COMPUTING RESIDUE CLASS RINGS AND PICARD GROUPS
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ABSTRACT. Let K be a a global field and O be an order of K. We develop
algorithms for the computation of the unit group of residue class rings for
ideals in O. As an application we show how to compute the unit group and
the Picard group of O provided that we are able to compute the unit group
and class group of the maximal order O of K.

1. INTRODUCTION

Let O be an order of a global field and a be an ideal of O. We develop algorithms
to determine the multiplicative structure (O/a)* of the residue class ring O/a. As
applications we give algorithms to compute the unit group O* and the Picard group
Pic(O) which is the group of invertible fractional ideals of @ modulo its subgroup
of principal fractional ideals. For the case where O is a maximal order there are
algorithms for the computation of (O/a)* (see [Coh00, section 4.2] for number fields
and [HPP02] for number fields and function fields). If O is a maximal order (and
therefore a Dedekind domain) the Picard group coincides with the ordinary ideal
class group in the number field case and an S-class group in the function field case.
For maximal orders there are well known algorithms for the computation of the
unit group and the class group.

In general the order O is not a Dedekind domain. Since not all ideals of O are
a product of prime ideals the ideal arithmetic is more difficult than in a Dedekind
domain. Furthermore the localization of O at a non-regular prime ideal is not a
principal ideal domain. We show how these difficulties can be overcome.

In the computer algebra systems KASH [Pot00] and Magma [Ca™03] there are
functions for computing the unit group of non-maximal orders of number fields.
Examples show that our approach is much more efficient especially when the index
of the order in its maximal order is large. Furthermore there is an implementation of
an algorithm for determining Picard groups of orders of quadratic number fields in
Magma. To our best knowledge there were no algorithms known for field extension
of higher degrees or for the function field case.

In the following we present an overview over the main ideas and the structure of
this paper. Let a C O be an ideal and pq, . .., p, be the prime ideals of O containing
a. Using standard results from primary decomposition we get:

(O/a)* = (OP1/aOp1)* XX (Opr/aopw)*v
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where Oy, denotes the localization of O at p;. Thus it is sufficient to compute the
groups (Oy,/a0y,)* (1 <i <r). We prove in section 4 for p™ C a C O:

(1) (Op/a0y)* = (O/(a+p™))" 2 (O/p)" x (1+p)/(L+a+p™),

where p O a is a prime ideal of O and a is an ideal of O. In section 3 we show how
to find all prime ideals in O which contain a given ideal a. Furthermore we give
algorithms for the computation of the residue class field O/p including the canonical
epimorphism O — O/p. In section 4 we develop a first method for the computation
of the multiplicative group of residue class rings in arbitrary orders. It is based on
the isomorphism (1) and the canonical isomorphism 1) : (14+a)/(1+b) — a/b which
holds for ideals satisfying @ O b D a?. In section 5 we recall some properties of
Picard groups. Most important for our purposes is the exact sequence

1— 0" — 0" — P O;/0; — Pic(0) — Pic(0) — 1,
p

where O is the integral closure of O in its field of fractions, the direct sum runs
through all prime ideals p of O, and O, (respectively 5,,) denotes the localization
of O at p (respectively O at p@) We assume that O* and Pic(@) are already
computed. We show in proposition 6.2 that

P 0;/0; = P(0,/FO,)* /(0 /FO, )",
P p

where F is the conductor of O, i.e. the largest subset of O which is an ideal of
O as well as O. This reduces the computation of O* and Pic(O) to residue class
ring computations. If all maps of the above sequence are known we obtain O*
and Pic(O) using methods for computations with finitely generated abelian groups.
The computation of the conductor F is described in section 6. In section 7 we
define a canonical homomorphism (O/a)* — (O/a0)* and show in which cases
this homomorphism is injective. Using this information we give a second algorithm
to compute (O/a)* which is especially useful for the case when a is the conductor
of O. In section 8 we explicitly describe how the unit group O* and the Picard
group Pic(O) of O can be computed. This is followed by some examples in section
9.

2. NOTATIONS

In this section we introduce some notations which we use throughout this paper.
Let O be a Dedekind ring and let p be a prime ideal of O. For a € O we denote by
vp(a) the p-adic exponential valuation of a.

Abelian groups. An additive abelian group G is presented by a column vector
g € G, whose entries form a system of generators for GG, and by a matrix of
relations M € Z™*™ of rank m, such that v**¢g = 0 for v € Z™ if and only if v**
is an integral linear combination of the rows of M. We note that for every a € G
there is a v € Z™ satisfying a = v**g. If g1,...,gm is a basis of G, M will usually
be a diagonal matrix. Algorithms for calculations with finite abelian groups can
be found in [Coh00, section 4.1] and [Sim94] for example. If G is a multiplicative
abelian group, then v"g is an abbreviation for g7* - - - gum. If G is a quotient group
(i.e. G = H/S for some subgroup S of a group H) we often represent the generators
of G by elements of H.
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Orders. Let R = Z or R = F,[t] and @ be its field of fractions. Let K/Q be a
finite algebraic extension of degree n. A free R-module O C K of rank n, which is
a ring, is called an R-order of K.

