LOW-DEGREE PLANAR POLYNOMIALS OVER FINITE
FIELDS OF CHARACTERISTIC TWO
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ABSTRACT. Planar functions are mappings from a finite field F, to itself
with an extremal differential property. Such functions give rise to finite
projective planes and other combinatorial objects. There is a subtle
difference between the definitions of these functions depending on the
parity of ¢ and we consider the case that g is even. We classify polynomi-
als of degree at most ¢*/# that induce planar functions on Fy, by showing
that such polynomials are precisely those in which the degree of every
monomial is a power of two. As a corollary we obtain a complete classi-
fication of exceptional planar polynomials, namely polynomials over Iy
that induce planar functions on infinitely many extensions of Fy. The
proof strategy is to study the number of F,-rational points of an alge-
braic curve attached to a putative planar function. Our methods also
give a simple proof of a new partial result for the classification of almost
perfect nonlinear functions.

1. INTRODUCTION AND RESULTS

Let ¢ be a prime power. If ¢ is odd, a function f : F, — F, is planar or
perfect nonlinear if, for each nonzero € € Iy, the function

(1) z f(z+e) = fx)

is a permutation on IF,. Such planar functions can be used to construct finite
projective planes [8], relative difference sets [11], error-correcting codes [4],
and S-boxes in block ciphers [19].

If g is even, a function f : F, — F, cannot satisfy the above definition
of planar functions because x = a and = = a + € are mapped by (1) to the
same image. This is the motivation to define a function f : F, — F, for
even ¢ to be almost perfect nonlinear (APN) if (1) is a 2-to-1 map. Such
functions are highly relevant again for the construction of S-boxes in block
ciphers [19]. However, there is no apparent link between APN functions and
projective planes. More recently, Zhou [25] defined a natural analogue of
planar functions on finite fields of characteristic two: If ¢ is even, a function
f:Fq — Fy is planar if, for each nonzero € € Iy, the function

r— f(r+e)+ f(z) +ex

is a permutation on F,. As shown by Zhou [25] and Schmidt and Zhou [24],
such planar functions have similar properties and applications as their coun-
terparts in odd characteristic.
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We refer to [20] for an excellent survey of recent results for the functions
defined above.

The main result of this paper is a classification of the latter type of planar
functions, namely those defined in characteristic two. Recall that every
function from F, to itself is induced by a polynomial in F,[X] of degree at
most ¢ — 1. A polynomial f € F,[X] is called a 2-polynomial if the degree
of every monomial in f is a power of two. For even ¢, such polynomials
trivially induce planar functions on [Fr for all » > 1. We show that among all
polynomials of sufficiently small degree there are no other planar functions
in characteristic two.

From now on ¢ will always be a power of two.

Theorem 1.1. Let f € Fy[X] be a polynomial of degree at most qrroIrf
is planar on Fy, then f is a 2-polynomial.

Now consider polynomials f € F,[X] with the property that f is planar
on Fgr for infinitely many positive integers . As in [6], we call such a
polynomial an exceptional planar polynomial. As a corollary, we obtain a
complete classification of such polynomials.

Corollary 1.2. If f € F,[X] is an exceptional planar polynomial, then f is
a 2-polynomial.

Theorem 1.1 considerably strengthens the main result of [18], which is the
specialisation of Theorem 1.1 to the case that f is a monomial. It should
be noted that there are examples of planar functions on F, for even ¢ that
are not induced by 2-polynomials, see [14,21,23-25]. Of course all of these
examples have degree larger than ¢'/4.

Our methods also give a simple proof of a partial classification result for
APN functions. As in [1], we call a polynomial f € F,[X] an exceptional
APN polynomial if f induces an APN function on F,~ for infinitely many
positive integers r. It is well known (see [20], for example) that, for each
positive integer k, the monomials X 2"+1 and X4 -2"+1 are exceptional APN
polynomials, also called Gold and Kasami- Welch monomials, respectively.
In fact these monomials induce APN functions on For for all positive inte-
gers r that are coprime to k.

The following conjecture was proposed by Aubry, McGuire, and Rodier [1].

