 
 A65 7 � x cXR&egs�WdPGk �

Φk,Z2,S(s) = −1 +
2ru(k)+1

4[k:Q]s

∑

d|c|(2)
N (c)2s−1

∏

p|(c/d)

(1−N (p)−2s)
∑

χ

∑

a∈Ac,S

χ(a)

N (a)s
,

x s�a5RTczx cXN
Ac,S

\(WXZ pOcdR hVRYSOP�RfpORYN �bn>\GpONt\GkxegNQRYcdRTS qKpORT\(WdRfmGs��ONQcXl DYn
S
nOSOp

cpoR|~>SOcXRTNxRTSp5
��RTcwktRYNQ_OcXS x cXNQpfcdSfpOcXRTZxRTN.}�NxaBRYcXk P�R|DTRYcdP(k��

∑

a∈Ac

χ(a)

N (a)s
=
∏

p-c

(1 + χ(p)N (p)−s) =
∏

p-c

1 −N (p)−2s

1 − χ(p)N (p)−s
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=
Lk(s, χ)

ζk(2s)
∏

p|c(1 −N (p)−2s)
.

��nOS ZxRTc
S = S2∪̇S ′

2

{&x
s(aBRYc
S2
P�RYNt\(poR.\(WdWXR � Nxcdl cdpORT\(WdR MoaBRYN pORTN

2
\(noZ

S
RTS	kt_Oy(WXkO5

�"cdN aBRT\(^`_	ktRTS {
p>\(ZxZ
c
Z ktR ktZ pOnoNQ^`_"\(WXWdR�� NQcdl cdpoRI\(WXRf\(nOZ

S2
kQRTcXWda>\(N cXZxkI{ Zxs&x cXR

χ(p) = 0
egMON

p | c
nOSOp RTNQ_O\(WXkQRTS \(nOZ pORYN ?�R|~>SOcwktcXs�S+v�s�S

Ac,S

�
∑

a∈Ac,S

χ(a)

N (a)s
=

∏

p-c,p/∈S′
2

(1 + χ(p)N (p)−s) =
∏

p-c,p/∈S′
2

1 −N (p)−2s

1 − χ(p)N (p)−s

=
Lk(s, χ)

ζk(2s)
∏

p|c(1 −N (p)−2s)

∏

p∈S′
2

1 − χ(p)N (p)−s

1 −N (p)−2s

=
Lk(s, χ)

ζk(2s)
∏

p|c(1 −N (p)−2s)

∏

p∈S′
2

(1 + χ(p)N (p)−s)−1

�"cdN ZQRYkVDTRYS RYcdS noSOp aBRT\(^`_	ktRYS {�p>\(ZxZ
d
ZxkQRYkQZ m(s��oNQcdl DTn

c/d
cXZxkb5���RYcXkQRTNQ_ocdS SbnokVDTRYS

x cdN \(nOZY{rp>\GZQZ N (2Ok) = 2[k:Q] Zxs&x cXR ru(k)+1+ i(k) = [k : Q]
P�cdWwkI{Ix s�a5RTc

i(k)pOcdR'}�S2DI\(_oW�pORTN m(s(l��OWXR
�rRTSeC-kQRTWdWXRTS+v�s(S
k
a5RODYRTcd^`_oSORYkO5 �"cXN.RTNx_>\(WXkQRTS �

Φk,Z2,S(s) = −1 +
1

2i(k)ζk(2s)

∑

d|c|(2)
N (2/c)1−2s

∏

p|d
(1 −N (p)−2s)−1

∑

χ

Lk(s, χ)
∏

p∈S′
2

(1 + χ(p)N (p)−s)−1.

}�noegP�NxnOSOp�pOcdRYZQRTN;?&\GNQZxkQRTWXWdnOSOP cdZ kzS-noS mbW \(NY{�p>\(ZQZ
Φk,Z2,S

RTcXSOR \(noe <(s) > 1/2l�RYNQs�l s�NQ�o_OR&[>nOSOm	kQcds�S cXZxkT{opOcXR&SbnON a5RTc
s = 1

RTcXSORTS � s�W a5RTZxcXkVDYkb5 �
RYv(s�Nzx cdN p>\(Z
viRYZQcdponOnOl \(nOZxNQRT^`_oSORTS mIY(SOSORTS { aBRYS2Y(kQcdP�RYS�x cdNiSOs-^`_ U cdP�RYSOZQ^`_>\=e<ktRTS%poRTNfU nOWXRTN 	
ZQ^`_ORYS

ϕ
tr[>nOSombkQcds�S+egMON qKpORT\(WdR.5

� !��]�'�$#&�1o	� Z������
�1� � �,-.�
9 &�� � � #%� ���	�� ��
 
 � �
������� ��#%� �	�A� �������

ϕ � 3 #%�� �! � 9�� 7"4?� & -?� �.� �*-.�/�
���0
/� �
�/�/�
��� ��� �C� �

ϕ(a) := |(Ok/a)∗| 7"4?� a E Ok
)

?�cdR&egs�WXP�RTSopORTS�U cdP�RYSOZQ^`_O\Ge<ktRYSVegs�WXP�RTSf\(noZiRYWdRYl�RYSbkt\(NQRYSev RT^`_oS-noSOP�RTSq5
	p0s#bl Z����3�
��� &(����!1�	�*2

� ���
ϕ(ab) = ϕ(a)ϕ(b)

7"4%�  9�� � �!
 � � 
/��-?�
�
a, b ⊆ Ok �

� ���
ϕ(pj) = N (p)j−1(N (p) − 1)

7"4%�8-?� �
� �C�A� 
 �

/��-?�
�
p

#%��

j ∈ N �
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� � � ∏
p|c(1 − 1/N (p)) = ϕ(c)/N (c)

7"4?� �A
/� -?� �
c ⊆ Ok �

� � � ∑
c|a ϕ(c) = N (a)

7"4%��� 
/��-?�
�
a ⊆ Ok

)

	q0s#WleZ����6*
3 4%� ����
6��� �����	�

S ⊆ P(k)
� �$!�
6�
� + ���A�
���/� ��! ���	� ���

Φk,Z2,S

7"4%� <(s) > 1
- � ��9���#(!

#?��
 �
9� ?-?� &��
���
����
 � � �;&  69�� �����A&(����!A) � �
� � ��� ��! � ! � �	�
s = 1

�	� ���	� �����/7
-6�����	� ��9 �

 ��! <���� �

,#/# 


ress=1 ζk(s)

2i(k)ζk(2)

∏

p∈S

(1 + 1/N (p))−1.

+=�
��3 #?�� �! �
9 � ��� ! -'#%7 
/�	� �8�	���	�
��� <(s) > 1/2

 ��� 9�
 9������ 7:9�� ! ����!�� � -?�

�
�C9 � �	�

s = 1

/����������� � &(� �C9��*��� 
6� �	����
 �8��� ���
���0���$!A)

( !ng�!6��_
?�cdR&\GS>\(W �bkQcdZQ^`_oR&[>s�NxkQZQR kRDTnoSOP�x nONxpOR'aBRYNQRYcXktZ pOnONx^`_+pOcdR viRY^`_OSbnOSOP�RYSfv(s�N
pocdRTZxRTl
Cr\GkRD a5R|x cXRTZxRTSp5�U Z v(RTNQaoWdRTcXaok p>\GZ viRYZQcXpOnOnOl \(nOZ{DTnONxRT^`_OSORYSp5 ?�cdR \(noe<ktNxRYkQRTSOpORYS
uiRT^`mGRTZQ^`_oRTS

L
t"viRYcd_ORYS ZQcXSOp�l RTNxs�l�s(NQ�O_OR [>nOSOm	kQcds�SORYS�egMON <(s) > 1/2

{)x s�a5RTc
_sYr^`_OZ ktRYSOZ a5RTc

s = 1
RTcXS RTcXSoe:\(^`_ORYN � s�Wo\Gnoe<ktNxRYktRYS m=\(SOSq5I?�cXRTZ7mG\GSOS SbnON7�>\(ZQZxcdRYNQRYS {

x RTSoS
χ
poRTN.ktNxcXv-c \(WXR  
_>\GNt\(m	ktRYN

χ0,c

cdZxkO5OqKS pOcdRYZQRTl [5\GWdW P(cdWXk egMON.p>\(Z�v RTZxcdpOnOnol �

res
s=1

Lk(s, χ0,c) = res
s=1

ζk(s)
∏

p|c
(1 − 1/N (p)).

�"cXN.pOR|~OSOcdRYNQRTS
b :=

∏

p∈S′
2
p
ZQsWx cXR

A := ress=1 ζk(s)

2i(k)ζk(2)

noSOpVZx^`_ONQRYcda5RTSVm-MoNVDTRYN��

D :=
∏

p|d
(1 −N (p)−2)−1 noSOp B :=

∏

p∈S′
2

(1 + 1/N (p))−1.

�"cXN.RTNx_>\(WXkQRTS+egMON.p>\GZ v RTZxcdpOnonOl~v�s(S
Φk,Z2,S

\GSVpORYN C-ktRYWdWdR
s = 1

�

ABD
∑

d|c|(2)
N (2/c)−1

∏

p|c
(1 − 1/N (p))

= ABD
∑

d|c|(2)

N (c)

N (2Ok)

ϕ(c)

N (c)

 l cXk�Cr\GkRD<As587�7 
 A � �

= ABD
∑

c|((2)/d)

ϕ(cd)

N (2Ok)
= ABD

ϕ(d)

N (2Ok)

∑

c|((2)/d)

ϕ(c)

= ABD
ϕ(d)

N (2Ok)
N (2Ok/d) = ABD

ϕ(d)

N (d)

 l�cwk�Co\GkVD<As5 7I7 
 F � �
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= AB
∏

p|d
(1 −N (p)−2)−1

∏

p|d
(1 − 1/N (p)) = AB

∏

p|d
(1 + 1/N (p))−1

= A
∏

p∈S

(1 + 1/N (p))−1.

�qKSbkQRTNxRTZQZQ\(S	ktRYN{x RTcdZxR�DTRYcdP(k�ZQcX^`_�aBRYcdl v RTZxcdpOnonOlV{ p>\GZQZ*RYZ*SOcX^`_	k*l RT_ON S2Y(kQcdP$cdZ k
D|x cdZx^`_ORTS�DI\(_Ol noSOp x cXWdp v�RTN{D|x RTcXP(ktRYS:� NQcdl cdpoRI\(WXRTS DTn�nOS	ktRTNxZQ^`_ORYcdpORYSp5D}�Z{�-l 	
�okts(kQcdZx^`_*l cXkQkQRTWwk ZQcd^`_�p>\(Z _ORTNQ\(nOZ|5 �
R ktNQ\(^`_	ktRTS-x cXN poRTS*cXS	ktRTNxRTZxZt\(S	ktRYS�Cr�5RODTcd\(WXe:\GWdW
k = Q

5G}�WdWdR \(noe<kQNQR ktRTSopORTS  
_O\(Nt\(m	kQRTNQR
ZQcdSop ktNxcXv-c \(W9{Ipp5 _p5
LQ,χ0,2 = (1−1/2s)ζ(s)nOSOp

LQ,χ0,1 = ζ(s)
5

j-o	,&o	����02, Z����"Z

ΦQ,Z2,S(s) = −1 +
ζ(s)

ζ(2s)

∏

p∈S

(1 + N (p)−s)−1 7
-?� ���
(2) ∈ S,

ΦQ,Z2,S(s) = −1 +
ζ(s)

ζ(2s)

∏

p∈S′
2

(1 + N (p)−s)−1(21−2s + (1 − 1/2s))
��9��/� !

.

354%� 
'-?�8<��	�A�

�#/# 
 �	��&�� � !��A�
���*2

res
s=1

ΦQ,Z2,S(s) =
ress=1 ζ(s)

ζ(2)

∏

p∈S

(1 + 1/N (p))−1.

( !hg�!"�`_
?�nONQ^`_VRTcXSoe:\(^`_ORYZ U cXSOZQR kRDTRYSVv(s�S

k = Q
cdSfnOSOZxRTNxR [>s�Nxl�RYWBegMON

Φk,Z2,S(s)
5

�

� � � "���� & ������� � ��� � ($� 
���
'� � ����#�($�����
[DMON RTcdSoR�P	\GS2DTRfH \(_OW

a
nOSOp RYcdSOR�hVRYSOP�R

S
v(s�S � NQcXl DT\(_OWdRYS�a5RODYRTcX^`_OSORTS x cdN l�cwk

aS pORYS DYn S mGs��ONxcdl RTS%}�S	kQRTcdW v�s�S a 5B}�S>\(WXs�P a5RODYRTcd^`_oSORTS x cdNiegMON&RTcXSOR hVRYSOP�R
S ⊆ P(k)

nOSOp RTcXSVqKpoRI\(W
a ⊆ Ok

l�cwk
aS pORYSeDTn a

m(s��ONxcdl RTS }�S	ktRYcdW`5 ��RYcXkQRTNQ_ocdS
pOR|~>SocdRTNxRTS x cdN.RYcdSOR'l srpoc ~kDYcdRTN ktR<H yG_OWXegnOSombkQcds�S v-cd\ �

ZS(k,G; x) := |{K/k | Gal(K/k) = G,N (dS
K/k) ≤ x}|.

?�RTNVu�S	kQRTNQZx^`_OcdRYp�DTn
Z(k,G, S; x)

cdZxkT{.p>\(ZxZj_OcXRTN \(WdWXR U Y�Nx�BRYNQRYN{x RTcXkQRTNxnOSOP�RYS
P�RODTy(_OWXk�x RTNxpORTS {�\(a5RTN pORYNQRTS�?�cdZxmbNQcdl cdSO\(S	ktRTS0l srpoc ~kDYcdRTN kpx RTNQpoRTSp5.Q7NxcXv-c \(WXRTNyx
RYcdZQR
P�cdWwk
egMONi\(WXWdR

S
�

Z(k,G; x) ≤ ZS(k,G; x).
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U Z.P�cXWXk \(aBRYN.\(nO^`_ RTcXSOR&}�Nxkiu�l m(RY_ONQnoSOPO{sx RTWX^`_OR0RTcdSoR'WdRTcX^`_	ktR L RYNQZQ^`_Oy(NxegnOSoP v(s�S
��RYl�l�\ �6587zcXS �87WX���cdZ kb5
��!"�@��0 Z����h�
�C� ���	� �	�

G
�	� ��� ����
6� �
����� ��� #$�/���

� k
�	� � �*-?�/�! ���:�C��� � 9�
 ����-6


m
#%��


S ⊆
P(k)

�	� ��� �	��
6� �
����� �B���(&(� ��9�� �C� � 
 �

(� -?� �	�*) +�-?�/� �#"'��� ! �
���$! �	� ��� � 9��(�$!�-.��!1�

c(m,S,G) ≥ 1

 �:! 7:9�� &'�	��
/�����C� &(���/� ���,-.7"! 2

ZS(k,G; x/c(m,S,G)) ≤ Z(k,G; x) ≤ ZS(k,G; x) ≤ Z(k,G; c(m,S,G)x).

( !ng�!6��_
?�cdR u�SOP�WXRTcX^`_-noSOP

Z(k,G; x) ≤ ZS(k,G; x)
P�cXWXk S>\G^`_�?�R|~OSOcXkQcds�Sp5	C-RTc S-noS

K/kRYcdSOR
aBRYWdcdRYaOcdP(R U N{x RTcwktRYNQnOSOP'l cXk
Gal(K/k) = G

5�[7MON
p ∈ S

ZQsWx cdR
p ∈ p∩P

P�cdaok
RYZ0RTcdSoR aBRYmG\GSOS	ktR s�a5RTNQR Cr^`_oNt\(SOmGR egMoN'pORTS$l*\��ocXl*\GWdRTS U �r�5s�SORYSbkQRTS

e
{�ZQsfp>\(ZxZ

pe | N (dK/k)
P�cdWwk �BAs7({pv RTl�\(NQm 7�{qCrRTcwktR-7WK�� 5q?�cdRYZQR Cr^`_oNt\(SOmGR cdZxk&S-noN'\(aO_>yGSOP�cdP

v(s�S
m, p

nOSOp
G
5 �"cdN pOR�~>SOcdRYNQRYS

c(m,S,G)
\(WdZ p>\GZ-� NQs-pOnOm	k MoaBRYN�pOcXRTZxR

p
t

� s(ktRYS2DTRYS�egMONz\(WXWdR
p ∈ S

5�?&\Gl�cwk0RTNQ_O\(WXkQRTS x cdN&egs�WXP�RTSOpoR }�aOZQ^`_OyGkRDYnOSOPjegMONz\(WXWdR
K/k

l�cwk
Gal(K/k) = G

�
c(m,S,G)N (dS

K/k) ≥ N (dK/k).

uicdRYNt\(nOZ egs(WdP(k.pO\(SOS pOcdR'RYNQZxkQR noSOpVpoNQcXkxktR0uiSOP�WdRYcd^`_bnOSOPs5
�[]\(WXWdZ x cdN&RYS	k x
RYpORTNzRTcXSOR nOS	ktRYNQR }�aoZQ^`_>yGkVDTnOSoP egMON

ZS(k,G; x)
srpoRTN&RYcdSOR s�a5RTNxR

}�aOZQ^`_OyGkRDYnOSOP�egMoN
Z(k,G; x)

m(RTSoSORTS {]Zxs�RYNQ_>\(WwktRYS x cXN.SOs-^`_VZ k`y(Nxm(RTN �
��!"�@��0 Z����6r
�C� � �	� �	�

G
�	����� ����
6��� ����� ��� #$�/���

� k
����� �*-.�/�  6�������	� ��9#
 � �	-�


m
#%��


S ⊆ P(k)������� ����
6��� ����� �B�	�(&'� � 9�� �C� �!
 � 
/� -?� �	�*) �@��� � ���.���
���/���	� 
 ��!
a > 0 � b ≥ 0

#%��


c(k, S) > 0
�C�	�:!"�	��� � 9��/� !�-?��!1�	�*)

����� � #%�
ZS(k,G; x) ≥ c(k, S)xa log(x)b 7"4%�

x >> 0
7:9 � &,!

Z(k,G; x) ≥ c(k, S)

c̃(m,S,G)a
xa log(x)b 7"4%�

x >> 0
)

����� � #%�
Z(k,G; x) ≤ c(k, S)xa log(x)b 7:9�� & !

ZS(k,G; x) ≤ c̃(m,S,G)ac(k, S)xa log(x)b.

( !ng�!6��_qKl~RTNQZ ktRYS�[]\(WdWBRTNx_>\(WXkQRTS x cdN.l cXkM� RYl�l�\ As587bF
Z(k,G; x) ≥ ZS(k,G; x/c(m,S,G))
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≥ c(k, S)c(m,S,G)−axa log(x/c(m,S,G))b.��RYSOSix cXN SbnOS
c̃(m,S,G) > c(m,S,G)

P�NQs ��P�RYSbnOP x
y(_OWXRTS { p>\(SoS egs�WXP(k pOcdR
�
RT_>\GnO�oktnoSOP egMoN

x
P�Nxs�� P�RTSbnOP25

qKl D|x RTcwktRTSV[]\(WdWBP�cdWwk.S>\(^`_���RTl l*\ A65 7bF
ZS(k,G; x) ≤ Z(k,G; c(m,S,G)x)

≤ c(k, S)c(m,S,G)axa(log(x) + log(c(m,S,G)))b,x
RYWd^`_ORYZ�Zxcd^`_V\(Z{�-l �okts(kQcdZx^`_�x cXR'P�R|x MOSoZQ^`_	k�v(RTNQ_Oy(WXkO5
�qKl [>s�WXP�RTSopORTS�ZQRTc

ΦS
k,Z`

egMON
` ∈ P

pOcXR DYn
ZS(k, Z`; x)

\(ZxZQs�DYcdcdRYNxkQR ?�cXNQcX^`_OWdR ktNQRYcd_OR

ΦS
k,Z`

(s) =
∑

[K:k]=2

1

N (dS
K/k)

s
=

∞
∑

n=1

an

ns
.

qKl []\(WdW
` = 2

P�RTa5RTS x cXN.\(S>\(WXs�P�DYn }�aOZQ^`_oSOcXkxk�As5PA RYcdSORYS��
R|x RTcXZ egMON.pOcdR�}�Z{�-l 	
�okts(kQcdm%v�s(S

ZS(k, Z2; x)
asD|x<5 p>\GZ \(S>\(W8�-kQcdZx^`_OR L RTNx_>\(WwktRTS poRTN [>nOSOm	ktcXs�S

ΦS
k,Z2egMON aBRYWdcdRYaOcdP(R<90NxnOSOpOm.Y�NQ�5RTN

k
\(Sp5>qKSVpOcdRYZQRYl }�aOZx^`_OSOcwkQk�_>\GkQkQRTS x cdN pORYS �
R�x
RYcdZ

\(nOZ �GK��.Zxs%l�s-pOc ~2DTcdRYNxkT{ pO\(ZQZ x cdN \(WdWXR-U N{x RTcwktRYNQnOSOP(RTS x
RYP�P�RTWd\(ZQZxRTS _>\GkxktRYS { pOcXR
cdS�RYcdSORYl

p ∈ S
v�RYNVD|x RTcXP(k�x
\(NQRYSp5�?&\(a5RTcD_>\GkQkQRTS�x cdN

S = S2∪̇S ′
2

P�RYZQ^`_ONxcdRYaBRYS {
x
s�a5RTc

S2

P�RYS>\(n pOcXR � Nxcdl cdpORT\(WdR.MOa5RTN pORTN.� \(nOZ
S
RTS	kt_>yGWXkb5r[DMON RTcXS qKpORT\(W

c | (2)pOR|~>SocdRTNxRTS x cXN
Bc,S

\GWdZ pOcdR�hVRYSOP�R&pORYN �bn>\GpONt\GkxegNQRYcdRTS�qKpORI\GWdR�mGs��ONxcdl�DTn
c
{-pORTNxRTS

Zty(l kQWdcX^`_OR � NQcdl ktRTcXWdRYN cdS
S
WXcdRYP�RTSp5DqKl }�aOZx^`_OSOcwkQk As5BA$_>\=kQktRYS�x cXN P�RTSO\(n pocdRTZxR

qKpORI\(WXR;x RTP(P�RTWd\(ZQZxRTS {5nOl pOcXR [>nOSOm	kQcds�S
Φk,Z2,S

DTn�a5RTZ ktcXl�l RTSp5 �"cXN l�RYNQm(RYS%\(S {
p>\(ZQZz_OcXRTN0RTcXSOR �-nO\(pONt\=ktcdZx^`_OR U Nyx
RYcXkQRTNQnoSOPO{ pOcdR DTn

(c, ab)
l�cwk

c | (2), a ∈ Ac,SnOSOp
b ∈ Bc,S

\(ZQZxs�DTcXcdRTN kfcdZ kI{
l cXk ?�cdZxm-Nxcdl cdS>\GSbkQR
4a/c2 aBRYNQMO^`mbZQcX^`_	ktcdPGk�x cXNQpp5u�cdRYNQa5RTc>_>\=kQktRYS
x cXN p>\(Z qKpORI\GW

c
egMON pOcXR C-s�SOpORYNQa5RT_>\(SopOWdnOSoP pORYN � Nxcdl cdpORT\(WdR MOaBRYN

pORTN*�$a5RTS2YGktcdPGkb5 }�no^`_�_OcdRYN�l MOZQZxRTS�x cXN�p>\=egMON�Zxs�NQP(RTS { p>\(ZxZ*pOcXRVRYS	ktZQ�oNQRT^`_oRTS 	
pORTS�U N{x RTcwktRTNxnOSOP�RYSVl cXk DTn

S
m(s��ONxcdl RTNM?�cdZQmbNxcdl cdS>\(S	kQR�P�R|DIy(_OWwkzx RTNQpoRTSp53?�cXRTZxRTZ

x cdNQp�pOnONx^`_ poRTS Q RTNQl N ( d
ggT(c,d)

)2s RTNxNQRTcX^`_	kI{6x s�a5RTc d pORTN l*\��ocXl*\GWdR Q7RYcdWXRTN v�s�S
(2)
cdZ kI{ Zxs+p>\(ZxZ

(2)/d
mGs��ONQcXl DYn

S
cXZxkO5 ��RTcXkQRTNx_OcdS�Zx^`_ONQRYcda5RTS�x cdN

c = c1c2
l cXk

c1 | (2)/d, c2 | d
nOSOp RTNQ_O\(WXkQRTS x
RYP�RTS

c2 = ggT(c, d)
�

ΦS
k,Z2

(s) = −1 +
2ru(k)+1

4[k:Q]s

∑

c1|(2)/d

∑

c2|d
N (

d

c2
)2sN (c1c2)

2s−1

∏

p|c1

(1 −N (p)−2s)
∏

p|c2

(1 − 1−2s)
∑

χ

∑

a∈Ac1c2,S

∑

b∈Bc1c2,S

χ(ab)

N (a)s
.

= −1 +
N (d2s)N (2)1−2s

2i(k)

∑

c1|(2)/d

N (c1)
2s−1

∏

p|c1

(1 −N (p)−2s)
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∑

χ

∑

a∈Ac1,S

∑

b∈Bc1,S

χ(ab)

N (a)s
.

�"cXR cXl }�aoZQ^`_OSOcwkQkfAs5PA P�cXWXk �
N(2Ok) = 2[k:Q] ZQsWx cXR ru(k) + 1 + i(k) = [k : Q]

5
}�S>\(WXs�P�x cdR0cdl }�aoZQ^`_OSOcwkQk As5BA RYNQ_>\GWXktRYS x cdN��

∑

a∈Ac1,S

∑

b∈Bc1,S

χ(ab)

N (a)s
=

∏

p-c1,p/∈S

(1 + χ(p)N (p)−s)
∏

p-c1,p∈S

(1 + χ(p))

=
∏

p-c1,p/∈S

1 −N (p)−2s

1 − χ(p)N (p)−s

∏

p∈S

(1 + χ(p))

=
Lk(s, χ)

ζk(2s)
∏

p|c1(1 −N (p)−2s)

∏

p∈S

1 − χ(p)N (p)−s

1 −N (p)−2s

∏

p∈S

(1 + χ(p))

=
Lk(s, χ)

ζk(2s)
∏

p|c1(1 −N (p)−2s)

∏

p∈S

(1 + χ(p))

(1 + χ(p)N (p)−s)−1
.

?�\(l�cwk.RTNx_>\(WwktRTS x cXN.pOnONQ^`_eU cdSOZxRYkRDYRTS �

ΦS
k,Z2

(s) = −1 +
N (d2s)N (2)1−2s

2i(k)ζk(2s)

∑

c1|(2)/d

N (c1)
2s−1

∑

χ

Lk(s, χ)
∏

p∈S

1 + χ(p)

1 + χ(p)
N (p)s

.

�"cXN�RYNQ_>\(WwktRYS�p>\(Z�}�S>\(WXs�P�s�S�DTn Co\=kRD As587 �65	?&\GaBRYc7v�RYN{x RTcXZQRTS x cdN egMON&pocdR qKS	kQRTN 	
�oNQRYkt\GktcXs�SfpORTZ qKpORT\(WdZ

d
\(noe7pOcXR'}�nOZ egMO_ONQnoSOP�RTSVS>\(^`_ Co\GkRD<A65 ���"5

	q0s#WleZ���� �
3 4%� �	��
����
�����	�

S ⊆ P(k)
��� ! 
6�
�=+ � � � ���/�
� ! � �������

ΦS
k,Z2

7"4%� <(s) > 1
- � ��9���#(!5#%��


� 9� ?-?� & �
�	� ����
 � � � &  9�� � �	�A&'�	��! ) � �
� � �	�A��! � ! � ���
s = 1

��������� �����/7
-6�����	� ��9�� 
 ��!
<��	�A�

�#(# 


ress=1 ζk(s)

2i(k)ζk(2)

∏

p∈S

(1 + 1/N (p))−12|S|N (d),

�C9 � �	�
d


(�	� &���� � !"� � �����
��� ��9 � 2Ok
��� !
�
��9B
'-?� �

(2)/d
 9 ��� � 
 � #

S
���$!A) + � �

3 #%�  �!
�
9�� � �$! -(#%7*
/�	� �8��� �	� ��� <(s) > 1/2

 ��� 9�
 9��:� � 7:9�� ! � � !�� � -?�

�
��9 � �	�

s = 1
(�	���	� ��� �;&(� ��9��*� � 
6�
��� �'
 �8�	���	�
���0��� ! )

( !ng�!6��_
�"cXN.pOR|~OSOcdRYNQRTS

A :=
ress=1 ζk(s)

2i(k)ζk(2)

ZQsWx cXR
B :=

∏

p∈S

(1 + 1/N (p))−12|S|.
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hVcXk�poRTl \(SO\(Wds�P(RTS<Cr^`_oWdnOZxZ x cXR cdl �
R|x RTcXZ DYn=Co\GkRD�A65 7 � egMoN�pOcdR kQNQcXv-cd\(WdRYS  
_>\(NQ\(m 	
ktRTNxR RYNQ_>\GWXktRYS�x cXN.egMON�pO\(Z v RTZxcdpOnonOl \(S pORTN C-ktRYWdWXR

s = 1
egs�WXP�RTSOpoRTS }�nOZxpONQno^`m5{

x
s�a5RTcpx cXN
χ(p) = 0

egMoN
p | c1

a5RI\G^`_bkQRTS �

AB
N (d2)

N (2)

∑

c1|(2)/d

N (c1)
∏

p|c1

(1 − 1/N (p))

= AB
N (d2)

N (2)

∑

c1|(2)/d

N (c1)
φ(c1)

N (c1)

 l cXk�Co\=kRD;As587�7 
 A � �

= AB
N (d2)

N (2)
N ((2)/d) = ABN (d).

qKSVpORYSVWXRYkVDYktRYS u�l egs�NQl noSOP�RTSf_>\GaBRYS�x cXNMD|x RTcdl�\(W)Cr\GkRD;As587�7z\(nOZxP�RTSbnokVDYkb5
��"cdN a5RYkQNt\(^`_	ktRYS �xR kRDYkipOcXR0[>nOSOm	ktcXs�S

gk,S(s) := ΦS
k,Z2

(s) −
ress=1 ΦS

k,Z2
(s)

s− 1
,

x
RYWd^`_OR SO\(^`_�s�aOcXP�RTlECr\GkRD \(S>\(W8�-kQcdZx^`_VegMON <(s) > 1/2
cXZxkO5 �"cXN�x s�WXWdRTSVSbnOS�p>\(Z

\(S>\(WXs�P�R�U NQP(RTaOSOcXZ DTneCo\GkRD<A65 > \(SOP�RYaBRYSp5
	p0s#bl Z����s4
+ �
�=3 #%�� �!
�
9��

gk,S(s)
� �$!�7"4%� <(s) > 1/2

-?�,-.����! � � ��� #%��
0�	��&����:! 7"4%�8-.���
�
ε > 0

2

|gk,S(s)| ≤ c(ε, [k : Q])2|S|(dk|1 + s|[k:Q])(1−σ)/2+εd
1/2
k .