Example 2.1. Let K be an algebraic number field of degree n. A Z-order O of K is
a ring which is a free Z-module of rank n. Therefore we get O = Zw; + - - - + Zwy,,

where wq,...,w, € K are integral over Z and form a basis of the Q-vector space
K.

An order is said to be the maximal R-order of K if it is maximal among the
R-orders of K. We denote the maximal R-order of K by . Note that O is a
Dedekind domain and therefore integrally closed.

Ezample 2.2. Let R = I, [t] be the ring of polynomials over the finite field with ¢ el-
ements. Let f € F,[t][z] be monic and irreducible. The F,[t]-order O := F,[t][x]/(f)
is called the equation order of f. Let K be the field of fractions of O. The integral
closure

O :={a € K| there exists a monic h € F,[{][z] with h(a) = 0}
is the maximal [ [t]-order of K. It is also called the finite maximal order of K.

For an ideal a of O we denote by [O : a] the index of the additive groups.

3. PRIME IDEALS AND RESIDUE CLASS FIELDS

Prime Ideals. In this section we describe how to compute the prime ideals p
containing a given ideal a C O for an arbitrary order O.

If O is a Dedekind domain this task can be solved using well known factorization
algorithms.

If O is an equation order we can use the following proposition for the computation
of the generators of the prime ideals over a prime element in R (see [PZ89, section
6.2]).

Proposition 3.1. Let f € R[z] be monic and irreducible. Let O = R[a] =
R[z]/(f(z)). Let q be a prime element of R. Denote the irreducible factors of
f over the residue class field R/(q) by fi,. .. ,79. Then the prime ideals of O that
contain q are p; = qO + f;(a)O.

In general it is not that easy to describe the prime ideals in an R-order O. We
use the factorization of ideals in the maximal order @ of O to obtain them. If gisa
prime ideal of the maximal order O then g N O is a prime ideal of O. Thus we can
find all prime ideals in O as intersections of prime ideals in O with O. If the basis
of an ideal in O as an R-module is known, we compute a basis of its intersection
with O as follows:

Let M, M;, Ms be R-modules of rank n, where My, My are submodules of M.
Let B; be the column vectors consisting of the basis elements of M; (i = 1,2). Let
C € R?>"*?" be a matrix of maximal rank such that C(g;) = 0. Denote the matrix
consisting of the first n columns of the upper row Hermite Normal Form of C' by
C’. Then C'B; is a basis of My N M.

The next question is how to compute all prime ideals of O which contain a given
ideal a. In case we have computed the maximal order O we simply compute the
intersection of O with all prime ideals which occur in the factorization of a0. If we
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have another algorithm to compute prime ideals (e.g. in equation orders) we factor
the norm N(a) of a. A prime ideal p with p O a has the property that N(p) | N(a).
Now we test the finitely many prime ideals lying over prime divisors of N(a).

Residue Class Fields. For a prime ideal p of an order O we describe the com-
putation of the residue class field O/p. If O is an equation order, i.e., there ex-
ists f € RJx] such that O = R[x]/(f), the description of the residue class fields
follows directly from proposition 3.1. Namely, if P is a prime ideal of R and
f=ft fé=mod P with f; (1 <4 < s) irreducible over R/P then the residue
class fields of the ideals of O over P are (R/P)[z]/(f;). The corresponding epimor-
phism O — (R/P)[z]/(f:) is given via a — @;, where f(a) =0 and f;(a;) = 0.

If O is not an equation order the algorithm is more complicated. Let p be a
prime ideal of O. Let P = RNp and w = (w1, ...,w,)" be an R-basis of O. Let
M € R™"™ be a matrix such that (ry,...,7,)" = Mw is a basis of the R-module
p. The quotient ring O/p can be described by the generators wy,...,w, and the
normal form (which can always be obtained). We denote by [a] the class of @ modulo
p. Then the coefficients a; of an element [a] = Y. | a;[w;] € O/p can be bounded
by the diagonal entries m;; of the matrix M (1 < i < n), either in absolute value
if O is a Z-order or in degree if O is an F,[t]-order. Unfortunately, we have to
distinguish between the number field and the function field case. The following two
examples describe how to get representatives for the residue class fields in these
cases.

FEzample 3.2. Let R =7 and p € p NP. In this case the determinant of M is the
number of elements of O/p. The diagonal of M counsists of 1’s and p’s since pw; € p
for 1 <i<mn. Let I := {i | a;; = p}. Let wi,...,w, be a Z-basis of O. Then
canonical representatives for O/p are given by >, ; ¢;w;, where ¢; € {0,...,p—1}.

Ezample 3.3. Let R =T,[t] and b be a generator of degree k of the principal ideal
P := pNFE,t]. The diagonal entries of M = (m; ;) consist of polynomials with
degree bounded by k — 1. Let d; := maxi<;<,{deg(m;;)} <k—1. For1<j<n
let
wj : Fyltl<a; — IFZjJrl,adjtdj + -+ arit +ap — (ag;, -, a1,00),

where Fy[t]<q, = {f" € Fy[t] | deg(f) < d;}. Then

w1 (mlyl) N wn(ml’n)

N = : :

w1 (mn,1> e W, (mn,n)

is an IF;-relation matrix for the generators
(Wi, wi -ty wrt9 L wn, . wp - 97)

of the quotient ring O/p.