Conjecture 1.3 ([1]). If f € F,[X] is an exceptional APN polynomial,
then f is equivalent to a Gold or a Kasami-Welch monomial.

In this conjecture, equivalence refers to CCZ-equivalence, whose precise
definition is not required here (see [3] for details). Conjecture 1.3 has been
proved by Hernando and McGuire [12] in the case that f is a monomial and
many other special cases have been proved in several papers. We refer to [7]
for a nice survey of the extensive recent literature on Conjecture 1.3.

We give a simple proof of the following new result.
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Proposition 1.4. Let f € F,[X] be a polynomial of even degree d at
most g*/4. If f is APN on F,, then 4| d.

Proposition 1.4 solves one of the five pending cases listed in [7, Section 4]
and strengthens [1, Theorem 2.4] essentially by removing the additional
assumption that f has a term of odd degree.

In our proof of Theorem 1.1 we study an algebraic surface depending on
a polynomial f € F,[X], such that if f € F,[X] induces a planar function
on [Fy, then the surface has only very few [F -rational points. This surface is
then intersected with a plane and we consider the resulting algebraic curve.
The difficult part is to show that this curve has a component defined by an
absolutely irreducible polynomial with coefficients in F,. The Hasse-Weil
bound then asserts that the curve, and so also the surface, has many Fg-
rational points, provided that the degree of f is not too large. This leads to
a contradiction unless f is a 2-polynomial.

This approach seems to be first used by Janwa and Wilson [15] for mono-
mial APN functions and by Aubry, McGuire, and Rodier [1] for general APN
functions. Besides the classification problem for APN functions, classifica-
tion problems for other combinatorial objects have been attacked with this
method, for example for planar functions in odd characteristic [6, 17, 26],
hyperovals [5,13,26], and maximum scattered linear sets [2]. However a
complete classification, as in Corollary 1.2, has been obtained so far only
in one other case, namely in the classification problem for polynomials that
induce hyperovals in finite Desarguesian planes [5]. We also remark that our
methods for proving absolute irreducibility differ considerably from previous
techniques.

2. PROOF STRATEGY

In this section we present the principal approach for proving Theorem 1.1.
In Section 4 we then describe the required modifications of this approach to
obtain a simple proof of Proposition 1.4.

Let g be a power of two and let f € F,[X] be a nonzero polynomial in
which the degree of every monomial is not a power of two. Note that there
is no loss of generality here since the addition of a 2-polynomial preserves
the planarity of the function induced by f. Define the polynomial

JX+W)+f(X)+WX+f(Y+W)+ fY)+ WY
(X+VW '

X, Y, W) =

It is a direct consequence of the definition of planar functions that f induces
a planar function on [, if and only if all F -rational points on the affine
surface defined by ¢(X,Y, W) = 0 satisfy X =Y or W = 0.

Put ¥(X,Y,Z) = ¢(X,Y, X + Z), so that

fX)+ W)+ (D) + (X +Y +2)
(X +Y)(X +2) '

WX,Y,Z) =1+
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Then f induces a planar function on F, if and only if all F,-rational points
of the affine surface defined by ¥(X,Y,Z) = 0 satisfy X =Y or X = Z.
Now write

d
=Y Ax,
i=0

where Ay # 0. Since d is not a power of two, the homogenised form of 1 is

_ d i i i i '
):Td_2+ZAiX HY 2 (XY +2)
=3

WX Y, 2T X +V)(X+2)

We study the intersection of the projective surface defined by {bv (X,Y,Z,T) =
0 with the plane defined by Z = X + 1. In fact, we consider the affine curve

defined by F(X,Y) =0, where F(X,Y) =¢(X,1,X +1,Y). We have

+ 14 (X +1)

yd—i
X+1

d XZ
FX,Y)=Y"?4+) A
=3

and, after expanding,

d i—1 1
(2) FX,Y)=Y"2 4> Ay ) [(Z § ) +1

1=3 k=0

Xk

If f induces a planar function on F,, then all F;-rational points of the affine
curve defined by F(X,Y) =0 satisfy X =1 or Y = 0.