( !hg�!"�`_
?�cdR
[]noSOm	ktcds(S

ΦS
k,Z2

nOS	ktRYNQZQ^`_oRTcdpoRYk ZQcX^`_ v�s�S poRTN [>nOSombkQcds�S
Φk,Z2

RTcdSoRTNQZxRTcwktZDponONQ^`_
p>\(Z ��RYP�W \GZQZQRYS v(s�SeCrnOl l*\(SopORTS {O\(SOpORYNQRTNxZQRYcXktZ x RTNQpoRTS�C-nOl�l�\(SOpoRTSfl�cwk

N (d2s)
a2D|x<5>l cXk ∏

p∈S

1 + χ(p)

1 + χ(p)
N (p)s

pOnONQ^`_ol nOWXkQcd�OWXc DYcdRTN kb5 ��RYP�RTS
χ(p) 6= 0

egMoN�\GWdWdR
p ∈ S

ZQsWx cXR
χ(p) = ±1

RTNQ_O\(WXkQRTS
x cdN egMON <(s) > 0

�
∣

∣

∣

∣

∣

∏

p∈S

1 + χ(p)

1 + χ(p)
N (p)s

∣

∣

∣

∣

∣

≤
∏

p∈S

2

1 + 1
|N (p)s|

≤ 2|S|.

��RYcXktRYNQ_OcXSjcXZxk |N (δ2s)| egMON 1/2 < <(s) ≤ 1
pOnONx^`_%RTcXSOR v(s�S

[k : Q]
\(aO_>yGSOP�cdP(R

U�s�SOZ k`\(S	kQRVS>\G^`_ s�a5RTS aBRYZQ^`_ONQy(SOm	kI{ p>\
d
S-noN v(s�S qKpoRI\(WXRTS MoaBRYN poRTN

2
P(RYktRYcdWwk

x cdNQpq5k?&\(l cXk egs(WdP(k.pO\(Z P�R|x MOSoZQ^`_	ktR�U NxP�RTaoSOcdZMx cdR'cXl �
R�x
RYcdZ v�s�SeCo\GkVD;As5 >"5
�
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� � �
Z`
� 
 � � �+��($� ���'����� � & � ( � � ��� � �+����������� ��� �'���

�

� �'����� �
[7MON D��rmbWXcdZQ^`_oR
90NxnO�O�5RTS

Z`

v�s(S%nOSOP�RYNt\(pORYN�� NQcXl DT\(_OWds(NQpOSbnOSOP�mIY�SoSbkQRTS�x cdN�pOcdR
\GS>\(Wds(P�RTS }�noZQZt\GP�RTS x cdR cdS pORYS:Coy=kRDTRYS�A65 7WKfnOSOp As587&> aBR�x
RYcdZxRTSp5 u�cXRTN{DTn$l MOZ 	
Z ktRYS x cdN poRTS � R|x RTcdZ cdS��B>��5\(S>\GWds�P�DYnOl

Z2

tr[]\(WdWovG\(NxcdcXRTNQRYSp5�?�\ pOcXRTZ cdZ k \(aBRYN ZQRT_oN
kQRT^`_OSocdZQ^`_fnOSop+W \(SOP cdZ kI{-P�RTa5RTS-x cXN
_OcXRTN
RYcdSORYS viRYpOnOm	ktcXs�SOZxZt\GkVD'\(S {rpORTN cXS�v-cdRYWdRYS

 x cd^`_	ktcXP�RTS � Cr�5RODTcd\(WXe:yGWdWdRYSj\GShx RTSopOa>\(N0cdZ kI{�DI5 � 5 cdl l RTN egMON&pORYS�[]\(WXW k = Q

5�U Z
ZxRTci\(WXZQs%cdl []s(WdP�RYSOpORTS

`
RTcdSoR noSOP�RTNQ\(pOR�� NQcXl DT\(_OW 5 hVcXk uicdWXegR*pORTZ Co\GkVDTRYZ v(s�S

U'Nxs�SORT^`mGRTN t ��RYaBRYN ZQRY_ORTS@x cXNT{�p>\GZQZ RYcdSOR � NQcXl DT\(_OW
p
cdS�RYcdSORYN

Z`

t"U Nyx
RYcXkQRTNQnoSOP
v(s�S

Q
P�RTSO\(n�pO\(SOS v�RTN{D|x RTcXP(k ZxRTcXS$m=\(SoS {px
RYSOS

p = `
s-pORYN

p ≡ 1 mod `
P�cXWXkO5

��RTcwktRYNQ_OcXS�P�cdark'RTZ'P�RYS>\(n%RYcdSOR
Z`

t"U Nyx
RYcXkQRTNQnoSOPO{ pOcXR P�RYS>\(n cdS�RYcdSORYl Zxs�Wd^`_ORYS
pv(RTN{D|x RTcdPGk&cdZ kb5k?�cdRTZxR�U Nyx
RYcXktRYNQnOSoP*_>\Gk ?�cXZQmbNQcXl�cXS>\(S	ktR

p`−1 {Oe:\(WdWXZ p 6= `
5]}�SOZQs�S 	

Z ktRYSVcXZxk pOcXR=?�cdZQmbNxcdl cdS>\(S	kQR
`2`−2 5

��!"�@��0 Z���� �
�C�=� �	� �	�

`
�	� ��� #?�(&(�	��-6
/� ���A� 
 � -?�(�C#%��


K/Q

6�
�

Z` �
�C� �C�	�:!"�	� #%�(&

�

6� �=��#?� ���

p
����� �%�C�	�;&,! � �$! ) � �	��!1�	�A�/��� � �	�

L 6= K
�������

Z` �
��� ������!1�	�$#?�(&

�

��
� ���

p
���	���%�C�	�;&,!

� �$!A) +�-?�(� � "'���$!
�
���$! � �
KL/Q

&(���,-(# �	� � � �����  6�������	�
M =: Ψ(L)

��9#
 � �	-6

` �
(�	� � �

p
#%� ����� �%�C�	�;&,! � �$! )�� �

`− 1
� � �����	�  9��A� �	�:�C9 ��
6�
��� ���0-(#%7 
6� �	��� � �	����� �%#%�

���	� � ��� � �
p

#?�%� �	���%�C�	� & !"�	�
Z` �

��� ������!1�	�$#?�(&,) �C� &����:! 2
dMdK = dL

)

( !ng�!6��_[7MON
p 6= `

cXZxk pOcXRTZi}�aO_n��\(SOm=\(N�� Zf��RYl�l�\ � �IT-{	CrRTcwktR �IA�K�� a2D|x<5	��RTl l*\ �65GF25][DMoN
p = `

WdcdRYP(k RTZ7p>\(NQ\(S { p>\(ZxZ7RYZDS>\(^`_ U0Nxs�SORY^`m(RTN t ��RTa5RTNDmGRTcXSOR
cXS
`
kQs(k`\GW�v�RTN{D|x RTcXP(ktR

Z` × Z`

t6U Nyx
RYcXktRYNQnOSoP v(s�S
Q
P(cdaokO5

��"cXN l RTNQmGRTSV\(S {rp>\(ZQZ pOcXR&}�noZQZt\GP�R0pOcdRYZQRTZ���RTl l�\(Z egMONMDT\(_Ol v�RTN{D|x RTcXP(ktR=� NQcdl 	
cXpORI\GWdR�\(nO^`_+egMON
a5RTWXcdRYaOcdP�R 9'NQnOSOpomIY�Nx�BRYN

k
P�MOWwktcXP cdZ k 
 nOS	ktRTN
pORTN }�SOS>\(_ol�RG{op>\(ZxZRYcdS

K/k
R
�rcdZ ktcXRTNxkT{kx
RYWd^`_ORYZ�SbnONicdS

p
v�RYNVD�x
RYcdP(k�cdZxk � 5 �
RYc � Nxcdl cdpORT\(WdRYS {opocdRzMOaBRYN

`
WXcdRTP(RTS { ZxkQcdl l k pocdRTZxR*}�nOZQZQ\(P�R+p>\(SoS SOcd^`_	k l RT_ONY{ x cXR*p>\GZ egs�WdP(RTSOpOR��
RTcXZQ�OcXRTW

DYRTcXP(kb5
( !"��_Om'��!"� Z*�����
�C� � ���

k = Q(ζ3) �
�C9 � ���

ζ3
�	� ��� 
6� �:! !"� �C� �/���	�:! � ��#%� ���	�8#%��


p

'-?� �	� ��
/��#(! � &'�

�C�A� 
 �

/��-?�=� �$!
�
�C�	�
�����	� 4 � �	�

(3)
��� ��&,!A) +�-.�/� � ����


K1 = k( 3
√

3)
#%��


K2 =
k( 3
√
ζ3)

��#?�����
p
���	���%�C�	�;&,!C#%��
 
6� � �8-?�
9�� �A&�� #$�/���	� � ����
 & � �C�	��� �

Z3

)%+�-
K1K2/k!19 !�-.� ����� �%�C�	�;&,!����$!

�
��� !

p
��� & � 
/�'
 � �C���������	�  ���:�C��� ��9#
 ����-6
 � ���	���%�C�	�;&,! )

	q0s#WleZ�� *��
�C�����	� �	�

S ⊆ P(Q)
�	����� �	��
6��� ����� � �	���!
 ���(&(� #%��


` > 2
������� �C�A� 
 � -?�/�:) +�-?�/�

& ����!A2
ΦQ,Z`,S

� �$! 7"4%� <(s) > 1/(` − 1)
������� �
9# %-.� &��
���
����
 � � �;& #%��
 - � � 9 ��#/!
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 9�� �����A&(����!"� + � � �
���(�
��!
� ������� 
 ��! �	� ����
 �	� �/7
-6������� �C9��=� �
s = 1/(` − 1)

) + �
�
3 #?�� �! �
9 �0� �$!	
 �	��9�
 9 ��� �0-(#?7 <(s) > 1/(2`− 2)

7:9�� ! � � !�� � -?� #%��
0�	� &�� ��! 2

Z(Q, Z`, S; x) ∼ c(`, S)Z(Q, Z`; x),

��9 � �	�
0 < c(`, S) ≤ 1

- 
 �C��
/� 
/�	� �8�$���������	� -?�(&(� &(� � �	� �C��� 
,)

( !hg�!"�`_
CrRTc

(p) ∈ S
RTcXS�� NQcdl cdpoRI\(W�l cXkipORYNfU cdP�RYSOZQ^`_O\Ge<kI{Bp>\(ZQZ�RTcdSoR U Y(NQ�5RTNQRYN{x RTcwktRTNxnOSOP

K/Q
R��rcdZxkQcdRYNxk'l cXk

Gal(K/Q) = Z`

{�x RTWX^`_OR SbnON&cdS
p
v�RTN{D|x RTcXP(k0cdZ kb5 �"cXN�pOR�~ 	

SOcdRYNQRTS+egs�WXP�RTSopOR'}�aOaocdWdponOSOP v-c \ ��RTl l*\ As587WT �
Ψ : {L/Q |Gal(L/Q) = Z`, p | dL} \ {K} → {L/Q |Gal(L/Q) = Z`, p - dL}.
?�cdRYZQR }�aOaOcdWXpOnOSOPVcdZ k ZxnON �xRYmbkQcXv�nOSOp �xRYpORTZ � cdWdp�aBRYZQcwkRDYk P�RTSO\(n

` − 1
u�NQaocdWdpoRTNO5

?&\(_ORYNiRYNQ_>\GWXktRYS x cdN.pOcXR&egs�WdP�RYSOpOR �
R|DTcXRT_bnOSOP egMON.pOcdR;H yG_OWXegnOSombkQcds�SoRTS �
Z(Q, Z`; x) = Z(Q, Z`, {p}; x) + (`− 1)Z(Q, Z`, {p}; x/dK) + a(x),

x
s�a5RTc
a(x) = 1

egMON
x ≥ N (dK)

cdZ kb5 }�SOZQs(SOZxkQRTS P�cdWwk
a(x) = 0

5q?�\(l�cwk&P�cXWXkiegMON
pOcdR�DYnOP�RT_sY�NQcXP�RTS�?�cXNQcd^`_oWdRYkQNQRYcd_ORYS �

ΦQ,Z`
(s) = ΦQ,Z`,{p}(s) +

`− 1

ds
K

ΦQ,Z`,{p}(s) +
1

ds
K

.

� 5 � 5 pp5 }�5Om.Y�SOSORYS x cXN.\(SOSoRT_Ol RTS {op>\(ZQZ.cXS
S
SbnON � Nxcdl cdpORT\(WdR RTS	kQ_>\(WXkQRTSfZQcXSOp {rZQs

p>\(ZQZ.RYcdSOR�S-noN.cdS+pOcXRTZQRYl qKpoRI\(W v(RTN{D|x RTcdPGktR
Z`

t6U N{x RTcwktRTNxnOSOP
Ki/Q (1 ≤ i ≤ |S|)R
�rcdZ ktcdRYNxkO5 �"cdN.RYNQ_>\(WwktRYS cXSOpOnOm	kQcXv �

ΦQ,Z`
(s) = ΦQ,Z`,S(s)

|S|
∏

i=1

(1 +
`− 1

ds
Ki

) +
1

`− 1





|S|
∏

i=1

(1 +
`− 1

ds
Ki

) − 1



 .

u�cdRYNQa5RTcpDTy(_OWwk
1

`− 1





|S|
∏

i=1

(1 +
`− 1

ds
Ki

) − 1





P�RTNQ\(pOR \(WXWdR
Z`

t6U N{x RTcXkQRTNxnOSOP�RYS {	pOcdR \GWdZ Q RTcXWdmIY(NQ�5RTNDv(s�S
K1 · · ·K|S|/Q

\(nre<ktNQR ktRYSp5
�"cdN l�RYNQmGRTS \(S {]p>\GZQZ&RYZ��xR|x RTcXWdZiP�RTSO\(n

(`− 1)j−1 Z`

t6U N{x RTcwktRTNxnOSOP�RYS�P�cXaokI{]pOcXR
cdS+pORYSOZQRYWda5RTS

j
� Nxcdl
DI\(_oWdRTS v(RTN{D|x RTcdPGk�ZxcdSOpq53?&\(l cXk.P�cXWXk��

ΦQ,Z`,S(s) =
ΦQ,Z`

(s) − 1
`−1

(

∏|S|
i=1(1 + `−1

ds
Ki

) − 1
)

∏|S|
i=1(1 + `−1

ds
Ki

)
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=





|S|
∏

i=1

(1 +
`− 1

ds
Ki

)





−1

ΦQ,Z`
(s) − 1

`− 1
+



(`− 1)

|S|
∏

i=1

(1 +
`− 1

ds
Ki

)





−1

.

}�WdWXR.aBR ktRTcXWdcXP(ktRYS [>nOSOm	ktcXs�SORTS�\(noe pORTN NxRT^`_	ktRYS CrRTcwktRi\(n �(RTN
ΦQ,Z`

ZQcdSop egMON <(s) >
0
\GS>\(W �bkQcdZQ^`_q5z?&\(l cXk*_>\(a5RTS

ΦQ,Z`

nOSOp
ΦQ,Z`,S

pocdRTZxRTWXaBRYS � s�WdRjnOSOp ZQcdSop cXl
ZxRTWXaBRYS �
RYNQRTcX^`_ l RTNxs�l�s(NQ�O_OR [>nOSombkQcds�SoRTSp5d?�cXR RYS	ktZQ�oNQRT^`_oRTSOpOR.}�nOZQZQ\(P�R egMON

ΦQ,Z`x cXNQp cXS �B>r{.� Nxs��p5.F25PK��oa5R|x cXRTZQRYSp5nH noN �
RYZxktcXl�l nOSOP�poRTN \(Zy�-l��okQs(ktcXZQ^`_ORYS }�nOZxZt\(P(R
l MOZQZxRTS=x cXN pOcdR [>nOSOm	kQcds�SORYS \GS pORYN CbktRTWXWdR

s = 1/(`−1)
\(nOZyx
RYNxktRYSp5��"cdN�RTNx_>\(WwktRTS

\GWdZQs
c(`, S) =

∏

(p)∈S\{(`)}
(1 +

`− 1

p
)−1

∏

(p)∈S∩{(`)}
(1 +

`− 1

p2
)−1.

��"cXN l RTNxm(RYS \(S { p>\(ZxZ s�aOcXP�RTN �
R�x
RYcdZ cXl � NQcdSsDTcd��\(nO^`_�egMoN
Z2

t6U N{x RTcwktRTNxnOSOP�RYS
egnoSOm	ktcds(SOcdRYNxkb5�u�cXRTN P�cXaok RYZ \(aBRYN pONQRYc SbnON cdS

2
v(RTN{D|x RTcdPGktR�U N{x RTcXkQRTNxnOSOP�RYS �

Q(
√

2),Q(
√
−1)

nOSOp
Q(

√
−2)

5"u�cdRYN l MOZQZ ktRYS x cdN l cXk�D�x
RYcBpOcXRTZxRTN U Nyx
RYcXkQRTNQnoS 	
P(RTS cdl � R|x RTcdZi\(NxaBRYcXkQRTSp5>[7MON pOcdR'nOSoP�RTNQ\(pORTS�� NQcXl DT\(_OWdRYSfy(SOpORYNxkiZQcX^`_VSocd^`_	ktZ|5
[7MON'pOcdR l s-pOc ~kDYcdRYNxktR�H y(_OWwegnOSOm	ktcXs�S%RTNx_>\(WXkQRTS�x cdN'poRTS egs�WdP�RYSOpORYS�Cr\GkRDG{ pORTS x cdN
\GS>\(Wds(P DTneCo\GkRD;As5 �(� a5R|x RTcdZxRTS mIY�SoSORTSp5
	q0s#WleZ�� *)�
�C�B� ���
���

`
�	� ��� #%�(&'�	�	-�
/� �C� � 
 � -.�/� #%��


S ⊆ {p ∈ P(Q) | p ≡ 1 mod
`
9'
(�	�

p = `} �	� ��� �	��
6��� ����� � �	���!
 ���(&(� )=+�-.�/� &����:! 2
ΦS

Q,Z`

� �$! 7"4?� <(s) >
1/(` − 1)

������� - � ��9���#/!  69�� ���	��&(�	��!1� + ���A�
���/� ��! ���	� ��� 
 �:! �	� ����
 �����/7
-6�����	� �C9��
� �
s = 1/(`− 1)

)6+ � � 3 #%�  �!
�
9�� ��� ! 
 �	��9�
 9 ��� � -(#%7 <(s) > 1/(2`− 2)
7:9��$!
� ��! � �

� -?� #%��
0�	��&����:! 2

ZS(Q, Z`; x) ∼ `|S|c(`, S)Z(Q, Z`; x),

�C9 � �	�
0 < c(`, S) ≤ 1


6� �8��� � -(! � � ) ��� � ���$! �!
 
 !"�=� 9 �/�$!:-?��!"�=��� ! )

( !ng�!6��_
�"cXN'DTy(_OWXRTS pocdR U Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP�RTS�x cXR cXl �
R|x RTcXZ7v(s�S Co\GkVDzAs5 �(�s5d?�RYNDRYcdS2DYcdP�R
uiS	ktRTNxZQ^`_OcXRTp�aBRYZxktRY_	k p>\(NxcdS { p>\(ZQZ�x cXN'pOcdR
?�cXZQmbNQcXl�cXS>\(S	ktRYS

ds
Ki

x
RYP�W \GZQZQRYSp5��"cdN
RYNQ_>\GWXktRYS �

ΦS
Q,Z`

(s) = ΦQ,Z`,S(s)

|S|
∏

i=1

(1 + `− 1) +
1

`− 1





|S|
∏

i=1

(1 + `− 1) − 1





= `|S|ΦQ,Z`,S(s) +
`|S| − 1

`− 1
.

�
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�"cdN]x RTNxpORTS Zx�>yGkQRTN SOs-^`_�RYcdSOR s�a5RTNxR.}�aOZx^`_>yGkRDYnOSOP egMoN \(WdWXP�RTl RTcXSORM9'NQnOSopOmIY�Nx�BRYN
k
aONt\GnO^`_ORTS { pOcdR egMON \(WdWXR

x > 0
P(cdWXkO5 [DMON

k = Q
egs�WdP(k pOcXRTZQR+}�nOZQZQ\(P�R-x RTP�RYS

c(`, S) ≤ 1
pOcdNxRTm	k \(nOZ�Co\GkVD A65 �67I5)90WXRTcX^`_ORTZ�x MONxpOR*\GnO^`_�egMON0a5RTWXcdRTaocdP�R 9'NQnoSOp 	

mIY�Nx�BRYN�P�RYWXkQRTS {2x RTSOS x cXN pOcdR;U NQP�RYaOSOcXZQZQR \(nOZ �P>��7RYS	ktZQ�oNQRT^`_oRTSOp�v(RTNt\GWdWdP(RTl RTcdSoRTNxk
_>yGkQkQRTSp5 �"cXN a5RTS2Y(kQcdP�RYSfSOsr^`_ RTcXSOcdP(R<u�cdWwegZt\(noZQZt\GP�RTSp5
� !"�@��0 Z�� *3*
��� � ���
�	�

k
����� �*-?�/�  6�������	�

� ` ∈ P
#%��


T := {p ∈ P(k) | N (p) ≡ 1 mod `} )� ����!"��� �/� � � ���
∏

p∈T

(

1 +
`− 1

N (p)s

)

=
∞
∑

n=1

an

ns
.

+�-?�/� &����:! 
 ��!
e := `−1

[k(ζ`):k]

7"4%�8-?� �
�
x > 0

2

∑

n≤x

an ≤ c(k, `)x log(x)e−1.

( !hg�!"�`_
�"cdN RYNQ_>\(WwktRYS egs�WXP�RTSopOR'qKpORTS	kQcXk`y=k.egMON \(WdWXR

p ∈ T
�

(1+(`−1)N (p)−s)(1−N (p)−s)`−1 = 1−
(

`

2

)

N (p)−2s + · · ·−(`−1)N (p)−`s.

��nOS cdZ k

g(s) :=
∏

p∈T

(

1 −
(

`

2

)

N (p)−2s + · · · − (`− 1)N (p)−`s

)

egMON
s = 1

RTcdS+mGs�S	v�RYNQP�RYSbkQRTZ�� NxsrpOnombkT{sx RTWd^`_oRTZMx cdN.pOnoNQ^`_ RTcdSoR�v�s�S
k
\(aO_Oy(SOP�cXP�R

U�s�SOZ k`\(S	kQRzSO\(^`_Vs(aBRYSj\(aoZQ^`_>yGkVDTRYSjmIY(SOSORTSq5�U ZiP�cdWwk.\(WXZQs �
∏

p∈T

(

1 +
`− 1

N (p)s

)

= g(s)
∏

p∈T

(1 −N (p)−s)1−`.

CrRTc-SbnOS
d := [k(ζ`) : k]

RTcXS�Q RTcdWXRTN v�s�S
`−1

5=}�WdWXR � NQcXl�cXpORI\GWdR \(nOZ
T
ZQcdSop cdS

k(ζ`)kts(kt\(W'DYRTNxWdRTPGkb5�?&\(_ORYN&RTNx_>\(WXkQRTS x cXN�egMON�RTcdS
p ∈ T

pOcXR []\(m	kts�NxcdZxcdRTNxnOSOP
pOk(ζ`) =

P1 · · ·Pd

5 ��RTP�RYS N (p) = N (Pi)
egMON

i = 1, . . . , d
nOSOp l�cwk

e := (` − 1)/dRTNQ_O\(WXkQRTS x cdN egMON \GWdWdR
p ∈ T

�

(1 −N (p)−s)1−` =
∏

P|p
(1 −N (P)−s)−e.
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C-RTc SbnOS
T̃ ⊂ P(k(ζ`))

pOcdR'hVRTSOP(RzpoRTN � NQcXl�cXpORI\(WXR({bpOcXR&MOa5RTNM� NQcXl�cXpORI\GWdRTS*\(nOZ
TWXcdRYP�RTSp5 �"cdN.RYNQ_>\(WwktRYS �

∏

P∈T̃

(1 −N (P)−s)−e = ζk(ζ`)(s)
e
∏

P/∈T̃

(1 −N (P)−s)e.

}�WdWXR�� Nxcdl cdpORT\(WdRG{TpOcXR SOcd^`_	k7cdS
T̃
WdcXRTP�RYS {IWdcXRTP�RYS0RTS	k x
RYpORTNDMOaBRYN

`
s-pORYN _O\(aBRYS RYcdSORYS

Q NtyGP�_ORTcwktZxP�Nt\(p {BpORYN'l�cXSOpORYZxktRYSOZ0�*cXZxkb5�?&\(_oRTN'm(s(Sbv(RTNxP�cdRYNxk0pOcXRTZQRYZ<U nOWdRYNQ�ONxsrpOnombk
egMoN

s = 1
nOSOp SOcXl�l k RTcdSoRTS ��RYNxk D|x cXZQ^`_ORYS �'nOSOp�7�\GSp5hH n P�noktRYN � R kRD k l MOZQZxRTS

x cXN0SOsr^`_$pOcXR }�Z{�-l �okts(kQcdmjv(s�S
ζk(ζ`)(s)

e aBR ktNQ\(^`_	ktRTSq5 hVcwk;u�cXWXegR v�s(S:Co\GkVD��65 7bX
RYNQ_>\GWXktRYS x cdNT{op>\(ZQZiZQcX^`_VpocdRTZxRz[]noSOm	ktcds(S-x cdR

dx log(x)e−1 v�RYNQ_>yGWXkb5 �qKl s�aOcXP�RTS �
R�x
RYcdZ _>\(a5RTS x cXN \(S D|x RTc	C-kQRTWXWdRTS a5RTcopORTN }�aOZQ^`_>y=kRDTnoSOP poRTS 90NxnOSOp 	
m.Y�NQ�5RTN

k
aBRYS2Y(ktcXP(kb53?�cdR0s�a5RTNQRz}�aoZQ^`_>yGkVDTnOSoP+pORTZ U nOWdRYNQ�ONxsrpOnombkQZ

g(s)
egMoN

s = 1m.Y�SOSORYS�x cXN SbnON.cdS*}�aO_>yGSOP�cdP(m(RTcwk v�s(S
[k : Q]

egMO_ONxRTSp5k?�cdR�D|x RTcwktR'}�aO_>y(SOP(cdP�mGRTcXk
cXZxk0pOcXR C-ktRYWdWdRG{�\(S pORYN;x cXN'pORTS QD\(noaBRYNQZt\=kRD \(noe

ζk(ζ`)

\(Snx
RYSOpORYSp5]uicdRYN'mIY�SOS	kQRTS
x cXN l cXk P(NVY���RYNQRYl }�nre$x \(Sop egMON \(WdWXR

ε > 0
DYn RYcdSORYN P�WXRTcd^`_ol*y �(cdP�RYS s�a5RTNxRTS

}�aOZQ^`_OyGkRDYnOSOP*poRTN.egs�WdP(RTSOpORYS []s(NQl~mGs�l l�RYS �
∑

n≤x

an ≤ c([k(ζ`) : Q], `, ε)dε
kx log(x)e−1.

?�cdRTZxR&}�aoZQ^`_>yGkVDTnOSoP cdZxk egMON cdSOpOnombkQcXv(R�}�Snx RTSOponOSOP�RYS ZxRT_ON
S-MrkRDTWXcd^`_ {hx cdN�x RTNQpoRTS
ZxcdR \(a5RTNfcXS�pOcdRYZQRTNf}�NQa5RTcXkfSocd^`_	kfv�RTNyx
RYSOpORYSp5�qKl egs�WdP�RYSOpORYS Cr\GkRD _>yGkxktR%pOcXRTZxR
L RYNQZx^`_>y(NxegnoSOPfDTnoN [>s�WdP(R({?p>\(ZxZ'x cXN

c(k, `)
ponONQ^`_

c̃([k(ζ`) : Q], `, ε)d
1/2+ε
k

RYNQZQR kRDYRTS
m.Y�SOS	ktRYS {kx
s(aBRYc)x cXN.pOcdR0U'Wd\(ZQZxRTSOP�NxnO�O�5R0l�cwk Co\GkVD �65 �.T \GaOZQ^`_>y=kRDTRYSp5
	q0s#WleZ�� *	Z
�C� ���	�
���

k
�	� ���*-?�/�! ���:�C����#%��


S ⊆ P(k)
�	����� �	��
6��� ����� �B���(&(��)(+�-?�/� � "'���$!
�
���$!

�������=��9��/� !�-?��!"�
c(k, `)

� #%�,- � ���?�(& � &���9��
S
� 
 �:!

ZS(k, Z`; x) ≤ c(k, `)`|S|x1/(`−1) log(x)b(k,Z`)
7"4%�8-?� �
�

x > 0.

( !ng�!6��_
��RTP(RTS

ZS(k,G; x) ≤ ZS′
(k,G; x)

egMON \(WXWdR
x > 0

noSOp
S ⊆ S ′ m.Y�SOSORYS x cdN s�_OSoRU cXSOZQ^`_ONQy(SOmbnOSOP \GSOSORT_ol�RYS { pO\(ZQZ

S
\GWdWdR�� NQcXl�Z ktRYWdWdRYS MOaBRYN

`
RYSbkQ_>y(Wwkb5 u�cXRTNQa5RTc

m.Y�SOSORYS�x cXN.pOcdR�DYnOZtyGkVDTWXcd^`_ORYS
`
tr[]\(m	kts(NQRTSfcXS

c(k, `)
\(noegSoRT_Ol RTSp5

[7MON.RTcXS �bn>\GpONt\GkxegNQRYcdRTZ qKpORT\(W
a ∈ P(k)

a5RODYRTcX^`_OSORTS�x cdN.l cXk
na := |{K/k | Gal(K/k) = Z`, d

S
K/k = a`−1}|.

