On the smallest point on a diagonal
quartic threefold

Andreas-Stephan Elsenhans® and Jorg Jahnel*

Abstract
For the family apz* = a1y*+as2t +asv* +aqw?, ag, ..., as > 0, of diagonal
quartic threefolds, we study the behaviour of the height of the smallest rational
point versus the Tamagawa type number introduced by E. Peyre.

1 Introduction — A computer experiment

1.1. — Let V C Pg be a Fano variety defined over Q. If V(Q,) # 0 for
every v € Val(Q) then it is natural to ask whether V(Q) # 0 (Hasse’s principle).
Further, it would be desirable to have an a-priori upper bound for the height of
the smallest QQ-rational point on V' as this would allow to effectively decide whether
V(Q) # 0 or not.

When V' is a conic, Legendre’s theorem on zeroes of ternary quadratic forms
proves the Hasse principle and, moreover, yields an effective bound for the small-
est point. For quadrics of arbitrary dimension, the same is true by an observa-
tion due to J. W. S. Cassels [Cal. Further, there is a theorem of C. L. Siegel [Si,
Satz 1] which provides a generalization to hypersurfaces defined by norm equations.
For more general Fano varieties, no theoretical upper bound is known for the height
of the smallest QQ-rational point. Some of these varieties fail the Hasse principle.

In this note, we present some theoretical and experimental results concerning
the height of the smallest QQ-rational point on quartic hypersurfaces in Pa.

1.2. —— There is a conjecture, due to Yu. I. Manin, that the number of (-ratio-
nal points of anticanonical height < B on a Fano variety V' is asymptotically equal
to 7B log* V)=l B for B — 0.
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naive height, E. Peyre’s Tamagawa-type number
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In the particular case of a quartic threefold, the anticanonical height is the same
as the naive height. Further, rk Pic(V') = 1 and, finally, the coefficient 7 € R equals
the Tamagawa-type number 7(V') introduced by E. Peyre in [Pe]. Thus, one expects
~7(V')B points of height < B. Assuming equidistribution, the height of the smallest
point should be NT(LV' Being a bit optimistic, this might lead to the expectation
that m(V), the height of the smallest Q-rational point on V', is always less than %
for a certain absolute constant C'.

1.3. —— To test this expectation, we computed the Tamagawa number and
ascertained the smallest Q-rational point for each of the quartic threefolds
vt - Py, given by az® = by* + 2* + v' + w’ for a,b =1, ... ,1000.

On 516 820 of these varieties, there are no Q-rational points as the equation is
unsolvable in @, for p = 2, 5, or 29. (Note that, for each prime p different from 2, 5,
or 29, there are p-adic points already on the Fermat quartic given by z2+v+w? = 0.)
On each of the remaining varieties, (-rational points were found. In other words,
there are no counterexamples to the Hasse principle in this family.

The methods to systematically search for solutions of Diophantine equations
and to compute Tamagawa numbers we applied here are described in our earlier
papers [EJ1, EJ2].

The results are summarized by the diagrams below.
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Figure 1: Height of smallest point versus Tamagawa number

It is apparent from the diagrams that the experiment agrees with the expecta-
tion above. The slope of a line tangent to the top right of each of the scatter plots
is indeed near (—1). However, we show in Section 2 that, in general, the inequality
m(V) < % does not hold. The following remains a logical possibility.



1.4. Question. —— For every ¢ > 0, does there exist a constant C(¢) such that,
for each quartic threefold,
Cle)

m(V) < T

1.5. Peyre’s constant. —— In our situation, rkPic(Vg) = 1. In particular,
there is no Brauer-Manin obstruction on V. Recall that, in this case, E. Peyre’s
Tamagawa-type number is defined [PT, Definition 2.4] as an infinite product
7(V) = Ilevag) 7(V). For a prime number p, the definition of the local fac-
tor may be simplified to

1 .
(V) = (1 — 5) - lim

Too(V) is described in [Pe, Lemme 5.4.7]. In the case of the diagonal quartic threefold
V(@) given by apx§ + ... +asxi =0 (ag < 0,a1,...,a4 > 0) in Pg,, this yields

1 1
(Vianean)y //// dy dz dvd
() 7ool ) 4~/ ao| (a1y* + azz* + azvt + agw*)3/4 yesanae
R

where the domain of integration is

#V(Z/p"Z)

R = {(’y,Z,U,'lU) € [_17 1]4 | |a1y4 + 0,22’4 + &3'[14 + a4w4| S |CL0|} .

