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/53���4Simulation of Dynamical Systems

dynamical systems are modeled by differential equations

mechanical 
system

electrical 
network

chemical 
reaction plant

[1] https://ja.wikipedia.org/wiki/%E3%82%AF%E3%82%A8%E3%83%B3%E9%85%B8%E5%9B%9E%E8%B7%AF#/media/File:Citric_acid_cycle_with_aconitate_2_ja.svg

[1]

https://ja.wikipedia.org/wiki/%E3%82%AF%E3%82%A8%E3%83%B3%E9%85%B8%E5%9B%9E%E8%B7%AF#/media/File:Citric_acid_cycle_with_aconitate_2_ja.svg
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' : R1+n ! Rn

x : R ! Rn : unknown function

Ordinary Differential Equations (ODEs)

numerical methods are well-studied 
The (explicit/implicit) Euler method, the Lunge−Kutta method, etc.

Ordinary Differential Equation (ODE)

ẋ(t) = '(t, x(t))

higher-order ODEs can be converted 
into first-order ODEs by introducing new variables
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Ordinary Differential Equation (ODE)

ẋ(t) = '(t, x(t))

x : R ! Rn : unknown function

Algebraic Equations

numerical methods are well-studied 
The Newton−Raphson method, etc.

Algebraic Equation
G(t, x(t)) = 0

<latexit sha1_base64="cHE8A/x+UovA8yZrZ52ysCvZNPE="></latexit><latexit sha1_base64="cHE8A/x+UovA8yZrZ52ysCvZNPE="></latexit><latexit sha1_base64="cHE8A/x+UovA8yZrZ52ysCvZNPE="></latexit><latexit sha1_base64="bgoQ8wN2eDrguTO/j57pQ54aZj0="></latexit>

G : R1+n ! Rn
<latexit sha1_base64="3ihaWeSvhJseX5e/vI5HQ17KmOI="></latexit><latexit sha1_base64="3ihaWeSvhJseX5e/vI5HQ17KmOI="></latexit><latexit sha1_base64="3ihaWeSvhJseX5e/vI5HQ17KmOI="></latexit><latexit sha1_base64="Xh6ydj7F0OgO6cSE7AGfmI4wwNY="></latexit>
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DAE = ODE + Algebraic Equation

F : R1+n(l+1) ! Rn

F (t, x(t), ẋ(t), ẍ(t), . . . , x(l)(t)) = 0

Differential-Algebraic Equations (DAEs)

Ordinary Differential Equation (ODE)

ẋ(t) = '(t, x(t))

x : R ! Rn : unknown function

Algebraic Equation
G(t, x(t)) = 0

<latexit sha1_base64="cHE8A/x+UovA8yZrZ52ysCvZNPE="></latexit><latexit sha1_base64="cHE8A/x+UovA8yZrZ52ysCvZNPE="></latexit><latexit sha1_base64="cHE8A/x+UovA8yZrZ52ysCvZNPE="></latexit><latexit sha1_base64="bgoQ8wN2eDrguTO/j57pQ54aZj0="></latexit>

Differential-Algebraic Equation (DAE)
[Gear ’71]
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O

L

algebraic equation

ODEs

unknown functions:
8
>>>><

>>>>:

ẍ1 + x1x3 = 0

ẍ2 + x2x3 � g = 0

x2
1 + x2

2 � L2 = 0

(1a)

(1b)

(1c)

(1d)

x1

x2

… Can we solve DAEs numerically?

x1(t), x2(t), x3(t)
<latexit sha1_base64="wGX7BzeXI5/ZoTVb2ealbpf52lU="></latexit><latexit sha1_base64="wGX7BzeXI5/ZoTVb2ealbpf52lU="></latexit><latexit sha1_base64="wGX7BzeXI5/ZoTVb2ealbpf52lU="></latexit><latexit sha1_base64="N3Jh40nsTDtTkX+ldE+5ZE75+Mk="></latexit>
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differentiation 
index

the number of times one have to 
differentiate a DAE to get an ODE[Campbell−Gear ’95]