The following result is a consequence of the Hasse-Weil bound for the
number of Fy-rational points on curves.

Proposition 2.1. Let f € Fy[X] be a polynomial of degree at most gl
in which the degree of every monomial is not a power of two. If F has
an absolutely irreducible factor over Iy, then f does not induce a planar
function on IFy.

Proof. Let d be the degree of f. Then the degree of F' is d — 2. Since d is
not a power of two, we have d > 3, so that ¢ > 27. Suppose that F has
an absolutely irreducible factor over F,. Then, by the Hasse-Weil bound

(see [10, Theorem 5.4.1], for example), the number of F,-rational points on
the affine curve defined by F(X,Y) =0 is at least

q—(d—3)(d—4)¢"*> —d+3.

Since F(1,Y) and F(X,0) are polynomials of degree at most d — 2, the
number of [F -rational points that are not on the lines X =1 or Y =0is at
least

q—(d—3)(d—4)¢"*>-3d+7,

which (since d < ¢*/* and ¢ > 27) is positive. The discussion preceding the
proposition then implies that f is not planar. O
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The difficulty in applying Proposition 2.1 is to show that the polynomial F'
has an absolutely irreducible factor over [F,. Our strategy will be to apply
certain transformations repeatedly to F' and then use the following lemma.

Lemma 2.2. Let G € F,[X,Y] be a nonzero polynomial and define
G(X,XY)

Xn
where n is the smallest degree of a monomial in G. If H has an absolutely

irreducible factor in Fy[X,Y], then G has an absolutely irreducible factor
in Fg[X,Y].

Proof. Suppose that H has an absolutely irreducible factor over F,. We may
as well suppose that H itself is absolutely irreducible. Assume that we can
factor G as G = AB, where A, B € Fy[X,Y] for some positive integer r
and A and B have positive degree. Then we have
A(X,XY) B(X,XY)

Xa Xb
for some nonnegative integers a and b satisfying a + b = n. If A = vX*®
or B = vX? for some nonzero v € Fgr, then clearly G' has an absolutely
irreducible factor in Fy[X,Y]. Otherwise, both of the factors on the right-

hand side of (3) have positive degree, contradicting that H is absolutely
irreducible. (]

H(X,Y) =

(3) H(X,)Y) =

Now let H € F,[X,Y] be a polynomial and let P = (zg,0) be a point in
the plane. Write

H(X+$07Y+Z/0) :HO(X7Y>+H1(X>Y)+H2(X7Y) +e

where H; is either the zero polynomial or a homogeneous polynomial of
degree i. If H,, # 0 and H; = 0 for all ¢ < m, then the polynomial H,, is
called the tangent cone of F' at P. Whenever we refer to the tangent cone
of a polynomial without specific reference to a point, we mean the tangent
cone at the origin (0,0).

The following lemma gives a simple criterion for the existence of an ab-
solutely irreducible factor over F, of a polynomial in F,[X,Y].

Lemma 2.3. Let H € F,[X,Y| and suppose that the tangent cone of H con-
tains a reduced linear factor over Fy. Then H has an absolutely irreducible
factor over IFy.

Proof. Note that the tangent cone of the product of two polynomials is the
product of the individual tangent cones. Therefore, we may assume without
loss of generality that H is irreducible in F,[X, Y], otherwise consider the
appropriate factor of H in F,[X,Y]. By a routine argument (see [16], for
example) there exists ¢ € F, and an absolutely irreducible polynomial h €
F,[X, Y] for some positive integer r such that

H=c H o(h),

ocGal(Fyr /Fq)
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where o(h) means that o is applied to the coefficients of h. Letting T €
F,[X,Y] be the tangent cone of H and t € Fy-[X,Y] be the tangent cone

of h, we have
T=c H o(t).
ocGal(F,r /Fq)
Since T' contains a reduced linear factor over F,, there is a unique o €
Gal(FF,- /IF,) such that o(h) is divisible by this factor. But since this factor
is in F,[X, Y], it divides o(t) for every o € Gal(Fy-/F;). This forces r = 1
and thus H is already absolutely irreducible. ([

The following proposition combines Proposition 2.1 and Lemmas 2.2 and
2.3 and summarises the main tool in our proof of Theorem 1.1.