Now we know representatives for the residue class field. Using a probabilistic
approach one quickly finds a primitive element 3 for (O/p) / (R/P):

Lemma 3.4. Let F' be an extension of F, of degree m. Let 3 € F. The probability
that F =T,(0) is at least 1/2.
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Proof. The number of elements of F,m generating a proper subfield of Fym is at

most
> g™t < (logym)g™?.

| prime

<m, llm
Therefore the probability that a randomly chosen element of F» belongs to a
proper subfield of F,m is at most

m/2
(logym)q™/* _ logy m < log, m <M L oiorm > 8.
qm qm/2 om/2 2m 2
The result is verified easily for 1 < m < 8. O

Let x be the minimal polynomial of 8 over R/P. Now O/p = (R/P)[x]/(x3)-
The epimorphism O — (R/P)[z]/(x3) can be constructed using linear algebra.

4. RESIDUE CLASS RINGS I

For an ideal b of a maximal order @ of K the structure of the multiplicative
group ((5 /6)* is well known. Generators for it are given explicitly by Hasse [Has80,
chapter 15]. Algorithms for the computation of generators and relations and the
discrete logarithm are described in [Coh00, section 4.2] for the number field case
and in [HPPO02| for number fields and global function fields. We apply similar
techniques to the computation of generators of (O/a)* where O is an arbitrary
order and a is an ideal of O. In the following we denote by O, the localization of O
at a prime ideal p and use the fact that there is a canonical embedding O — O,.
We need the following result from commutative algebra.

Theorem 4.1. Let O be a Noetherian domain of dimension 1 and a be a proper
ideal of O. Then

(i) If a is contained in exactly one prime ideal p of O, i.e. a is p-primary, then
0/a=0,/a0,.
(ii) Let p1,...,p, be the prime ideals containing a. Then
O/a= 0y, /a0y, X ... x O, [aO,, .
(iii) Let p be a prime ideal of O. Then
O/p" = 0,50,
Proof. The first assertion is stated in [AMcD69] just before proposition 4.1 on page

50. The second assertion follows immediately from the first part and propositions
4.6 and 4.9 in [AMcD69]. The last assertion is a special case of the first one. [

As it is not easy to conduct calculations in the localization O, we carry out our
calculations in O modulo a suitable power of p. If a C p there always exists an
integer m such that pO, D a0, D p™O, (e.g. see [Eis95, theorem 2.13]). Using
theorem 4.1 and the fact that a + p”* is p-primary we get

(2)  Op/a0y = Oy/(a+p™)0p = Of(atp™) = (O/p™)/((a+p™)/p™).

This allows us to first compute O/p™ and then to factor out the ideal (a+p™)/p™
of O/p™. The following proposition gives an estimate for the needed size of m.

Proposition 4.2. Let a be an ideal of O and p be a prime ideal of O with p D a.
Let p = char(O/pO). Then
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(1) vp([Op : a0,]) < v,([O : a]).

(
(ii) Form > 22020l we get aOp D p™ Op.

Proof. Let m € Z with pO, 2 a0, D p"O,.

(i) Using (2) we have O, /a0, = O/(a+p™). As additive groups this is isomorphic
to (O/a)/((a+p™)/a) and we get (O : a] =[O, : aOy]la + p™ : al.

(ii) Op /a0, is an Artinian ring. We consider the decomposition series

0, /a0, 2 (a0, +p0,) /a0, D -+ 2 (a0y + p™Op) /a0, = a0y /a0,.
Since O, is a local ring each quotient ((aOy + p'Oy)/a0,)/((aO, + p*T10,)/a0,)

is isomorphic to O,/pO,. Therefore (O, : pOp]™ | [Op : aOy]. Since the series
stabilizes if and only if p™ O, C aO, we get the desired result. ]

Let p1,...,p, be the prime ideals of O for which a C p; (1 < i < r). We have
described in section 3 how to compute p1,...,p,.. Let mq, ..., m, be integers such
that p, Oy, 2 a0y, D p;"*Oy,. With (2) we obtain for 1 <14 <r:

(05./00y,)" = (O/(a+p™))".

Assume that (g;, M;) with g; = (gi1,...,9in,)" gij € O, and M; € Z™*"™ are
generators and relations of the multiplicative group (O/(a + p;'*))*. We use the
Chinese remainder theorem to obtain generators h; = (h;1,..., hi,ni)tr such that
forall 1 <j < ny:

hi 1 mod p;'* for all k # i.

This yields generators and relations (h, M) of (O/a)*:
hy M, 0
(hv M) = ) -
h 0 M,
Lemma 4.3. Let p be a prime ideal of O. Then for every m € N we have
(O/p™)" = (O/p)" x (1+p)/(1+p™).