�"cXN l�RYNQm(RYS+\(S {bp>\GZQZz?�cdZQmbNxcdl cdS>\(S	kQRTS
(`− 1)

kQRf� s(ktRYS2D�l srponOWds
S
ZQcXSOp {-p>\ \GWdWdR

� Nxcdl cdpORT\(WdR&MoaBRYN
`
cXS
S
WdcdRYP�RTSq53?�cdR0}�SsDI\(_oW poRTN U Nyx
RYcXkQRTNQnoSOP�RTS {BpOcXR0_2Yr^`_oZxktRYSOZ
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cdS
� NQcdl ktRTcXWdRYNQS v(s�S
a
srpoRTN�� NQcXl�cXpORI\(WXRTS \(noZ

S
v�RTN{D|x RTcXP(k
ZxcdSOp {�mIY�SoSORTS x cXN S>\(^`_

U�s�Nxs�WdWd\(N �65 ��>zl cXk
`rk`(Clk)+3[k:Q]+|S|`ω(a) S>\(^`_ s(aBRYS+\(aOZx^`_>yGkRDYRTSp5su�cXRTNQa5RTc3DTy(_OWdRYSx cdN \(nO^`_+U�Y�NQ�5RTNxRTNyx
RYcXktRYNQnOSoP�RTS {-pOcXRiSocd^`_	k
cXS*\GWdWdRYS � Nxcdl kQRTcdWXRTNxS v�s�S

a
v�RYNVD�x
RYcdP(k

ZQcdSopp5 ��RTSOS�x cdN pOcXRTZ a5RTNQMo^`m-Zxcd^`_	ktcXP�RTS {5Zxs�m.Y�SOSORYS�x cXN.pOcdRYZQR0}�aOZx^`_>yGkVDTnOSOP DTn
na ≤ `rk`(Clk)+3[k:Q]+|S|(`− 1)ω(a)

v�RTN egRTcXSORTNxS 
 v-P�W`5h��RTl l*\<F2587 � � 5 �"cXN pOR|~OSOcdRYNQRTS*S-noS*pOcXRiegs�WXP�RTSopOR�?�cdNxcd^`_OWXRYktNxRTcX_OR({x
s�a5RTc
T ⊆ P(k)

\GWdWdRf� Nxcdl cdpORT\(WdR�RTS	kt_Oy(WXkT{OpORTNxRTSe��s�Nxl~m(s(SOP�NQnoRTS	k
1 mod `

cdZ k �

f(s) = `rk`(Clk)+3[k:Q]+|S|
∏

p∈T

(1 +
`− 1

N (p)s
) =

∑

n∈N

bn
ns
.

��RYSOSix cXN
an :=

∑

N (a)=n na

ZQR kRDYRTS { RTNx_>\(WXkQRTS�x cdN l�cwk s�aOcXP�RTSiviRY^`_OSbnOSOP�RYS {
p>\(ZQZ

an ≤ bn
egMON \(WdWXR

n ∈ N
P(cdWXkO5 ?&\(Z U nOWdRYNQ�ONxsrponOm	k ZQ^`_>yGkVDTRYS�x cXN SbnOS l�cwk

� RYl�l�\<As5 ���z\Gap5 ��RYSOS x cdN SOs-^`_ pOcXR
(`− 1)

kQR ��nON{DTRTW	DTcXRT_ORYS {bRTNx_>\(WXkQRTS
x cdN p>\(Z
P�R|x MOSoZQ^`_	ktR�U NxP�RTaoSOcdZ|5

�

� ��� 
�� # ����� � 
�� � �
����� � & � ( ����# 

��� � � ���%� 
 ��� �
[DMON RYcdSOcXP�R
nOSoZQRTNxRTN }�Snx RTSOponOSOP�RYS x
s(WdWdRYS�x cdN U�Y�NQ�5RTNxRTNyx
RYcXktRYNQnOSoP�RTS DIyG_OWdRYS {�pOcXR
\(S*RYSOpOWdcX^`_�v-cdRYWdRYS C-kQRTWdWXRTS�P�R|x cXZQZQR�Wds�m=\(WXRzL s�NQP�\(aBRYS*RYNxegMOWXWdRTSq5-}�WdZ Cr�5RODTcd\(WXe:\GWdWOpORYZ
90NxnOSnx \(WXp"t ��\(SOPdthQ._ORTs�NxRTl Z��BA��-{  
s�NQs�WXW \(Ny�@X65 �65BA�� RYNQ_>\(WwktRYS�x cXN egMON D|�-mbWdcdZx^`_OR
90NxnO�O�5RTS

G = Z`

v(s�S�� NQcdl
DI\G_OWds�NxpOSbnOSOPO{bp>\GZQZ Z ktRYkQZ U N{x RTcXkQRTNxnOSOP�RYS R��rcdZxkQcdRYNQRTS {
pOcdR'RYSOpOWdcX^`_ v-cXRTWdRYSVWXs�m=\(WdRYS-L s�NQP�\(aBRYSfP�RTSbMOP�RYSp5 hVcXk WXRYkRD ktRYNQRTl cXZxk.egs�WXP�RTSopORTZ P�R�	
l�RYcdS	k �'CrRYcdRTS

k
RTcXS:H \(_OWXmIY�Nx�BRYN nOSop

S ⊂ P(k)
RTcXSOR RTSopOWdcX^`_OR Q RTcXWdl RTSOP(RI5 [DMON

p ∈ S
ZxRTcdRYS

kp

pOcdR;L RTNxv(s�WdWXZxkty(SOpOcXP�nOSOP�nOSOp
KP/kp

RYcdSOR Wds�m=\(WXR U�Y�NQ�5RTNxRTNyx
RYcXktR�	
NQnOSOPfl cXk�9z\(WXs�cdZxP�NQno�O�BR

H ≤ G = Z`

5�[DMON'RYcdSORYS H \(_OWdm.Y�NQ�5RTN
M
cXZxk

M ⊗k kpRTcdS�� NQs-pOnOm	kiv�s�SVU Y(NQ�5RTNQSq5 �"cdN aBR|DTRYcd^`_OSORYSjl cXk
MP̃

RTcdSoRTS pOcdRYZQRTNiU�Y�NQ�5RTN|53U cXS
H \(_OWdm.Y�NQ�5RTN

M
�!
�	'1^�!
��!
�	 
�	%���)�5���+=��5
���
�	 ]%,-3 ����C�
�	 {KP/kp | p ∈ S} {px RTSoS

Gal(M/k) = G
P(cdWXk nOSOp

MP̃
∼= KP

egMON \(WXWdR CbktRTWXWdRYS
p ∈ S

P�cdWwkb5 ��RYcXkQRTNQ_ocdS
mIY�SOSoRTS x cXN egMON RYcdSOR�hVRYSOP�R

S∞
v�s(S*nOSORYSOpOWXcd^`_ORYS C-kQRTWdWXRTS RTcXSORi\(S>\(WXs�P�RzL s�NxP	\(a5R

egs�NQpORYNQSp5 qKS pOcdRYZQRTl~}�aOZx^`_OSOcXkxk x
s�WXWdRYS x cXN egs�WdP(RTSOpORYS�Co\GkRDz\(SoP�RTa5RTSp5
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k = Q
SbnON'RTcXSOR

WXs�m=\(WdR
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)−1)(1 + N (p)−1)−1.
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5 �"cXN.aBR ktNQ\(^`_	ktRTSVpOcdR0[>nOSombkQcds�S

g(s) :=
∑

K∈KH

ΦK,Z2(s) − R(K)/(s− 1)

N (dK/k)2s
,

x
s�a5RTc
R(K)

pO\(Z v RTZxcdpOnonOl v�s�S
ΦK,Z2

a5RTc
s = 1

cdZ kb5>}�noZ�Co\GkVD;As5 > egs�WdPGkI{Op>\GZQZ
gK(s) := ΦK,Z2(s)−R(K)/(s−1)

RYcdSOR \Gnoe <(s) > 7/8
\GS>\(W �bkQcdZQ^`_oR [>nOSombkQcds�S'cXZxk

nOSOp egMoND\(WXWdR
ε > 0

pOcdR }�aOZQ^`_>y=kRDTnoSOP |gK(s)| = Oε,[k:Q](|dK(s+1)[K:Q]|1/2+1/16+ε)P�cdWwkb5 ��RYP�RTS
2
7

8
− 9

16
=

19

16
> 1

nOSOp 
 As5BA �
m(s�S	v�RYNQP�cXRTN k�\GnO^`_jpOcXR<viRYcd_OR

∑

K∈KH

gK(s)

N (dK/k)2s

egMON <(s) > 7/8
\(aOZxs�Wdnrk nOSOpfWXs�m=\(WBP(WdRTcX^`_Ol�y ��cdPs56?�\(l�cwk cXZxk

g(s)
egMON <(s) > 7/8RTcdSoR�\GS>\(W �bkQcdZQ^`_oR�[>nOSombkQcds�Sq5)?&\ x RTP(RTS:��RTl l�\�A65 �f\(nO^`_

R(K) = Oε,[k:Q](d
ε
K)egMON \(WdWXR

ε > 0
P�cdWwkI{-m(s�S	v(RTNQP(cdRTN k x RTP(RTS

dK = d
[K:k]
k N (dK/k)

\(no^`_VpOcXR;viRYcd_OR
1

s− 1

∑

K∈KH

R(K)

N (dK/k)2s

\(aOZQs(Wdnok nOSOp1Wds�m=\(W�P�WdRYcd^`_Ol�y ��cXP egMON \(WdWXR 90RYaOcdR ktR({ pOcXR cdS {s ∈ C | <(s) >
7/8
nOSop

s 6= 1} RYSbkQ_>\(WwktRTS+ZxcdSOpq5 ��RTP�RYS poRTN.\(aoZQs�WXnoktRYSfU�s�S	v(RTNQP(RTS2D0\(WXWdRYN a5RYkQRTc�	WdcdPGktRTS v RTcX_ORTSfRYNQ_>\(WwktRYS x cXN.pOcdR'P(R|x MOSOZx^`_	ktR }�nOZQZQ\(P�R'egMON

Φ(s) = g(s) +
∑

K∈KH

R(K)/(s− 1)

N (dK/k)2s
.

��"cdN RYNQ_>\(WwktRYSj\(WXZ.RTcXSOR'pOcdNxRTm	ktR0}�Shx RTSopOnOSOP v�s�S Co\GkRDz�"5 7WX �
j-o	,&o	����02, Z�� *�4
� ��!"����
(�	� � 9��	-(#?� � � !��%#%�(&(���B-(#%� � -'!�� � ) ��� &����:! 2

Z̃(k, Z2 oH; x) ∼ res
s=1

(Φ(s))x.

}�nOZ�pORTl �
R�x
RYcdZ�poRTZ&s�aocdP�RYS Co\=kRDTRYZ&cdZ k�Zxs(egs�N k�RYNQZQcX^`_	ktWdcX^`_ {]p>\(ZxZ�pOcXR;L s�NQ\(nOZxZQRYk 	
DTnOSOP(RTS \(S pOcXR
s�a5RTNxRTS
Cr^`_oNt\(SOmGRTS egMON

Z(k,H; x)
\(aoP�RTZx^`_hx
y(^`_	k x
RYNQpORYS m.Y�SOSORYSp5
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Z2 oH

���

C-s�l�cwk m=\(SOS RYZDl
Y�P�WdcX^`_0ZQRTcXS { p>\(ZxZ'x cdN p>\(ZD\(Z{�-l �oktsGktcdZx^`_OR�L RTNQ_O\(WXkQRTS poRTN [>nOSombkQc�	
s(S
Z̃(k, Z2oH; x)

aBRYZxkQcdl l�RYS m.Y�SOSORYS {Gs(_OSOR p>\(ZDR��o\(m	ktR L RYNQ_>\GWXktRYS poRTN [>nOSombkQcds�S
Z(k,H; x)

DTn m(RYSOSORYSp5]}�WdZ S>yG^`_OZxkQRTZ x
s�WXWdRYS x cXNMDTRYcdP�RYS {Op>\(ZxZ
Z̃(k, Z2 oH; x) ∼ Z(k, Z2 oH; x)

P(cdWXkT{rpq5 _p5>pocdR0U Y(NQ�5RTNQRYN{x RTcwktRTNxnOSOP�RYS {]pOcdR�SOcd^`_	k�DTnOl U0NQ\(S2DY�ONQs-pOnOm	k egMO_ONxRTS {OkQNt\�	
P(RTS SOcd^`_	ktZ DYnOl u�\GnO�okQkQRTNxl pORTN }�Zy�-l��okQs(ktcXm*a5RTc`5
��!"�@��0 Z�� * �
�C� � �	� �	�

L/K/k
�C� ������!"���$#%�'&(�	� � 9�� �*-?�(�  � �����	� � 
 �:!

Gal(K/k) = H
#?��


[L : K] = 2
)�3�-?��� �

p || N (dL/K)
7"4%� �	� ��� ���

K/Q
#%� ���	���%�C�	�;&,!"� ���A� 
 � -?�(�

p
&����:!

���9 7:9 � &,!
Gal(L/k) = Z2 oH

)

( !ng�!6��_
?�\

p || N (dL/k)
P�cdWwkI{5RTS	kt_>yGWXk

Gal(L/k)
RTcXSOR Q Nt\(SOZx�Bs(ZQcXkQcds�Sq5 �"cXN x yG_OWdRYS$SbnOS

cXl �
R�x
RYcdZ v(s�S ��RTl l�\ �"5 7bF p>\(Z l�cXSOcdl�\(WXR �
WXsr^`mbZ{�-Z ktRTl {hx
RYWd^`_ORYZ DTnol�Q RTcXWdm.Y�N 	
�5RTN

K
m(s�NxNQRTZx�Bs(SOpOcdRYNxkO5)��\(^`_�pORTl �
R�x
RYcdZ0�5RTNQl noktcXRTNxk0pocdR Q7NQ\(SOZx�Bs�ZxcXkQcds�S�D�x
RYc

H \G_OWdRYS {]pOcdRzcdl ZxRTWda5RTS �
Wds-^`m+WdcXRTP�RYSVnOSop�pOcdRzP�R�x MOSOZQ^`_	kQR }�nOZQZQ\(P�Rzegs�WdP(k x cXR cdS
pocdRTZxRTl � R|x RTcdZ|5

��"cXN l�RYNQm(RYS \(S { p>\GZQZ'x cXN pOcdR \(S>\(WXs�P�R }�noZQZt\GP�R \(no^`_ egs�NQl nOWdcXRTNQRYS0mIY�SOS	kQRTS {&x
RYSOS
x cXN pOcXRM� NQcdl
DI\G_OW

p
ponONQ^`_ RTcXS
� Nxcdl cdpORT\(W

p ∈ P(k)
RYNQZxRYkRDYRTSp5"?�cXRTZ a5RTpoRTnokQRYk \(a5RTN

mGRTcXSOR�x
RYZQRTS	kQWdcd^`_oR;L RYNQa5RTZQZxRTNxnOSOP*egMON.pocdR'S>\(^`_regs�WdP�RYSOpORYSV}�aOZQ^`_>y=kRDTnoSOP�RTSq5
�"cXN x
s(WdWdRYS SbnOS*\GWdWdR U Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP�RTS�\(noegZxnOl l�cXRTNQRYS {�pORYNQRYS-90\(Wds(cdZQP(NQnO�O�5R
RY^`_	ktR�u�S	ktRYNQP�NxnO�O�5R poRTZzU'Nt\(S2DY�ONQs-pOnOm	kQZ

Z2 o H
cdZxkO5 ��RTSOS x cdNfDYRTcXP�RTS mIY(SOSORTS {

pO\(ZQZ�pOcdRz}�S2DT\(_OW pOcdRYZQRYN&U Y(NQ�5RTN�Zx^`_nx y(^`_oRTN0\(WXZ�WXcdSORT\(NMx y(^`_oZxkI{B_>\(a5RTSex cXN�noSOZQRYN
H cXRTW RYNQNxRTcd^`_	kO53?&\(_ORYNipoR|~>SOcXRTNxRTS x cdN��

Y (k, Z2 oH; x) :=

|{L/K/k | Gal(L/k) 6= Z2 oH,Gal(K/k) = H, [L : K] = 2,N (dL/k) ≤ x}|.�"cXN ZQ^`_OyGkRDYRTS pOcdRYZQR+}�SsDI\(_OW
p>\(pOnONx^`_ SO\(^`_ s�aBRYS \(a {DpO\(ZQZ�x cXN \(WdWXR U�Y�NQ�5RTNxRTN 	
x RTcwktRYNQnOSOP(RTS DIyG_OWdRYS {rpocdR�Socd^`_	k.pOcXR L s�NQ\(nOZQZxRYkVDTnOSOP(RTS+v�s�S-� RYl�l�\�A65 �IT RTNxegMoWdWdRYSp5
[7MON.RTcXSORTS ZQs�WX^`_ORTSVU Y(NQ�5RTNxkQnONQl

k ⊂ K ⊂ L
P�cXWXk��

N (dL/k) = N (d2
K/k)N (dL/K) ≥ N (d2

K/k)N (dL/K)SK ,

x s�a5RTc
SK := {p ∈ P | p|N (dK/k)}

5 �"cdN pOR�~>SOcXRTNQRYS

ẐSK (K,Z2; x) := |{L/K | Gal(L/K) = Z2,N (dL/K)SK ≤ x,

p | (N (dL/K))Sk ⇒ p2 | (N (dL/K))Sk∀p ∈ P}|
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nOSOp RTNQ_O\(WXkQRTS

Y (k, Z2 oH; x) ≤
∑

K∈KH(x1/2)

ẐSK (K,Z2; x/N (d2
K/k)),

x
s�a5RTc KH(x)
P�RTNQ\(pOR0pOcXR U�Y�NQ�5RTN�\(nOZ KH

RTS	kt_>yGWXkI{>poRTNQRYS�?�cXZQmbNQcXl�cXS>\(S	ktR&ponONQ^`_
x
a5RTZQ^`_oNty(SOm	k�cdZ kb5

�"cdN aBRYS2Y(ktcXP�RTS*\(WdZxs RYcdSOR�}�aOZx^`_>yGkRDYnOSOP egMON
ẐSK (K,Z2; x)

5 �"cXN a5RODYRTcX^`_OSORTS+l cXk
an

pOcdR�}�S2DT\(_OWBpORTN.U�Y�NQ�5RTN \(nOZ pOcXRTZxRTN hVRYSOP�R'l cXk N (dL/K)SK = n
5s?&\�x cdN
\(WdWXR

� Nxcdl kQRTcXWdRTN&\(nOZ
SK

cdP(SOs�NQcXRTNxRTS nOSOp�pOcdR MOaONxcdP�RYS�� NQcXl ktRYcdWXRTN'pORYN�?�cXZQmbNQcXl�cXS>\(S	ktR
N (dL/K)SK

x RTSocdP�Z ktRTSoZ �-nO\(pONt\=ktcdZx^`_ \(noe<k`\GnO^`_ORTS {OZQcXSOp+\(WXWdR
an = 0

{begMON pOcXR&RTcXSOR
� Nxcdl
DI\(_oW

p
l�cwk

p||n R
�rcXZxktcXRTN kb5�"cdN)x y(_oWdRTS
S ⊆ P(K)

\GWdZDpocdR.h RTSOP�RG{.x RTWX^`_OR \(WdWXR � Nxcdl cdpORT\(WdR MOa5RTN�� Nxcdl kQRTcdWXRTNxS
v�s�S

n
ZQsWx cXR U WdRTl RTS	kQRTS$\(nOZ

SK

RYSbkQ_>y(Wwkb5 �"cXN&ZQ^`_OyGkRDYRTS$S-noS
an

l cXkfu�cXWXegR v(s�S
Co\GkRD �65 �IK�S>\G^`_�s�a5RTS%\(a {5cXSOpORYlJx cXN�\GWdWdR

Z2
t6U N{x RTcwktRYNQnOSOP(RTS�DIyG_OWdRYS {]pOcdR _2Yr^`_ 	

ZxktRYSOZDcXS
S
v(RTN{D|x RTcdPGk ZQcXSOpp5 �"cXN7RYNQ_>\(WwktRYS \(WXZQs egMON

m := [K : Q]
pOcdR }�aOZx^`_>yGkVDTnOSOP

|S| ≤ (ω(n)+ |SK|)m
{	p>\'MOa5RTN �xRTpORYN � Nxcdl
DI\(_OWo_2Yr^`_oZxktRYSOZ

m
� NQcXl�cXpORI\(WXR WdcXRTP�RYS

mIY�SOSoRTSp5 ��RTP�RYS
r1 ≤ m

RTNQ_O\(WXkQRTS x cdN \(noZ Cr\GkRD �65 �IK �

an ≤ 2rk2(ClK)2m(ω(n)+|SK |)23m ≤ c(m, ε)d
1/2+ε
K 2mω(n),

x
s�a5RTc x cdN pOcXR�U'W \(ZxZQRTSoP�NQnO�o�BR�l cXk�Cr\GkRD �65 �IT Zxs&x cXR
2m|SK | = 2mω(dK ) ≤

c̃(m, ε)dε
K

l cXkM��RYl�l�\ �65 �(� \(aOP�RYZQ^`_>yGkVDYk�_>\(a5RTSp5	C-s�l�cwk.P�cXWXk �
∑

n≤x

an ≤ c(m, ε)d
1/2+ε
K

∑

n≤x1/2

2mω(n).

hVcXk u�cXWXegR0v�s�S ��RTl l�\ �65 �(��m.Y�SOSORYS�x cdN ∑
n≤x(2

m)ω(n) = O(x1+ε)
\(aOZx^`_>yGkRDYRTS

nOSOp RTNQ_O\(WXkQRTSfl�cwk.SORYnORTNiU�s(SOZxkt\(S	ktR
c(m, ε) :

ẐSK (K,Z2; x) ≤ c(m, ε)d
1/2+ε
K x1/2+ε.

��RYSOS@x cdNzpOcdRYZ cXS�s�aOcXP�R uiSOP�WXRTcd^`_bnOSoPVegMON
Y (k, Z2 o H; x)

RTcXSOZQR kRDYRTS { RYNQ_>\GWXktRYS
x cdN.l cXk

dK = d2
kN (dK/k)

�

Y (k, Z2 oH; x) ≤
∑

K∈KH(x1/2)

c(m, ε)(d2
kN (dK))1/2+ε

(

x

N (d2
K/k)

)1/2+ε

≤ c(m, ε)d1+2ε
k x1/2+ε

∑

K∈KH(x1/2)

N (dK/k)
1/2+ε

N (dK/k)1+2ε
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r��

��RTP(RTS N (dK/k) ≤ x1/2 RYNQ_>\(WwktRYS�x cXN��

Y (k, Z2 oH; x) ≤ c(m, ε)d1+2ε
k x1/2+εx1/4+ε

∑

K∈KH(x1/2)

1

N (dK/k)1+2ε
.

?�cdR WdR kRD ktR CrnOl l�RDcdZxk SO\(^`_ poRTN�L s�Nt\GnOZQZxRYkRDYnOSOP�\(nOZ'Co\GkVD�As5 �.K mGs�S	v�RYNQP�RYSbkT{dx s�l cXk
x cXN egMON \(WXWdR

ε > 0
pOcXR&egs�WdP�RYSOpOR'}�aOZQ^`_>y=kRDTnoSOP*a5R|x cXRTZQRYSj_>\GaBRYS �
Y (k, Z2 oH; x) ≤ c(k,H,m, ε)x3/4+2ε.

��RTP(RTS
Z(k, Z2 oH; x)+Y (k, Z2 oH; x) = Z̃(k, Z2 oH; x)

ZxsWx cdR Co\=kRDMAs5 �IK&_>\GaBRYS
x cXN.pORTSfegs�WXP�RTSOpoRTS�Co\GkVDza5R|x cXRTZxRTS �
	q0s#WleZ�� * �
� ��!"�	� 
/��� � 9���-(#%� ����! � #%�(&'�	� � 9�� � -(! � � ) � � � �?� � !��A�
��� 
6�
��� #

Z2 o H
&(�������A� &(�

+=��� � ���/�
� ! ���	����� -(#?7 <(s) > 7/8

 �	��9�
 9���� �07:9�� ! � � !����	�

�
��9 � �	�

s = 1

(�	� ������� � �

&'� �C9�� � � 
��
�	����
 �8��� �	� ��� ��� ! ) +�-?� <���� � 
�#/# 

r


6� �	� ��� �C9���� �$!
� 
 
 ! 
 �:!=
/��

<��	�A�

�#(# 
 
/���=3 #%�  �!
�
9��

Φ(s)
4 � ��� �	� �*)/�C� &����:! 2

Z(k, Z2 oH; x) ∼ rx.

}�noegP�NxnOSOp pORTN&v(s�NQ_oRTNQcXP�RTS �
RYNQRY^`_OSbnOSOP�RYS�mIY(SOSORTS x cdN�RTcdSoRTS%}�noZQpONxnO^`m�egMON&p>\GZ
v RTZxcdpOnonOl \(SOP(RTa5RTS �
j-o3,&o	�`�102, Z�� Z��
�C� &�� ��! 2

res
s=1

(Φ(s)) =
∑

K∈KH

ress=1 ζK(s)

2i(K)d2
KζK(2)

,

�C9 � �	� 
6� �	��� � # 
 
 �  9 �%� �	��&(�	��! � �$!A)

?�cdRTZxR;U NxP�RTaoSOcdZxZQRzZQcdSop cXS�$�a5RTNQRYcdSOZ ktcXl�l noSOP l�cwk.nOSOZxRTNxRTN u�\(nO�rkQv�RYNQl nrktnOSOPs5
j-o3,&o	�`�102, Z�� Z)�
+=�
� � ��� 
 #(! #%�(& � ) � � ��� !8�A�
����! �;& 7"4%� -?��� �
� �$#$�(�C��� 
/�	� 3 9�� 


Z2 o H
#%��
 -?� �
�

�*-.�/�  6�������	�
k �

7"4%��
6�
�
H


6� � � 9��	-'#%� ����!��%#%�(&0
/�	� � -(! �.��� � ) ��� �	�A7"4%���:! )

�"cXN�l RTNxm(RYS \(S {5p>\(ZQZ�pOcdRYZQR=L s(Nt\(nOZxZQR kRDTnoSOP+ZxkQRYktZ�egMON&\(a5RTWXZQ^`_OR 90NxnO�O�5RTS
H
RTN 	

egMoWdWXk cdZ kb5 ?�cdR L s�NQ\(nOZxZQRYkVDTnOSoP�cXZxk Zxs�P	\(N SO\(^`_ �87WA��
egMON \(WXWdR�NQRTP(nOW y(NxRTS�9'NQnO�o�BRYS
H
RTN egMOWdWwkI{-e:\(WdWXZzx cdN \(SOSoRT_Ol RTS {]p>\GZQZ x
RYSOcdP�Z ktRYSOZ�RYcdSOR;U N{x RTcwktRTNxnOSOP�l�cwk 9z\(WXs�cdZ 	

P(NQnO�O�5R
H
R
�rcdZ ktcdRYNxkO5 �"cdN.RYNQ_>\(WwktRYS pO\(l�cwk egs�WXP�RTSOpoRTZ U�s(NQs�WXW \(N �

j-o3,&o	�`�102, Z�� Z	*
3 4%�5&(�	��-6
/���

n
� "(� �$!
�
�	� !��$!1��! ���	� ��� ! ��-?�/� �:! ����� � �$#$�/���

G ≤ Sn


 ��!

Z(k,G; x) ∼ c(k,G)x = c(k,G)xa(G).
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qKS�pocdRTZxRTl U0\(�OcXkQRTWMx RTNQpoRTSSx cdN�ZQs�P�RYS>\(SOS	kQR�U cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl RjZ ktnOpocdRTNxRTSp5
?�cdR*P(RTZQ^`_ocd^`m	ktR���Y�ZQnoSOP�ZQs(Wd^`_ORYN U cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl R*cXZxk RTcdS x cd^`_	ktcXP�RTZ uicdWwegZ 	
l cXkxktRYW egMON pOcdR �
RTZ ktcdl l nOSoP�nOSOZxRTNQRYN }�Zy�rl �okQs(ktcXm(RTSq5 �"cdN aBR�x
RYcdZQRYS egs�WdP�RYSOpORYS
P(NQnO�O�5RTS	kQ_ORTs�NxRYkQcdZQ^`_oRTS�viRYpOnOm	ktcXs�SOZQZQ\GkRDG{>pORTNz� Nxs�aOWXRTl R�egMON.\(n��kY�ZQaO\(NQR;9'NQnO�o�BRYS
\GnoeDpocdR �
R ktNt\G^`_bkQnOSOP v�s�S ZQRYl�cXpOcdNxRTm	ktRYS�� NxsrpOnombkQRTSVNQRTpon2DTcXRTNxkO5	CrRTc�_ocdRTN{DTn

1 → A→ G→ H → 1

RYcdSOR
R
�o\(m	ktR�CrR �bnORTS2D v(s�S 90NxnO�O�5RTS {dx
s(aBRYc
A
\(a5RTWXZQ^`_ ZxRTcdS Zxs�WdW`5d?&\(SOS DTRYcdP�RYS�x cdN

cXS
Co\GkVD�Fs5 >r{Gp>\(ZxZ
G×HG ∼= G×H (AoH)

P�cdWwkb5.��RT_ol�RYS x cXN SbnOS \(S {�p>\GZQZ
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RYcdZQRYS m.Y�SOSORYS {�x
RYSOSix cXN
cdZQs(l�s�Nx�O_OR*\(aBRYN SOcX^`_bk cXpORTS	kQcdZQ^`_oRfU Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP�RTS \(WXZ P�WXRTcd^`_�aBR ktNt\G^`_bkQRTS
x
s�WXWdRYSp5 qKS$pOcdRYZQRTl [5\GWdWdR pOMONxegRYS x cXN&egMON0pOcdR Uis�SOZ k`\(S	ktR SbnON#�xR|x RTcXWdZ0RTcXSORTS L RTN 	
ktNQR ktRYNiRYcdSORYN U�s�S��xnOP	\GkQcds�SOZxmbW \(ZxZQR&v�s(SjuiSbkQRTNxP�NQnO�o�BRYSja5RTNQMo^`m-Zxcd^`_	ktcXP�RTSq5
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qKS�pOcXRTZQRYl }�aOZx^`_OSOcwkQk�x RTNxpORTS x cdN0pORTS:H nOZt\(l l RTSO_>\GSOP�D�x cdZx^`_ORTS@DYRTN e:\(WdWXRTSOpORYS
nOSOp SOcd^`_	k�DYRTN e:\(WdWXRTSOpORYS U cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl RTS l cXk�\(a5RTWdZx^`_ORTl U0RYNQS nOS	ktRYNQZxn 	
^`_ORTSp5 �"cdN v(RTNyx
RYSOpORTS x RTcXkQRTNx_OcdS+pOcXR�R��O\GmbkQR;CrR �bnORYS2D0\(nOZ ?�R|~>SOcwktcXs�S F2587�5 �
RYv(s�N
x cdN*poRTS"S>y(^`_OZ ktRYS}Co\=kRD�a5R|x RTcXZQRTS"m.Y�SOSORYS {.l MOZxZQRTSSx cXN SOs-^`_�p>\(Z+ZQnoaBpOcXNQRYmbkQR
� NxsrponOm	k 
 []\(ZQRYNQ�ONxsrpOnombk � RTcXSoegMO_ONxRTSp5]U�Y�NQ�5RTN kt_ORYs�NQR ktcdZx^`_VcXZxk pOcXRTZxRTZ�� NQs-pOnOm	kiaBRYcU�s�l �Bs(ZQcXkt\ v�s�S%P�Nxs���RYN �
RYpORTnrktnOSOPs5p��RY_Ol RTSex cXN�\(S {5pO\(ZQZ x cXN D�x
RYcDP	\GWds�cXZQZQ^`_oR
U Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP

L1, L2

MOa5RTN
k
l cXk 90\(Wds�cXZQP�NxnO�O�5RTS

G1

nOSOp
G2

_>\(a5RTSq5q?�RYN
Cr^`_OSOcwkQk

K := L1 ∩ L2

cXZxkzP	\(WXs�cdZxZQ^`_�l cXk=90\(WXs�cdZxP�NQnO�o�BR
H
{�x RTWX^`_OR*RYcdS:w&nOsGktc�	

RTS	k v(s�S
G1

nOSOp
G2

cdZxkO5�?&\(_oRTNzcdZxkzpOcXR
9z\GWds�cXZQP�NxnO�O�5R v�s�S
L1L2/k

P(RTNt\GpOR p>\(Z
ZQnOa5pOcdNxRTm	ktR;� NQs-pOnOm	kT{2x
RYWd^`_ORYZ�x cXN.cdSfpORTN.egs�WXP�RTSopORTS�?�R�~>SOcXkQcds�SfRYNQmbW y(NxRTSp5
� !��]�'�$#&�1o	�i� � r
��� � ���
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G1, G2, H
�	��
6��� ����� � �$#$�(�C��� #%��


κi : Gi → H (i = 1, 2)
� � �!
 9 ���
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G1 ×H G2 := {(g1, g2) | gi ∈ Gi (i = 1, 2), κ1(g1) = κ2(g2)}
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U WXRTl RTS	k`\(NxRTNyx
RYcdZQR'poR|~>SOcXRTN k pOcdRYZ.RTcdSoR<90NxnO�O�5R'pORTN �&NxpOSbnOSOP |G1||G2|/|H| 5 �"cdNmGRT_ONxRTS�S-noS DYnONQMO^`m�DTn nOSOZQRYNQRYl�U cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl \(nOZ�?�R�~>SOcXkQcds�S Fs5 7�5���RYSOS
x cXN D|x RTc2�)Y(ZQnOSOP(RTS

L1, L2

l�cwk
L1∩L2 = K

nOSOZQRYNQRYZ U cXS-a5RYkxktnOSoP�ZQ�ONxs�aOWXRTl Z m(RYS 	
SoRTS {OpO\(SOSfP�cdWwk

Gal(L1L2/k) = G×H G
52?�RYN egs�WdP(RTSOpOR;Cr\GkRD&mbWdy(Nxk.pocdR<C-kQNQnOm	kQnON

pocdRTZxRTN 9'NQnO�O�5RI5nCr�>yGkQRTN�x
RYNQpORYS x cXN egMON \(a5RTWdZx^`_OR���s�Nxl*\GWXktRYcdWXRTN
U
x
RYcXkQRTNQR�U cdP(RTS 	

Zx^`_>\Ge<kQRTSjpocdRTZxRTN 9'NQnO�O�5R'_ORYNQWdRYcXkQRTSp5
	q0s#Wl�� � �
�C��� ���

G
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Ψ : G→ Aut(U), g 7→ (u 7→ u(g−1) = gug−1).