Proposition 2.4. Let f € F,[X] be a polynomial of degree at most ¢/t in
which the degree of every monomial is not a power of two. Suppose that after
the application of a sequence of variable substitutions and transformations
of the form g(X,Y) — g(X, XY)/X"™, where n is the smallest degree of a
monomial in g, to the associated polynomial F', we arrive at a polynomial
whose tangent cone contains a reduced linear factor over Fy. Then F' has an
absolutely irreducible factor over Fy and consequently f cannot be planar.

We shall also frequently use the following corollary to Lucas’s theorem
(see [9], for example).

Lemma 2.5. The binomial coefficient (;LL) is even if and only if at least one
of the base-2 digits of m is greater than the corresponding digit of n.

A consequence of Lemma 2.5 is that, if ¢ is not a power of two, then
X2y d-i i the monomial of smallest degree in F(X,Y) with coefficient A;,
where v(7) is the 2-adic valuation of i. Note also that the only monomial
in F of the form Y7 is Y42, We shall frequently use these facts without
specific reference in our proof of Theorem 1.1.

3. PROOF OF THEOREM 1.1

As before, we assume that f € Fy[X] is a nonzero polynomial in which
the degree of every monomial is not a power of two. We now assume in
addition that the degree of f is at most ¢*/* and that f is planar on F,. We
show that this leads to a contradiction.

We shall study the associated polynomial F' given in (2). Put Fy = F
and define F1, Fy, ..., F; recursively by

Frfl (XK Y)

Ynr ’
where n,. is the smallest degree of a monomial in Fj._1 and ¢t is the smallest
number such that the tangent cone of F}; (at the origin) is not divisible by X.

This ¢ exists because of the presence of the monomial Y42 in F. Since f is
not a 2-polynomial, we also have ¢ > 1. Define u to be the smallest integer

F(X,Y) =
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such that the tangent cone of F;_; contains the monomial X2 Y for some ¢
(by “contain” we mean that the monomial is present with some nonzero
coefficient).

In the first part of the proof we show that the tangent cone of F; equals
Y?2“~2. To do so, we consider the polynomial G(X,Y) = F(X +1,Y), so
that

d . .
_ Xob 14 (X417,
G(X,Y)=Y%? EAZ- yd—,

For 3<i<dand1<k<i-—1, the coefficient of X*~1Y4% in G is 4; (,i)
Lemma 2.5 then implies that, if ¢ is not a power of two, then
X2V —1yrd—i

is the monomial of smallest degree in G with coefficient A; (recall that v(7) is
the 2-adic valuation of 7). Put Gy = G and define G1, G, ..., G; recursively
by

G -1 (XY’ Y)
Gr(X,)Y) = TYT,
where ny,ns,...,n, are the same numbers that occur in the definition of
I, Fy, ..., F;. Note that n,.—1 is the smallest degree of a monomial in G,_1,

so that we can apply Proposition 2.4 to G1,Go, ..., G;.
In order to prove that the tangent cone of F; equals Y272, we require
the following two lemmas

Lemma 3.1. We have 2 < u < v(d).

Proof. By assumption, f contains no monomials whose degree is a power of
two. In particular d is not a power of two. Hence F', and therefore also F;_1,
contains the monomial X2, Thus we have u < v(d).

If w = 0, then the tangent cone of F;_; would be divisible by X, but not
by X2. This leads to a contradiction by Proposition 2.4.

Now suppose that v = 1. Then the tangent cone of F;_; contains the
monomial X2Y* for some ¢ and does not contain the monomial XY**!. By
the remarks preceding the lemma, for r < ¢, the tangent cone of G, equals
the tangent cone of F;. divided by X. Therefore the tangent cone of Gy_1
is divisible by X and not by X?2. This again leads to a contradiction by
Proposition 2.4. [l

Lemma 3.2. For all r <t we have 2" | n, .