(
ẋ2
1 + x2

1 � 1 = 0

ẋ1 + ẋ2 = 0
<latexit sha1_base64="4jh8tJZVEO1xtEGTr0yTfb3ETR8="></latexit><latexit sha1_base64="4jh8tJZVEO1xtEGTr0yTfb3ETR8="></latexit><latexit sha1_base64="4jh8tJZVEO1xtEGTr0yTfb3ETR8="></latexit><latexit sha1_base64="R0e2GYAK5wTK4tYdA24cW079vGg="></latexit>

(
ẋ1 =

p
1� x2

1

ẋ2 = �
p
1� x2

1
<latexit sha1_base64="ZBByREdY1ITC43I0DCyJon4k6Zo="></latexit><latexit sha1_base64="ZBByREdY1ITC43I0DCyJon4k6Zo="></latexit><latexit sha1_base64="ZBByREdY1ITC43I0DCyJon4k6Zo="></latexit><latexit sha1_base64="77XB+nBALDhInW2ei5PtTldvv8o="></latexit>

DAE ODE
solve for 

 and ẋ1
<latexit sha1_base64="J+EJucVpwLTRv5H0AeuhZr2hKnU="></latexit><latexit sha1_base64="J+EJucVpwLTRv5H0AeuhZr2hKnU="></latexit><latexit sha1_base64="J+EJucVpwLTRv5H0AeuhZr2hKnU="></latexit><latexit sha1_base64="lGLawrvv5iKmPvHTYtnPpMNtTuw="></latexit>

ẋ2
<latexit sha1_base64="hekhcoKZSkxtrYjbHDKISTvgtqQ="></latexit><latexit sha1_base64="hekhcoKZSkxtrYjbHDKISTvgtqQ="></latexit><latexit sha1_base64="hekhcoKZSkxtrYjbHDKISTvgtqQ="></latexit><latexit sha1_base64="Ps6rUEtXKgH+D3ddmlIKD9uCfPI="></latexit>

index = 0
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differentiation 
index

the number of times one have to 
differentiate a DAE to get an ODE[Campbell−Gear ’95]

DAE(
ẋ2
1 + x2

1 � 1 = 0

ẋ1 + x2 = 0
<latexit sha1_base64="N3RabGnqYtLW6CC1Sx33/RLTJ48="></latexit><latexit sha1_base64="N3RabGnqYtLW6CC1Sx33/RLTJ48="></latexit><latexit sha1_base64="N3RabGnqYtLW6CC1Sx33/RLTJ48="></latexit><latexit sha1_base64="FNaHKeUfAL4qQzD5LxjcqpmetDY="></latexit>

I have no        !ẋ2
<latexit sha1_base64="hekhcoKZSkxtrYjbHDKISTvgtqQ="></latexit><latexit sha1_base64="hekhcoKZSkxtrYjbHDKISTvgtqQ="></latexit><latexit sha1_base64="hekhcoKZSkxtrYjbHDKISTvgtqQ="></latexit><latexit sha1_base64="Ps6rUEtXKgH+D3ddmlIKD9uCfPI="></latexit>
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differentiation 
index

the number of times one have to 
differentiate a DAE to get an ODE[Campbell−Gear ’95]

not an ODE
(
ẋ1 =

p
1� x2

1

x2 = �
p
1� x2

1
<latexit sha1_base64="pln0sKbvJW+6hXdd5Kbkih+ziQI="></latexit><latexit sha1_base64="pln0sKbvJW+6hXdd5Kbkih+ziQI="></latexit><latexit sha1_base64="pln0sKbvJW+6hXdd5Kbkih+ziQI="></latexit><latexit sha1_base64="QMEo4XgoriMvzaCwBKi69qquf+M="></latexit>

ODE(
ẋ1 =

p
1� x2

1

ẋ2 = 2x1ẋ1p
1�x2

1

= 2x1
<latexit sha1_base64="aaWPwSxnUA45A0N/++spx/M4vmo="></latexit><latexit sha1_base64="aaWPwSxnUA45A0N/++spx/M4vmo="></latexit><latexit sha1_base64="aaWPwSxnUA45A0N/++spx/M4vmo="></latexit><latexit sha1_base64="o3C2MrvKJVWUCfnQAb+UXs3kjfU="></latexit>

differentiate 
the 2nd eq.