1.6. —— In the case of diagonal quartic threefolds, there is an estimate for m(V")
in terms of 7(V'). Namely, # admits a fundamental finiteness property. More pre-
cisely, in Section 3, we will show the following results.

Theorem. Let a = (ag, ... ,a4) be a vector such that ag, ... a4 € Z, ag < 0, and
ar, ... ,aq > 0. Denote by V* the quartic in Pg, given by apxy + ... + asxy = 0.
Then, for each € > 0 there ezists a constant C(g) > 0 such that
1 1_,
—— >C(e) Hpmpwo (£ : ... L)1,
T(Va) — ( ) (ao a4)

Corollary (Fundamental Finiteness). For each B > 0, there are only finitely many
quartics V°: agzg + ... 4+ ayzy = 0 in Pgy such that ag < 0, ay, ... a4 > 0,
and T7(V*) > B.

Corollary (An inefficient search bound). There exists a monotonically decreasing
function S: (0,00) — [0,00), the search bound, satisfying the following condition.

Every quartic V*: agzg+ ... +asxj = 0 such that ag < 0 and ay, ..., as > 0 admits,

if V4(Q) # 0, already a Q-rational point of height < S(7(V'?)).

Proof. One may simply put S(t) := max min h(P). O
y simply put S(t) o, L2 (P)

In other words, we have m(V*) < S(7(V?%)) as soon as V(Q) # 0.



2 A negative result
For a € N, let V(=% C P‘qlQ be given by az? = y* + 2% + v* + w? and let
m(VEY) = min { Hyaive(z :y: z:v:w) | (z:y:2:0:w) € VEIQ)Y

be the smallest height of a (-rational point on V=%, We compare m(V (%) with
the Tamagawa type number 7(-% := 7(V/(=9),

2.1. Notation. —— For a prime number p and integers y, z, ..., not all of which
are equal to zero, we write ged,(y, z, ... ) for the largest power of p dividing all of
the y,z, ... .
2.2. Theorem. —— There is no constant C such that
C
(—a)
m(V'\7Y) < gy
for all a € N.
Proof. The proof consists of several steps.
First step. For a > 4, one has 759 = 4%/5[ where [ is an integral independent of a.

This follows immediately from formula (x) above.

Second step. For the height of the smallest point, we have m(V(~%) > ¢ T

2] > 1 yields y* + 24 +v* + w > o and max{ly, 2], o] [u]} > /3.
Third step. There are two positive constants C; and C5 such that, for all a € N,

Cl < HTIS_a) < Cg.

p prime
p>13,pta

For a prime p of good reduction, Hensel’s lemma shows 7,(V (%) = (1-1). LZ)(]F’J-

Further, for the number of points on a non-singular variety over a finite field, there
are excellent estimates provided by the Weil conjectures, proven by P. Deligne.
In our situation, [De, Théoreme (8.1)] may be directly applied. It shows
#VENE) = pP +p? +p+1+ ECY with an error-term |EC?| < 60p>2. Note that
dim H3(V,R) = 60 for every smooth quartic threefold V in Pg..

Consequently, 1 — W — z% < T,S‘“’ <1+ 60(;3_/2/ ) _ #. Here, the left hand
side is positive for p > 13. The infinite product over all 1— f0a-1/p) _ L

L ' p3/2 P
(respectively 1 + 60(;3/2/ 2 _ I%) is convergent.

Fourth step. There is a sequence {a;};en of natural numbers such that

I
p prime i€EN

p<13 or pla;
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is unbounded.
Let C € R be given. We will show that

H TIS‘“) > C

p s o pla
when a := p;-...-p, is a product of sufficiently many different primes p; = 3 (mod 4)
fulfilling a = 1 (mod M) for M :==16-3-5-7-11-13.