Proof. By Lemma 3.1 we have u < v(d), and so 2" | d. Let s be an integer
satisfying 0 < s < ¢t — 1 and assume that 2" | n, for all » < s, which
is vacuously true for s = 0. We proceed by induction on s. Recall that
F;_1 contains the monomial X2“Y?* for some £. The preimage in F, of this
monomial is of the form

(4) X2“y2“s—n1—---—ns+d—z’
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for some i satisfying v(i) = u. By the inductive hypothesis, 2" divides the
degree of (4). Now suppose that Fs also contains a monomial

(5) XQV(J')YQV(j)S_nl_..,_ns+d_j

of degree smaller than the degree of (4). If v(j) < w, then by looking at
the image in Fy_1 of (5), we find a contradiction to the minimality of w.
Otherwise, 2 divides the degree of (5) and so 2" divides the smallest degree
of a monomial in Fs. Hence 2% | ng;1, as required. U

We now show that the tangent cone of F equals V2“2
Lemma 3.3. The tangent cone of Fy is Y2" 72,

Proof. Notice that, since the tangent cone of F} is not divisible by X, it
must contain the image of the monomial Y%~2 in F, namely Y4=2-m1—"~n¢,
Since 2% | d by Lemma 3.1 and 2% | n, for all » < ¢ by Lemma 3.2, we find
that that the tangent cone of F; contains Y7 for some j satisfying j = —2
(mod 2%).

By definition, the tangent cone of F;_; contains X2"Y?* for some ¢, and
therefore F; contains X2'. Hence the tangent cone of F; has degree at
most 2%. Since we also have u > 2 by Lemma 3.1, we find that j = 2% — 2.
Hence the tangent cone of F; has degree 2% — 2.

Now suppose for a contradiction that the tangent cone of F; contains
X2'Y?2"=2-2" for some integer v satisfying 0 < v < u. By Lemma 3.2, the
preimage in F of this monomial is of the form X 2" Y for some ¢ satisfying ¢ =
—2 (mod 2v). If v > 2, then Lemma 2.5 implies that F also contains X2Y*,
whose image in F; has degree strictly smaller than 2% — 2, a contradiction.
If v = 1, then the tangent cone of F; equals

aX2y?' 4 gxy? 3 £y 2
for some a, € Fy, with o # 0, and the tangent cone of G; equals
aXY? 4 py?" 3 =y (aX 4+ BY),

which gives a contradiction by Proposition 2.4. If v = 0, then the tangent
cone of Fy must be Y2“73(8X +Y) for some 3 € F, with 8 # 0, which again
gives a contradiction by Proposition 2.4. O

In view of Lemma 3.3, define
F(X,XY)

X2"—2
Then Fiy; still contains Y2*~2 and the tangent cone of Fiy1 has degree 2
and contains X2 (coming from X2'Y*? in F;_;). Note that, since Y2“~2
is the unique monomial of degree 2 — 2 in [}, the only monomial of the
form Y in Fy,q is Y272,

Now define

Ft+1(X7 Y) =

Fn(XY* ' 2y)

Ft+2(X7Y) = y24—4
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Note that F}, o is obtained from Fy,; by 2“~! — 2 applications of the trans-
formation g(X,Y) + g(XY,Y)/Y?2. Also, in each step the smallest degree
of a monomial is 2: a constant term cannot appear because F;;1 contains
only one monomial that is pure in Y, namely Y2"~2, and a linear tangent
cone would lead to a contradiction by Proposition 2.4. The tangent cone
of Fi1o contains X 2 and Y2. We now show that it does not contain XY

Lemma 3.4. The tangent cone of Fyio equals aX? +Y? for some nonzero
acF,.
Proof. A monomial X*Y7 in F; is mapped to X*T7=2“+2YJ in F; | and to