DAE(
ẋ2
1 + x2

1 � 1 = 0

ẋ1 + x2 = 0
<latexit sha1_base64="N3RabGnqYtLW6CC1Sx33/RLTJ48="></latexit><latexit sha1_base64="N3RabGnqYtLW6CC1Sx33/RLTJ48="></latexit><latexit sha1_base64="N3RabGnqYtLW6CC1Sx33/RLTJ48="></latexit><latexit sha1_base64="FNaHKeUfAL4qQzD5LxjcqpmetDY="></latexit>

index = 1

solve for 
 and ẋ1

<latexit sha1_base64="J+EJucVpwLTRv5H0AeuhZr2hKnU="></latexit><latexit sha1_base64="J+EJucVpwLTRv5H0AeuhZr2hKnU="></latexit><latexit sha1_base64="J+EJucVpwLTRv5H0AeuhZr2hKnU="></latexit><latexit sha1_base64="lGLawrvv5iKmPvHTYtnPpMNtTuw="></latexit>

x2
<latexit sha1_base64="n/KboAS2wue3iT8N86iS260T7D4="></latexit><latexit sha1_base64="n/KboAS2wue3iT8N86iS260T7D4="></latexit><latexit sha1_base64="n/KboAS2wue3iT8N86iS260T7D4="></latexit><latexit sha1_base64="sA71W/DbppvUMCYL3L/KeltdgYs="></latexit>
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differentiation 
index

the number of times one have to 
differentiate a DAE to get an ODE

ODEs

0 1 2 3 4

algebraic 
equations

Indeed, the difficulty in numerically solving a DAE 
is measured by its index.

→ high index (difficult to solve)low index ←

the pendulum

[Campbell−Gear ’95]
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Index Reduction

���13Index Reduction

high-index DAE

low-index DAE

numerical 
method

numerical 
method

not so accurate…

accurate!
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Mattsson−Söderlind’s Index Reduction Algorithm

DAE

low-index DAE

info. for the index reduction

Pantelides’ 
algorithm

[Pantelides ‘88, Pryce ‘01]

Mattsson−Söderlind’s algorithm
[Mattsson−Söderlind ‘93]

Combinatorial

[Mattsson−Söderlind ‘93]



/53���16Pantelides’ Algorithm
[Pantelides ‘88, Pryce ‘01]

Construct a bipartite graph 
representing the occurrence of variables in equations

8
><

>:

F1 : ẍ1 + x1x3 = 0

F2 : ẍ2 + x2x3 � g = 0

F3 : x2
1 + x2

2 � L2 = 0

(1a)

(1b)

(1c)

F1

F2

F3

x1

x2

x3

: weight 2
: weight 0the weight          of each edge  

represents the order of the differentiation
ci,j

<latexit sha1_base64="tJIqgOKslxlr7E+9lI586Tnp4o4="></latexit><latexit sha1_base64="tJIqgOKslxlr7E+9lI586Tnp4o4="></latexit><latexit sha1_base64="tJIqgOKslxlr7E+9lI586Tnp4o4="></latexit><latexit sha1_base64="1Lak+SjHO1MshVJFroOK3Sn/YdI="></latexit>

(i, j)
<latexit sha1_base64="78CpVxICQ+ClV4BEzHtN9+9v6qU="></latexit><latexit sha1_base64="78CpVxICQ+ClV4BEzHtN9+9v6qU="></latexit><latexit sha1_base64="78CpVxICQ+ClV4BEzHtN9+9v6qU="></latexit><latexit sha1_base64="+xBxsydCZRBnlGkRvsWJUVO4n/U="></latexit>
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[Pantelides ‘88, Pryce ‘01]

Find a maximum weight perfect matching

F1

F2

F3

x1

x2

x3

: weight 2
: weight 0

PRIMAL

(P(A))

max
X

i2R

X

j2C

ci,j⇠i,j

s.t.
X

j2C

⇠i,j = 1, (i 2 R)

X

i2R

⇠i,j = 1, (j 2 C)

⇠i,j � 0 (i 2 R, j 2 C)
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[Pantelides ‘88, Pryce ‘01]

(D(A))

min
X

j2C

qj �
X

i2R

pi

s.t. qj � pi � ci,j , ((i, j) 2 E(A))
pi 2 Z�0, (i 2 R)
qj 2 Z�0. (j 2 C)

Find a maximum weight perfect matching 
and its dual optimal solution          .(p, q)

F1

F2

F3

x1

x2

x3

: weight 2
: weight 0

0

2

2

2

0

0
p q

the MS-alg. uses (p, q)

DUAL
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DAE

Pantelides’ 
algorithm

[Pantelides ‘88, Pryce ‘01]

Mattsson−Söderlind’s algorithm
[Mattsson−Söderlind ‘93]

���19However…

Failed!
❌

dual opt. sol. (p, q)
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uses structural information of DAEs 
and ignores numerical information.