+�-?�/� &����:! 2

G×H G ∼= U oG,
�C9 � �	� 
'-.�8����
 �

6� � �' �!1� �C� 9 
�#  �!���� -

Ψ

/� �/�/� �	�$! �C� � 
�)

( !ng�!6��_
�"cXN�pOR�~>SOcXRTNQRYS

Φ : U o G → G ×H G, (u, g) 7→ (g, ug)
5 ��RYP�RTS

κ(u) = 1
egMON

u ∈ U
P(cdWXk

(g, ug) ∈ G×H G
5 ��RYcXktRYNQ_OcXS+cdZ k

Φ
RTcXSeuis�l s�l�s(NQ�O_OcXZQl noZT{-p>\

Φ(u1, g1)Φ(u2, g2) = (g1, u1g1)(g2, u2g2) = (g1g2, u1g1u2g2)

noSOp
Φ((u1, g1)(u2, g2))

= Φ((u1u
(g−1

1 )
2 , g1g2)) = (g1g2, u1u

(g−1
1 )

2 g1g2) = (g1g2, u1g1u2g2).

?�cdR qKS��xRYm	ktcXv-cwk`yGk�v�s�S
Φ
cdZ k'mbW \(N�nOSOp%p>\ pOcXR a5RYktRYcdWXcdP(kQRTS�9'NQno�O�BRYS�v�s�S%P(WdRTcX^`_ORTN


 RTSOpoWdcd^`_oRTN � �&NxpOSbnOSOP ZQcdSop {Oegs�WdPGk \(nO^`_ pOcdR;C-nON �xRYmbkQcXv-cXktyGkb5 �qKl [>s�WXP�RTSOpoRTS�x s�WXWdRTS�x cdNinOSOZ�\(noe�U cdSba5RYkxktnOSOP(ZQ�ONxs�aOWdRYl�Rzl cXk�\(a5RTWdZx^`_ORTl U'RTNxS
A
mGs�S2DTRYS	ktNQcXRTNxRTS �

1 −→ A −→ G
κ−→ H −→ 1 
 F2587 �}�nOZQP(RT_ORYSOp v�s�S pOcXRTZxRTN C-R �bnORTSsD+mIY�SOSoRTS:x cdN

A
\(WXZ

H
tohVs-pOnOW \(n � \(ZQZxRTSp5]?�cdRYZ

P(RTZQ^`_ocdRT_	k v-c \
Ψ : H → Aut(A) : h 7→ (a 7→ aκ−1(h))

5 uicdRTNxaBRYc&m=\(SOS RTcXS
a5RTWXcdRYaOcdP�RYZ u�NxaOcdWXp v(s�S

h
P�RYSOs�l l�RYS x
RYNQpORYS {op>\

A
\(a5RTWdZx^`_*cXZxkb5 �"cXN l�RYNQm(RYS+\(S {

pO\(ZQZ0egMON0SOcd^`_	k \(a5RTWdZx^`_OR ��s�Nxl*\(WwktRYcdWdRYN�pOcXRTZxR*Uis�SOZxkQNQnOm	kQcds�S$SOcd^`_	k;x
s(_OWdpOR�~>SOcXRTNxk
cXZxkO53H nVP(RTP�RYaBRYSORTS

A
{
H
nOSOp

Ψ : H → Aut(A)
m(s�SOZ ktNxnOcdRYNQRTS�x cdNzx cXR's�aBRYSVRYcdS

ZxRTl cdpOcXNQRYmbkQRTZ � NQs-pOnOm	kO5
?�RTN egs�WdP�RYSOpOR Co\GkVD�cXZxk p>\(Z u�\GnO�okRDYcdRYW>pOcdRYZQRTZ }�aOZx^`_OSOcwkQktZ|5"U N ZxkQRTWXWXk RTcXSORTS-H nOZt\Gl 	
l RTSo_>\(SOP D|x cXZQ^`_ORYS�DYRTNxe:\GWdWdRYSOpORYSznoSOp Socd^`_	k)DTRYNxe:\(WXWdRTSopORTS;U cdSba5RYkQkQnOSOP�Zx�ONQs(aOWdRYl�RYS
l cXk.\(aBRYWdZx^`_ORTl U'RYNQS _ORTN|5
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Ψ : H →
Aut(A), h 7→ (a 7→ a(κ−1(h))−1

)
)/+�-.�/�0& ����!A2

G×H G ∼= G×H (AoH),
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Ψ
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G×H G
�,-6���@
/��
 � 9���
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��� {(a, a) | a ∈ A} )

( !hg�!"�`_
?�RTN<uis�l�s(l�s�Nx�O_OcXZQl nOZ

Ψ
Wdy(ZQZ k0ZQcX^`_$m=\(Sos�SOcdZx^`_ORTNyx
RYcdZxR*\(nre
P	\GS2D

G
pOR�~>SOcdRYNQRYSp5

?&\(l cXk&RYNQ_>\GWXktRYS x cdN&l cXkfCo\GkVD F25BKo{ p>\GZQZ
G ×H G ∼= A o G

P�cdWwkb5 ��RYcXkQRTNQ_ocdS�cXZxk
Φ : A o G → A o H, (a, g) 7→ (a, κ(g))

RTcdSiu�s(l�s�l s�Nx�O_OcdZxl nOZY{Dp>\ pORTN
DTn
RTcdSoRTl U WXRTl RTS	k

h ∈ H
P�RY_2Y�NQRYSOpOR }�nrkts�l s�NQ�o_OcdZxl nOZ&\GnOZ

Aut(A)
nOS>\GaO_>y(SOP(cdP

v�s�l u�NxaOcdWXp*nOS	kQRTN
κ
cdZ kb5

Φ
cdZ k mbW \GNQRTNyx
RYcdZxR�ZQnoN �xRTm	kQcXv�l�cwk
U'RYNQS {(1, a) | a ∈ A} 5?�cdRYZQRTN U'RTNxS�x cdNxp�l cXkQkQRTWXZ'pORTZ qKZQs�l s�NQ�o_OcdZxl nOZz\(nOZ�Co\GkRD
F25BKj\(nre {(a, a) | a ∈

A} EG×H G
\(aOP�RYaOcdWXpORYkO5o}�WdZ.S>y(^`_oZxktRYZ�cXZxk p>\(SoSVmbW \GNT{Op>\GZQZ
AoG→ G×H (AoH), (a, g) 7→ (g, (a, κ(g)))

RTcdSfqKZxs�l�s(NQ�O_OcXZQl noZ.cdZxkO5
�?�cdR }�Snx
RYSOpOnOSOPzpOcXRTZQRYZ Co\GkRDYRTZ mGs�NQNxRTZQ�5s�SOpocdRTN k�DTn egs�WXP�RTSopORTl U Y�Nx�BRYNQpOcd\(P�NQ\(l�l��
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AoH
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H

qKS�pOcXRTZxRTl�?�cd\(P�NQ\(l�l P�RY_ORTS
x cdN p>\Iv(s�S*\GnOZT{	p>\GZQZ
Gal(L1/k) = Gal(L2/k) = GP�cdWwkb5 ��RYcXktRYNQ_OcXS SORT_ol�RYS x cXN \(S { pO\(ZQZ

L1 ∩ L2 = K
P�cXWXkO5]?&\GSOS R
�rcdZ ktcdRYNxk RYcdS

U Y�Nx�BRYN
K ⊆ L3 ⊆ N

l cXk
Gal(L3/k) = A o H

5���_OSoWdcd^`_oRTZ P�cdWwkI{'x RTSoS�x cdN
U Y�Nx�BRYN

L1, L3

l�cwk pORYS s(aOcdP�RYS 90\(Wds�cXZQP�NxnO�O�5RTS mGRTSOSoRTSp5�?&\GSOS P	\(Nt\GSbkQcdRYNxk noSOZ
pOcdRYZQRTN Co\=kRD'pOcXR<U �rcXZxktRYS2DzRTcdSoRTZiU Y�Nx�BRYNQZ

L2

l cXk 9z\(WXs�cdZxP�NQno�O�BR
G
5>L(RzSO\(^`_eU cXS 	

aBR kQktnoSOP�ZQ�oNQs�aOWXRTl m=\(SOS�RTZ \(a5RTN�x
RYcXktRYNQR�U Y�Nx�BRYN
K ⊂ L ⊂ N

l�cwk 9z\GWds�cXZQP�NxnO�O�5R
G
P�RYaBRYSp53?�RTNxRTS }�S2DT\(_OW�cXZxki\(a5RTN.RYcdSOR'P�NxnO�O�5RTS	kt_oRTs�NxRYktcXZQ^`_ORzqKS	vG\(NQcd\(S	ktR({6x
RYWd^`_OR

cdl~mGs�SOmbNQR ktRYS�[]\(WdWBRTcXSoe:\(^`_faBRYZxkQcdl l kzx RTNQpoRTS�m=\(SOS 
 vrP(W 53Co\=kRD<F25BX � 5
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RYNQpORYS x cdN�DTRYSbkQNt\(WXR�U cdSba5RYkxktnOSOP(ZQ�ONxs�aOWdRYl�Rzl cXkiU'RTNxS

Z`Z ktnOpocdRTNxRTS {'x
s�a5RTc
`
RTcXSOR � NQcXl DT\(_OW cdZ kb5�?�cXRTZ�x cXNQp RYZ noSOZ RTNxW \(nOa5RTS h RYkt_osrpORYS
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SbnON RYcdSOR0nOS	ktRYNQP�RYs�NQpoSORYkQR�v s�WdWXRI5
uiSOZQRYN U cXS-a5RYkxktnOSoP�ZQ�ONxs�aOWXRTl�DYn

Gal(K/k) = H
_>\=k p>\(_ORYNipocdR&egs�WXP�RTSOpoR0[]s(NQl��

1 −→ Z` −→ G
κ−→ H −→ 1 
 F25 � �

?�RTN&RYcdSoe:\(^`_oZxktR []\(WdW�WXcdRTPGkiv(s�NT{	x
RYSOS%RTcXSOR �oNQcdl cXkQcXv(R
`
t	ktR�U cXSO_ORTcwktZyx nONVDYRTW

ζ`
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NxRTcwktZDcXS
k
RYS	kt_>\(WwktRYS cdZ kb5=qKS pOcdRYZQRYl�[]\(WXW-cXZxk7p>\(Z DYn 
 Fs5 � � \(ZQZxs�DTcXcdRYNxktR U cdSbaBR kQkQnOSOP�Z 	�oNQs�aOWXRTl RYcdS$ZQs�P(RTS>\(SoSbkQRTZ�� 3 �
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pocdR t̀bktRYS�U cXSO_ORTcwktZyx nONVDYRTWdS cXS
k
WXcdRTP(RTS {B_>\(a5RTS �)Y(ZQnOSOP(ZQmIY(NQ�5RTN

L/K
pocdR [>s�NQl

L = K(
√̀
α)
egMON&P�RYRTcXP�SORYkQR

α ∈ K 
 U'nOl l�RYNxkQ_ORTs�NxcdR � 5	U Z'P�cdaok�\(a5RTN&Sosr^`_ x RTc 	kQRTNxR�ZQ^`_2Y(SOR U cdP�RYSOZQ^`_>\=e<ktRTS�v(s�S �
NQ\(nORTN t6U cdSba5RYkQkQnOSOP�Zx�ONQs(aOWdRYl�RYS { D.5 � 5 cdZ k*p>\GZ
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R|x RTcXZ pORTZ egs(WdP�RYSOpORTS-� RYl�l�\(Z
~OSOpORYkiZxcd^`_ cdSfs�aOcXP�RTN v RYegRYNQRTSsDI5
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?�cdRTZxRTZ ��RTl l*\�x
\(N pORTN }�nOZQP	\GSOP�ZQ�onOSOm	k�egMON.pocdR �
RTZ ktcXl�l noSOP pORTN }�Z{�-l��rkts(kQcdm
v(s�S SOcXWd�5s(ktRYSbkQRTS�U Nyx
RYcXkQRTNQnoSOP�RTS cXS � 7WX��`5 hVcwkQkQRTWdZ U'nOl l�RYNxkt_oRTs�NxcdR x nONQpOR*pOs�Nxk
RYcdSORzy(_oSOWdcX^`_OR0U�s�NxNQRYZQ�5s�SOpORYS2D \GnO^`_ egMoN 9'NQnoSOpOmIY(NQ�5RTN

k
aBR�x cdRTZxRTS {]pOcXR'm(RYcdSOR t̀

kQRTS U cdSO_ORYcXkQZ{x nON{DTRTWXS RTS	kt_>\GWXktRYSp5)u�cXRTNfx RTNxpORTS x cdN&pOcXRTZxR�Uis�NQNxRTZx�Bs�SopORTS2D pOnONx^`_
poRTS P�NxnO�O�5RTS	kt_ORYs�NQR ktcXZQ^`_ORYS�}�SOZt\GkVD \(nOZ poRTl�WdRYkVDYkQRTS }�aoZQ^`_OSOcwkQk a5R|x RTcXZQRYSp5n?&\(a5RTc
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G̃ = Z` ×G ∼= G×H G
)

+�-?�/� &(�	�:!"�	� 7"4%�
A := {(a, b) ∈ Z` ×G | κ(b) = 1} ∼= Z` × Z`

2

�����
A ≤ Z(G̃) = Z` × Z(G)

)
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A
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?�cdR qKZQs(l�s�Nx�O_OcXR

Z`×G ∼= G×HG
cXZxk'Co\GkVD Fs5PKs5&?�cdR RTNxZxktRYS a5RTcdpoRTSz}�nOZxZt\(P�RYS ZQcXSOp

RTWdRYl�RYS	k`\(N|5WU Z ZxRTc
a
RYcdS;U NVDYRTnOP�RYN7poRTZ7U0RYNQSOZ�v(s�S

κ
5 �"cXN�l�RYNQm(RYS \(S {Ip>\(ZxZ x cXN�pORTS

RTNQZ ktRYS*[]\(m	kts(N pORTZ pOcXNQRTm	kQRTS � NxsrponOm	ktZ \(nO^`_�\(WdZDpOcdR uiSbkQRTNxP�NQnO�o�BR cdS	kQRTNQ�oNQRYkQcdRYNQRTS {
pOcdR�cdl U'RTNQS�v�s�S

κ
WdcXRTP(kO5'?�\(SOS mIY(SOSORTS pocdR uiS	ktRTNxP�NQno�O�BRYS

Ui E Z` × G
x cXR

egs�WdP(k aBRYZQ^`_ONxcdRTa5RTS x RTNQpoRTS �

Ui := 〈(a, ai)〉 (1 ≤ i ≤ `)
ZQsWx cXR

U`+1 := 〈(1, a)〉.
U0Wd\(NQRYN{x RTcXZQR�P(cdWXk

G̃/U`+1
∼= Z` ×H

5 �"cXN pOR�~>SOcXRTNQRYS+pOcdRiegs�WdP(RTSOpORYS �
cXWdpORYN nOS	kQRTN
pORTl qKZxs�l s�NQ�O_ocdZQl nOZ

Φ
\(noZipoRTl �
R�x
RYcdZ v�s�SeCo\GkVD<F25PK �
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hVcXk'poRTl qKZxs�l s�NQ�O_ocdRTZQ\GkRD P�cdWwk
(Z` × G)/Ui

∼= (G ×H G)/Ũi
5)CrRTcDS-noS

(g, g̃) ∈
G ×H G

P�RTP�RYaBRYSp5�?&\
κ(g) = κ(g̃)

P�cXWXkI{ egs�WXP(k
g̃ = gaj egMONfRYcdS"P�RTRYcdP�SoRYktRYZ

j ∈ {0, . . . , `− 1} 5 �"cXNzx yG_OWdRYSVSbnOS l ≡ −j mod `
53?&\(l cXk P�cdWwk �

(g, gaj)(ai, ai+1)l = (gail, gaj+(i+1)l) = (gail, ga−l+(i+1)l) = (gail, gail).

?&\(l cXk P�cXaok RTZ cdS pORTN []\(m	kts�NxP�NQnO�o�BR
(G×H G)/Ũi

egMON �xRTpORYZ U WXRTl RTS	k L RYNxkQNQRYkQRTNY{
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RYcXktRYNQnOSoP l�cwk
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5rqKS+pOcdRYZQRYl~[]\(WXW

RTNQ_O\(WXkQRTS<x cdN l�cwkQktRYWdZ Co\=kRD F25PX
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k
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RTpocdSOP�noSOP
pOR|~>SocdRTN k \(noe poRTN hVRTSOP(R�pORYN

Z`

t6U N{x RTcXkQRTNxnOSOP�RYS�v�s�S
k
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SbnONDpOcdR
\(nOZQP(RODTRYcd^`_OSoRYktR���Y�ZxnOSOP

L
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Fs5PX ZxRT_ORYS x cXNT{ pO\(ZQZ �xR�x
RYcdWdZ
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s(NQpOSOR k x RTNxpORTSq5
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k
5 H noZt\(l l�RYS�l cXkzpORYN ktNxcXv-c \(WXRTS U N{x RTcwktRTNxnOSOP%aOcXW�	
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aBRYZQ^`_ONQy(SOm(RYSp5�}�nOZ+ktRY^`_OSOcdZx^`_ORTS�90NxMOSOpORYS l MOZxZQRYS x cdNfnOS	kQRTNQZx^`_ORTcXpORTS {�s�a pOcXR
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tbkQR<U cXSO_ORYcXktZyx nONVDYRTW

ζ`
cXS
k
WdcdRYP(kb5

� !"�@��0 � ���3�
��� � �	�

K/k
������� �C� ������!"���$#%�'& -.� &(� � �	-?� � ������� �*-?�(�  � �����	� 
 ��!

Gal(K/k) = H#%��

ζ` ∈ k

) � �	��!1�	�A�/��� � �	� �	�
S ⊆ P(k)

������� �	��
����
����� �B���(&(� � 9�� �C� � 
 �

(� -?� �	�
#%��


S ′ ⊆ P(k)

6�
� �B�	�(&'��
/�	� � �	� �?����� &,!1�	� �C� �!
 � 
/� -?� � � 9��

K/k
) �@��� ���	� 
 ���

-?�
�

 -?� � 
'-.�	�.����!
�	-?� � �C��� � ��! !A#%�(&��:� � 9 � �
�'
 
 F25 � � �
��� � -?� ���$!A)%+�-.�/� �#"'��� ! � �	�$! �	�����

��� �$#%�(&
L/K �

� 9 
'-?�A�
L/k

���'���/� !"���/�=� �
S ′ ∪ {q} ∪ {p ∈ P(k) | p|`} ����� �?����� &,!

���$!
�
�C9 � ���

q ∈ P(k) \ S &����:! )

( !hg�!"�`_
��\(^`_ U'nOl l�RYNxkQ_ORTs�NxcdR�P�cdaok RTZ RYcdSOR ��Y�ZxnOSOP

L = K(
√̀
α)
l�cwk RYcdSORYl

α ∈ K
5

?&\%p>\(Z
U cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl DTRTS	kQNt\(W.cXZxkI{DP�cdWwk egMON&�xRYpORTZ
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S
v�RTN{D|x RTcXP(ktR

Z`

t
U Nyx
RYcXktRYNQnOSoP�cXS s(aOcdP�RYN �
RYkQNt\(^`_	kQnOSOP l�cwktP�R|DIy(_OWwkzx s�NQpORYSp5

�

��� � "�� ���+#�($��� �%������#�($�
�"cXNVZxcdSOp S-noS cdS pORYN�� \(P�RG{�RYcdS RYNQZ ktRTZ%cXSOpOnOm	kQcXv�RYZ�U NQP�RYaOSOcXZVegMONVRTcdSoR s�a5RTNQR
C-^`_ONt\(Som(R egMONinOSOZxRTNxR P�RTZxnO^`_	ktR }�Z{�-l��rkts(kQcdm v�s(S

Z(k,G; x)
\(S2DTnoP�RTa5RTSp5�u�cXRTN{DTn

v(RTNxP�WdRYcd^`_ORYS x cXN'pOcdR ��Y�ZxnOSOP�RYS�nOSoZQRTNxRTZ=U cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl Z 
 Fs5 � � l cXk&pORTSORYSpoRTZ�DTnOP�RY_2Y�NxcdP�RYS�DYRTN e:\(WdWXRTSOpORYS�U cXSbaBR kQktnoSOP�ZQ�oNQs�aOWXRTl Z
1 → Z` → Z` ×H → H → 1.
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G,H
�C�
� ��� 
 Fs5 � � ��9%�C� � ����� �*-?�/�! ���:�C���

k
&(� &(� � �	��) �@� �

� �?�(�
�	� ������� �	��
6� �
����� �B�	�(&'�
T ⊆ P(k)

�C�
� � � � -(! ��� ) � � )�+�-?�/� � "(� �$!
�
�	� !8�	� ���
� 9��/� !�-?��!1�

c(k,G) > 0

 ��! 2

ZT (k,G; x) ≤ c(k,G, T )ZT (k,H × Z`; x).

( !hg�!"�`_[DMON�RYcdSOR P�RTP�RYaBRYSOR U Y(NQ�5RTNQRYN{x RTcwktRTNxnOSOP
K/k

l�cwk<90\(Wds�cXZQP�NxnO�O�5R
H

x y(_oWdRTS x cXN
RTcdSoRzl cdSocdl�\(WdR ��Y�ZQnOSoP

L
x cXR'cdSeCo\GkRD<F2587bF25kH n �xRYpORTl x RTcwktRTNxRTSe�)Y(ZQnOSOP(ZQmIY(NQ�5RTN

LM

cdZ k S>\(^`_ Cr\GkRD�F2587?�'RTcdSoR D��rmbWXcdZQ^`_oR U N{x RTcwktRYNQnOSOP
M/k

\(ZQZxs�DTcXcdRYNxkI{.x
s�a5RTc
`−1U Y�Nx�BRYN DYn*pORYl�ZxRTWXaBRYS

M
P(RT_2Y�NxRTSp5r[DMON nOSoZQRTNxR�}�aOZQ^`_>y=kRDTnoSOP cdZ k RTZ
SbnOS
x cd^`_	ktcXP

pORTS�DTn
T
mGs��ONxcdl RTS Q7RYcdW poRTN ?�cXZQmbNQcXl�cXS>\(S	ktRYS v�s�S

LM/K
nOSOp

KM/K
DTnfv�RYN 	

P�WdRYcd^`_ORYSp5 ��RYP�RTS pORTN hVcdSOcXl*\GWdcXktyGkBpORTN]�)Y(ZQnOSOP
L
ZxktcXl�l RTS0pOcXRTZxRz?�cXZQmbNQcXl�cXS>\(S	ktRYS

\(S�\GWdWdRYS � Nxcdl cdpORT\(WdRYS MOaBRYNQRYcdS {�pOcXR SOcd^`_	k cdS
L/K

v�RYNVD�x
RYcdP(k ZQcdSop�nOSop m(s��oNQcdl
DTn

T
ZQcdSopp5 U cXS�� Nxcdl cdpORT\(W

p /∈ T
{)x RTWX^`_ORTZ cdS

L/K
v(RTNVD�x
RYcdP(k cdZ kI{�cdZ kzcdS�\(WdWXRTS

�)Y(ZQnOSOP(RTS�v(RTN{D|x RTcdPGkb5"?&\(_ORYN cXZxk pOcXRTZQRYZ � Nxcdl cdpORT\(W6x RTP�RYS ��RTl l*\z�65GFzcdS
KM/KnOS	v�RTN{D|x RTcXP(kb5 �"cXN�RYNQ_>\(WwktRYS%ZQs�l cXk�pOcdR }�aOZx^`_>yGkVDTnOSOP � N (dT

LM/K) ≥ N (dT
KM/K)nOSOp p>\(l cXk N (dT

LM/k) ≥ N (dT
KM/k)

5�?�cXRf}�S2DT\(_OW.pORYN v(RTNxZQ^`_OcXRTpORYSORTS U cdSba5RYk 	
ktnOSOP(ZQ�ONxs�aOWdRYl�R

1 → Z` → G → H → 1
l cXk+egRTZ ktRYl

G
noSOp

H
cdZ kjRYcdSOR

U�s�SOZ k`\(S	kQR({ pOcXR*SbnON v(s�S
G
noSOp

H
\(aO_Oy(SOP(k 
 ZQcXRT_OR ��RYl�l�\�F25BA � 5 ?&\ex cXN SbnONRTcdSoR s(aBRYNQR }�aOZx^`_>yGkVDTnOSOPjaBR�x
RYcdZQRYS x s�WdWXRTS {�m.Y�SOSORYS x cXNzcXP�SOs�NxcdRYNQRTS { p>\(ZxZ Socd^`_	k

�xRTpORYZMU cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl W Y�ZQa>\GN
cdZ kb5-qKSOZQP(RTZt\Gl k ~>SopORTS x cdN ZQs RYcdSOR�U�s�SoZxk`\GSbkQR
c(k,G, T )

l cXk
ZT (k,G; x) ≤ c(k,G, T )ZT (k,H × Z`; x),

p>\-x cdN#�xR l*\��rcXl*\(W
` − 1

U Y�Nx�BRYNQS$l�cwk;9'NQnO�O�5R
G
RTcXSORTS�U Y(NQ�5RTN'l cXk=9'NQnO�O�5R

H × Z`

DYnOs�NQpoSORTSVmIY�SOSoRTS {]pORYNimbWXRTcdSoRTNQR<?�cdZQmbNxcdl cdS>\(S	kQR&_>\GkO5
�[5\GWdWdZ�x cXN RTcXSOR
nOS	kQRTNQR�C-^`_ONt\(Som(R.egMON

ZT (k,H×Z`; x)
mGRTSOSORYS {	ZQs'm.Y�SOSORYS x cdNDl cXk

u�cdWwegR�v�s(S ��RTl l*\ As587 � 
 7 � \(no^`_jpOcXRzRYS	ktZQ�oNQRT^`_oRTSOpOR }�nOZQZQ\(P�R0egMON pOcdR0SOs(NQl�\(WdRYSH y(_OWXegnoSOm	ktcds(SORTS+a5R|x RTcXZQRTSq5
}�WdZ S>yG^`_OZxkQRTS�C-^`_ONQcwkQk�aBR�x
RYcdZQRYS�x cXNiRYcdSOR0cXSOpOnOm	ktcwv�R0s�a5RTNxR�Cr^`_oNt\(SOmGR egMON pOcXNQRYmbkQR
� NxsrponOm	ktR

H × Z`
5 hVcwk u�cXWXegR�poRTZfs�aOcXP�RTS�Co\=kRDTRYZfRTNQ_O\(WXkQRTS x cdN+Zxs \(nO^`_ RTcdSoR

s�aBRYNQR Cr^`_ONQ\(SOm(R egMoN7a5RTWXcdRTaocdP�R�DYRTS	ktNQ\(WdR U cXSbaBR kQktnoSOP�ZQ�oNQs�aOWXRTl R l cXk
Z`
t-U0RYNQSp5 �"cXN

aBR|DTRTcX^`_OSORYS+cdl [>s�WdP(RTSOpORYS*l cXk K(x)
pOcdR�hVRTSoP�R&pORYN U Y(NQ�5RTNQRYN{x RTcwktRTNxnOSOP�RYS

K/kl�cwk
Gal(K/k) = H

nOSOp N (dK/k) ≤ x
5

	p0s#bl�� ���s4
��� ���	�
���

G = H × Z` � k
����� �*-?�/�! ���:�C����� 9?�C� �

n = |G| ) ��#%� �(!�� ��� ���B&'�	��!1� 7"4%�
-?��� �

ε > 0
2

Z(k,H; x) ≤ c(k,H, ε)xa(H)+ε.
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����� 3�-.����� a(H)
`

< `
(`−1)n �

��9 &�� ��!
a(G) = `

(`−1)n

#%��


Z(k,G; x) ≤ c(k,G)xa(G) log(x)b(k,Z`).