Xk+j—2u+2y(2“_1—2)(k+j—2“+2)+j—2“+4

in Fi1o. Now suppose, for a contradiction, that the latter monomial is XY,
which means that k = 241 and j =2%"1 1. Since u > 2 by Lemma 3.1
and 2" | n, for all r < ¢ by Lemma 3.2, the corresponding monomial in F’
is X2“7'Y* for some odd ¢. Lemma 2.5 then implies that F' also contains
the monomial XY with the same nonzero coefficient as X2*~ Y. However,
since u > 2 and t > 1, the image in F; of XY* has degree strictly smaller
than 2% — 1. This contradicts Lemma 3.3, namely that the tangent cone of
Fy equals Y272 O

In the remainder of our proof of Theorem 1.1 we shall apply further
transformations to Fyyo, which will ultimately lead to a contradiction. To
do so, we first study the images in Fj;2 of the monomials in . We record
the properties of these images in the following lemma.

Lemma 3.5. Suppose that F contains the monomial X*Y 4%, Then its
image in Fiio is X"Y?, where

r=k(t+1)—i+2,

s =kt 4+ 1) —t —2) —i(2v"t — 1) 4 2%

Proof. The image in Fy of X*Y9~7 is
Xkykt-i—d—i—ﬁq—m—nt — Xkykt—i-i—Q“

since
t

dnp=(d-2)-(2"-2)=d-2",

r=1
using Lemma 3.3. Then the image in F;,; of X*Y4~% is

k(1) —i+2y kt—i+2v

and the image in Fyyg is

X k() =it 2y ki 2042871 —2) (k(t41) —i+2)—24 44 0
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Lemma 3.5 implies that the putative monomial X*Y?* in F is mapped
to a monomial in Fiio of degree

EQU Mt 4+1)—1) —2u 71 + 24 4 2.

In particular, since v > 2 by Lemma 3.1, this degree is congruent to k
modulo 2. Define

ofi) = 207t 4+ 1) —1—2v i 424 + 2 for odd i
(20 4 1)(2u 1t +1)—1) — 2414+ 24 + 2 for even i

and

(i) = 22(2v 1t +1)—1)—2v7 L +2¢+2  for odd i
1 2v@@ut(t 4 1) — 1) — 291 24 + 2 for even i,

where z is determined as follows. If i = ) _,a,2" with a, € {0,1} is the
base-2 expansion of 4, then z is the smallest positive integer n such that
an, = 0. Note that z > 1 for odd 3.

Recall our assumption that f contains no monomials whose degree is a
power of two and that f is not the zero polynomial. Lemmas 2.5 and 3.5
imply that, among all monomials with coefficient A; in F} o, the smallest
odd degree is o(7) and, if i + 1 is not a power of two, then the smallest even
degree is e(7) (if i+ 1 is a power of two, then there are no monomials in Fj 9
of even degree with coefficient A;). Accordingly, define

(6) m = min{o(i) : A; # 0}.
We shall first prove some properties of this number.
Lemma 3.6. We have m = o(i) for some uniquely determined i.

Proof. Suppose for a contradiction that m = o(i) = o(i’) for some integers
i # i'. We first show that one of 7 and i’ is odd and the other is even. If 4
and i’ are both odd or more generally v(i) = v(i’), then we force i =i, a
contradiction. If ¢ and ¢ are both even and v(i) < v(i'), then we obtain
using v > 2 by Lemma 3.1

o(i') — o(i) = 2" (mod 2vW+1),

contradicting o(i) = o(i’). This proves our claim and so we can assume
without loss of generality that ¢ is even and ¢’ is odd.

Next we show that e(i) = 2. If there is an even j such that e(j) < e(i) and
A; # 0, then it follows immediately from the definitions that o(j) < o(i),
which contradicts m = o(i). If there is an odd j such that e(j) < e(7) and
Aj # 0, then

o(j) <e(j) <e(i) <oli),
which again contradicts m = o(i). Hence e(7) is the smallest even degree of a
monomial in Fyys. Since Fyyo contains the monomial X 2 and no monomials
of smaller degree, we find that e(7) = 2.
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Since 7 is even and e(i) = 2, we obtain o(i) = 2“1 (t+1)+1. The equality
o(i) = o(i') then gives 2¢~1i’ = 2% so ' = 2, contradicting that i’ is odd. [

Lemma 3.7. Every monomial in Fiio of degree strictly less than m has
even degree in X and even degree in Y .