Let p be a prime such that pla. We made sure that p*ta. Then, for any point
(x:y:z:v:w) € VEIZ/PZ), the assumption p |y, z,v,w would imply p?*|az?
and plz. Therefore, ged, (v, z,v,w) = 1. Further, y* + 2* +v* +w* =0 (mod p).

As p = 3 (mod 4), the number of solutions of that congruence is the same as
that of y* + 2% +v? +w? =0 (mod p). Since p remains prime in Z[i], this quadratic
form is a direct sum of two norm forms. Its number of zeroes in 1F; is therefore
equal to 1+ (p—1)(p+ 1)

ged,(y, z,v,w) = 1 implies that Hensel’s lemma is applicable. It shows

w . pn (p— 1 p+ 1 2p3(n—1) -
#V L )p L) = (p—1)( n_>1 =p"P(p+1)%
(p—1p
Hence, 7 = (1— %)(W;—;F =1+ 1—1) — 1% — ;z%‘ We may consequently write
d 111
(—a) _ (1 o2 _> (—a)
T + T,
H ’ 1:[1 pi P W ll ’
p<13 or pla p<13

The second product is over p = 2 and a finite number of primes of good re-
duction. The value of the product depends only on the residue of a mod-
ulo M =16-3-5-7-11-13 by virtue of [EJ2, Lemma 13.a) and b.ii)]. In particular,
our assumption a =1 (mod M) implies

T := H ng_a)

p prime
p<13

is a constant. It is clear that 7" > 0 as the equation z* = y* + 2* + v* + w* admits
a non-zero solution in Z/mZ for any m > 1.

It remains to show that there exists a set {p1,...,p,} of primes p; =3 (mod 4)
such that p; > 13,

(+) 1_](1+i—i2—i3)z%,

and p;-...-p, =1 (mod M).



Condition (+) is easily satisfied as the series > _3 (04 4 % diverges. We find a
set {p1, ... ,ps} of prime numbers p; > 13 of the form p; = 3 (mod 4) such that
| (1 + p%_ — p%g — p%) > % Enlarging {p1, ..., ps} makes that product even big-
ger. We may therefore assume p; - ... ps =3 (mod 4).

The numbers M and p; - ... - ps are relatively prime. By Dirichlet’s prime num-
ber theorem, there exists a prime pgy1, larger than each of the pq, ..., ps, such that
p1e-.. Psy1 = 1 (mod M). This shows, in particular, ps;1 = 3 (mod 4). The as-

sertion follows.

Conclusion. The four steps together show that m(V(~®).7(-%) is unbounded. [

3 The fundamental finiteness property

3.1 An estimate for the factors at the finite places

3.1.1. Notation. —— i) For a prime number p and an integer x # 0, we
put z() ;= p»@ . Note zP) = 1/||z||, for the normalized p-adic valuation.

ii) By putting v(z) := minv({), we carry the p-adic valuation from Z, over
to Z/p" 7. o€ ot o7

Note that any 0 # x € Z/p"Z has the form x = e-p*®) where ¢ € (Z/p"7)* is a unit.
Clearly, € is unique only in the case v(x) = 0.

3.1.2. Definition. —— For (ag,...,as) € Z%, r € N, and vy, ...,vy <7, put
Sz(/g?...,u4;ao,...,a4 = {(xo’ tet 7$4) E (Z/pTZ)S |
v(xo) = v, ... w(24) = Va5 agxg + ... +agxy =0 € Z/p 7} .
For the particular case vy = ... =1, = 0, we will write Z,%?,,,m = Sér) . Le.,

y-:0500,...,a4

ZC(LQ...,M = {(wo,...,24) €[(Z/p"7)*]° | aoxé +o oty =0€ 77

We will use the notation zé?m = #ZC(LQ,.,M.