����� 3�-.����� a(H)
`

≥ `
(`−1)n �

� 9 &����:!
a(G) = a(H)/`

#?��
 7"4?�8-?��� �
ε > 0

Z(k,G; x) ≤ c(k,G, ε)xa(G)+ε.

( !ng�!6��_
��\(^`_ � �IAo{ ��RTl l*\ F2587�� P�cdWwk

a(G) = max(a(H)
`
, a(Z`)

n/`
) = max(a(H)

`
, `

n(`−1)
)
5 U Z

ZxRTcXRTS
K/k

nOSOp
M/k

U Nyx
RYcXkQRTNQnoSOP�RTSjl�cwk�90\(Wds�cXZQP�NxnO�O�5R
H
a2D|x<5

Z`

{>pocdR<DTnORYcdS 	
\GSOpORTN pOcXZ �xnOSOm	k ZQcXSOpp5 
 []\(WXWdZ RYZ
pOcXRTZxR U N{x RTcwktRYNQnOSOP(RTS*l cXk K ∩M = k

SOcX^`_	k
P�cXaokI{
Zxs P�cXaok RTZ m(RYcdSOR U Nyx
RYcXkQRTNQnoSOP l cXk 90\(Wds�cXZQP�NxnO�O�5R

G
nOSOp*pOcdR }�noZQZt\GP�R�pORYZMCo\=kRDTRYZ

cXZxk.kQNQcXv-cd\(W 5 � ?&\GSOSVP(cdWXk Gal(KM/k) = G
{
n = [K : k]`

ZxsWx cdR
N (dKM/k) = N (d`

K/kNK/k(dKM/K)).

�"cXN aBR|DTRTcX^`_OSORYS l�cwk
SK ⊆ P(k)

pOcdR cdS
K/k

v�RTN{D|x RTcXP(ktRYS � NQcdl cdpoRI\(WXRI5W?&\GSOS P�cXWXk �
N (dKM/K) ≥ N (dSK

KM/K) = N ((d
[K:k]
M/k )SK )

5W?&\(_oRTN RTNx_>\(WXkQRTS�x cdN�l cXk
rK := |SK|egs(WdP�RYSOpOR'}�aoZQ^`_>yGkVDTnOSoP �

Z(k,G; x) ≤
∑

K∈K(x1/`)

ZSK(k, Z`;
x

d`
K

)1/[K:k]

≤
∑

K∈K(x1/`)

`rKc(k, Z`)(
x

d`
K

)`/(n(`−1)) log((x/d`
K)`/n)b(k,Z`) 
 Co\GkVD;As5 �.A �

≤ c(k, Z`)x
`/(n(`−1)) log(x)b(k,Z`)

∑

K∈K(x1/`)

`rK

d
`2/(n(`−1))
K

≤ c(k, Z`)x
`/(n(`−1)) log(x)b(k,Z`)

∑

K∈K(x1/`)

c([K : Q], δ)dδ
K

d
`2/(n(`−1))
K

egMON \(WXWdR
δ > 0.

qKS pORYN�WXRYkRD ktRYS H RYcdWdR�_>\(a5RTS�x cXN
`rK
pOnONx^`_

c([K : Q], δ)dδ
K

P�RYl*y �
��RTl l�\ �65 �G�

 � � S>\(^`_ s�a5RTSV\(aOP�RYZQ^`_>y=kRDYkO5�"cXN�a5RODYRTcX^`_OSORTS l cXk

a(d)
pOcdR }�S2DT\(_OW7pORTN�U Y�Nx�BRYN

K
l cXk

Gal(K/k) = H
noSOp

N (dK/k) = d
5][DMON.pocdR;CrnOl l R'RTNQ_O\(WXkQRTS x cdN.Zxs 
 [K : Q] = `[k : Q] � �

c([k : Q], `, δ)

x1/`
∑

d=1

a(d)

d`2/(n(`−1))−δ
. 
 Fs5PA �
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��\(^`_ L s�Nt\GnOZQZxRYkRDYnOSOP�P�cdWwk
egMON pOcXR;CrnOl l�R��
x
∑

d=1

a(d) ≤ c(k,H, ε)xa(H)+ε.

[5\GWdWdZ a(H)
`

< `
(`−1)n

ZQs*m(s�S	v�RYNQP�cXRTN k&pOcXR�Crnol�l R 
 F25BA � egMON x → ∞ S>\(^`_���RYl�l�\
�65 7bTs5
}�SOZxs�SOZxkQRTS mIY(SOSORTS x cdN�s�aOcdP(R }�aoZQ^`_>yGkVDTnOSoP�x RTcwktRTN egMO_ONxRTS nOSOp%RYNQ_>\(WwktRYS x
RYP�RTS
x ≥ d` �

Z(k,G; x) ≤ c(k, Z`)x
`/(n(`−1)) log(x)b(k,Z`)c([k : Q], `, δ)xa(H)/`−`/(n(`−1))+ε

x1/`
∑

d=1

add
δ

d`2/(n(`−1))xa(H)/`−`/(n(`−1))+ε

≤ c(k,G, δ)xa(H)/`+2ε

x1/`
∑

d=1

add
δ

d`2/(n(`−1))da(H)−`2/(n(`−1))+`ε

= c(k,G, δ)xa(G)+2ε

x1/`
∑

d=1

ad

da(H)−δ+`ε
.

� R kRD ktRTNxR�Crnol�l R�mGs�S	v�RYNQP�cXRTNxk x cdRTpoRTN S>\(^`_ ��RTl l*\ �6587WTo{nx RTSOS-x cXN
δ < `ε

x
y(_ 	
WdRTSq5

��"cdNimIY�SOSoRTS%l cXkipOcdRYZQRYl }�SOZt\GkVD mGRTcdS%a5RTZxZQRYNQRTZ<U NxP�RTaOSocdZ�RYN{x
\(NxkQRTS {Bp>\ x cXN
`rKpOnONQ^`_

dδ
K

\(aoZQ^`_>yGkVDTRYS l MOZQZxRTSp5k?�cdRfQ RTcXWdRTN egnOSOm	ktcXs�S*v(RTNQ_Oy(WXk.Zxcd^`_ D�x \(N.cXl hVcXkxktRTW
aBRYZQZQRYNT{ \(a5RTN s�_OSOR�H nOZQ\GkRDYcdSoegs(NQl�\GktcXs�S mIY(SOSORTSix cdN SOcd^`_	k x cdZxZQRYS { x RTWX^`_OR�?�cdZ 	
m-Nxcdl cdS>\GSbkQRTS v(s�S U Y�Nx�BRYNQS"l cXk-9z\(WXs�cdZxP�NQno�O�BR

H
\(SOP�RYSOs�l l�RYS�x RTNQpoRTSp5 �"cXN

x
RYNQpORYS�cdl SOy(^`_OZxkQRTS�}�aOZQ^`_oSOcXkxk&pOcXRTZQRYZ � Nxs�aOWdRYl egMONiSOcdWX�Bs(kQRTS	ktR<U Nyx
RYcXktRYNQnOSoP�RTS
G
pOnONx^`_jRYcdSORYSV\GSOpORTNxRTSV}�SOZQ\GkRD0nOl P�RT_oRTSp5
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G ≤ Sn

! ��-?�/� �:! ���0�	� ��� ���	��! ��-?�
� �C� �C�	�:!"�	� #%�(& � 9��
H

�C�
� ��� 
 F25 � � )���# �
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ε > 0
2

Z(k,H; x) ≤ c(k,H, ε)xa(H)+ε.

+�-?�/� &����:! 2

� ��� 3�-?��� � a(H)
`

< `
(`−1)n �

��9 & ����!A2

Z(k,G; x) ≤ c(k,G)xa(G) log(x)b(k,Z`).
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`

≥ `
(`−1)n �

� 9 &����:! 7"4%�8-.���
�
ε > 0

2

Z(k,G; x) ≤ c(k,G, ε)xa(G)+ε.

( !ng�!6��_
�"cXN.RTNx_>\(WXkQRTSfS>\(^`_eCo\GkVD<F25 7bK

Z(k,G; x) ≤ ZT (k,G; x) ≤ ZT (k, Z` ×H; x).

�inOSfegs�WdP(k pOcdR'}�nOZQZQ\(P�R \(nOZ Co\GkVD�F25 7W> noSOpe��RYl�l�\ As587 � 
 � � 5 �
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qKS pOcXRTZxRTl�}�aOZQ^`_oSOcXkxk�x
s�WXWdRYS�x cdNDs(aBRYNQR.}�aoZQ^`_>yGkVDTnOSoP�RTS egMON pOcXR }�Zy�rl �okQs(ktcXmzv(s�S
Z(k,G; x)

cXl []\(WXWdR
v(s�S*SOcXWd�5s(ktRYS	ktRTS 9'NQnO�o�BRYS
G
_ORYNQWXRTcXkQRTSp5�[DMON pOcdRYZQR 90NxnO�O�5RTS

m.Y�SOSORYS�x cXNMDTcdRYl�WXcd^`_ v-cdRYW a5R|x RTcdZxRTS {5p>\ pOcXR0U0Wd\(ZQZxRTSOP(NQnO�O�5RTS v�s�SeH�x cdZx^`_ORTSomIY�N 	
�5RTNxS�m(RYcdSORevis(WdWdRfZx�OcdRYWdRTS�x
RYNQpORYSp5M�icdWd�5s(kQRTS	ktRe90NxnO�O�5RTS aBRYZQcXkVDTRYS�ZQs�P�RYS>\(SOS	kQR
H RYS	ktNt\GWdNQRYcd_ORYS {]pp5 _p5 �xRYpOR SOcX^`_bk�ktNxcXv-c \(WXR0SOcdWX�Bs(kQRTS	ktR�9'NQnO�O�5R

G
a5RTZxcXkRD k&RYcdS�SOcX^`_	k

kQNQcwvrcd\(WdRYZ�H RYS	ktNQnol
Z(G)

5 []\(WdWXZ
G/Z(G)

SOcX^`_	k ktNQcwv-c \(W cdZ kI{7aBRYZQcXkVDYk RYZ \(nO^`_ RTcXS
Socd^`_	k ktNxcXv-c \GWdRTZ-H RTS	ktNxnOl { Zxs pO\(ZQZ+NxRTmbnONQZxcXv pOcdRVZQs�P�RYS>\(SOS	kQR�H RYS	ktNt\GWdNQRYcd_ORVRTS	k 	
Z ktRY_bkO5��"cdN0mIY�SoSORTS�pOcdRYZQR H RTS	ktNQ\(WdNxRTcd_oR�x
RYcXktRYNzv(RTN egRTcdSoRTNQS { cXSOpORYl x cdN0cdS��xRYpORTl
C-^`_ONQcwkQk'SbnON&RYcdSOR�DTRTS	kQNt\(WXR�D|�-mbWdcXZQ^`_OR
9'NQnO�o�BR v(s�S � NQcdl
DI\G_OWds�NxpOSbnOSOP�Nt\(nOZ e:\(m	kts�	
NxcdZxcdRTNxRTSp5
H n RYcdSORYN&P�RTP(RTa5RTSORYS�SOcXWd�5s(ktRYS	ktRTS 9'NQno�O�BR

G
mIY�SoSORTS x cdN'\GWdZQs�9'NQno�O�BRYS

Gr :=
G,Gr−1, . . . , G0 = 1

nOSOp U �OcXl�s�Nx�O_OcXZQl RTS
φi : Gi → Gi−1

x yG_OWdRYS {bpORTNxRTSfU'RTNxS
� Nxcdl
DI\(_OWXs�NQpoS-noSOP

pi

_>\Gk nOSopVcXl H RTS	kQNQnOl~v(s�S
Gi

WdcXRTP(kO5 �"cXN._>\(a5RTS \(WdZxs �

1 −→ Zpi
−→ Gi

φi−→ Gi−1 −→ 1
DTRYSbkQNt\(W

.

�iRT_Ol RTS�x cXN \(S {Ip>\GZQZ
N/k

RYcdSOR P	\GWds�cXZQZQ^`_oR�U N{x RTcXkQRTNxnOSOPil�cwk)90\(Wds�cXZQP�NxnO�O�5R
G
cXZxkO5

Uis�NQNxRTZx�Bs�SopOcdRYNQRTSop�DYnON s�aOcXP�RTS v RTcX_OR&mIY(SOSORTS�x cdN RYcdSORYS U Y�Nx�BRYNxktnoNQl
k = N0 ⊆

N1 ⊆ . . . ⊆ Nr = N
~OSOpORTSVl�cwk

Gal(Ni/k) = Gi

ZQsWx cdR
Gal(Ni/Ni−1) = Zpi

5
qKl []s(WdP�RYSOpORTS DYRTcdP(RTS x cdNT{.x cdRMx cdN pOcXR ?�cdZxmbNQcdl cdSO\(S	ktRTS poRTN�DTnOP(RT_2Y�NxcdP�RYS*U�Y�NQ�5RTN
l
Y�P�WXcd^`_OZ k&P�RYS>\(n a5RTZxkQcdl l�RYS�mIY(SOSORTSq5 � cdZQ_oRTN&_>\GaBRYS x cXN'cdS%pOcXRTZxRTl U0\(�ocXktRYW

GcXl�l RTNi\(WXZ&\(aoZxktNQ\(m	ktR�90NxnO�O�5R \(noegP�R e:\(ZQZ kI{5pp5 _p5�x cXN�_>\(a5RTS�\(WdWXR�C-^`_OWdMOZxZQR egMON�pOcdR
DYnOP�RY_2Y�NQcXP�RTS SOs(NQl�\(WdRYS�U N{x RTcXkQRTNxnOSOP�RYS

N/k
P�RODYRTcdPGkb5 }�WdWXR pOcdRYZQR $iaBRYNQWdRYP�nOSOP(RTS

aoWdRTcXaBRYS \(nO^`_ egMoN SOcd^`_	k NxRTP�noW y(NxR-�7RYNQl nrk`\GkQcds�SOZxP�NQno�O�BRYS
G
P�MOWXkQcdPO{ p>\�x cdN l cXk

��RYl�l�\=F25GF RYcdSOR<H nos�NQpOSbnOSoP pORTN Socd^`_	k.SOs�Nxl*\GWdRTS U N{x RTcXkQRTNxnOSOP�RYS
K/k

DTn+cX_ONQRYS
Sos�NQl�\(WdRYS u�MOWXWdRYS a5RTmGs�l l�RYSp53��RTpOcXP�WdcX^`_+pOcdR;?�cXZQmbNQcXl�cXS>\(S	ktRYS poRTNiU Y�Nx�BRYNQRYN{x RTc�	
kQRTNxnOSOP�RYS

K/k
noSOp

N/k
x
RYNQpORYS�nOS	ktRYNQZQ^`_ocdRTpoWdcd^`_ a5RTNQRY^`_OSOR kb5
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� !"�@��0 � �����
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p ∈ P(k)
����� �C� � 
 �

(� -?�

�
�C�	� �����	� ���

N/k
� -?��
 ���	���%�C�	�;&,! ���$!A) �@��� � � �

�.�	� ���/����� 
 �:!
σ

�	� ���	� � � �.&�������!
�A&�� #$�/���	����� �.� #?&(��� �	� ���	� � 
/� -.���
P ⊆ ON �

�C�	�
�����	�
4 � ���

p
��� ��&,!A),+�- -?��� � 
6� �	��� �C� � 
 �

(� -?� �  69�� &�#?& �
�	� ! � � ��


�
���$! 
6�
� � 9�� &�#.& -(! � 9��/� �

 � -?� ��� ��9��
σ

#?�,- � ���.�(&�� & � 9��@
6�
��� �	� � -?�/�:) � #%� &�� ��! 2

vp(dN/k) = ind(σ) = |G| − |G|/ ord(σ).

� #%� � ���
G ≤ Sn

-?� � ����� 
 #/!:-(! � 9��/��&��$#$�(�C� &(� &(� � �	� #%��
 �C� � � �'�.���
���/����� 
 ��!

K ≤ N
�	� ���	� � �	� �  � �����	� 
 ��!

Gal(K/k) = G
) +�-.�/�0& ����!A2

vp(dK/k) = ind(σ),

��9 � �	� 
��
�	��
 -.� 
/�	���1��
(�#" ��9 �
σ ∈ G ≤ Sn

� �	��� ���/��� !8�C� � 
�)

qKl }�WdWXP�RTl RTcXSORTS:x RTNQpoRTS x cdN RTcXSORTSiQ7NQy(P�_ORYcXkQZQP�NxnO�O�5RTSORYNVDTRYnOP�RYN SOcd^`_	k*aBRYZxktcXl 	
l�RYS m.Y�SOSORYSp5 u�l s�a5RTNxR�Cr^`_ONt\GSOm(RYS egMON nOSOZxRTNxR H y(_oWXegnOSOm	kQcds�S:DYn a5RTm(s(l�l RTS {
x
RYNQpORYSex cdNipORTSjqKSOpOR
�VRYcdSORYZ Q Nty(P(_ORTcwktZQP(NQnO�O�5RTSoRTNVDYRTnOP(RTNQZ�S>\(^`_�nOS	kQRTS%\(aoZQ^`_>yGk 	
DTRTSq5quicdRTN{DTnex RTNxpORTS x cXN�\GnOZQSbnokVDTRTS { cdS�x
RYWd^`_ORYl Cr^`_oNQcXkxk

p
DTnOl RTNxZxktRYS hj\(W cdl

U Y�Nx�BRYNxktnoNQl
Nr/Nr−1/ . . . /N0

v(RTNVD�x
RYcdP(k�cdZ kb5
�"cdN a5RODYRTcd^`_oSORTS1l�cwk

1 ≤ i ≤ r
pocdR H \(_OW�l�cwk

p | dNi/k

\(a5RTN
p - dNi−1/k

5
qKS pOcXRTZxRTl []\(WdW x cdZQZxRTS�x cdNT{ pO\(ZQZ RTcXS�Q NtyGP�_ORTcwktZxP�NQnO�o�BRYSORTN{DTRTnoP�RTN v�s�S

p
cXS
GiP�RTNQ\(pOR RYcdS�DTRTS	kQNt\(WXRTZ�U WdRYl�RYS	k&pORYN �&NQpOSbnOSoP

pi

cXS
Gi

cXZxkI{B\(WXZQs*cXl U'RTNQSVv�s�S
φiWdcdRYP(kb5 �"cdN poR|~>SOcXRTNxRTS

ψi

nOSOp
Ai

egMON
1 ≤ i ≤ r

x cdR&egs(WdP(k��
ψi : G→ Gi, x 7→ φi+1 ◦ . . . ◦ φr(x), Ai := ψ−1

i (ker(φi) \ {1}).
?&\(l cXk x cXZQZxRTS x cdNT{ p>\(ZQZ'noSOZQRYN;Q NtyGP�_ORTcwktZxP�NQnO�o�BRYSORTN{DTRTnoP�RTN

σ
cdS%pORYNzhVRTSOP(R

AiWdcdRYP(kb5o[DMON.nOSoZQRTNxR noSbkQRTNxRz}�aOZQ^`_OyGkRDYnOSOP pORYZ qKSOpOR
� poR|~>SOcXRTNxRTS x cdN��
ai := min

g∈Ai

(ind(g))

nOSOp%RTNx_>\(WwktRTSjZQs�l cXk
vp(dK/k) ≥ ai

5 [DMON
1 ≤ i ≤ r

pOR|~OSOcdRYNQRTS�x cXN
ai ⊆ Ok

\(WXZ
p>\(ZM� NQs-pOnOm	k pORYNM� NQcXl�cXpORI\(WXR�cXS Ok

{6x RTWd^`_oRzcXS
Ni

DTnOl RTNQZ ktRYSjhV\(W v�RYNVD�x
RYcdP�RYSp5
}�noe pOcXRTZQR ��RTcXZQR&_O\(aBRYS x cdN

N/k
a2D|x<5

K/k
RTcXS Q7no�BRYW v�s�SfmGs��ONQcXl�RYS+nOSOp��bn>\�	

pONt\GkxegNQRYcdRTS qKpORT\(WdRYS
a1, . . . , ar

DYnOP�RTs(NQpOSOR k nOSop pORYS egs�WXP�RTSOpoRTS�Co\GkRD a5R|x cdRYZQRYSp5
?&\(a5RTcDl RTNxm(RYS x cdN&\GS {BpO\(ZQZ'a5RTc)x cdWXpjv�RYNVD|x RTcXP(ktRYS � Nxcdl cdpORT\(WdRYSVpocdR WXcdSOmGR CrRYcXkQR
P�NVY��(RTNzx cdNxpp5
	p0s#bl�� � * �
�������	�

K/k
�	� ��� �C� �C�	�:!"�	� #%�(&�
 �:! �8-?� 9�����&��$#$�(�C�

G ≤ Sn

#%��

ai � ai

� ���
��� 7"4?�

1 ≤ i ≤ r
�C�
�8� 
 ��9��A� &(��� � � �����/�/��!A! 
/���/�(�
�	� ! ) +�-.�/�0& ����!A2

N (dK/k) ≥ N (a1)
a1 · · ·N (ar)

ar .
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?�\
ker(φi) ∼= Zpi

RYNQ_>\(WwktRYS x cXN egs�WdP(RTSOpORfx cX^`_	ktcdP(R<U cXP�RTSoZQ^`_>\Ge<kipORYN�hVRTSOP(RTS
Ai

5
( !"��!h,&^�% � ( � � *��
3 4%� 
6�
��9 � ���B
/� �/�/� �	�$!1�	� �B�	�'&(�	�

A1, . . . , Ar
&(�	�:!"�	��2

�����
G \ {1} = A1∪̇ . . . ∪̇Ar

)

����� |Ai| = |pi − 1|| ker(ψi)| = (pi − 1)pi+1 · · · pr
7"4?�

1 ≤ i ≤ r
)

� RYv�s(N x cXNzx
RYcXkQRTNQl�\(^`_ORYS {]P�RTa5RTS x cdNMD�x
RYc m-noNVDTR �
RYcdZx�OcdRYWdR0\(Sp5
( !"��_Om'��!"��� � *3*
� �	�

G = Q8 ≤ S8


6�
� ��#�-(!1�	�A�/�
9����	�(&�� #$�/����)C+ � �	��� � �	�A��! � ! �	� � ��� ��
 �	��! 
/���
�5��
6��#%�(& � #%��
0� � ���/���C�
�'
 ����!"� 
(�	� �5��
6��#%�(& � ) �1� 9 � � &(��� ��9 !�-'! �
9 �B��� �,-?�:!"���
�C� �$2

G3 = Q8, G2
∼= Z2 × Z2, G1

∼= Z2, G0 = 1.
+�- -?� �
� ��� ��
 �	��!"� -(#?�

G1

� �%��)
G2

#?��!1�	�
ψi (i = 1, 2)

�%# �C� ��
 �	��!"��� 
(�	�
�5��
6��#%�(& � � ��7"!1�	�

�
� �	�$!1�	����� 
6�
� �B�	�'&(�	�

A1

#%��

A2

��#?� -(#%� ��� ��
 �	��!"��� 
/���
�5��
6��#%�(& �

�

6�
� � �

Q8
-?��� �5
/��� �1��
/� " � �,- � �	�*)�+�-.���	� �	�A�,-?��!1�	� �C���

a1 = a2 = 6� � �  �	�:! � �
42
� ) + � � �B���(&(�

A3

� ���$!1�	��! ��#%� -'#%�0
/�'
 ���	��! ��-?�
��� �C�
�'
 ����! 
/���
�5��
6��#%�(& � #%��
 
'-.���	� �	� � -?��!1�	� �C� �

a3 = 4
� � �� 6�	�:! ���

24
� )�354%���	��� � # �C��� � 9��

�(#�-�
6�	-(!
7>� ���
�	�
� 
/��-?�
���
(a1, a2, a3)

�	� � -?��!1�	�B�C��� ��9 
6� � � � �������(! � #%�(&

N (dK/k) ≥ N (a1)
6N (a2)

6N (a3)
4.

( !"��_Om'��!"��� � *3Z
� �	�/��#%�

G = D4(8) ≤ S8
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��+ �
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/�	��&��$#$�(�C� 
/�����5� 
6��#%�'& 

�
�C�	�
����� � ��� ��
 �	��!"�


(�	� �5� 
6��#%�'& � #%��
�� �C�
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 ����!1��
/�	� �5��
6��#%�(& � � �	�A��! � ! ) �@���=��� �,-?�:!"���0-?�,-?� 9 &,2

G3 = D4, G2
∼= Z2 × Z2, G1

∼= Z2, G0 = 1.

+�-
Z(D4) = Z2

� �$!
φ3


�#%����� 
6� �	��� � �(& - � ��� ��9��(�=
/���(�/�
���$! )��@��� �,- � ��� -.� �
� �	��
6���(& � 
6���	�	
 � &�� �
����� � -.�/�
���@7"4%�

φ2 �

'-

Z2 × Z2
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& �$#$�/���	� ����9�
 9 ��� � � #

Z2

�,-(!A)�354%� 
6�
�!�B���(&(�
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ψ1
�	� ���	�=�C�
�'
 ����!
� 
/��� �5� 
���#?�(& � � �

G
� �	� ! � 
 
 �	�*) +�- 
6�
��� � �@�	�(&(� �

�C� ��
 �	��!"� �	��! � �?��!
�

 4%� ���	�B-(#6���@�C�
��
 �	��!1� 
/��� �5��
6��#%�(& � 
'- � �	� � �����

�
�C9��	-(#?�

a1 = 4
7:9�� & ! ) � #?� ��� ! 
/�	�=�/�
����!8! � ��� �>-?� � � ��!"������
/����� �	�A�/� � 9��

φ2
�	��� �C�
�'
 ����!


(�	� � ��
6��#%�(& � ) + � � � � � � �

/��� ���?�(&'�	� & ��!��%! � !�-?�� ��9 � 
/��� � -?�/� � 9��
φ2

- � ) �1�
�������'
 3�-?��� ��� �,-?�:!"��� �C� � �?����� � � � � �

/��� 
(�	� � ��
6��#%�(& � #%��!"���

ψ2

) �1� 
/�	� � ���

/���
-.��
/�	���	� 3 �?��� �	� �	�A�,-?�:!"�	�0�C��� �C�
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 ����!"�8
/�	� �5� 
6��#%�(& � ) � � �,-6���"� -?�/� ��� �,-?�:!"���
�C� � -?����9

a2 = 6
9'
/���

a2 = 4
)*+ � � &'�	� ���(�
�  �!"��� � � -?�/�C� �$! �,-(!A4%� � �
��� 
6�
��& �	�/�;&(�

�
��
� � #
a2 = 6

7"4%�/�$! � � �
����� � ��
 �	�� �#%�(&(��� �,-���� �8�����:� �
��� � ) � ��� )
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U Z7ZxkQRTWdWwkDZxcd^`_ SbnOS pocdR []NQ\(P�RG{Gs�a nOSOp�x cXR v-cdRYWdR U Y�Nx�BRYN
K/k

DTn RYcdSORYl P�RTP�RYaBRYSORTS
Q7nO�5RTW

a1, . . . , ar

x cdR0s�a5RTS \(ZxZQs�DYcdcdRYNxk ZxcdSOpp5
�"cdN a5RODYRTcd^`_oSORTS1l�cwk

Ik
pOcXR u�\(WXaOP�NxnO�O�5R%pORTNfqKpORT\(WdR�v(s�S Ok

noSOp1poR|~>SOcXRTNxRTS
egs�WdP�RYSOpOR'}�aOaOcdWXpOnOSOP �

Φ : {K/k | Gal(K/k) = G} → Ir
k, K 7→ (a1, . . . , ar). 
 F25BF �

�"cdN RYNQcdSoSORTNxSVp>\GNt\(S {>pO\(ZQZ
ω(a)

pOcdR'}�S2DI\(_oW�pORTN�� NQcXl ktRYcdWdRYN v(s�S
a
a5RODTRYcd^`_OSoRYkb5

	p0s#bl�� � *2�
354%�

(a1, . . . , ar) ∈ Ir 
/� �/�/�
��� ��� �C� �

bi := ω(

i−1
∏

j=1

aj) + c(k),

��9 � �	� �C����
6� ����9��/� !�-?��!"�
c(k)

��#%� � � � � ���?�(&��;&  ����!���9 �
k

#?��
 
/���
pi

� �?�/� �	�
 ���/���	�*),+�-?�(� � �	�A��!��%!