Proof. Let ¢ be a generator of (O/p)*. Hensel lifting gives us a root of unity
¢ € O/p™ with ¢ = mod p. Let

¥ (Ofp)" x (L+p)/(1+p™) — (O/p™)

with ¢((C",n)) := ¢ - n. Tt is clear that ¢ is a homomorphism. Let v € (O/p™)*.
Let s € N such that ¢* = v mod p. Now v/¢* = 1mod p, i.e, v/¢° € 1+p™. As
this decomposition is unique the map 9 is bijective. ([

Let b be an ideal in O with p O b O p™ for some m € N. The more general
result

(O/0)" = (O/p)" x (14p)/(1+0).

can be proven in the same way as the preceding lemma. One replaces p” by b
in the second part of the proof. Let a be an ideal of O and let m € N such that
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pO, 2 a0, D p™O,. Using (2) it follows that
(0p/a0p)* = (O/(a+p™))"
= (O/p)" x(A+p)/A+a+p™)
(O/p)" x (L+p)/(1+p™))/((L+a+p™)/(1+p™)).

The computation of residue class fields is described in section 3. Algorithms for
the computation of a primitive element of the multiplicative group (O/p)* of the
residue class field O/p are contained in the literature, see [PZ89, section 2.5] for
instance. Let ¢ be as in the proof of lemma 4.3. Then

(0p/a0y)" 2= (¢) x (1 +p)/(1+p™) /(1 +a+p™)/(1+p™)).
Thus the problem of computing (O/a)* is reduced to the computation of the group
(14 p)/(1 4+ p™) and the discrete logarithm therein, i.e., expressing elements of
(I4+a+p™)/(1+p™) in the generators of (14 p)/(1+p™).

1%

Computing (1 + a)/(1 + b) for a? C b.

Lemma 4.4. Let a and b be ideals of an order © such that a O b D a®. Then the
map ¥ : (14+a)/(1+6) — a/b, [1++] — [7] is a group-isomorphism, where [1 + ]
and [y] denote the class modulo [1 + b] and [b], respectively.

Proof. Let [14+4] € (14+a)/(14b). The image of [1++] in a/b is [0] if and only if
v € b. Thus the map is well defined and bijective. Let [1+~] and [1+6] be elements
of (1+a)/(1+b). Asyd € a®> C b we have Y([1+7]-[1+6]) = ([1+v+5+76]) =
Y1 +~v+9]) =+ =v(1+4]) +9([1+9]). Hence ¢ is an isomorphism. [

In order to apply lemma 4.4 let a = R7q 1 +...+R7qpand b = R7p 1 +. . .+ R7p
be ideals of O with a D b D a?. A basis of the additive group a/b can be computed
as follows:

Let w = (w1, ...,wy)"™ be an R-basis of O. Assume that a and b are given by the
matrices A, B € R"*", via 74 = (Ta,1, -+ Tan)" = Aw and 75 = (Tp,1, -+, To.n)" =
Buw, respectively. The matrix BA~! represents the elements of b by the elements
of a, as 7, = BA"'Aw = BA7'r,. The elements 741, ...,Tsn are generators for
the group a/b and the matrix BA~! describes the relations, as follows:

In the number field case BA~! € Z"*". Therefore the additive abelian group
a/b can be described by

Ta,1
(9. M) := :|.BAT!
Ta,n
The Smith normal form of M yields a basis of the group.

In the function field case we have C = (¢; j);; == BA™! € F,[t]"*". The goal
is to find a relation matrix with coefficients in Z. Let d; := max;<;<n{deg(c; ;)}.
For 1 <j<nlet

wy : Fylt]<q, — quj""l, adjtdj +--tait +ap — (ag;, .-, a1,0a0).

We define
wl(clyl) N wn(clyn)

w1 (Cn,l) e W, (Cn,n)
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which is an F,-relation matrix of the group generated by
h=C(hi,....;hs) == (Ta1,Ta1 "t .., Ta1 - th, . sTams s Tan tdnytr,

Now we are in the situation that we have generators (hq,...,hs) and a matrix
of relations D € F,"*°. Let q = pf and py, ... ,pf be an [Fy-basis of If,. We consider
the map

f
u:F, —E7, a:ZaipiH(al,...,af)
i=1

and obtain generators and relations over [F,:

u(dii) ... u(dig)
(g, N):= | (hap1,--- hips,. .. hsps)™, :
w(dna) .. u(dns)
The result are generators and an [,-relation matrix. Let I be the identity matrix

of dimension fs. The matrix M := (%) is a relation matrix of the additive group
a/b generated by the components of the vector g.
Assume that g = (g1,...,9-)%. By lemma 4.4 the multiplicative group (1 +

a)/(1 4+ b) is represented by
((1 —|—gl,...,1—|—gr)tr,M).

The discrete logarithm in (1 + a)/(1 + b). Let a and b be ideals of O with
a? C b C a. We use the notations of the discussion after lemma 4.4. Let b € 1 + a.
Therefore we can write:

n
b—1= ZakTa,k = qAw,
k=1

where the o € R can be computed using linear algebra.

If O is an order of a number field lemma 4.4 yields a representation o« =
(o1, ..., ) € Z™ by the generators g of the group (1 +a)/(1+ b).