3.1.3. Sublemma. — If pFlag,...,as and r > k then we have
r __ .5k (r—k)
Z‘(IO)W"M =p Zao/pk,---ﬂzl/Pk )

Proof. Since agzg+...+asxr} = p*(ag/p*- x4+ ...+as/p*-x}), there is a surjection

L: Z[gg) — gk

LY ao/p¥,...,as/p"

given by (o, ...,24) — ((xo mod p"*), ..., (x4 mod p"=*)). The kernel of the ho-
momorphism of modules underlying ¢ is (p"*7/p"7)5. O
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3.1.4. Lemma. —— Assume ged,(ag, ..., as) = p¥. Then, there is an estimate

r Ar+-k
2 , < 8p .

ag,...,a

Proof. Suppose first that £ = 0. This means, one of the coefficients is prime to p.
Without restriction, assume pfag.

For any (z1,...,24) € (Z/p"7Z)*, there appears an equation of the form agzg = c.
For p odd, it cannot have more than four solutions in (7 /p"Z)* as this group is cyclic.
On the other hand, in the case p = 2, we have (Z/2"7)* = 7./2" 7. x 7./27, and up
to eight solutions are possible.

The general case follows directly from Sublemma 3.1.3. Indeed, if £ < r then

5(r) _ 5k (r—k)

<
ag,-.-,04 Zao/pk,...,a4/pk =p

5k X 8p4(7’—k‘) — 8p47’+k“

On the other hand, if £ > r then the assertion is completely trivial since

Z[(lg)’m’a4 _ #Ztgg?m’u < p5r < p4r+k < 8p4r+k. 0
3.1.5. Remark. —— The proof shows that in the case p # 2 the same inequality

is true with coefficient 4 instead of 8. If p =3 (mod 4) then one could even reduce
the coefficient to 2. Unfortunately, these observations do not lead to a substantial
improvement of our final result.

3.1.6. Lemma. — Letr € N and vy,...,vy <r. Then,

(r) _ z;z(zzz’an,...,p4”4a4 ’ So(pr_yo) Tt ¢(pr_y4>

S eviian s = p(p)

Proof. As p*agzy+ ...+ p™aszi = ao(p™zo)* + ... + as(p”z4)*, we have a sur-
jection

. () (r)
e Zp4’/0a(),...7p4'/4a4 - SV07~~~,V4;CLO,~..,CL4 )
3 14 12
given by (xo, ..., x4) — (pxg,...,p"xy).

Fori=0,...,4, consider the mapping ¢: Z/p"7 — 7./p"Z, xo — pixg. fv; =1
then ¢ is the zero map. All o(p") = (p — 1)p"~! units are mapped to zero. Other-
wise, observe that ¢ is p” : 1 on its image. Further, v(i(x)) = v; if and only if = is
a unit. By consequence, 7 is (K®0) . ... K®)): 1 when we put K®) := p” for v # r
and K := (p—1)p"~!. Summarizing, we could have written K := o(p") /o (p" ™).

The assertion follows. O
3.1.7. Corollary. — Let (ag,...,as) € (Z\{0})°. Then, for the local factor
TIE"O""’“‘*) = 7, (V(@091)) ome has
T () . r—10) . . T—V4
T(ao,...,a4) _ llm Z Zp4Van,...,p4V4a4 gO(p ) Ce 90(]9 )
p Ar 7\5 :
rose A prep(p)



Proof. [PT, Corollary 3.5] implies that

(r)
#SVO,---,V4§¢107~~~7¢14

T}ga07"'7a4) — lim

r—00 Ar
vQ,...,va=0 p
Lemma 3.1.6 yields the assertion. 0
3.1.8. Proposition. — Let (ag,...,as) € (Z\{0})°. Then, for each & such
that 0 < e < 1 1 one has
1 1 4 l—¢
riorm) < 8(———) (-==) - (@’ - af) T (o)
1- T—4de 1- 'g
Proof. By Lemma 3.1.4,
Z](JZZOO/(), 41/4a4/p4r < Sng ( 0a07 et 7p41j4a4)
= 8ged(p 4”0a0 o ,p4”4a(p))
Writing pbi := o), we see
z]f,ZZan pivia /DY S Bged(pthe, L ptith)