(a1, . . . , ar)
��� ���/�$!1�	�/�

pb1
1 · · · pbr

r (p1 − 1)ω(a1) · · · (pr − 1)ω(ar)

� � � ���

(�	��#%��!1�	��
/�	��9 � � &(����� ��� � �

�#%�'&
Φ
)

( !hg�!"�`_
�"cdN�x
RYNQpORYS cXl []s(WdP�RYSOpORTS*aBR�x
RYcdZQRYS {Op>\GZQZ

(pi)
bi(pi − 1)ω(ai)

egMON
1 ≤ i ≤ r

RTcXSOR
s�aBRYNQR�Cr^`_ONt\GSOm(R egMON�pOcdRz}�SsDI\(_OW7pORTN�u�NxaOcdWXpORTNipORTN DTn

Gi

P�RY_2Y�NxRTSOpORYS [>nOSOm	ktcXs�S
cdZxkO5 ?�cdR �
RY_>\(nO�rktnOSOP pORYZ�Co\GkVDTRTZ�egs�WdP(k*p>\(SOS�ponONQ^`_"}�nregl nOWXkQcd�OWXc DYcdRTNxRTS pOcXRTZQRYN
H \(_OWdRYSp5
qKS Co\=kRD�F25 7I� _O\(aBRYSix cXN aBR�x cdRTZxRTS { p>\(ZxZ
x cXN
�)Y(ZQnOSOP(RTS�DYniDYRTS	ktNQ\(WdRYS U cdSba5RYk 	
ktnOSOP(ZQ�ONxs�aOWdRYl�RYSjl cXk

Z`

trU'RYNQSjponONQ^`_ D��-m-WXcdZx^`_OR�U N{x RTcwktRYNQnOSOP(RTS%pORYZ�9'NQnOSOpomIY�N 	
�BRYNQZ*�O\(Nt\(l RYkQNQcXZQcdRYNQRYS m.Y�SOSORYSp5 �"cXN�l MOZQZxRTS�nOSoZ*cdl

i
tbktRYSSCr^`_oNQcXkxk*MoaBRYNQWdRYP�RTS {

x cdR v-cdRYWdR
Z`

t6U Nyx
RYcXktRYNQnOSoP�RTS
M/k 
 l cXk ` = pi � l*\��rcXl*\(W DTnoN<L RYNVD�x
RYcdP�nOSoP cXS

ai

egMO_oNQRTS*mIY�SOSoRTSp56?&\ a5RTNxRTcXkQZ v(RTN{D|x RTcdPGktR�� NQcXl�cXpORI\GWdR x RTcwktRTN v�RYNVD|x RTcXP�RTSfpOMoNxegRTS {
l MOZQZxRTS x cXN*\(no^`_�L RTN{D|x RTcdP(nOSOP cdS

a1, . . . , ai−1

aBRYNQMO^`mbZQcX^`_	ktcdP(RTSp5 ?�cdRYZ*a5RTpORYn 	
ktRYkT{BpO\(ZQZ�x cdNipOcdRz}�S2DT\(_OW pORTN

Z`

t6U N{x RTcwktRTNxnOSOP�RYS�v�s�S
k
S>\(^`_js�aBRYS%\(aOZx^`_>yGkVDTRTS

x
s�WXWdRYS {kx
RYWd^`_OR _2Y-^`_OZ ktRTSoZ'cdS�pORYS � NQcdl cdpoRI\(WXRTS+v�RYNVD|x RTcXP(k0ZQcXSOp {3x
RYWd^`_OR
a1 · · · aiktRTcXWdRYSp5�?&\ RTZzS-noN RTSopOWdcX^`_$v-cdRYWdR
� NQcXl�cXpORI\(WXR cdS Ok

P�cXaokI{qx RTWX^`_OR*MoaBRYN
`
WXcdRTP(RTS {

mIY�SOSoRTS�x cXN7l cXk Uis�NQs�WXW \(N��65 �I>ipOcXR }�S2DI\G_OWrpoRTN
Z`
t6U N{x RTcXkQRTNxnOSOP�RYS {GpocdR _2Yr^`_oZxktRYSOZ

cdS@� Nxcdl kQRTcdWXRTNxS�v�s(S
a1 · · · ai

v(RTNVD�x
RYcdP(k ZxcdSOp {7pOnoNQ^`_
`c(k,`)`ω(a1···ai)

\(aoZQ^`_>yGkVDTRYSp5
?&\�pOcdR-� Nxcdl cdpORT\(WdRG{ pOcdR

ai

kQRTcXWdRTS�DTnOZQyGkRDYWdcd^`_ \(WXWdR v�RYNVD|x RTcXP�RTS l MOZxZQRYS { mIY�SoSORTS
x cdN
egMON
pOcdRYZQRTS Q RTcXW pOcXR&aBRYZQZxRTNQRz}�aoZQ^`_>yGkVDTnOSoP*\(noZ � RYl�l�\�F2587 � v(RTN{x RTSopORTSVnOSOp
RTNQ_O\(WXkQRTS \(WdZ.s(aBRYNQR=Cr^`_ONQ\(SOm(R��

`c(k,`)`ω(a1···ai−1)(`− 1)ω(ai).
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�"cXN
pOR�~>SOcXRTNQRYS
c(k)

\GWdZ
pO\(Z hj\��rcXl nOl \(WdWXRTN \(noe<kQNQRYkQRTSOpoRTS
c(k, pi) 
 �"cXN
_>\GkxktRYS

` = pi

P�RYZQRYkVDYkO5 � 5�?�cdR �
RY_>\(nO�okQnOSOP egs�WdPGk.SbnOSVnoSOl�cwkQkQRTWdaO\(NO5 ��inOS�m.Y�SOSORYS�x cdN0pORYS:u�\GnO�oktZQ\GkRD pOcXRTZQRYZ }�aOZQ^`_oSOcXkxktZ a5R|x RTcXZQRYSp5]?�cdR�U�s�SOZ k`\(S	kQR
a(G)

cdl egs�WXP�RTSopORTS Cr\GkRD cdZxk x cdR cdS ?�R|~>SOcwktcXs�S �65BX*pOR�~>SOcdRYNxk�nOSOp%cdZ k&p>\Gl�cwk�x cXR
v(RTNxl noktR kb5	U S	ktZQ^`_oRTcdpoRTSOpVcdZxk poRTN H nOZt\Gl�l RTSO_O\(SOP

a(G)−1 = ind(G) = min
1≤i≤r

{ai}.
?�cdR0U�s(SOZxkt\(S	ktR

d
m=\(SOS P�N{Y���RTN \GWdZ.RTNyx \GNxktR kiZQRTcXS 
 ZQcXRT_OR;��RTl l*\�Fs5 �IK � 5

	q0s#Wl�� � *	r
�C��� ���

G
�������=!
�	-?�/�A��!
� ���C�/��� �C9 !1�	��!"� � ��!"���A&�� #$�/���8
(�	�

Sn

)�+�-?�/� �#"'��� ! � �	� ��� � 9�� �
� !�-?��!1�	�

c(k,G), d(G)

 �:!

Z(k,G; x) ≤ c(k,G)xa(G) log(x)d(G).

( !ng�!6��_
�"cXN
pOR�~>SOcXRTNQRYS

p1, . . . , pr

ZQsWx cdR
b1, . . . , br

x cXR&cdS Cr\GkRDfFs5 �.Fs52?&\(SoS RYNQ_>\GWXktRYS x cdN
l cXk�u�cdWwegR pORYN]CryGkRDYR Fs5 �.F nOSop=F25 �(�o{|x
s�a5RTc	pocdR egs�WXP�RTSOpoR CrnOl l�R x cXR cdl }�aOZQ^`_oSOcXkxk
�"5PT pOR�~>SOcdRYNxkicdZ k �

Z(k,G; x) ≤
∑

N (a)≤x

∑

a
a1
1 ···aar

r =a

pb1
1 · · · pbr

r (p1 − 1)ω(a1) · · · (pr − 1)ω(ar)

= (p1 · · ·pr)
c(k)

∑

N (a)≤x

∑

a
a1
1 ···aar

r =a

p
ω(a1)
2 · · · pω(a1···ar−1)

r (p1 − 1)ω(a1) · · · (pr − 1)ω(ar)

= (p1 · · ·pr)
c(k)

∑

N (a)≤x

∑

a
a1
1 ···aar

r =a

l
ω(a1)
1 · · · lω(ar)

r ,

x s�a5RTc
lr = (pr−1), lr−1 = pr(pr−1−1), . . . , l1 = pr · · · p2(p1−1)

5 �"cdNDRYNQ_>\GWXktRYS
SbnOS pOcXR'P�R|x MOSoZQ^`_	ktR s(aBRYNQR0}�aOZx^`_>yGkVDTnOSOP�l�cwk ��RTl l*\ �"5 �IA65

��"cXN.ZQ^`_>y=kRDTRYSjpOcXR0U�s�SoZxk`\GSbkQR
d(G)

x cdR&egs�WXP(k \(ap5
��!"�@��0 � � * �
�1�@
/��� � ��! # -(! � 9�� ��9 � � -(! � � ) � � &����:! 7"4%�8-?� �
� �*-?�(�  � �����	�

k
2

b(k,G) ≤ |{σ ∈ G | ind(σ) = ind(G)}| − 1 ≤ d(G) ≤ |G| − 2.

( !ng�!6��_
?�cdR RYNQZxkQR u�SOP(WdRTcX^`_bnOSOP*egs�WXP(k�pOcdNxRTm	k0\(nOZ�pORTN<?�R�~>SOcwktcds(Sjv�s�S

b(k,G)
5q��\(^`_ �
R�	

l RTNxmbnOSOP
F25 �"7znoSOpVpoRTl �
R�x
RYcdZxRTSOpORzv�s�SeCo\GkVD�F25 ��� RTNQ_O\(WXkQRTS x cdN��
G \ {1} = A1∪̇ . . . ∪̇Ar

nOSop
li = |Ai| = (pi − 1)pi+1 · · ·pr (1 ≤ i ≤ r).
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��nOS WdcXRYegRTN k ��RTl l*\ �"5 �IA P�RYNt\(poR

d(G) + 1 =
∑

{i:ai=ind(G)}
li =

∑

{i:ai=ind(G)}
|Ai|

?&\
1
cXS m(RYcdSORYl

Ai

RTS	kt_O\(WXkQRTS cXZxkI{-RTNx_>\(WwktRTS x cdN
pocdRis�aBRYNQR&}�aOZQ^`_OyGkRDYnOSOP
d(G) ≤

|G| − 2
5q?&\ �xRTpORYZ<U WdRTl RTS	k

σ ∈ G
l cXk

ind(σ) = ind(G)
cXS�RTcXSORTl pORTN'l cXkQP�R
	

DIy(_OWwktRYS
Ai

WdcdRYP�RTS+l nOZQZY{Oegs�WdP(k pOcdR'nOS	kQRTNQRz}�aoZQ^`_>yGkVDTnOSoP25
�

U ZiP�cXaok�\(aBRYNfC-cXktnO\GktcXs�SORTS {sx
s*pOcdR0a5RTcdpoRTS�Uis�SOZ k`\(S	ktRYS
b(k,G)

nOSop
d(G)

MOa5RTN 	
RTcdSoZxktcXl�l RTSq5 �"cXN.ZQRYkVDTRYS �
RYcdZQ�ocdRTW�Fs5 ��� egs(Nxkb5
( !6��_Om'��!"��� � *�4
� �	�

G = Q8 ≤ S8


6�
� � # -(!"��� �/� 9����	�'&��$#$�(�C� )�+ �
��� � � �	� �:!��%!���#?� �	��� �C�
�'
 ����!

/�	� �5��
6��#%�(& � )�+�- 
 ��!5�	�A�,-?��!1�	� �C� �

a(G) = 1/4
#?��


b(k,G) = 0
) � �	�(� �C���

#%�/�0
(�	� �C���(7
-6���/������! �,-?� � �	� ��9 ��� -(#%7
k = Q

� ��� ���/� �?�� 6�	�
�
��9 �	�A�,-?��!1�	� �C���

� -?� �
� � 
(� -?� �8���
Z

�A����
 ��-'#$��! � 
/� -.�
�
�

'-?����� �$# 
 
 �
�	���	�@�C� � 4 � ��� 
/�	���	� �C9 � ��!
� � �

�����.� #?&(�	� � 2

Z(Q, Q8; x) ≤ 23
∑

a6b6c4≤x

4ω(a)2ω(b).

+�- � �	� �	��!
�$!"����! 
6� �
23 
�#?� ��� 
6���	�!
 -?� � &(� � 9�� ���	� �����	�,� -?�/� � �8���$4 �  6�A�
����! �;&,#%�(&


/�	� #%������
6��� �����	� � !"�����
� � )C+ � �	��� � # 
 
 �  6���/����� �C��� 
 �:! � ��
 
 - � ) � � 
,#%� ���

c(Q, Q8)x
1/4 �,-���� 9 � ���0- � �������(!����	�*)��1�
���	���:� �
��� �6) � � ���	�;&(�	� �C� �57"4%���	�����8� 9�� �

�$!�-.��!1�
c̃(Q, Q8) > 0

#%��

x >> 0

2
Z(Q, Q8; x) > c̃(Q, Q8)x

1/4 )

�"cdN l RTNxm(RYS \GS { p>\(ZxZ pOcdR*ZQRTWXaBR*}�NQP(nOl�RYS	k`\GkQcds�S�egMoN
k 6= Q

egnOSombkQcds�SocdRTN kb5 qKl
[5\GWdWdR

G = D4 ≤ S8

RYNQ_>\GWXktRYS:x cdN
d(D4) = 4 > 2 = b(k,D4)

{]x RTSOS�x cdN cXS
�
RTcXZQ�OcXRTW F25 �.AVpOcXR*P�RYZQ^`_OcX^`mbkQRTNxR � \(_oW
P�R ktNQs � RYS _>\(a5RTSp5 �
RTc pORYN nOSOP�RYZQ^`_OcX^`m	ktRTS
� \(_oW RTNx_>\(WXkQRTS x cdN

d(G) = 6
5

�'� � � �)($� �%� � � 
*� 
���# � �
qKS*pOcXRTZQRYl }�aOZx^`_OSOcwkQk x
RYNQpORYS-x cdN RTcXSOcdP�Rih RYkt_osrpORYS*egMON nOS	ktRYNQRfCr^`_ONt\GSOm(RYS+nOSOZQR�	
NQRTN H y(_OWwegnOSOm	ktcXs�Sf_ORTNxWdRYcXktRYSp53U cdS x
RYZQRYSbkQWdcX^`_ORTZ�� Nxs�aOWdRYl aBRYc nOS	ktRTNxRTS C-^`_ONt\(Som(RTS
cdZxkT{7pO\(ZQZ�x cXN _OcXRTN SOcd^`_	k l RT_ON pOcdR U cdSbaBR kQkQnOSOP�Zx_OcdSOpoRTNQSocdZQZxR+cdP�Sos�NQcXRTNQRYS�pOMoNxegRTSq5
90WXMO^`mbWdcd^`_oRTN{x RTcXZQR-DYRTcXP(k Zxcd^`_ cdS�nOSOZQRYNQRYS �
RYcdZx�OcdRYWdRTS {7p>\GZQZ pOcXR-U cdSba5RYkQkQnOSOP�Zx_OcdS 	
pORTNxSOcdZxZQR0SbnON pORTSeU �r�5s�SORYSbkQRTSVaBRYcdl

log
t-[5\GmbkQs�N.a5RTRTcXS��>nOZxZQRYSp5

qKl [>s�WdP�RYSOpORYS ZxRTc
G ≤ Sn

RYcdSOR;� RTNQl nok`\GkQcds�SoZQP�NxnO�O�5R'nOSOp

1 → A→ G→ H → 1 
 Fs5 � �



� � 4�� ��#W!h,&!�	padc ,&0k�)^3!6� 42r

RYcdSOR'R��o\(m	ktR�CrR �bnORYS2D v(s�S 9'NQno�O�BRYSp5>qKS pOcdRYZQRTl~}�aOZx^`_OSOcXkxk x cdNQp
K/k

Z ktR ktZiRTcdSoR
U�Y�NQ�5RTNxRTNyx
RYcXktRYNQnOSoP l cXkM9z\GWds�cXZQP�NxnO�O�5R

H
ZxRTcdSq5 ��RYcXkQRTNQ_ocdS+ZQRYc

Gal(L/k) = G ≤
Sn

53?�cXR'SOs�NQl�\(WXR�u�MOWXWdR�v(s�S
L/k

a5RODYRTcX^`_OSORTS�x cdN.l cXk
N
5

U cXSOR
RYNQZxkQR.nOS	ktRYNQR }�aOZQ^`_>y=kRDTnoSOP'egMON
Z(k,G; x)

RTNQ_O\(WXkQRTS�x cXNT{&x
RYSOS�x cdN7RTcdSoR
SOs�N 	
l�\(WXR U Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP

N/k
l cXk 90\(Wds�cXZQP�NxnO�O�5R

G
aBR ktNt\G^`_bkQRTSp5rqKS*pOcXRTZxRTl []\(WdW

cXZxk
K = NA pORTN [Dc��rmIY(NQ�5RTN noSbkQRTN A 5D}�nregP�NQnOSop pOcdRYZQRYN U�s�SoZxktNxnOm	ktcXs�S cdZ k p>\GZDYn
K/k

nOSop 
 F25 � � P�RY_2Y�NQcXP�R U cdSba5RYkQkQnOSOP�Zx�ONQs(aOWdRYl W Y�Zxa>\(NO5 �"cXN�x
s�WXWdRYS�cXl [>s�W�	P(RTSOpORYSj\GWdWdRf�)Y(ZQnOSOP(RTSfpOcdRYZQRYZiegRYZxk.v�s(NQP�RYP�RTa5RTSORYS U cdSba5RYkxktnOSOP(ZQ�ONxs�aOWdRYl�ZMDTy(_OWXRTS {
x
\(Z S>\GkQMONQWXcd^`_fRTcXSOR'nOS	ktRYNQRz}�aOZx^`_>yGkVDTnOSOP egMON nOSOZxRTN�� NQs�aOWXRTl P(cdaokO5
}�WdZ.RYNQZxkQRTZiaBR ktNQ\(^`_	ktRTS�x cdNMDYRTS	ktNQ\(WdR;U cdSba5RYkQkQnOSOP�Zx�ONQs(aOWdRYl�R'l cXk U'RYNQS

A = Z`
5

	q0s#Wl�� � * �
�C�=� �	�

G ≤ Sn

�	����� ���	��! ��-?�
����� ������!1�	�$#?�(& 
 ��!
A = Z`

�C� ��� � 
 Fs5 � � )�3�-.����� �������
���������	���	� ������!"���$#%�'&

L/k
�#"'� �$! � �	� !	
 �:!

Gal(L/k) = G �
� 9 &����:! 2

Z(k,G; x) ≥ c(k,G)x`/(n(`−1)) log(x)b(k,Z`)
7"4%�

x
&�� 9 � &'�	��#?&

.

( !ng�!6��_
U Z&ZxRTc

N
pOcXR Sos�NQl�\(WdR;uiMOWdWXRzv(s�S

L/k
noSOp

K
pORYN&[Dc �om.Y�NQ�5RTN�nOS	ktRYN

Z`

5 ��RTP�RYS
poRTN&a5RTNxRTcXkQZ�a5RTm=\(SOS	kQRTS ��Y�ZQnoSOP+cdZ k&p>\(Z DTn 
 F25 � � P�RY_2Y�NQcXP�R�U cXS-a5RYkxktnOSoP�ZQ�ONxs�aOWXRTlW Y�ZQaO\(NO5.��\(^`_ Co\=kRDzF25BX&_>\(a5RTS�x cXN RTcXSOR.Uis�NQNxRTZQ�5s�SOpoRTS2DMD�x cdZQ^`_oRTS�\(WdWXRTS���Y�ZxnOSOP�RYS
noSOp

Z`
t6U N{x RTcwktRTNxnOSOP�RYS

M/k
5.?�cXR }�S2DT\(_OWrpORTN U�Y�NQ�5RTN

M
{(pocdR
pocdRTZxRTWXaBRMU Nyx
RYcXktR�	

NxnOSOP �O\(Nt\(l RYkQNQcXZQcdRYNQRYS {]cdZxk�pOnONx^`_%RTcXSOR v(s�S
G
\(aO_>y(SoP�cdP�R U�s(SOZxkt\(S	ktR S>\G^`_%s�aBRYS

a5RTZx^`_ONtyGSOm	kb5 �"cdN aBR ktNQ\(^`_	ktRTS cdl [>s�WXP�RTSOpoRTS SbnON pOcXR �xRYSOcdP�RYS
M
{ poRTNQRYS�?�cdZxm-Nxc�	

l cdSO\(S	ktR mGs��ONxcdlJDTn
dN

cdZxkO5 �"cXR a5RODYRTcd^`_oSORTS l cXk
LM

asD|x<5
NM

RTcXSOR pOnONx^`_
M�O\(Nt\(l RYkQNQcXZQcdRYNxkQR���Y�ZQnOSoP25 ��RYP�RTS pORYN�Uis��ONxcdl _ORTcwk RTNx_>\(WwktRTS x cdN

N (dNM/k) = N (dN/kd
|G|/`
M/k )

a2D|x<5 N (dLM/k) = N (dL/kd
n/`
M/k).

� RTc WXRYkVDYktRYNQRYNM9'WdRTcX^`_bnOSOP _>\GaBRYS-x cdN \GnOZQP�RYSbnokRD kI{Op>\GZQZzDYRTS	ktNQ\(WdR U WXRTl RTS	ktR 6= 1
cXS

kQNt\(SoZQcXkQcXv(RTS 9'NQnO�o�BRYS%m(RTcXSOR [Dc �r�OnOSOm	ktR _>\(a5RTSp5BqKSOZQa5RTZxs�SOpORYNQR _>\(a5RTS \(WXWdR�H��-m(RTW
pocdRTZxRTWXaBR � y(SOP(RI5nU Z ZQRYc

S
pOcdRih RTSOP�R pORYN � Nxcdl cdpORT\(WdRG{Wx
RYWd^`_OR

dN/k

kQRTcdWXRTSp5I?&\(l cXk
egs(WdP(k egMoN

x
P�Nxs�� P�RTSbnOP �

Z(k,G; x) ≥ c̃(k,G)Z(k, Z`, S; x`/n/dL)

≥ c(k,G, S, Z`)x
`/(n(`−1)) log(x`/n/dL)b(k,Z`).

?�\(aBRYcoegs�WXP(kDpocdR WXRYkRD ktR.uiSOP�WXRTcd^`_bnOSoP0\(nOZ�Co\=kRDMAs5BXs5I?&\
S
noSOp

Z`

cdS }�ao_>y(SOP�cXP�m(RYcXk
v(s�S

G
nOSOp

L
P�R�x y(_oWXkMx RTNQpoRTS {>egs�WXP(k.pOcXR �
RT_>\GnO�oktnoSOP�egMON

x >> 0
5

�?�\fRYcdS DTRYS	ktNt\GWdRTZ<U WXRTl RTS	k0pORTN �&NxpOSbnOSOP
`
cXS
G ≤ Sn

ZxkQRYktZz\(noZ
n/`

t̀sH��-m(RTWXS
a5RTZ ktRY_bkT{ cdZ k pORYZQZxRTS qKSOpOR�� P�RYNt\(pOR

n(` − 1)/`
5 L(R kRD k ZxkQRTWdWwk Zxcd^`_ pOcXR [>Nt\GP�R({ egMON
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x
RYWd^`_ORz90NxnO�O�5RTS
a(G) = `/(n(`−1))

P�cdWwkI{Ipq5 _p5w{ p>\(ZxZDpOcXRTZQRYZ]U WXRTl RTS	kDP(RTNt\GpOR poRTS
hVcdSOcXl*\GWdcdSopOR
��_>\GkO5 �"cdN ZQRY_ORTS�DI5 � 5]aBRYc

G = D4 ≤ S4

{5pO\(ZQZipORTN�hVcXSOcdl�\(WXcdSOpOR��
7zcXZxkT{>\(a5RTN nOSOZxRTN DTRYSbkQNt\(WXRTZ�U WdRYl�RYSbkiqKSOpoR
�j� _>\GkO5
( !6��_Om'��!"��� � *��
��� � ���

G = SL2(3) ≤ S8

).�C� &����:!
Z(G) = Z2

#%��

a(G) = 1/4

) �8�
������� �,-?�:!"��� �C���

�#%� �����=���C�	��
�#%�(&"��9�� � -(! � � ) � 
 2

Z(k, SL2(3); x) ≥ cxa(G) 7"4%�
x

&�� 9 � &'�	��#?&
#%��
0�	��� &(� �	�;&�����!1�	�

c > 0
)

U cXSOR P	\(S2DYR U'W \(ZxZQR v�s�S 90NxnO�O�5RTS Z ktRYWdWdRYS pOcXR
`
ts9'NQno�O�BRYS

G
cXS NQRYP�nOWdy(NQRYN'?�\(NQZ ktRTW 	

WdnOSOP p>\(N|52?&\ pORYN
l cdSOcXl*\GWdR.qKSOpOR��+RYcdSORYNM9'NQnO�O�5R&cXl�l RTN cdS*RTcdSoRTlNU WXRTl RTS	k
v(s�S
� Nxcdl
DI\(_oWds�NxpOSbnOSOP \(SOP(RTSOs�l l RTS:x cdNxp noSOp \GWdWdR*SOcd^`_	kyt	ktNQcwv-c \(WXRTS U WdRYl�RYSbkQR-~ � 	
�OnOSOm	kQegNxRTc]s��5RTNxcdRTNxRTS {	P(cdWXk _OcdRYN

a(G) = `/(|G|(`−1))
5h?�cXRTZQRYZ
}�NQP�nOl RTS	k mIY(SOSORTS

x cdNi\(noe RYcdSORza5RTWdcXRTaOcXP�R'SOcXWd�5s(ktRYSbkQR=90NxnO�O�5R cdS NQRYP�nOWdy(NQRYN ?�\(NQZ ktRTWXWdnOSoP*RTNyx
RYcXkQRTNQS {
cdSOpORYl�x cXN
p>\GZMU cdSbaBR kQkQnOSOP�Zx�ONQs�aoWdRTl a5RODTMoP�WdcX^`_ RTcXSORTNzD��-m-WXcdZx^`_ORTS�9'NQnO�O�5R&mbWdRYcdS 	
ZxktRYN �&NQpoS-noSOP�a5RYkQNt\(^`_	ktRYSp5��"cXN7_O\(aBRYS pORYS egs�WXP�RTSOpoRTS Cr\GkRD aBR�x cdRTZxRTS 
 ZQcXRT_OR
\(nO^`_�87WX-{kQ._ORTs(NQRTlJK65PA�� � �
	p0s#bl�� � Z � �Vje��� � !h,d_ ����0k�`�1!��
�������	�

G
������� �/� � ��9 !"����!1� ��� #$�/��� ��� � � &,#%� �?� ����+�-?� � !"������#?�(&,) +�-.�/� � "'���$!
�
���$! �	� ���

� 9��/� !�-?��!1�
c(k,G) > 0 �

� 9 
'-?� ��7"4%�
x

&�� 9 � &(����#?& & ����!A2

Z(k,G; x) ≥ c(k,G)xa(G).
( !6��_Om'��!"��� � Z��
��� ���	�

G = Q8 ≤ S8


6� � ��#�-(!"��� �/� 9������(&��$# �/�C� ) � #?�����	���:� �
����� ) ��� �C���A� ��� �C� �

a(Q8) = 1/4
#%��


b(k,Q8) = 0
) � ��! 9 � � &(�'
 � -'!�� �	�A�,-?��!1�	�B�C��� 2

Z(k,Q8; x) ≥ cxa(Q8) 7"4%�
x >> 0.

[DMON
`
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`rk`(ClK) SbnON pOnoNQ^`_ |ClK | \(WXZQs pOnONx^`_ d1/2+ε

k

S>\(^`_ s�a5RTSV\(aOZQ^`_OyGkRDYRTSjm.Y�SOSORYSp5
� !"�@��0 r�� Z
�������	� �	�

K
����� �(#�-6
6��-(! � � ������� �*-?�/�! ���:�C��� #%��


S ⊆ P(K)
�	� ��� ����
6��� ����� � �	��� �
 ���(&(��)�+�-?�/�0� "'���$!
�
��� �	� ��� ���/�$!1�	�/�

c(K)2|S| Z3 � �C� ������!"���$#%�'&(�	� ��9��
K �

�C�	� �����
&(�	�,-'# � �

S
����� �?����� &,!C� � ��
�)��8�
��� � �	��� �$!

c(K) ≤ c(ε)dλ+ε
K


 ��!
λ

�C�
�8��� � -'!�� �6) �
7"4%�8-?��� �

ε > 0
)



4 �

( !ng�!6��_
?�cdRTZ egs(WdP(k7pOcdNxRTm	k \(nOZ���RYl�l�\ F2587 �r{dx
s(aBRYcsx cdN pocdR
v(RTNQa5RTZxZQRYNxktRi}�aoZQ^`_>yGkVDTnOSoP \(noZ
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cXS x
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RYcdP(kQR
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t6U Nyx
RYcXktRYNQnOSoP v(s�S

k
l cXk
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�C� ���	� �	�
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s > r + rk`(Clk) + 1
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S = {p1, . . . , ps} ⊆ P(k)
RYcdSOR h RTS 	

P�R0l�cwk pORTN U cXP�RTSoZQ^`_>\Ge<kT{]p>\(ZQZipOcXR��is�NQl \GWdWdRYN � NQcdl cdpoRI\(WXR&m(s�SoP�NQnORYS	k�7 l s-pOnOWds
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S
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SOcd^`_	k ktNxcXv-c \(WXR
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Gal(M/k)
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��\(^`_�Co\=kRD�Ks5 ��RTNx_>\(WwktRTSix cdN+\(WXZQs�RTcdSoR�nOS	v�RYNVD|x RTcXP(ktR U N{x RTcwktRYNQnOSOP
N/M

l�cwk
Gal(N/k) = D`(2`)

5 }�SOZQs�SoZxktRYS�P�cdWwk S>\(^`_�Co\GkVD�Ks5BAo{ p>\(ZQZ*RTcdSoR U N{x RTcwktRTNxnOSOP
N/M/k

l�cwk 90\(Wds�cXZQP�NxnO�O�5R
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R
�rcdZ ktcXRTNxkT{OZQs p>\GZQZ
N/M

_2Y-^`_OZ ktRTSoZicXS � NQcdl 	
cdpORT\(WdRYS�v�RYNVD�x
RYcdP(k cXZxkI{ pOcXR*MOa5RTN poRTSORYS \(nOZ

S
WdcXRTP�RYSp5 qKS aBRYcdpORYS [ y(WXWdRTS$RTNxP�cdark

ZQcd^`_ N (dS
N/k) = N (dS

M/k)
` 5 �"cdN RTNxcdSOSORYNQS SOs-^`_ RTcXSOl*\GW
\(S pocdR ?�R�~>SOcwktcds(S cdl}�aOZx^`_OSOcXkxk As5BFo{op>\(ZxZ p>\(Z

S
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SOs�l l�RYS x cdNxpp56?&\ qKS	v�s�WXnoktcXs�SORYS cdS�pORTN SO\GktMONxWdcX^`_ORTS ?&\(NQZ ktRYWdWdnoSOP v�s(S
D`

P�RYS>\(n
RTcdSoRTS [Dc��r�OnoSOm	k�_O\(aBRYS {>P�cXWXk
egMoNipoRTS�Q7RYcdWdm.Y�NQ�5RTN

L ≤ N
l�cwk
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N (dS

L/k) = N (dS
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k
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S
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RYcXktRYNQnOSoP�l cXk a5RTZQ^`_oNty(SOm	kQRTN
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S
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S
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k
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l cXk

K
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k
5 �"cXN RTNx_>\(WXkQRTS
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.
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& �� �! � 9��
� # 
/�	� � ��!"��� 
 9'
,#%��� ��9#
 �1��
/� "

`
���
A−

`

)

� � � � 
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σ
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WXnOSOPj\(WdZzpOcdNxRTm	ktR CrnOl l R egs�WXP(kzp>\(SOS { x RTcXW
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5 h cXk%�87bTo{ C-RT^YkQcds�S�K��
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N/M

RTNx_>\(WXkQRTS {3x RTSOS
poRTNzRTS	ktZx�ONQRY^`_ORTSOpoRfu�S	ktRYNQNt\GnOl DTnOl U cdP(RTSnx
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U Nyx
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`
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M
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t"U Nyx
RYcXkQRTNQnoSOP
N/M
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s�a5RTc)x cdN�l�cwk
rk`(ClM)

pORTS
`
t"v�\(SoP�pORYN
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x→ ∞.
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`
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∑

dM≤x1/d

`rk`(ClM ) − 1

`− 1
∼ c(`)

`− 1
x1/d,

x
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RYSOS x cdWdpoR L RYNVD|x RTcXP�nOSOPz\(nre<ktNQcwkQkO5.?�nONQ^`_ pOcXRTZQRz� Nxs�DTRYpOnON s�NxpOSORYS�x cdN �xRYpORTN ?�cdR�	
pORTNxRTN{x RTcwktRYNQnOSOP RYcdS �7\�\(N

(a1, a2)
v�s�S��bn>\(pONQ\GkQegNxRTcXRTS nOSop+m(s��ONxcdl RTS qKpoRI\(WXRTS DTnq5

�"cdN l MOZQZxRTS S-noS \GaOZQ^`_>y=kRDTRYS {�x cdR vrcXRTWXR U Y(NQ�5RTN pORYl�ZxRTWda5RTS:Q nO�5RTWMDYnOP�RTs(NQpOSOR k
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x RTNxpORTS 
 v-P�W 5	Co\=kRD�Fs5 �.F � 53?&\(a5RTc m(s(NQNQRYZQ�5s�SOpOcXRTN k�p>\GZ�qKpORT\(W a1

DTnVpORTS �bn>\GpONt\GkQc�	
Zx^`_ORTS�U N{x RTcwktRTNxnOSOP�RYSVnoSOpfp>\(Z.qKpORT\(W

a2

DTnfpORYS NxRTWd\GktcwvnthD|�-mbWdcdZx^`_ORTS U Nyx
RYcXktRYNQnOS 	
P(RTSp5���RYcdpORYN cdZxk pOcdR }�S2DI\G_OW pORYN NQRTWd\Gktcwv�t"D|�-mbWdcXZQ^`_ORYSiU Nyx
RYcXktRYNQnOSoP�RTS ZQRY_ON Zxkt\(NQm
v(s�S pORTNiU'W \(ZxZQRYSOP�NQno�O�BR0pORYZ �bn>\GpONt\GkQcdZx^`_ORTSVU Y�Nx�BRYNQZ

M
\GaO_>y(SOP(cdP25
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c(K) > 0

 ��!A2��C� � ���
���

M/k
������� �(#�-6
6��-(! � � �����

�C� ������!"���$#%�'& 
 ��!
rk`(ClM) = r

#%��

a

�	��� � 
/��-?� ��9�� Ok

)�+�-?�/� �#"'��� ! �
��� ���
���'���/� !"���/�

`r+ω(a)+c(k) − 1

`− 1

Z` �
��� ������!1�	�$#?�(&(�	�

N/M

 �:!