If O is an order of a function field then a € F,[t]". Reducing the components «;
of o modulo 7, ; and applying the maps w; gives a representation of b with respect
to the generators g.

Computing (1 +p)/(1+ p™). Let k,l € Z with k < < 2k. Denote the class of
1+ a modulo (1 + p?) by [1 + a];. By the isomorphism theorem the sequence

L= (L+p9)/(ph) = (L4 p)/(L+p) = (14 p)/(1+ph) — 1
[1+a] — 14 al; — [1+ a]x
is exact. Assume that generators and relations (gx, My) of (14+p)/(1+p*) are known.
Then we have Mgy € 1+ p*. Denote by (h;, N;) generators and relations of (1 +
p*)/(1+p!). Using the method for computing the representation of elements in (1+

p*)/(1+p!) described above we determine a matrix P € R™*" with [~ (Mygp)]; =
[Ph;]; and obtain the representation

= () (3 )

for (14+p)/(1+ p').
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In order to compute generators and relations of (1+p)/(1+ p™) we successively
compute generators and relations of the groups

(1+p)/(149), A+p)/(L+p), ..., QA +p)/(1+p™)

using the methods described above. As the algorithms are almost identical to the
ones in [HPPO02] for the quadratic case we do not present them here.

Computing (O/a)*. Let a be an ideal of O and let p C O be a prime ideal with
a C p. As we have seen above

(T4p)/A+a+p™) = ((1+p)/A+p™)/(L+a+p™)/(1+p™)).

We remark that images of the generators of the group (1+p)/(14p™) are generators
of the group (14p)/(1+a+p™), too. We need to compute generators of the group
(I4+a+p™)/(1+p™) in order to get the relations.

Denote by N a relation matrix of (1 4+ p)/(1 4+ p™) and let A be the matrix
whose rows contain the representation of generators of (1 + a + p™)/(1 + p™) by
the generators of (1+p)/(1+ p™). Then (]X) is a relation matrix of

(L+p)/(L+p™) /(L +a+p™)/1+p™).

We already described how to compute N. In order to compute A we do the follow-

ing. As a+ p™ C p we have (a+ p™)™ C p™. Lemma 4.4 yields sets of generators

a; for the groups (1 + (a+p™)?")/(1+ (a+ pm)yﬂ) for 0 < j < logy(m). The

group (1+a-+p™)/(1 +p™) is generated by the images of ag U - U a |10, (m)]-
The following algorithm is the result of the discussion in this section.

Algorithm 4.5.

Input: An ideal a of an order O

Output: Generators and relations (g, M) of (O/a)*

e Set P={p1,...,p-} < {p C O prime | a C p}.

e For all p; € P:
— Determine m; such that p;"* C aO,,.
— Compute generators and relations (g;, N;) of (O/pl"*)*.
— Compute generators a; o U --- U a; |1og, (m,)] Of (1 +a-+p;")/(1+p;").
— Let A; be the matrix containing representations of the elements in a; o U

-+ U @4 |1og,(m,)| DY the generators g; of (O/p;"*)*.

— (9: M;) (g,;7 (X‘)) are generators and relations of (Oy, /a0y, )*.
e For all i obtain generators h; = (h;1,. .., hin;)" using the Chinese remainder
theorem such that for all 1 < j < nj;:
h 1 mod p;'* for all k # i.

1,J
e Return
h1 M, 0
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5. Pi1cARD GROUPS

We give an overview of some properties of the Picard group of an order O. For
a more detailed exposition of these results including proofs see [Neu92, Kapitel I,
§12].

A fractional ideal of an order O is a finitely generated O-submodule of the field
of fractions K. A fractional ideal a is called invertible, if there exists a fractional
ideal b such that ab = O.

Definition 5.1 (Picard Group). Let O be an order. Denote by J(O) the group of
invertible fractional ideals of @. This group contains the group P(O) of fractional
principal ideals a© where a € K*. The group Pic(O) = J(O)/P(O) is called the
Picard group of O.

Example 5.2. Pic(@) is the ideal class group of the maximal order O. Let K be a

number field with maximal order O. Then Clg = Pic(O) is the class group of K.

Ezample 5.3. Let T be a non-empty subset of the set of places of a rational function
field F,(t). Let R :={a € Fy(t) | vy(a) >0, p ¢ T'}. Let O be an R-order with field
of fractions K. Let S be the set of all places of K that lie over the places contained
in T and set O := {b € K | vq(b) >0, q¢ S}. O is called the S-maximal order of
K (also see [Ros02, chapter 14]). The ideal class group Pic(O) of O is called the
S-class group of K.

Localization yields a useful criterion for the invertibility of a fractional ideal. Let
p be a prime ideal of ©. We denote by O, the localization of O at p.

Lemma 5.4. A fractional ideal a of an order O is invertible if and only if for every
prime ideal p # 0 the ideal aO, of the localization of O at p is a fractional principal
ideal.

Consider the map J(O) — @, P(Oy), a — (aOp),. In [Neu92, Kapitel I, §12] it
is proved that this is a homomorphism and that (a,Op)y — () apO, is its inverse.
Hence we obtain:

Lemma 5.5.