Pantelides’ 
algorithm

[Pantelides ‘88, Pryce ‘01]

Hidden numerical cancellations cause the failure.

Why the MS-algorithm fails? Intuitively speaking…

When the MS-algorithm succeeds?

D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

The MS-alg. succeeds if the Σ-Jacobian is nonsingular.

Σ-Jacobian

Failure of the MS-algorithm

(p, q) : dual opt. sol.
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Σ-Jacobian

Example
8
><

>:

F1 : ẍ1 + x1x3 = 0

F2 : ẍ2 + x2x3 � g = 0

F3 : x2
1 + x2

2 � L2 = 0

(1a)

(1b)

(1c)

F1

F2

F3

x1

x2

x3 0

2
2

2
0

0
p q

=

0

B@

@F1
@ẍ1

@F1
@ẍ2

@F1
@x3

@F2
@ẍ1

@F2
@ẍ2

@F2
@x3

@F̈3
@ẍ1

@F̈3
@ẍ2

@F̈3
@x3

1

CA

<latexit sha1_base64="4irLDf1ALMozk23cChlL7DClBhg="></latexit><latexit sha1_base64="4irLDf1ALMozk23cChlL7DClBhg="></latexit><latexit sha1_base64="4irLDf1ALMozk23cChlL7DClBhg="></latexit><latexit sha1_base64="PXO7jzt+91fwy4HbQm6qNbSOZYQ="></latexit>

=

0

@
1 0 x1

0 1 x2

2x1 2x2 0

1

A

<latexit sha1_base64="ZXBljz4S1L5XXU/73fGR1woxZmY="></latexit><latexit sha1_base64="ZXBljz4S1L5XXU/73fGR1woxZmY="></latexit><latexit sha1_base64="ZXBljz4S1L5XXU/73fGR1woxZmY="></latexit><latexit sha1_base64="OqM2BXw47M0SrtslkTt7eeK4ja0="></latexit>

Ḟ3 : 2ẋ1x1 + 2ẋ2x2
<latexit sha1_base64="HZbC49BZ+YXKd2vlSQ1hsmGA2eM="></latexit><latexit sha1_base64="HZbC49BZ+YXKd2vlSQ1hsmGA2eM="></latexit><latexit sha1_base64="HZbC49BZ+YXKd2vlSQ1hsmGA2eM="></latexit><latexit sha1_base64="viZEXj9mJ6a0fzg0b+8R6bYBkVE="></latexit>

F̈3 : 2ẍ1x1 + 2ẋ2
1 + 2ẍ2x2 + 2ẋ2

2
<latexit sha1_base64="jD2Q1r9xOlnsHN5DQNlHgJY0cMo="></latexit><latexit sha1_base64="jD2Q1r9xOlnsHN5DQNlHgJY0cMo="></latexit><latexit sha1_base64="jD2Q1r9xOlnsHN5DQNlHgJY0cMo="></latexit><latexit sha1_base64="1YAwIl6ouBy21xS8DgHBCrpRB6g="></latexit>
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Σ-Jacobian

Example
8
><

>:

F1 : ẍ1 + x1x3 = 0

F2 : ẍ2 + x2x3 � g = 0

F3 : x2
1 + x2

2 � L2 = 0

(1a)

(1b)

(1c)

F1

F2

F3

x1

x2

x3 0

2
2

2
0

0
p q

=

0

B@

@F1
@ẍ1

@F1
@ẍ2

@F1
@x3

@F2
@ẍ1

@F2
@ẍ2

@F2
@x3

@F̈3
@ẍ1

@F̈3
@ẍ2

@F̈3
@x3

1

CA

<latexit sha1_base64="4irLDf1ALMozk23cChlL7DClBhg="></latexit><latexit sha1_base64="4irLDf1ALMozk23cChlL7DClBhg="></latexit><latexit sha1_base64="4irLDf1ALMozk23cChlL7DClBhg="></latexit><latexit sha1_base64="PXO7jzt+91fwy4HbQm6qNbSOZYQ="></latexit>