Gal(N/k) = D`(2`) �
�C�	� ��������#%�8��� �C� �!
 � 
/� -.�
�	�

� �	���%�C�	� & ! �A����

�
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b ⊆ Ok
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�
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`
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( !ng�!6��_
U Z7cdZxk mbW \GNT{?p>\(ZxZ �xRYpORTZ7ZQs�WX^`_OR

N
cXl aBRY_>\(nO�rktRYkQRTS�C-ktNQ\(_OWdmbWd\(ZQZxRTSOm.Y�NQ�5RTN7RTS	kt_>\GWXktRYS

cXZxkO5 �"cXN
a5RTSbnokRDYRTSfpOcXR�}�noZQZt\GP�RTSf\(noZ �87bTo{2C-RT^YkQcds�SoZ � \(SOp K�� nOSop+RTNQ_O\(WXkQRTS {-p>\(ZxZ
ã := aOM

cdS	vG\(Nxc \(S	k.nOS	kQRTN
σ
cdZ kI{sx s�a5RTc

Gal(M/k) = 〈σ〉 P�cXWXkb5 �"cdN.a5RYkQNt\(^`_	ktRYSpocdR�CbktNt\G_OWdmbW \GZQZQRYSOP�NxnO�O�5R
Clã
l�s-pOnOWXs

`
tbkQRTS � s(ktRYS2DTRYSV\GWdZ

Z2

toh srpOnoW
A
5oqKS � 7WTo{

C-RT^YkQcds�SoZ'�*\(Sop K��'x cXNQp�P(RODTRYcdP(kT{]p>\(ZQZ
D`
t6U N{x RTcwktRTNxnOSOP�RYS DTn�RYcdSOpOcXl�RYSOZQcXs�S>\(WXRTS


 cdS	vG\(NQcd\(S	ktRYS � u�S	kQRTNQNQy(nOl RTS%v�s(S A l cXkfU cXP�RTSnx RTN k 	R7 m(s�NxNQRYZQ�5s�SOpOcXRTNQRYSp5)U Z0ZQRTc
p ∈ P(k)

RTcXS�� Nxcdl cdpORT\(W|{qx RTWX^`_ORTZ SOcd^`_	k MOaBRYN
`
WXcdRYP(kb5 �"cXNznoSbkQRTNxZQ^`_ORYcdpORYS:D|x RTc

[Dy(WdWXR&nOSOp�DTRTcXP�RTS �xR|x RTcXWdZY{>p>\(ZQZ�pORTN �
RYcXkQNt\(P DTnolJv�\(SoP�_2Y-^`_OZ ktRTSoZ�7zcdZxkO5][]\(WdWXZ
pDYRTNxWdRTPGk cdS

M
cdZxkT{oZxs _O\Gk pORTN�v RTZ ktmbW \(ZxZQRYSONQcXSOP

(OM/(pOM))∗
t̀6vi\(SOP � srpoRTNi�r{

x s�a5RTc WdRYkVDYkQRTNQRYZ RYcdS	ktNxcXkQkT{�x
RYSOS
` | (N (p) − 1)

P�cdWwkb5�qKS��xRYpORTl []\(WdW v(RTN k`\(nOZx^`_	k
σ
pocdR*a5RTcXpORTS � Nxcdl cdpORT\(WdR cdS OM

{'x RTWX^`_OR+MOa5RTN
p
WXcdRTP(RTSp5'?&\(_ORYN aBRYZQcwkRDYk nOSOZQRYN

D�x
RYcdpOcXl�RYSOZQcXs�S>\(WXRTN hVsrponOW	RTcXSORTS;U cdP�RYSONt\GnOl pORYN)?�cdl RTSoZQcds(S 7 DYnOl�U cdP(RTSnx
RYNxk 7�5
?�\(l�cwk�RTNx_2Y�_	k

p
pocdR�?�cXl�RYSOZQcXs�S0pORTZ'U cdP�RYSONt\(nol�Z�DYnOl�U cdP�RYSnx
RYNxk 	 7 nOl l�\��rcdl�\(W

7I5 qKl []\(WdW9{BpO\(ZQZ
p
ktNQy(P�R cdZ kI{ cXZxk'poRTN t̀6v�\GSOP v�s�S

(OM/(pOM))∗
_2Y-^`_OZxkQRTSOZ
7�5

}�S>\(WXs�P DYnOl��
R�x
RYcdZ&v(s�S Co\GkVD �65 �IK Zt\(l l RTWdS�x cdN�pORTS �
RYcXktNQ\(P*poRTN�� NQcXl�cXpORI\GWdR
v(s�S Ok

{>pOcXR'MOa5RTN
`
WXcdRTP(RTS {OcXS+pORTNiUis�SOZxkt\(S	ktR

c(k)
5

��"cXN.aBR�x
RYcdZxRTSjSbnOSfegMON
k = Q

RYcdSOR's(aBRYNQR0}�aOZx^`_>yGkVDTnOSOPs5
	q0s#Wl���� �

� ��!"�	��
/��� � �/�,-.��
 � � 9�� � ��� 
 #(! #%�(& � ) � &(�	�:!"�	� 7"4%�8-.���
� #%�(&(���	-6
/���
` ∈ P

2

Z(Q, D`; x) ≤ c(Q, `)x1/d = c(Q, `)xa(D`)

 �:!

d =
`− 1

2
,

Z(Q, D`(2`); x) ≤ c̃(Q, `)x1/` = c̃(Q, `)xa(D`(2`)).
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( !hg�!"�`_
�"cdN&a5RYkQNt\(^`_	ktRYS�NxRTRTWXW�	 nOSOp$cdl�\(P�cdSOy(N �bn>\(poNt\GkQcdZQ^`_oR U Y(NQ�5RTN'P�R ktNQRYSOS	k noSOp �>\(Nt\�	
l�R ktNQcXZQcXRTNQRYS�pocdRTZxR*pOnoNQ^`_ �bn>\(pONQ\GkQegNxRTcXR

a ∈ Z
5 h cXk

T = {2, `} ZQsWx cdR rk(a) :=
rk`(ClQ(

√
a))
RTNQ_O\(WXkQRTS x cdN.cXl~NQRYRTWXWdRTS []\(WXW �

Z(Q, D`; x) ≤ ZT (Q, D`; x) ≤
∑

adb`−1≤x

`rk(a)+ω(b)+c(Q) − 1

`− 1

 � RYl�l�\ Ks5BT �

≤ c(Q)
∑

adb`−1≤x

`rk(a)`ω(b) = c(Q)
∑

b`−1≤x

`ω(b)
∑

a≤ x1/d

b(`−1)/d

`rk(a)

≤
∑

b`−1≤x

`ω(b)ĉ(Q, `)x1/d

b(`−1)/d

= ĉ(Q, `)x1/d
∑

b`−1≤x

`ω(b)

b(`−1)/d
≤ c(Q, `)x1/d,

p>\ pocdR WdR kRDYkQR CrnOl l�R x RTP�RYS
` − 1 > d = (` − 1)/2

nOSOp�L RTNQl noktnOSoP�Ks5BK
m(s�S	v�RYNQP�cXRTN kb5 ?�RTN D|x RTcwktR�Q7RYcdW.pORYZ Co\GkVDTRYZ egs�WXP(k \(S>\GWds�PO{'x
s�a5RTc

d
pOnONQ^`_

`
nOSOp

`− 1
pOnONx^`_

2(`− 1)
RYNQZQR kRD k x cXNQpp5

�

?�cdR L RTNxl nokQnOSOP Ks5PK cdZ k egMON
` = 3

aBR�x cdRTZxRTS �87?��� 5�?&\G_ORTN WdcXRYegRTN k Co\GkVDeKs5BX%egMON
` = 3

�
( !6� !",&^�% �)( �������
��� &(����!1�	�*2

Z(Q, S3; x) ≤ c(Q, S3)x
#%��


Z(Q, S3(6); x) ≤ c(Q, S3(6))x1/3.

?�cdRYZQR hVRYkQ_OsrpoRTSjegnOSombkQcds�SocdRTNxRTSj\(nO^`_jegMONia5RTWdcXRTaOcXP�R;9'NQnOSOpomIY�Nx�BRYN
k
5�uicdRYN�l noZQZ

pOcdR L s�NQ\(nOZxZQRYkVDTnOSoP pORYN�L RYNQl nokQnOSOP�Ks5BK RYS	ktZQ�oNQRT^`_oRTSOp \(SoP�RT�>\GZQZxk�x RTNQpoRTSp5 qKS
pORTl �
R|x RTcXZfcdZxk �xRYkVDYk+SOcX^`_	kfl�RY_ON*pORYN t̀6v�\GSOP�v�s(S

Clk(
√

a)

cdS	kQRTNQRYZQZQ\(S	kb5#�"cXN
l MOZQZxRTS S>\(^`_ Cr\GkRD K65 ��SbnOS pOcXR�U WdRYl�RYS	ktR cXS

Clk(
√

a)

DTy(_OWXRTS {5pORTNxRTS DTnoP�RT_2Y(NQcdP(R
qKpORI\(WXmbW \(ZxZQRTS$SOcX^`_bkzcXSbvG\(Nxc \(S	k0nOS	kQRTNzpORTN=90\(Wds�cXZQP�NxnO�O�5R v�s(S

k(
√
a)/k

ZxcdSOpq5 [DMON
` = 3

x cXNQpfP�RTSO\(nVpocdRTZ cXS
[
X
]
a5RYkQNt\(^`_	kQRYkb5	?&\G_ORTN RTNx_>\(WwktRTS x cXN��

� !"�@��0 �����3�
354%�8-?� �
� �*-?�(�  � �����	�

k
&�� ��! 2

Z(k, S3; x) ≤ c(k, S3)x
#%��


Z(k, S3(6); x) ≤ c(k, S3(6))x1/3.
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�"cXN.l�RYNQmGRTSV\(S {>p>\(ZxZ
Z(k, S3; x) ∼ c(K,S3)x

a5RTNQRYcXkQZ.cdS �BX���aBR�x cdRYZQRTS�x cdNxpp5
qKl [>s�WXP�RTSOpoRTS*a5R|x RTcXZQRYS-x cdN RTcdSoR�s�a5RTNxR�Cr^`_oNt\(SOmGR�egMON pOcdRi}�Zy�rl �okQs(ktcXm v�s�S ?�cdR
	
poRTNQP(NQnO�O�5RTS {]x
RYWd^`_OR+noS>\(aO_>yGSOP�cdPVv�s�S:L RTNxl nokQnOSOP�RYS cdZxkO5 uicdRTN{DTn Zx^`_>yGkRDYRTS:x cdN
l cXk Co\GkRD �65 �IT

`rk(a) ≤ |ClQ(
√

a) | = O(a1/2+ε)
\(a nOSOp RTNx_>\(WwktRTS �

	q0s#Wl������6*
3 4%� #%�(&(���	-6
(� �C�A� 
 � -?�/� �	�

`
#?��
 -.���
�

ε > 0
&����:! 2

Z(Q, D`; x) ≤ c(`, ε)x3a(D`)/2+ε � �?��)
Z(Q, D`(2`); x) ≤ c̃(`, ε)x3a(D`(2`))/2+ε.

( !ng�!6��_
}�S>\(WXs�P DTnOl � R|x RTcdZ.v(s�S Cr\GkRD;Ks5BX RTNQ_O\(WXkQRTS x cdN �

Z(Q, D`; x) ≤ ZT (Q, D`; x) ≤ c(Q)
∑

b`−1≤x

`ω(b)
∑

a≤ x1/d

b(`−1)/d

`rk(a)

≤ c(Q, ε)
∑

b`−1≤x

`ω(b)
∑

a≤ x1/d

b(`−1)/d

a1/2+ε

��RTP(RTS
∑

a≤ x1/d

b(`−1)/d

a1/2+ε ≤
∫ x1/db(`−1)/d

0

a1/2+ε da =
1

3/2 + ε

x(3/2+ε)/d

b3(`−1)/(2d)+ε(`−1)/d

RYNQ_>\GWXktRYS x cdNzx RTP�RYS
2d = `− 1

nOSOp
bε(`−1)/d ≥ 1

�

Z(Q, D`; x) ≤
c(Q, ε)

3/2 + ε

∑

b`−1≤x

`ω(b) x
(3/2+ε)/d

b3(`−1)/(2d)
= c̃(Q, ε)x(3/2+ε)/d

∑

b`−1≤x

`ω(b)

b3
.

?�\&pOcdR WdRYkVDYkQRMCrnOl l R
m(s(Sbv(RTNxP�cdRYNxk nOSOp
a(D`) = 1/d

P�cdWwkI{Iegs�WXP(kDpocdR � RT_>\(no�oktnOSoP25
?�RTN D|x RTcwktR [5\GWdW P(RT_	k�\(S>\(WXs�P25

�





� ��� �	����� �
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qKS pOcXRTZxRTl U0\(�ocXktRYW6x RTNxpORTS
x cdNDegMON Zxs�P�RYS>\(SOS	ktR v(RTNQ\(WdWXP�RTl RTcXSORTN ktR w&n>\GkQRTNxSOcds�SoRTS 	
P(NQnO�O�5RTS

G
pocdR0�ONty.DTcdZxR0[>s�NQl pORTNML RTNxl nokQnOSOP*�65 7?� a5R|x RTcXZQRYS {]pp5 _q52x cdNMDTRYcdP�RYS

Z(k,G;X) ∼ c(k,G)xa(G) log(x)b(k,G).

� cdZQ_oRTNMx \GNQRTS ZQs(Wd^`_OR;U NQP�RYaOSOcXZQZQR0SbnON.egMONi\(a5RTWXZQ^`_OR=9'NQnO�O�5RTS nOSOpe9'NQnO�O�5RTS+v(s�S
mbWXRTcdSoRTlJ9'Nt\(p a5RTm=\(SOS	k 
 S3, D4 � 5��iRTa5RTSVpORTS%U'NQ\(S2DT�oNQs-pOnOm	ktRYS 
 Cr\GkRD=As5 �IX � WdcXR
	egRYNxk pOcdRYZ RTcXSOR D�x
RYcXkQR nOSORYSOpOWdcX^`_OR CrRYNQcXR�v�s(S 90NxnO�O�5RTS { egMON pocdR x cXN pocdR*�oNtyIDYcdZQR
[>s�Nxl pORYN L RYNQl nokQnOSOP �65 7?�0a5R|x RTcXZQRTS*mIY�SOSoRTSp5-}�l�U SOpORipOcXRTZQRYZ U0\(�OcwktRYWdZ a5R|x RTc�	
ZxRTS x cdN
s�aBRYNQR<C-^`_ONt\(Som(RTS egMON pOc D|�-mbWdcXZQ^`_OR;9'NQnO�o�BRYSp5o}�nO^`_ egMoN pOcdRYZQR&noSORTSOpoWdcd^`_oR
C-RTNQcXRfx MONQpoRTS�x cXN.pOcdR'R��o\(m	ktRz}�Z{�-l �oktsGktcdm�aBRYm(s�l l RTS {2x RTSOS�x cdN egMON �bn>\GpONt\GkQc�	
Zx^`_OR�H \(_OWdm.Y�NQ�5RTN.noSOp

2 6= ` ∈ P

`rk`(ClQ(
√

a)) = Oε(a
1/2−ε)

\GaOZQ^`_>y=kRDTRYSjm.Y�SOS	ktRYSp5

����� "���� � �'

($� ����������� �������������
Q8

[7MON.pOcdR;w&n>\=ktRTNxSOcds(SORTSOP(NQnO�O�5R
Q8 ≤ S8

_O\GkQkQRTS x cdN.cdS+poRTS � RTcdZx�OcdRYWdRYS F25 �I> noSOp
Fs5PAs70P�RYZQRY_ORTS {]p>\GZQZ�U�s�SOZ k`\(S	kQRTS

c(k,Q8), d(k,Q8) > 0
R
�rcdZ ktcXRTNQRYSfl�cwk �

Z(k,Q8; x) ≤ c(k,Q8)x
1/4 ZQsWx cdR Z(k,Q8; x) ≥ d(k,Q8)x

1/4 egMON x >> 0.

�"cXN�x
s�WXWdRYS nOS	kQRTNQZxnO^`_ORYS {(s�a<x cdN s�aocdP�R
� ∼� t-}�aOZQ^`_>y=kRDTnoSOP&RTNx_>\(WwktRTSzmIY(SOSORTSq5��"cXR

cXl U0\(�OcXkQRTW"A�cXZxk7RTZ SbMokVDTWdcX^`_ pOcXR DYnOP�RT_sY�NQcXP�Rz?�cXNQcX^`_OWdR kyt6v RTcX_OR�DTn a5RYkQNt\(^`_	ktRYS {(pq5 _p5
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x cdN.ZQnol�l cdRYNQRTS+MoaBRYN�\GWdWdR&U Y�Nx�BRYNQRTNyx
RYcXkQRTNQnoSOP�RTSVl�cwk 90\(Wds(cdZQP(NQnO�O�5R
Q8

�

Φk,Q8(s) =
∑

Gal(L/k)=Q8

1

N (dL/k)s
=

∞
∑

n=1

an

ns
.

CrRTc
L/k

RTcXSOR�U N{x RTcXkQRTNxnOSOP�l cXk 9z\(WXs�cdZxP�NQno�O�BR
Q8

5�?&\
Q8

P�RYS>\(n RTcdSoRVuiS	ktRTN 	
P�NQnO�o�BR poRTN �&NQpoS-noSOP �*aBRYZQcwkRDYkT{ P�cXaok�RTZ'P�RYS>\(n%RTcXSORTS�Q RTcXWdm.Y�NQ�5RTN

K
v(s�l 90NQ\(p

F25zU Z+P�cXWXk �
Gal(K/k) = Z2 × Z2 =: H

5 �"cXN*a5RYktNQ\(^`_	ktRYS \(WXZQs pO\(Z-DTRYS	ktNt\GWdR
U cXSbaBR kQktnoSOP�ZQ�oNQs�aOWXRTl DYn

1 → Z2 → Q8 → Z2 × Z2 → 1.

�
RTc poRTN's�a5RTNxRTS }�aOZx^`_>yGkVDTnOSOPVcdS U0\(�OcwktRYW]F+_>\GkxktRYS x cXN'\(SOP(RTSOs�l l RTS {Bp>\(ZQZ#�xR�	
pORTZ Zxs�Wd^`_oR-U cdSba5RYkQkQnOSOP�Zx�ONQs(aOWdRYl W Y�ZQaO\(N cXZxkT{)x
\(Z SO\GktMONxWdcX^`_�SOcX^`_bk ZxkQcdl l kb5 �"cXN
aBR|DTRTcX^`_OSORYSjl cXk

KH := {K/k | Gal(K/k) = H,
RTcXSbaBR kQktaO\(N cdS+RTcXSOR

Q8

t"U Nyx
RYcXkQRTNQnoSOP }.
H n �xRTpoRTN

Q8

t6U N{x RTcwktRYNQnOSOP
L/k

m(s(NQNQRYZQ�5s�SOpOcXRTN k.\(noe pocdRTZxR&��RTcXZQR�P(RTS>\(n*RTcdS*U Y�N 	
�BRYN

K
\(nOZDpORTN hVRTSOP(R KH

l cXk
K ≤ L

5���RYSOS�x cdN pOcdR RTSOpoWdcd^`_oR.hVRYSOP�R
T ⊆ P(k)x cdR�cXS Co\GkVDfF2587bF�x
y(_OWXRTS {rpp5 _q5

T
RTS	kt_>\GWXktR�\(WdWXR � Nxcdl cdpORT\(WdR MOa5RTN poRTN � Zxs&x cXR&P�R�	

S-MoP�RTSOp � NQcXl�cXpORI\GWdR({>nol pOcXR U'W \(ZxZQRYSOP�NQno�O�BR�DTn%RTN{DTRYnOP�RTS { ZQs+RYNQ_>\(WwktRYS x cdN�l cXk
SK := T ∪ {p ∈ P(k) | p | dK/k}

�

dT
L/k = (dT

K/k)
3(dSK

M/k)
4.

?&\(a5RTc.cdZ k
M
pocdR��bn>\(pONQ\GktcXZQ^`_OR�U N{x RTcwktRTNxnOSOPO{ pOcXR+l�cwkQkQRTWdZ�Co\GkVD�Fs5 7?�%pORYN U Y�N 	

�BRYNQRTNyx
RYcXkQRTNQnoSOP
L/k

DTnoP�RTs�NxpOSOR k cdZxkO5s?�\
T
\GWdWdR � NQcXl�cXpORI\(WXR MOaBRYN pORYN � RTS	kt_Oy(WXkT{

l MOZQZxRTS x cdN
m(RTcXSORfx cdWXpOR L RYNVD|x RTcXP�nOSOP a5RTNxMO^`mbZQcd^`_	kQcdP�RYSp5 �"cdN _O\(aBRYSfcdS pORYS � RTc�	
ZQ�OcXRTWdRYS F25 �(� noSOp F25 ��> RTNxl�cwkQkQRTWXkT{ pO\(ZQZ

vp(dL/k) = 6
egMoNV\GWdWdRjcdS

K/k
DI\G_Ol

v�RTN{D|x RTcXP(ktRYS � Nxcdl cdpORT\(WdR
p
P�cXWXkb5 ��RTP�RYS

vp(dK/k) = 2
Z ktcXl�l k�pORYN<U �r�5s�SORYSbk;A65

}�S>\(WXs�P RTNx_>\(WwktRTS x cXN.pORTS�U �o�5s�SORYS	ktRTSeF25
�"cdRicdl }�aOZQ^`_OSocXkQkzAs5GF a5RODTRYcd^`_OSoRTS-x cdN l cXk

ΦT
k,Q8

(s)
pocdR l�s-pOc8~kDTcXRTNxkQR H y(_OWXegnoSOm 	

ktcds(S DTn
ZT (k,Q8; x)

noSOpVRYNQ_>\GWXktRYS �

ΦT
k,Q8

(s) =
1

4

∑

K∈KH

1

N (dT
K/k)

3s

∑

[M :k]≤2

1

N (dSK

M/k)
4s

=
1

4

∑

K∈KH

ΦSK

k,Z2
(4s)

N (dT
K/k)

3s
. 
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1/4

mGs�l l k \(nOZ pORTl As5]Q RTcXW v�s(S�Cr\GkRD F2587?�s5'?�RYS��65'Q7RYcdW pOcdR�	
ZxRTZ Co\GkVDTRTZ aONQ\(nO^`_ORYSix cXN�x
RYP�RTS

` = 2
Socd^`_	k
DTn aBRYNQMO^`mbZQcX^`_	ktcdP(RTSp5 ?�nONx^`_ pO\(Z

h cXkta5RYkQNt\(^`_	kQRTS poRTN ktNQcwv-c \(WXRTS U N{x RTcwktRTNxnOSOP
M = k

aONt\(no^`_ORTS�x cdN pOcdR+kQNQcXv-cd\(WdR
U'Wd\(ZQZxR SOcd^`_	k0P�RYZQs�SopORTN k<DTn aBRY_>\(SOpoRTWdS { p>\+\(nO^`_ pOcXRTZxR U0Wd\(ZQZxR�F U WdRYl�RYSbkQR RTS	k 	
_Oy(WXkO5n?&\0pOcdRzL RYNQl nokQnOSOP �6587 ��egMON \(aBRYWdZx^`_ORf9'NQno�O�BRYS�a5R|x cXRTZxRTS cdZxkT{	RTNx_>\(WXkQRTS x cdN
Z(k, Z2 × Z2; x) ∼ c(k, Z2 × Z2)x

1/2 log(x)2 noSOpVpO\(l�cwk.m(s(Sbv(RTNxP�cdRYNxk
∑

K∈KH

1

N (dT
K/k)

3s

egMoN <(s) > 1/6
5 ��RTcXkQRTNx_OcdS Zt\(P(k Co\GkVDeAs587WKo{ p>\GZQZ

ΦSK

k,Z2
(4s)

egMON <(s) > 1/4mGs�S	v�RYNQP�cXRTNxk nOSOp�aBRYc
s = 1/4

RTcdSoRTS$RTcdSre:\(^`_ORTS��7s�W _>\=kb5 H nOZQyGkRDYWdcd^`_$P�cXaok0RTZzRTc 	
SoR \(SO\(W �bktcXZQ^`_ORz[>s�N ktZQR kRDYnOSOP pOcdRYZQRTNi[>nOSOm	kQcds�S S>\(^`_ WdcXSOmbZO5 � y(NxRzpocdRTZxR [>nOSombkQcds�S
Socd^`_	k v�s�S

SK

\(aO_>y(SoP�cdPO{rZQs mIY(SOS	ktRTS�x cdN.Zxs(egs�Nxk Zx^`_OWdcXR ��RYS {>p>\(ZxZ
ZT (k,Q8; x) ∼

c(k, T,Q8)x
1/4 P�cdWwkb5

�"cXN v�RYN{x RTSOpORYS+RTcXSORTS*y(_OSOWXcd^`_ORYS�}�SOZt\GkVDMx cdR cdl }�aOZQ^`_oSOcXkxkzAs5P>65 �"cXN pOR|~>SocdRTNxRTS �

gT (s) :=
1

4

∑

K∈KH

gk,SK
(4s)

N (dT
K/k)

3s
,

x s�a5RTc
gk,SK

(s) := ΦSK
k,Z2

(s) −
ress=1 ΦSK

k,Z2
(s)

s− 1pocdR [>nOSombkQcds�S \(nOZ�Co\=kRDMAs587&> cdZxkT{.x RTWX^`_OR
egMON <(s) > 1/2
\(S>\(W8�-kQcdZx^`_ cdZ k nOSOp pO\(aBRYc

egMoN \(WdWXR
ε > 0

egs�WdP�RYSOpOR'}�aOZQ^`_>y=kRDTnoSOP*RYNxegMOWXWXk 
 <(s) = σ
{
n = [k : Q] � �

|gk,SK
(s)| ≤ c(ε, n)2|SK |(dk|1 + s|n)(1−σ)/2+εd

1/2
k

≤ c(ε, n, dk)2
|SK ||1 + s|n(1−σ)/2+ε.

uicdRYNt\(nOZ egs�WdP(kT{rpO\(ZQZ.pOcXR�v RTcd_oR
gT (s)

egMoN <(s) > 1/6
m(s�S	v(RTNQP(cdRTN kb5 �"cXN RTNxcdSOSoRTNQS

pO\(Nt\(S 
 ZQcXRT_OR
Co\=kRD As587WK � { p>\(ZxZ d
pORTN'P�N{Y��(kQR�Q7RYcdWXRTN�v(s�S

2Ok

cdZ kI{ Zxs+p>\(ZxZ
(2)/dmGs��ONxcdl DYn

SK

cXZxkb55h cXk

R(K) := res
s=1

ΦSK
k,Z2

(s) =
ress=1 ζk(s)

2i(k)ζk(2)

∏

p∈SK

(1 + 1/N (p))−12|SK |N (d)

mGs�S	v�RYNQP�cXRTNxk�\(nO^`_ pOcXR<viRYcd_OR 
 vrP(W 53Co\=kRD;As587WK � �
1

4

∑

K∈KH

R(K)/(4s− 1)

N (dT
K/k)
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1

4

ress=1 ζk(s)

2i(k)ζk(2)

∑

K∈KH

∏

p∈SK
(1 + 1/N (p))−12|SK |N (d)/(4s− 1)

N (dT
K/k)

3s

\(aOZQs(Wdnok nOSop Wds(mG\GW�P�WdRYcd^`_Ol�y ��cXP
egMON \(WXWdR�9'RTaOcXRYkQR({?pOcXR cXS {s ∈ C | <(s) > 1/6, s 6=
1/4} RTS	kt_O\(WXkQRTS ZxcdSOpp5 �"cXN7l RTNxm(RTS \GS {GpO\(ZQZ ∏p∈SK

(1+1/N (p))−1N (d) ≤ N (d)pOnONQ^`_VRTcXSOR'v�s�S
n
\(aO_>y(SoP�cdP�R0Uis�SOZ k`\(S	ktRzS>\(^`_Vs�a5RTSV\(aOP�RYZQ^`_>yGkVDYk�x
RYNQpORYSjm=\(SOSq5

Crs�l cXk RYNQ_>\GWXktRYS�x cXN \(nOZ pORYN ?�\(NQZ ktRTWXWdnOSoP

ΦT
k,Q8

(s) = gT (s) +
1

4

∑

K∈KH

R(K)/(4s− 1)

N (dT
K/k)

3s
,

p>\(ZQZ
ΦT

k,Q8
(s)
aBRYc

s = 1/4
RTcdSoRTS RTcXSoe:\(^`_ORYS
�7s�Wr_>\Gk nOSop l�RYNQs�l s�NQ�o_ \(noe <(s) >

1/6
egs(NxktZxRYkVDTa>\(N'cXZxkT{�x s�aBRYc

s = 1/4
poRTN'RTcXS2DTcXP�R � s�W cdS%pocdRTZxRTl �
RTNxRTcd^`_$aOWXRTcdarkb5

�"cdN RYNQ_>\(WwktRYSj\(WXZ.pOcdNxRTm	ktR'}�Snx
RYSOpOnOSOP*pORTZ�QD\GnOaBRYN tsCr\GkRDYRTZ��6587WX �
j-o	,&o	����02,-4����
354%� �	� �

c(k,Q8, T ) > 0
&�� ��! 2

ZT (k,Q8; x) ∼ c(k,Q8, T )x1/4.

qKl [>s�WdP�RYSOpORYS x
s�WXWdRYS x cXN'pOcdR [>nOSombkQcds�S
Z(k,Q8; x)

nOS	ktRYNQZxnO^`_ORTSq5]?�RYN0RTcdSsDTcdP(R
90NxnOSOp+egMON pOcdR<U cXSoegMO_ONxnOSOP v�s�S

T
x
\(N.pOcXRzRYcdSoe:\G^`_�DYnVa5R|x RTcXZQRYSOpOR�v RTWd\GktcXs�S �

dT
L/k = (dT

K/k)
3(dSK

M/k)
4.