Proof. Let i be an integer such that A; # 0. If ¢ is odd, then o(i) < e(i),
and so o(i) is the smallest degree of a monomial in Fy o with coefficient A;.
Hence, if there is a monomial in Fii9 of even degree less than o(i) with the
same coefficient A;, then ¢ must be even. By Lemma 3.5, such a monomial
has degree

EQU Mt 4+1) —1) —2u i 424 4 2.
Since u > 2 by Lemma 3.1, we force k to be even. It then follows from

Lemma 3.5 that this monomial has even degree in X and even degree in Y.
O

We now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Recall the definition of m from (6). Put Hy = Fyio
and define Hy, Ha, ..., H(;,_1)/2 recursively by
H;(X,¢; X + XY)

X2 ’
where ¢; is such that c% is the coefficient of X2 in H;. Note that H;yq is
obtained from H; by a variable substitution (X,Y) — (X, X +Y) fol-
lowed by the transformation g(X,Y) + g(X,XY)/X?2. We shall see that
Hy,Hy, ..., Hyy—1)/2 are indeed polynomials and that the tangent cone of
H(y,—1)/2 equals aX for some nonzero a € F,, which then leads to a contra-
diction by Proposition 2.4.

By Lemma 3.6, the polynomial Hy = F; o contains a unique monomial
of degree m, and so Hy(X,cpX + Y) contains aX™ for some nonzero o €
F,. Lemma 3.7 asserts that every monomial in Hy of degree strictly less
than m has even degree in X and even degree in Y. Since (Z) is even
for even n and odd k£ by Lemma 2.5, the images of such monomials in
Hy,Hy, ..., Hu_1)/2—1 also have even degree in X and even degree in Y.
Hence the tangent cones of Hi, Hs,...,H(,;_1)/2—1 have degree two and
never contain XY. This also implies that Hi, Ha, ..., H(;,_1)/2 are indeed
polynomials and that the tangent cone of H,, 1)/ equals aX. ([

Hi(X)Y) =

4. PROOF OF PROPOSITION 1.4

We now give a proof of Proposition 1.4. As before, let ¢ be a power of two
and let f € Fy[X] be a polynomial in which the degree of every monomial
is not a power of two. Again there is no loss of generality since the addition
of a 2-polynomial preserves the APN property of the function induced by f.
Define the polynomial

fX)+ W)+ () + (X +Y +2)
(X +Y) (X +2)(Y + Z)

VXY, Z) =
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It is well known (see [22, Proposition 3.1], for example) that f induces an
APN function on F, if and only if all F-rational points on the affine surface
defined by ¢(X,Y, Z) = 0 satisfy (X +Y)(X + Z)(Y + Z) = 0. Write

d
=Y AXx,
i=0
where Ay # 0. Then the homogenised form of 1 is

d
VXY, 2,T) =" A
1=3

X+Y'+Z + (X +Y+2) 4
X+Y)(X+2)(Y+2) '

As for planar functions, we consider the affine curve defined by F(X,Y) = 0,

where F(X,Y) =9¢(X,1,X +1,Y). We have

d . .
X +14+ (X +1)' 4y
F(X,)Y)= A; ye
and, after expanding,
d i1
_ yrd—i - k—1
F(X,Y)_2A2Y ; ( ) >+1 XL
1= =

If f induces an APN function on Fy, then all F -rational points of the affine
curve defined by F(X,Y) = 0 satisfy XY (X + 1) = 0.

Now assume that d < ¢*/* and d = 2 (mod 4). Then F(0,0) = 0 and
Lemma 2.5 implies that the tangent cone of F' equals Az X + Az_1Y. Since
Ay # 0, we find from Lemma 2.3 that F' has an absolutely irreducible factor
over F,. An argument that is almost identical to that used in the proof
of Proposition 2.1 then shows that the curve defined by F(X,Y) = 0 has
F,-rational points not on one of the lines X =0,Y =0, or X = 1. Hence f
cannot be APN on F,.
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