=

0

@
1 0 x1

0 1 x2

2x1 2x2 0

1

A

<latexit sha1_base64="ZXBljz4S1L5XXU/73fGR1woxZmY="></latexit><latexit sha1_base64="ZXBljz4S1L5XXU/73fGR1woxZmY="></latexit><latexit sha1_base64="ZXBljz4S1L5XXU/73fGR1woxZmY="></latexit><latexit sha1_base64="OqM2BXw47M0SrtslkTt7eeK4ja0="></latexit>

detD = �2x2
1 � 2x2

2 = �L2 6= 0
<latexit sha1_base64="zVPEUYUBjEhzc7DB0bJxx8cYBb0="></latexit><latexit sha1_base64="zVPEUYUBjEhzc7DB0bJxx8cYBb0="></latexit><latexit sha1_base64="zVPEUYUBjEhzc7DB0bJxx8cYBb0="></latexit><latexit sha1_base64="Ann077nZQUhH1heItMVd6AMH5qI="></latexit>

The MS-algorithm works!
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Σ-Jacobian

Example

F1

F2

x1

x2 1

1

0

0
p q

The MS-algorithm does not work…

(
F1 : exp(ẋ1 + ẋ2) + x1= 0

F2 : (ẋ1 + ẋ2)
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="BsLutgfrmeKhTGwemBPcbRY4M3I="></latexit><latexit sha1_base64="BsLutgfrmeKhTGwemBPcbRY4M3I="></latexit><latexit sha1_base64="BsLutgfrmeKhTGwemBPcbRY4M3I="></latexit><latexit sha1_base64="Xm/6Me5Wq289phU1L4Z2FHNo3+Y="></latexit>

=

 
@F1
@ẋ1

@F1
@ẋ2

@F2
@ẋ1

@F2
@ẋ2

!

<latexit sha1_base64="HnZcpIXRkOUSonF+xwBdL8f4PIs="></latexit><latexit sha1_base64="HnZcpIXRkOUSonF+xwBdL8f4PIs="></latexit><latexit sha1_base64="HnZcpIXRkOUSonF+xwBdL8f4PIs="></latexit><latexit sha1_base64="ekDkKx6BpL7XvWfKAKgqqyzXkPI="></latexit>

=

✓
↵ ↵
� �

◆

<latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="B2CmL8riFPM45UKXxV+MRHs81iQ="></latexit>

↵ = exp(ẋ1 + ẋ2)
<latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="HdD0BvPGHs9o7g+jO3AQqDUhrDI="></latexit>

� = 3(ẋ1 + ẋ2)
2

<latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="rDbgYnwKtPo1NkwrJH9l2Y4usHM="></latexit>



/53

DAE with nonsingular Σ-Jacobian

���24Preprocess for the MS-algorithm
DAE

low-index DAE

Pantelides’ algorithm
[Pantelides ‘88, Pryce ‘01]

Mattsson−Söderlind’s algorithm
[Mattsson−Söderlind ‘93]

Modification

dual opt. sol. (p, q)

needed!
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The combinatorial relaxation was originally invented 
by [Murota ’90] for the computation of 
the degree of the determinant of a polynomial matrix.

[Wu+ ’13] pointed out that the combinatorial relaxation 
can be used for the preprocessing of the MS-algorithm 
for linear DAEs with constant coefficients

lX

k=0

Akx
(k) = f(t)

<latexit sha1_base64="xvuD4pWgRpAGARKAVaf3Ek3oMaE="></latexit><latexit sha1_base64="xvuD4pWgRpAGARKAVaf3Ek3oMaE="></latexit><latexit sha1_base64="xvuD4pWgRpAGARKAVaf3Ek3oMaE="></latexit><latexit sha1_base64="Zj1cjdcAr0ojgz46yhxO7ZhBl70="></latexit>