[DMON.pOcXRfL RTNQRYcdSoe:\G^`_-noSOP�ZxcdSOp�D|x RTc ?�cXSOP�R&v(RTNt\GSbk x s�N ktWdcX^`_ �

 7 � ?�cdR L RTN{D|x RTcXP�nOSOP \GS x cdWXp v(RTNVD�x
RYcdP(kQRTS�C-kQRTWXWdRTS�cdZ k
Zx^`_hx cXRTNxcdP�RYN DTn*aBRYZxktcXl 	l�RYSp5

 � � ?�cdRjl�cXSOcdl�\(WdR ��Y�ZxnOSOPO{ pOcdR�x cdN*l cXk Co\GkVD F2587bF�x
y(_OWdRYS { m=\(SOS�cXS�RTcXSORTl
aOcdZx_ORTN.noSbv(RTN{D|x RTcdPGktRTS � Nxcdl cdpORT\(WBv(RTN{D|x RTcdPGk�ZxRTcdSq5

��RT_ol�RYS;x cXN \(S {Ip>\GZQZ
q
RTcdS;� NQcXl�cXpORI\GW(cdZ kI{Ox RTWX^`_ORTZ7cdS'nOSoZQRTNxRTN l�cXSOcdl�\(WXRTSf��Y�ZxnOSOP

SORTn�v(RTNVD�x
RYcdP(k nOSOp�cdS RTcdSoRTN
Z2

t6U N{x RTcwktRYNQnOSOP
M/k

v(RTNVD�x
RYcdP(kfcXZxkO5
uiSbkQRTN poRTN
}�SOS>\G_Ol�RG{ p>\(ZxZ

q
SOcd^`_	kzMOa5RTN

2
WdcdRYP(kI{]egMO_ON kzpOcdRYZ'p>\IDTn 
 ZxcdRY_OR
Co\GkVD
Fs5 7?� � { p>\GZQZnOSOZQRYN SORTnORYN�U�Y�NQ�5RTN.Socd^`_	kicdS

q
v�RYNVD|x RTcXP(k�cdZxkO5

}�WdZ RYNQZ ktRTZ�x RTNQpoRTS x cXN pOcdR � NQcXl�cXpORI\GWdR \GnOZ
T
RTS	kQegRYNQSORYS {bpOcdR.Socd^`_	k MOaBRYN

2
WXcdRYP�RTSp5

CrRTcXRTSf_OcdRYNVDYn
T̃ := {p ∈ T | 2 ∈ p} ⊆ T

ZQsWx cXR
U := (T \ T̃ ) ∪ {Ok}.

�"cdN�x
y(_OWXRTS�DTn �xRTpORYl U Y�Nx�BRYN
K ∈ KH

RTcdSoR+l�cXSOcdl�\(WdR ��Y�ZQnoSOP P�RTl�y � Co\GkVD
F25 7OF25 U Z�P�cdark*SbnOS�_2Y-^`_OZ ktRTSoZ RTcXS�cdS nOSOZxRTNQRYN+l�cXSOcdl�\(WXRTS ��Y�ZQnoSOP�v�RYNVD�x
RYcdP(kQRTZ
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q
l�cwk

q /∈ T̃
ZQsWx cdR

q - dK/k

5 ?�cXRTZQRYZ-� NQcXl�cXpORI\GW l nOZxZ�p>\GSOS cXS
UWXcdRYP�RTS {hx RTWd^`_oRTZ x cdN

K
DTnos�NQpOSoRTSp5][]\(WXWdZ
mGRTcXS-x
RYcXktRYNQRYZ � Nxcdl cdpORT\(WBa5RTSsY(ktcXP(k x cXNQp {

ZxsVs(NQpOSORYS x cXN
K
pO\(Z0qKpORI\(W Ok

DYnp5 �"cdN'a5RODYRTcX^`_OSORTS�l�cwk
KH,q

pOcdR hVRYSOP�R pORYN
U�Y�NQ�5RTN \GnOZ KH

{ pORYSORTS x cdN \(nre�pOcXRTZxR ��RTcXZQR
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DTnos�NQpOSoRTSp5 ��RTcwktRTNx_OcdS ZxRTc.SbnOS

SK := {p | dK/k} ∪ T̃
5 �"cdN ktRYcdWXRTS+pOcXR;CrnOl l�R 
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k,Q8

(s) =
1

4

∑
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Z2
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k
cdZ kI{sx RTWX^`_OR
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q
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cdP�SOs(NQcdRYNQRYSp5
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v�RYNVD�x
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RYSOpOWXcd^`_OR�v-cXRTWdR�Wds�m=\(WXR U Nyx
RYcXktRYNQnOSoP�RTSfR
�rcXZxktcXRTNxRTS {rP�cdaok RTZ.SbnON
RTSOpOWXcd^`_*v-cXRTWdR&h�Y�P�	
WXcd^`_OmGRTcwktRTS%egMON0\GWdWdR pOcdRYZQR C-ktRYWdWXRTS Wds�m=\(WXR=L s�NxP	\(a5RTS DTn$l�\(^`_ORTSq5 CrRTc \(WXZQs
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pOcdR
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T
52?&\(l cXk.P�cXWXk��
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˙⋃
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x s�a5RTc KL
pOcdR$h RTSOP�R$pORYN

Z2

t6U Nyx
RYcXktRYNQnOSoP�RTS1cdZxkT{ pOcXR%pOcdR%WXs�m=\(WdRYS L s�NQP	\GaBRYS
RYNxegMOWXWdRYSp5]?�nONQ^`_ pOcdRYZQR+}�noe<ktRYcdWdnoSOPjcXZxk SbnOS egMON �xRYpOR-L s�NxP	\(a5R RTNxl�cwkQktRYWda>\GNT{�x \GZ
pocdR kt\GktZQy(^`_OWdcX^`_OR=L RYNVD�x
RYcdP�nOSoPV\GS%pORTS C-kQRTWdWXRTS%\GnOZ

T
cdZxkO5q?�cdRTZ�aBRYNQMO^`mbZQcX^`_	ktcdP(RTS
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nOSOp RTNx_>\(WXkQRTS �
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∑
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x s�a5RTc
ΦSK
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� �$! 
 �	��9�
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Z(k,Q8; x) ∼ c(k,Q8)x
1/4.
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RYSOpOnOSoP nOSOZxRTNQRYZ Q7\(nOa5RTN tsCo\GkVDTRYZ&�6587WXs5
�qKl�[]\(WXW

k = Q
mIY(SOSORTS x cXN

T = {(2)} x yG_OWdRYSp5�[DMoN RTcXSOR Wds(mG\GWdR�L s�NQP	\GaBR cdZxk�Co\GkVDAs5 �dFVcXS �GA�A�� a5R|x cXRTZQRYSp5'H nOZty=kRDTWXcd^`_$_>\(a5RTS x cdN'egMON
k = Q

RTcXSORTS�nOS>\(aO_Oy(SOP�cXP�RTS
�
R|x RTcXZT{]pORTNipOcXR'Wds�m=\(WXRTS�U N{x RTcXkQRTNxnOSOP�RYSjMOa5RTN

Q2

ZxkQnOpOcdRYNxkO5 �"cdN _>\(a5RTS _OcdRYNi\(noe
pOcdR�}�SOP	\GaBR+pOcXRTZxRTZ �
R�x
RYcdZQRYZ v�RTN{DTcX^`_bkQRYkT{ p>\�RTN \GSOZQ^`_ORYcdSORYSOp SOcd^`_	k \(nre�\GSOpORTNxR
CrcXkQn>\GktcXs�SORYS v�RTNQ\(WdWXP�RTl RTcXSORTNxa>\(N cdZxkO5

� � � � � ��

������� & �+����� �%($� � �'

($� ����������� ������������� �
?�cdR �
R�x
RYcdZxl�R kt_Os-pOR \(nOZ pORYl WdRYkVDYkQRTS }�aOZx^`_OSOcwkQk W y(ZxZxk ZQcX^`_ P�RTS>\GnOZQs�\(noe�RTcdSoR
nOSORTSopOWdcX^`_ORzU0Wd\(ZQZxR'v�s�S 90NxnO�O�5RTS {>pOcXR0ZQs�P�RYS>\(SOS	kQRTSVv(RTNQ\(WdWXP�RTl RTcXSORTN ktRTS�w&n>\GkQRTN 	
SOcds�SoRTSOP�NxnO�O�5RTS { \(Snx
RYSOpORTSq5��"cXN pOR�~>SOcdRYNQRYSiDYnOS>y(^`_OZ k RTcdSoR+SOsr^`_ \(WXWdP�RYl�RYcdSORYNQR
U0Wd\(ZQZxR&v�s�Se9'NQnO�O�5RTSq5
� !��]�'�$#&�1o	� 4�� Z
��� � �	�

A = 〈a〉 
6� � � �  6��� � ����� ��� #$�/��� 
/�	� � ��
6��#%�(&
2m

7"4?� �	� �
m > 1

) +�-.�/�
���$!

Dic(A) := 〈a, x | a2m = 1, x2 = am, x−1ax = a−1〉

6�
� 
�� � �  6��� � ����� � �$# �/�C� 
/�	� �5� 
���#?�(&

4m
) � 
 � �C�'� � -?��7
-?� �

m = 2l �����/����� �C� �

Dic(A)

6�
� � �����	-?� � &(�'
 ���������$!"� � ��#�-(!1�	� �(�
9������(&�� #$�/���

Q4m


/�	���5� 
���#?�(&
4m

)

U0Wd\(NQRYN{x RTcXZQR cdZ k
Q8

pOcdR nOSOZza5RTNQRYcXkQZza5RTm=\(SoSbkQR-w&n>\=ktRTNxSOcds(SORTSOP(NQnO�O�5RI5)?�cdR }�nOZ 	
Zt\(P�RYSVpoRTZ.egs�WdP(RTSOpORYS�� RYl�l�\(Z egs�WXP�RTS+pocdNQRYm	k�\GnOZ pORTN�?�R�~>SOcXkQcds�Sq5
� !"�@��0@4�� �
�������	�

Dic(A)

6� ��
6� � �� 6� ��� ����� � �$# �/�C��
(�	���5� 
6��#%�(&

4m
)/+�-.�/�0&'�	��!1�	�*2

� ���
AE Dic(A)

)

� ���
x

�,-'!�� ��
6��#%�(&
4
���

Dic(A)
)
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%)0s#W!h,d�'�1o	� !"�)(	,d%)m'm�!"� ���

� � � +�-?� � �	��! � # 

Z(Dic(A))

� 9��
Dic(A)

� �$! 〈x2〉 )

� � � � � 
/�����C�
�'
 ����!�� 9��
Dic(A)

�,-(!5�	� ��� +�-?�A�$!"�����:#%�(&
akxj 
 ��!

j = 0
9'
(�	�

1� 9?�C�
�
1 ≤ k ≤ 2m

)

� � �
x2 � �$! 
'-?��������� � &(�=�C�
�'
 ����! 
/�	���5� 
6��#%�'& � ���

Dic(A)
)

qKl []s(WdP�RYSOpORTS"SORY_Ol RTS x cdN+\(S {.p>\(ZQZ
G = Q4m

l cXk+RYcdSORYN �Wt6� s(ktRYS2D
m
cdZ kb5

?�cdRTZxR 90NxnO�O�5R.aBRYZQcXkVDYk \(WXZDktNQ\(SOZxcXktcwv�R�9'NQnO�o�BR.SbnON pOcXR.NQRYP�nOW yGNQRM?&\GNQZxkQRTWXWdnOSOPs5��"cdN
RYNQ_>\GWXktRYS {5p>\(ZQZ

H := G/Z(G)
cXZQs�l s�NQ�o_eDTnoNf?�cXRTpORYNQP�NxnO�O�5R

Dm

cXZxkO5 ��RTcwktRTNx_OcdS
x cXNQp

ind(G) = 4m − 2m = 2m
v(s�S pORTN RYcdS2DYcdP�RYS qKSbv(s�Wdnrktcds(S \(SOP�RYSOs�l l�RYSp5

�"cXN'l MOZxZQRTS�S-noS x cdRYpORTNzp>\(Z�L RYNVD|x RTcXP�nOSOP(Zxv�RYNQ_>\GWXktRYS RTcXSORTN
Q4m

t"U Nyx
RYcXkQRTNQnoSOP
Z ktnOpocdRTNxRTSp5"C-RTc]_OcdRYNVDYn

L/k
RYcdSOR�U N{x RTcwktRTNxnOSOPzl�cwk 90\(Wds�cXZQP�NxnO�O�5R

Q4m

nOSOp
K
pORYN

[7c��rmIY�Nx�BRYN.nOS	ktRYN�pORYl DTRYS	ktNt\GWdRTS�U WdRYl�RYSbk poRTN��&NQpOSbnOSOP
2
5 �"cXN RTNx_>\(WwktRTS �

dL/k = d2
K/kNK/k(dL/K).

�"cXR cdl v(s�NQcXP�RTS%}�aOZQ^`_OSocXkQk&aBR|DTRTcX^`_OSORYS x cXN�l cXk KH
pOcdR hVRTSOP(R pORTN

H
t"U Nyx
RYc�	

kQRTNxnOSOP�RYS {]pOcdR0cdS
Q4m

RYcdSba5RYkQkQa>\(N ZQcXSOpp5 �"cXN ~ �ocXRTNxRTSjpocdR0MOaOWXcd^`_OR0RTSopOWdcX^`_OR }�nOZ 	
SO\(_Ol RTl RTSOP�R

T
nOSOp x yG_OWdRYS�DYn �xRYpORTl

K ∈ KH

RTcXSOR0l�cXSOcdl�\(WdR���Y�ZxnOSOP
LK

5
C-RTcOSbnOS

σ ∈ H
RTcdS U WXRTl RTS	k pORYN �'NxpOSbnOSOP

o
noSOp

τ ∈ G
RTcXSORTZ poRTN u�NxaOcdWXpORTN|5��"cXN

l RTNxm(RYS \(S {=p>\(ZQZDnOS>\(aO_Oy(SOP�cXP�v�s(S pORTN ��\(_OW-pORYZ u�NxaOcdWXpOZ7pocdRTZxRTZ cXl�l RTN �&NQpoS-noSOP
2o
_>\GkO53��nOS P�cXWXk �

ind(σ) = 2m− 2m/o = 2m(1 − 1/o)
nOSop

ind(τ) = 4m− 4m/(2o) = 2m+ 2m(1 − 1/o).
�"cXN.RTNx_>\(WXkQRTS \(WXZQs egMON

SK := {p ∈ P(k) | p|dK/k} ∪ T
�

dT
LK/k = dT

K/k

∏

p∈SK\T
p2m.

?�\�\(WXWdR a5RTNxRTcXkQZ�cXS
K
v�RYNVD|x RTcXP(ktRYSSU WdRYl�RYSbkQRfl�cXSOpORTZ ktRYSOZ��&NxpOSbnOSOP � 
 cXS K �_O\(aBRYS {O_>\GaBRYS cX_ONQR&u�NQaocdWdpoRTN cXS

G
p>\Gl�cwk l cdSOpORYZxkQRTSOZ.qKSOpoR
�

4m− 4m/4 = 3m
5

��!"�@��0@4�� r
+=�
�=<��	�����

∑

K∈KH

1

N (dLK/k)s

 69�� �����A&�� �	�$!�7"4%� <(s) > 1/(3m)
- � ��9���#(! #%��
 �
9� ?-?��&��
���
����
 � � �;&,)
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( !hg�!"�`_
�"cdN cXl�cwktcdRYNQRYS&pORTS �
R�x
RYcdZ v�s�S�Co\GkVD Fs5 ���-{|x s�aBRYcnx cdN�pOcXR�U �r�5s�SORYSbkQRTS

ai

S>\G^`_ pORYN
L s�NQMOa5RTNxWdRYP�nOSOP+pOnoNQ^`_

3m
S>\(^`_ nOS	ktRYS�\(aoZQ^`_>yGkVDTRYSp5'CrRTc \(WXZQs

(a1, . . . , ar) ∈ Or
kRTcdS Q nO�5RTW|{6x
RYWd^`_ORYZ�RTcXSORTS U�Y�NQ�5RTN

K
�>\(Nt\Gl�R ktNQcXZQcXRTNxkO52?&\GSOSVP(cdWXk��

dLK/k ≥ N (a1)
3m · · ·N (ar)

3m.
?&\ �xRTpORYl U Y�Nx�BRYN

K
P(RTS>\(n RYcdS U Y(NQ�5RTN

LK

DTnOP�RYs�NQpoSORYkzcdZ kI{BRTNQ_O\(WXkQRTS�x cdN&l cXk
pORTl \GS>\(Wds(P�RTS �
R�x
RYcdZ x cdRfcdSiCo\GkVD F25 �(�r{ p>\(ZxZ�pOcXR ?�cdNxcd^`_OWXRYkQNQRTcX_OR egMON <(s) >
1/(3m)

\(aOZxs�Wdnrk nOSOp Wds�m=\(WBP�WdRYcd^`_Ol�y ��cXP m(s(Sbv(RTNxP�cdRYNxkb5
�CrRTc-SbnOS

L
RTcXSOR �)Y(ZQnOSOPo{GpOcXR SO\(^`_ Co\GkVD Fs5 7?� pOnONx^`_ pOcdR D|�-mbWdcXZQ^`_OR

Z2

t6U N{x RTcXkQRTNxnOSOP
M
�>\GNt\(l RYkQNQcdZxcdRYNxk x cXNQpp53?�\(SOS P�cdWwk �

dT
L/k = dT

LK/k(d
SK

M/k)
2m.

}�S>\(WXs�P DTnol~v�s�Nx_ORTNxcdP�RYS
Q8

tr[]\(WXWBRYNQ_>\(WwktRYS�x cXN��

ΦT
k,Q4m

(s) = 1/4
∑

K∈KH

ΦSK
k,Z2

(2ms)

N (dT
LK/k)

s
.

�"cdRTpoRTN \(S>\(WXs�P�DTnol
Q8

tr[]\(WXW
m.Y�SOSORYS�x cdN p>\GSOS pO\(Z
L RYNQ_>\GWXktRYS poRTN [>nOSOm	ktcXs�S
ΦT

k,Q4m

nOSOp p>\(l cXk pocdR'}�Zy�-l��okQs(ktcXm*v�s(S
ZT (k,Q4m; x)

aBRYZxktcXl�l RTSq5
}�SOZx^`_OWdcXR ��RYSOp RTS	kQegRYNQSORYS:x cdN=x cXRTpORYN

T
pOnONx^`_ pOcdR H RYNQWXRTP�nOSoPVv�s(S

ΦSK
k,Z2

cXS pOcXR
RTSOpOWXcd^`_+v-cdRYWdRTSfWXs�m=\(WdRYSf[ y(WdWXR�nOSopVRYNQ_>\(WwktRYS �

Φk,Q4m(s) = 1/4
∑

K∈KH

∑

L∈LL

c(K, T,L)s ΦSK
L (2ms)

N (dLK/k)s
.

?&\ S>\(^`_�Cr\GkRD<As5 �.F
∑

K∈KH

c(K, T,L)s ΦSK
L (2ms)

N (dLK/k)s

egMON <(s) > 1/(2m)
\GaOZQs�WXnok noSOp Wds�m=\(W-P�WXRTcd^`_ol*y �(cdP m(s�S	v(RTNQP(cdRTN kI{�a5RTc

s = 1/(2m)RTcdSoRTS RYcdSoe:\(^`_oRTS �7s(W a5RTZQcwkRD k nOSOpf\GSOZQs�SoZxktRYSfl�RYNQs�l s�NQ�o_*S>\(^`_+WXcdSOmbZ egs�NxkQZQR kRDTaO\(N
cdZxkT{ x
s(aBRYcipocdR+egs�NxkQP�RTZxRYkVDYktRV[>nOSOm	ktcXs�S \(S>\(WXs�P%S>\(^`_�s(aBRYS \(aoP�RTZx^`_>yGkRD k x RTNxpORTS
mG\GSOS {O_>\GaBRYS�x cXN egs�WdP�RYSOpORYSeCr\GkRD0a5R|x cdRYZQRYSp5
	p0s#bl 4�� �
��� � �	� �	�

m = 2l #%��

Q4m


6� � �����	-?� � &(�'
 ���������$!1� ��#�-(!1�	�A�/�
9����	�(&�� #$�/��� 
/���
� ��
6��#%�(&

4m
)5+�-?�/�  9�� �����A&�� �	� ! 7"4%�0-.���
���*-?�/�! ���:�C���

k

��
� + � � �
���(�
��! � <��	�����

Φk,Q4m(s)
7"4%� <(s) > 1/(2m)

- � ��9���#(! #%��
 �
9# %-.� &�� �	�
��� 
 � �%� &,) � � � �,-(! �	�����	�
�	���(7
-6�����	����9 � � ���

s = 1/4
#%��
 ��� ! 
 ��� 9�
 9������ -(#%7 <(s) > 1/(3m)

7:9 �$! ����! � � -?� )
� ����!"��� �/� � &����:! 2

Z(k,Q4m; x) ∼ c(k,Q4m)x1/(2m) = c(k,Q4m)xa(Q4m).
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��� � "�� � � # ����� � 
�� 	 � ���'��� �
qKl�v�s�Nx_ORTNxcdP�RYS }�aOZx^`_OSOcXkxk _>\(a5RTS x cdN pocdR
v(RTNt\GWdWdP(RTl RTcdSoRTNxkQRTS
w&n>\GkQRTNxSOcds�SoRTSOP�NxnO� 	
�5RTS \(WXZ�Cr�5RODYc \(Wwe:\(WdWbpORYN pOc D��rmbWXcdZQ^`_oRTS 90NxnO�O�5RTS m(RYSOSORYSOP�RTWXRTNxSbkO5	}�WXWdR
poc D|�-mbWdcXZQ^`_ORYS
9'NQno�O�BRYS

G
_O\(aBRYSjpOcXR'egMON�noSOZ�Zx^`_2Y�SOR�U cdP�RYSOZQ^`_>\=e<kI{]p>\(ZxZ�SbnONiRTcdS�U WdRYl�RYSbkipORYN

�&NxpOSbnOSOP �%R
�rcXZxktcXRTN kI{ x RTWd^`_oRTZ*pO\(SOS pORTS�hVcdSOcXl*\GWdcdSopOR
��aBRYZxkQcdl l k nOSOp p>\GegMON
Zxs�NQPGkI{5p>\(ZQZ

b(k,G) = 0
cdZ kb5 �
RYkQNt\(^`_	kQRTS x cdN�pORTS []\(WXW

m = 3
{]pp5 _p5 pOcXR 9'NQnO�o�BR

G = Dic(Z6)
{�x
RYWd^`_OR��'NxpOSbnOSOP@7?�f_>\=kb5 ?�cdRYZ cXZxkzpOcdR 9'NQnO�O�5R

12T5

cdS�pORTN=��c�	
Z ktR&poRTN ktNQ\(SOZxcXktcwv�RYS 90NxnO�O�5RTS {rpp5 _p5opOcXR�ktNQ\(SOZxcXktcwv�R�u�S	ktRYNQP�NxnO�O�5R&pORTN

S12

{opOcXR x cdN
ponONQ^`_�U cXSOP	\(a5Rzv(s�S T�3h�
	�:����;��=

 OP3@,-" \ �����
Q�� ��� cdSe90\(�js-pORTN�hj\(P(l*\ aBRYm(s�l l RTSp5
�"cXN.RTNx_>\(WXkQRTS+egs�WXP�RTSOpoR'R
�o\(m	ktRznOSOp�DTRYSbkQNt\(WXR=CrR �bnORYS2DI5

1 → Z2 → G→ H := D3 → 1.

?�cdR ?�cXRTpORYNQP�NxnO�O�5R
D3

cdZ kfS>\GktMoNQWdcX^`_�pOcdR Zy�rl l RYktNxcdZx^`_OR 90NxnO�O�5R
S3

5�CrRTc0\GWdZQs
x cXRTpORYN KH

pOcdR
hVRTSoP�R
pORYN
S3(6)

t-U Y�Nx�BRYN7MOa5RTN
k
{=pOcXR Zxcd^`_ cXS

G
RTcXS-a5RYkxktRYS W \(ZxZQRYSp5

��RTcwktRYNQ_OcXS ZxRTc
LK

x cdRYpORTN RTcXSOR0l�cXSOcdl�\(WXR ��Y�ZxnOSOP25 �"cXN.RTNx_>\(WXkQRTS �

Φk,Dic(Z6)(s) = 1/2
∑

K∈KH

∑

L∈LL

c(K, T,L)s ΦSK
L (6s)

N (dLK/k)s
.

�"cXN0mIY�SOSoRTS�pO\(Z;L RYNQ_>\GWXktRYS�pocdRTZxRTNz[>nOSOm	ktcXs�S$aBRYZxktcXl�l RTS {qx
RYSOS�x cXNzP(RTSbMOP�RYSOp
MoaBRYNipocdR0[>nOSOm	ktcXs�S

∑

K∈KH

1

N (dLK/k)s

a2D|x<5 ∑
K∈KH

1

N (dT
LK/k)

s

x cXZQZxRTSp5h?&\GaBRYcO_>\(a5RTS�x cXNDegs�WdP(RTSOpORYZ�� NQs�aOWXRTl�5G}�nOZ��
RYl�RYNQmbnOSOP;Ks587?� x cdZxZQRYS x cXNT{
pO\(ZQZ

∑

K∈KH

1

N (dK/k)s
= O(x1/3)

cXZxkO5�?&\
dLK/k = d2

K/kNK/k(dLK/K)
P�cXWXkT{�mIY(SOSORTS x cdN%s�aocdP�R C-nOl�l R pOnONx^`_

O(x1/6)
\(aOZx^`_>yGkVDTRTS {�x
\(ZjnoSOZj\GaBRYNVSOcX^`_	kVP(RTSbMOP(kO5 �"cXN+cdl cXktcXRTNxRTS�WdcXRTa5RTN+pORYS

� R|x RTcdZ v(s�S�Co\GkVD�Ks5BXs56?&\(a5RTc�x RTNxpORTS
S3

t6U Nyx
RYcXktRYNQnOSoP�RTSfpOnONx^`_ �D\�\GNQR
(a, b)

�O\�	
NQ\(l RYktNxcdZxcdRTN kb5 u�cXRTNxaBRYc
a5RI\(^`_	ktRYS:x cdNT{7p>\(ZxZ U WXRTl RTS	ktR*pORTN
�&NxpOSbnOSOP��jcdS

S3

DYn
U WXRTl RTS	ktRYSjpORYN �&NQpOSbnOSoP F*l cXk H��-mGRTWXk �-�

43 cdS G x RTNQpoRTSp5qU WXRTl RTS	ktRzpORYN��&NQp 	
SbnOSoP A�a5RT_O\(WXkQRTS cd_oNQR �&NxpOSbnOSOP 
 H��-m(RYWXk �-� 34 � s-pORTN WdcXe<kQRTS DTn�U WdRTl RTS	kQRTS pORYN
�&NxpOSbnOSOP-K65 �"cXN RTNQ_O\(WXkQRTSfegMON

k = Q
pOcdRzuiSOP�WdRYcd^`_bnOSOP

dLK
≥ a9b8

{kx s�a5RTc SbnOS
a, b > 0

pOcXR<U N{DTRYnOP�RTNipORYN u�\(nO�okQcdpORT\(WdR�ZQcdSopp5 �"cdN RYNQ_>\GWXktRYS �
∑

K∈KH

1

N (dT
LK/k)

s
≤
∑

a9b8≤x

3rk(a)+ω(b)+c(Q) − 1

2
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≤ c(Q)
∑

a9≤x

3rk(a)
∑

b≤x1/8/a9/8

3ω(b) ≤ c(Q)x1/8 log(x)2
∑

a9≤x

3rk(a)

a9/8
.

?�cdR'WXRYkRD ktR=CrnOl l R&cdZ k.egMON
x→ ∞ mGs�S	v�RYNQP�RYSbkT{	x s�l cXk P�R|DTRYcdP(k cXZxkI{op>\(ZQZ

∑

K∈KH

1

N (dT
LK/k)

s

egMON <(s) > 1/8
mGs�S	v�RYNQP�cXRTNxkO5 ?�\(l�cwk egs�WdPGk p>\(SOS \(S>\(WXs�P�x cdR cdl v(s�NQcXP�RTS }�a 	
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