J(0) = P P(0y).
p

Thus Pic(0) = @, P(O,)/P(O). For any order O of K we have P(O) = K*/O*.

This gives the exact sequences

1 — K'/O* — P,K*/0; — Pic(0) — 1

Lo 1B Ul

1 — K*/0* — @,K*/0; — Pic(0) — 1
The maps « and [ are induced by the embeddings O — O and 0, — 6p, re-
spectively. The map = is induced by J(O) — J(O),a — aO. Obviously « and
are surjective with ker(a) = O*/O* and ker(3) = @, O;/O;. It follows that v is
surjective. Application of the snake lemma yields:

Theorem 5.6. Let O be an order and O be its mazimal order. Then there is a
natural exact sequence

1— 0" — 0" — @5;/0; — Pic(0) — Pic(0) — 1.
p
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6. THE CONDUCTOR OF AN ORDER

We want to compute Pic(O) using theorem 5.6. For this we need to know
EBP O, /0Oy including the homomorphisms in the exact sequence. The conductor of
an order is an useful tool for this computation.

Definition 6.1. Let O be an order of K, and O be the integral closure of O in K.
Then

F={BeK|pBOCO}

is called the conductor of O.

It can easily be seen that F is an ideal of O and of 0. A prime ideal 0 # p of
O is called regular if the localization O, of O at p is a discrete valuation ring. The
prime ideals of O containing the conductor F are exactly the non-regular prime
ideals. Thus (’3;‘ /O, is trivial for all p not containing F. We obtain:

Proposition 6.2.
O0;/0; = (0p/FO,)" /(O [ FO,)*

We will apply this isomorphism in the computation of @p (5; /Oy

Computing F. It is well known how to compute the conductor of an order, but
we have not found a reference in the literature. Since the presentation is short
and the computation is an important step of our algorithm we explain it here. We
assume that an R-basis of the maximal R-order O is known. Let @ be the field of
fractions of R. Let wi,...,w, be an R-basis of O and 7y,...,7, be an R-basis of
O. Then we define b; ; ;, € @ by the following equations:

n
wiwj: E biﬁjyka.
k=1

We have € F if and only if fw; € F for 1 < j <n. For §:= )" a,w; we obtain

=1
Bwj =Y awiw; =Y a; (Z bi,j,ka) => (Z aibi,j,k> Th-
i=1 i=1 k=1 k=1 \i=1
Therefore 8 € F if and only if
Zaibi,j’k e Rforalll <jk<n.
i=1
For 1 < j < n define the matrices
brji -0 bnga
Mj =
bl,j,n e bn,j,n
Hence 8 € O if and only if M;(ay,...,a,)" € R" for 1 < j <n. Set
M,
M = :

M,
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Let d be the greatest common divisor of all d € R with dM € R™>". Thus
B € F if and only if M(aq,...,a,)" € dR™. Let H € R™*" be the row Hermite
normal form of dM. Hence 8 € F if and only if H(ay,...,a,)" € dR™. Since
the ideal F is integral dH ! € R™*™ and we have that F = R3; + ... Rf3,, where

(61, . ,ﬂn) = (wl, . 7u}n)dlfil.
7. RESIDUE CLASS RINGS 11

For ideals a C O, we examine how the multiplicative group (O,/a)* can be
described as a subgroup of (O,/a0,)*. The next proposition describes the cases
where this is possible.

Proposition 7.1. Let a C O, be an ideal. Then there is a canonical homomor-
phism
U:(Op/a)" — (0p/a0,)" a+ a— a+ a0,.

If furthermore a(’3p NO, = a then ¥ is injective.
Proof. Let a4+a = b+a. This impliesa—b € a C aép. Therefore a+a5p =b+ aép.
a + a0, is invertible in (O, /a0, )* since it is invertible in (Op/a)* and a C aO,.
Therefore the map W is well defined. Since V¥ is well defined it follows from its
definition that it is a homomorphism. N

Suppose a + a0y = 1+ aO,, for some a € O,. This implies a — 1 € a0, N O.
Together with the assumption that aO, N O, = a this proves the injectivity. O

Let a be an ideal of O, with aép NO, =a. Let hy +a,..., h, +a be generators
of (Op/a)*. Using the above proposition we get

(Op/a)* = (hy +a,.... hy +a) 2 (b1 + 6Oy, ..., hy + a0,) C (O,/a0,)*.
In general we only have a C aép NO;. The following corollary is useful in this case.

Corollary 7.2. Let b be an ideal of O, with b C a and b@,a NOp, =b. Let
hi+a,...,hy + a be generators of (Op/a)*. Then (hi + bO,, ..., hy, +bO,) is a
subgroup of (O, /bO,)*. The homomorphism

& (hy +60,,...,hy +b0,) — (Op/a)*, hi + 6O, — hi +a (1 <i<u)
is surjective and
(hi+0,... by +a) 2 (hy + 60y, ..., hy +bO,)/ ker(®).

We use the conductor to determine such an ideal b for a given ideal a.

Lemma 7.3. Let F be the conductor of an order O. Let a be an ideal of O. Then
a2 (Fa)ONO = Fa.