— 8 m1n{4u0+ko,.. JAva+kq}

We estimate the minimum by a weighted arithmetic mean with weights %E, e

4
1 —€
T 1 and e,
1—¢ 1—c¢

min{41/0+k0,...,41/4+k4}§ 1 (4V0—|—k‘0)—|——|— 4

. (41/3 —|— ]{?3)

+8(4V4—|—]€4)
= (1—8)(V0+ +V3)+4€1/4

1 —
+ 1 (k‘o—l— +k53)—|—€]{54.
This shows
(2) . /p47’ < Sp(l—e)(uo+...+u3)+4au4+lf(ko+...+k3)+ak4
p*0aop, ... ,p*"4ay —
_ 8p(1—e)(uo+...+1/3)+4eu4 . (a(()p) o a;(),p)) 1< (az(lp))e.
We may therefore write
1—¢
ngao,...,m;) < S(Q((]p) o aép)) 1 (agp))a
- i p(l €)(vo+...4+v3)+4evy | Sp(pr Vo) SO(pr 1/4)
oo = e(pr)?®



Here, the term under the limit is precisely the product of four copies of the finite sum

r —e)v r—v r—1
Zp(l W p(p ): 1 i p 1
- e(p")
and one copy of the finite sum

r v r—v r—1
ZP4E (™) 1 L P 1
e (p(pr> (p1—4e)1/ p— 1 (p1—4e)r

v=0

For r — o0, geometric series do appear while the additional summands tend to zero.
O

3.1.9. Remark. —— Unfortunately, the constants

1 1 4
=) ()
N g Y A§ g

have the property that the product H C dlverges On the other hand, we have
at least that C’ is bounded for p — oo, say C’ <C®

3.1.10. Lemma. —— Let C' > 1 be any constant. Then, for each € > 0, one has

H C<ec-x°
p prime
plz

for a suitable constant ¢ (depending on €).
Proof. This follows directly from [Na, Theorem 7.2] together with [Na, Section 7.1,

Exercise 7). O
3.1.11. Proposition. —— For each € > 0, there exists a constant ¢ such that
[Tre <erfooovaift T min fladls ™
p prime prlme

for all (ag, ... ,a4) € (Z\{0})°.

Proof. As already noticed in the third step of the proof of Theorem 2.2, the product
over all primes of good reduction is bounded by consequence of the Weil conjectures.
It, therefore, remains to show that

HT“O’ $) < e ag - a4\i- H mln |a2||p

p prime pprlme
pl2aq...ay

For this, we may assume that ¢ is small, say € < i.

9



Then, by Proposition 3.1.8, we have at first

1_ e
7_1!5110,...,114) < C]()e) X (a(()p) . aép))z; 5 . (aip))%a
1_¢
_ z(f) . (a(()p) . ai()’p)aip))4 5 . (aip))_%ﬁ.
Here, the indices 0, ... ,4 are interchangeable. Hence, it is even allowed to write
1_¢ _1
Tlgao,...,azl) S Cl(f) . (a(()p) . ag(lp))4 5, (m?XCLEp)) 4+€
1_¢ . 1_¢
= C’I(f) . (a(()p) S aip))“ 5 -1rni1n||ai||;,1 )
Now, we multiply over all prime divisors of 2ag - .. .- a4s. Thereby, on the right hand
side, we may twice write the product over all primes since the two rightmost factors
are equal to one for ptag - ... aq, anyway.
1_¢ . e
H T}gan'vaﬁl) S H C]()E) . H (agp) e aip))4 5 . H i:néun4 ||al||l‘§
p prime p prime pprime pprime e
pl2aq...ay pl2aq...ay
1_e . 1-
= H C;ga) . |a0. .a4|4 5 . H Z._T{)lln4||ai||;,‘ €
p prime pprimo_ T
pl2aq...ay

when we observe that [], a® = |a|. Further, we have CfY < C© and, by
Lemma 3.1.10,

£

H C(a) <c- |2CLO' ...-a4|5.
p prime
pl2aq...ay

We finally estimate 25 by a constant. The assertion follows. O

3.2 A bound for the factor at the infinite place

We want to estimate the integral 7.0 ™) = 7. (V(®0--92) described in Para-

graph 1.5.