Proof. fa@v:f@a:}"aga. O

In the proof of the next lemma we construct a minimal m such that a O p™.

Lemma 7.4. Let a C p be an ideal in O, with aép NOy = a. Then there exists an
m such that p O a D p™.
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Proof. We remark that @, is a Dedekind domain with finitely many maximal ideals
P1,...,B-. In a Dedekind domain the product and the intersection of coprime
ideals coincide. Let

PO, = [I%: and a0, = IR
=1 i=1

be the factorization of pép and a(’3p respectively. We obtain
a=a0, N0, = [[ B N0, = (B NOp) 2 () p/™i/e] = pm,
i=1 i=1 i=1
where m = max{[m;/e;] | 1 <i <r}. For 1 <i < r equality holds in the inclusion
P N0, S pLeilen Op = pledd
if and only if e; | m;. Thus m is minimal with p D a D p™. O

We return to the computation of (O, /a)* for an ideal a of O,. Let F be the
conductor of O. By lemma 7.3 b := Fa satisfies the assumptions of corollary 7.2. By
lemma 7.4 we find m € N such that a O b D p™. The multiplicative group (O, /a)*
is generated by a representative of a generator of (O, /p)* and the generators of the
groups

(T4+p)/(L+p%), ., (L +p™ /(1 +p™),
see lemma 4.3 and lemma 4.4. Denote these generators by hy +a, ..., h, +a. With
corollary 7.2 we get

(Op/a)" = (Op/p)" x (1+p)/(1+a)
> (hy 460y, ..., hy, +b0,) [ ker(®)

Asp C a C b the kernel ker(®) is the subgroup of <h1+66p, e hu—l—b@p) generated
by the generators of 14-a. There exists n € N such that b D a” (e.g. n = [logy m]).
The image of the group 1+a in (hy + bép, N b(5p> is generated by the images
of the generators of the groups

(1+a)/(1+ad?),...,(1+a® )/(1+a2").

Together with the first part of section 4 this yields a second method for the com-
putation of (O/a)* for an ideal a of an order O. The method for the computation
of (O/a)* presented in this section is especially interesting when the multiplicative
group of the residue class ring of the respective ideal a© in the maximal order O
has to be computed anyway and if a = aO N O. As we will see this is the case in
the computation of the Picard group and the unit group of O. Another advantage
is that the implementation of this method is easier since the whole machinery of
residue class rings in maximal orders can be used to get the relations via corollary
7.2.

8. COMPUTING PI1CARD GROUPS

Let p be a prime ideal of O. For an ideal a of O, the structure of the multiplicative
group (Op/a0y)* is well known:

(0p/a0y)" = [[(Og/a0q)* = [ [(Og/a™)",

qlp qlp
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where mg is maximal with respect to q™a | a(’) The products are taken over all
prime ideals q of Op containing pOp We use the isomorphism

O;/O; = (0y | FO,)* /(Oy | FO,)*

from proposition 6.2 to compute (5; / Oy as follows:

Assume that a vector g of generators and a relation matrix M for (6p /F 6p)*
are known. Denote by N the matrix whose rows contain the representation of a set
of generators of (O, /FO,)* in the generators of (O,/FO,)*. Then generators and

relations of (O, /FO,)* /(O /FO,)* are given by (g, (X)).
Let a be an ideal of O with p O ap™. For the computation of

(0p/00,)* /(O, /a0,)*

it is sufficient to compute ((’313 / aép)* and a set of representatives hy, ..., hs of gen-
erators of (O, /p™O,)* in Oy, as the representatives of generators of (O, /p™ O, )*
are also representatives of generators of (O,/a0,)* and as

(0p/00,)* /(0 /a0,)* = (0 /a0p)* [ (ha, ... hy).
We compute the group (5; /0y = @D (5; /O, using the following algorithm.
pcoO FCpco

Algorithm 8.1.
Input: an order O

Output: Generators and relations (g, M) of @p 5/ Op

e Compute the conductor F of O. [Section 6]
e Derive a factorization g} - - - - = ]:(’)p

o Set P—{p1,...,pu}={q;NO \ 1§z§r}

e Forall p e P:

e Find m with FO, 2 p™O,.
e Compute generators and relations (g1,...,9s, R) of (Op/FO,)*, such
that g; = 1mod [] ¢g%Oforl<i<s.

ep
e Compute generagors\[{fsi], ooy [he] of (Op/p™O,) with the property that
h;=1mod T[] g% forl1<i<t.
acP\(p} o
e Compute generators and relations (g,, My) of (Op/FOp)*/(h1, ..., hy).
Ip1 Mm 0 0
e Return : , 0 0
9pu 0 0 M,

As we have mentioned before we use the exact sequence from theorem 5.6 to
compute O* and Pic(O). There are efficient algorithms for the computation of
ideal class groups and unit groups of 0. B

Algorithms for the computation of the unit group O* and the class group of a
number field K are described in [Coh93, section 4.9] and [PZ89, chapter 5].