3.2.1. Lemma. —— There exist two constants C; and Cy such that

oo | e (Crminaol, 2a,)'7%). o laol < as
7030""’“4 < ) 1/4 min(Jaol,3a ;
Vﬁ (01 min(|ag|, 2a4)"/* + Cy a4/ log %)7 otherwise,

for all (ag, ... ,a4) € R® satisfying a; > ay > az > ay > 1 and ag < —1.
Proof. A linear substitution shows

7—(‘7'07"'7“4) — 1

1 1
00 _1'4/‘(L0‘(L1~...'a4/[[/(y4+24+v4+w4)3/4
R0

dy dz dv dw

10



where

RO = {(y,z,v,w) € [-al*,al/*] x -+ x [—=a}*, a}/*] | |y* + 2* + v* + w?| < |aol}.
The integrand is non-negative. We cover R(®) C R; U R, by two sets as follows,

Ry = {(y,z,v,w) € R" | y* + 2" + v* + w" < min(|ag|,2a4)},

Ry = {(y,z,v,w) € R | ag <y +2* + v < min(lay|, 30:) and w € [—ai/",a}/ "]},

and estimate. In the case |ag| < a4, the domain of integration is covered by R; alone
and we may omit Ry, completely.
By homogeneity, we have

min(|ag|,2a4)1/*

1 ) .
////(y4+24+v4+w4)3/4 dydzdvdw = wy - / ﬁ'r dr
Ry

0

= wy - min(|ag|, 2a4)"/*

where w, is the three-dimensional hypersurface measure of the [4-unit hypersphere

Sy i={(y,z,v,w) € R* | y* + 2* + v +w' = 1}.

Further,
! dy dz dv dw < 2a)* ! dy dzd
(y4+z4+v4+w4)3/4 yazavaw = aay (y4—|—z4+v4)3/4 yazav
Rz RS
where

Ry :={(y,z,v) € R® | ay < y" + 2" + v* < min(|ag|,3a)}.
The latter integral may be treated in much the same way as the one above. We see
min(|ao|,3a1)1/4

1 1,
///(y4+z4+v4)3/4 ddzdn = / A
R3

1/4
ay

where ws is the usual two-dimensional hypersurface measure of the [4-unit sphere
Sy i={(y,z,v) € R?® | y* + ' +0v* = 1}.
Finally,
min(|ag|,3a1)/4
min(|aol, 3a,)* 1.  min(|agl,3a;)

Ly
5T dr = log ai/4 zilog o

1/4
ay

11



3.2.2. Proposition. —— For every € > 0, there exists a constant C' such that

1 . 1
o020 < O fay a4 min
i=0,...,
for each (ay,...,as) € Z° satisfying ag < 0 and ay, ... ,ay > 0.
Proof. We assume without restriction that a; > ... > a4. There are two cases to

be distinguished.

First case. |ap| < ay.
Then, by Lemma 3.2.1, we have

rla0ntt) < Jag - ag 74 - €y min{ag), 2a4}
1 1
— Cl"ao'...'azl‘_z ‘ |a0|4
1
= (- |CLO a4|_% min4 ||al||§0

Second case. |ag| > ay.
Here, Lemma 3.2.1 shows

min{ |agl|, 3a
T$07~~~7a4) <lag-...- a4|_i (Cl min{|ao|, 2a4}% + Oy ai/4 log —{|a0| 1}>
4
S |a0 L a4|_% <01(2a4)% + Cg 61,21;&/4 log M)
Qy
_1 1 1 |aol
= ‘CL(]' ...'CL4| 4 - ‘CL4‘4 0124 +0210g—
Qy
1
=lag-...- a4|_% - min ||a;|& - (C’lﬁ + Cylog M)
1=0,...,4 Qg
1
<lag-...- a4|_i : -E%in4 || a5 - (012% + Cyloglag - ... - asl)
_1 . :
<lag-...-a4]"% + min la:l|ld - (Cs - ag - ... - a4|)5. O
3.3 The Tamagawa number
3.3.1. Proposition. — For every ¢ > 0, there exists a constant C > 0
such that 1
1 I—Inaive(ai:---:al)4
- > C . 0 4
7(a0,...aa) = ‘CLO e a4\€
for each (ay, . ..,a4) € Z5 satisfying ag < 0 and ay, ... ,ay > 0.

Proof. By Proposition 3.2.2, we have

(a0,..,a4) _lie . 1
TOOO""’ 4 < Cl . |a0 Lt a4\ 472 . 111(’]11114 ||CLZ||§O .
e

=U,...,

12



On the other hand, by Theorem 3.1.11,

1_ ¢
HTao, a §02-|a0-...-a4|4 H mm ||a,||]§ ;.

pprime prlmo
It follows that
rlo0t) < Gy fag - aglt - T min ||aly|p - min, Jooli& - TT [ min fladl] °
pprlmc p prime T
and
-3 -3
[T [ min flafl,] " | min faio]
1 > i p prime i=0,...,4 i=0,...,4
reo ) G ag . anff e T] [ min a7
pprime ‘= el
IT _max L " max L !
_ 1 pprime =054 Yillp =04 1% lloo
e : ' @)%
lag - ... a4z ] | max a;
pprime Li=0,...,4 -
1
:i Hnam(alo :...:é)4
Cs B [ ®]2
lag-...-ag)?- ] | max a
pprime Li=0,...,4
It is obvious that max a'” < |a” ... -a®|and []|a ... al”|=|ag- ...  adl.
This shows =0t pprime
1
1. .11
1 >i. Hnalve(ao"“'a)4
7(a0,.aa) = C3 |a0~...-a4\2 "CLO'...'CM‘§
1
1 Hoae(g o0 50)"
- . O
Cg |a0-...-a4|5
3.3.2. Lemma. — Let (ag : ... : a;) € PYQ) be any point such that
ag #0, ... ,a4 #0. Then,
Huaive(ao : ... 1 ag) < Hnam(alO S i)‘l.
Proof. First, observe that (ag : ... : a4) +— (% o i) is a well-
defined map. Hence, we may assume without restriction that ag, ... ,as € Z and
ged(ag, - .. ,a4) = 1. This yields Hpaive(ao : - .. @ aq) = max, |a;|.

I 7

13



On the other hand, (% D i) = (ajagasay : ... : apajasag). Consequently,
H,ive (% D i) < [iinax4|ai|]4 = Hpaive(ao : ... 1 ay)t.

From this, the asserted inequality emerges when the roles of a; and a% are inter-

changed. 0
3.3.3. Corollary. — Let ay, ... ,a4 € 7 such that ged(ag, ... ,a4) = 1. Then,
1. . 1)20
|CLO'...'CL4| SHnaive(% e a)
Proof. Observe that |ag - ... ay| < max |a;|® = Hpaive(ao : ... : aq)® and apply
Lemma 3.3.2. =0t O
3.3.4. Theorem. —— For each ¢ > 0, there exists a constant C(g) > 0 such that,
for all (ag,...,a4) € Z° satisfying ag <0 and ay, ... a4 > 0,
1 1. L 1yi€
T(a07___7a4) Z C(E) . Hnaive(% e a) 4 7
Proof. We may assume that ged(ag, ... ,as) = 1. Then, by Proposition 3.3.1,
1 1\4
1 >C.Hnaivo(gi...la) .
7(a0,a4) = lag - ... - ay|®
Corollary 3.3.3 yields |aq - ... - a4|™ < Hnaivo(% Dol i)a O
3.3.5. Corollary (Fundamental finiteness). —— For each B > 0, there are only

nitely many quartics ot agry + .. Fagxry, = 0 an suc at ag < 0,
finitel tics V/(a0:-a1) : i =0 in P{, such that 0

al, e ,a4 > O’ and 7—(@07...7(14) > B

Proof. This is an immediate consequence of the comparison to the naive height
established in Theorem 3.3.4. O
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