An algorithm for the computation of the unit group of the finite maximal order
of a global function field is given in [Sch96]. Florian Hess has developed a method
for computing divisor class groups of global function fields [Hes99, Hes02]. From
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the divisor class group one easily obtains the ideal class group of the S-maximal
orders [Hes99, section 6.3].

Now that we have a method for determining generators and relations for the
group @p (5; / Oy the only unknown groups in the exact sequence from theorem 5.6
are O* and Pic(O).

Computing O*. The group O* is the kernel of the map
o — @5;/(); = (0, /FO,)" /(0 FOy)*
p

from the exact sequence in theorem 5.6. This kernel can be easily computed using
the homomorphism O* — (O, /FO,)*.

Computing Pic(O). We can obtain the group Pic(O) from the exact sequence
0" — P 0;/0; — Pic(0) — Pic(0) — 1
p

using algorithms for computations with finitely generated abelian groups [Coh00,
section 4.1]. In order to use these algorithms we need to figure out how the residue
classes in P, Oy /Oy are mapped to the ideals in Pic(0). In section 5 we considered
the map

@P(Op) — J(0), (apOp)p — ﬂapOp.
p
This induces a map
P 0;/0; = (0p/FOy)* /(0| FOR)* — Pic(0) = J(0)/P(O).

The Chinese remainder theorem yields a representative a € 6;‘ of the class [(ap)p] in
D O, /O;. The representative a is mapped to a = (aO)NO. By the exact sequence
in theorem 5.6 a is not principal if the class of a is not trivial in @ O, /O;.

9. EXAMPLES

All algorithms described in this paper have been implemented in the computer
algebra system Magma [Cat03]. The Magma package containing the functions is
available at the authors homepages. The computations were conducted on a PC
with an AMD Athlon XP 1800 processor with 512 MB RAM running Linux.

In the first two examples we compute the Picard group and the unit group of
two different orders.

Ezample 9.1. Let O = Z[3/2000] be an order and K = Q(+/2) its field of fractions.
K has unit rank one and class number one. The conductor of O is F = (100). We
obtain

(O)F)* = €2 x Oy x Cyg x Ci0,
(O/F)" =2 Cy x Cpo x Cy,
(O/F)* [(O/F)* = Csx Ciao
Pic(0)/Clx = Cou.



16 JURGEN KLUNERS AND SEBASTIAN PAULI

Since the class group of K is trivial we get Pic(O) = Cqy. The whole computation
took 0.4 seconds. The element

11519200001 + 22664172850+/2000 — 1871423004 v/ 20002

is a fundamental unit of ©. Tt has index 40 in O*.

Ezample 9.2. Let f = 2% — 122 — 63242 + 459510 € Z[z]. Let o be a root of f and
set O = Z[a]. This order has the same quotient field as in the previous example.
We get

(O/F)* =2 CF x Caq X Csoa % Crseoa,
(O/F)* = Cyx C3 x Cases,
(O/F)*J(O)F)* = C2x Cisx Css
Pic(0)/Clg = (3 x C2 x Cys.

Since the class group of K is trivial we get Pic(O) = C3 x CZ x Cis.
We found
0" = (—1,7288929967700235250060920700777236349 —
37518645348677758942690319612626524« —
1124394744425860633724435069919117a2>

with [6* : O*] = 126. The whole computation took 0.3 seconds.

The following example is interesting because the class group of K is not trivial.
Furthermore the group extension by the class group is non-split.

Ezample 9.3. Let O = Z[x]/(f) with f = 2® — 13892 + 5120662 — 1185916622 +
83453925x —211865821 and K its field of fractions. We remark that K is isomorphic
to Q[z]/ (2 + 2x* + 1223 + 1422 — 122 — 16). Let O be the integral closure of O in
K. The index of O in O is 5082900972974240768 = 20 - 11 - 451251861947287. We
get

(O/F) = CS x Cg x C§6100148955782880a
(OJF)* = (5 x Cy x Cs6100148955782880
(O/F) /(O)F)" = 025 X (C'36100148955782880

Pic(0)/Clxy = CF.

The ideal class group Clg of O is isomorphic to Ci2. Finally we obtain Pic(O) &
C3 x Cyy. The computations were finished within 2 seconds. The unit group of O
is generated by

(1, 120975552, 46343618 210255456 516272076

)

where €1, €9 are certain fundamental units of 0.
The last example shows that the algorithm also works for global function fields.

Ezample 9.4. Let f = 2% + 4t' + 2¢9 = 22 — t3(#3 + 3t)) € Fs[t][z] and K =
Fs(t)[x]/(f). Let O = Fst][z]/(f) be the equation order of f. Let S be the set
of infinite places of K, i.e. the set of all places over po, = (1/t). The S-maximal
order

O ={a€ K |vy(a) >0 for all places p ¢ S}
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is the finite maximal order of K. The S-class group Clg of K is isomorphic to Cig.
We obtained

(O)F)* = C&x Cioo,
(O)F)* = Csx Cy,
(O/F) /(O)F)* = C3 x Cas,
Pic(0)/Clg = chc%.

We get Pic(0) =2 C¢ x Cs9. The unit groups of the order and its integral closure
coincide. The whole computation took 0.4 seconds.
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