A0, . . . , Al 2 Rn⇥n
<latexit sha1_base64="x6vNz0RglbMipBkzcNQixUpRYcs="></latexit><latexit sha1_base64="x6vNz0RglbMipBkzcNQixUpRYcs="></latexit><latexit sha1_base64="x6vNz0RglbMipBkzcNQixUpRYcs="></latexit><latexit sha1_base64="gVKnYB26/sMfNzy5pt2Bzf747Jg="></latexit>

f : R ! Rn
<latexit sha1_base64="YfF72ul6y+Aipg65xHSHouNK3aw="></latexit><latexit sha1_base64="YfF72ul6y+Aipg65xHSHouNK3aw="></latexit><latexit sha1_base64="YfF72ul6y+Aipg65xHSHouNK3aw="></latexit><latexit sha1_base64="lb0be2Q5dFr+WHCeTN2UY9WOcqM="></latexit>

.

[Murota ’90 ’95, Wu+ ’13]
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compute a dual opt. sol.

DAEInput

Yes
Output

Modify the DAE into an equivalent DAE 
on which           is not optimal but feasible

No

Is the Σ-Jacobian 
nonsingular? DAE

(p, q)

(p, q)

non-trivial task

[Murota ’90 ’95, Wu+ ’13]
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Thm (complementarity theorem)

: feasible dual sol. on a DAE(p, q)

(p, q) is optimal   ⇔ 

: Σ-Jacobian w.r.t.D
<latexit sha1_base64="v778O6RAYwCGJ9BRD6uBtJ6iK5s="></latexit><latexit sha1_base64="v778O6RAYwCGJ9BRD6uBtJ6iK5s="></latexit><latexit sha1_base64="v778O6RAYwCGJ9BRD6uBtJ6iK5s="></latexit><latexit sha1_base64="aHZbY3qcRAJ1c/CSBqIJSHldEY8="></latexit>

t-rankD = n
<latexit sha1_base64="+3L2ViPonyJ0Deex/uNlM6Q5ChE="></latexit><latexit sha1_base64="+3L2ViPonyJ0Deex/uNlM6Q5ChE="></latexit><latexit sha1_base64="+3L2ViPonyJ0Deex/uNlM6Q5ChE="></latexit><latexit sha1_base64="olWtVx8gN0t3cxuJnXsQeoGq/Mo="></latexit>

[Murota ‘90]

the max. size of a matching in the associated bipartite graph
What is the term-rank of a matrix?

(p, q)

D =

0

@
↵ � 0
↵ � 0
0 0 1

1

A

<latexit sha1_base64="giaTfXLrCL5sjRjXyXaDssJA0Rw="></latexit><latexit sha1_base64="giaTfXLrCL5sjRjXyXaDssJA0Rw="></latexit><latexit sha1_base64="giaTfXLrCL5sjRjXyXaDssJA0Rw="></latexit><latexit sha1_base64="IDLJulbrhEn2wotM+1Yy/HsKO2A="></latexit>

t-rankD = 3
<latexit sha1_base64="4uoXzWPr26g5bw7350uIdxO+3jI="></latexit><latexit sha1_base64="4uoXzWPr26g5bw7350uIdxO+3jI="></latexit><latexit sha1_base64="4uoXzWPr26g5bw7350uIdxO+3jI="></latexit><latexit sha1_base64="mCniO/77XS+S6Bnd4y22jYt7YmI="></latexit>
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Modify the DAE into an equivalent DAE 
on which           is not optimal but feasible(p, q)

non-trivial task

[Murota ’90 ’95, Wu+ ’13]

Input

Output

DAE F (t, x, ẋ, . . . .x(l)) = 0
<latexit sha1_base64="S8q53JH5U4av16gdaTOak1Hhecg="></latexit><latexit sha1_base64="S8q53JH5U4av16gdaTOak1Hhecg="></latexit><latexit sha1_base64="S8q53JH5U4av16gdaTOak1Hhecg="></latexit><latexit sha1_base64="3Be0AZyVkvyyp9cFqwQcYyIStP4="></latexit>

dual opt. sol. (p, q)

s.t. the Σ-Jacobian D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

is singular

equivalent DAE F̄ (t, x, ẋ, . . . , x(l)) = 0
<latexit sha1_base64="a0fmCwSTUPPoBDt3+ZTrXn/z/Qg="></latexit><latexit sha1_base64="a0fmCwSTUPPoBDt3+ZTrXn/z/Qg="></latexit><latexit sha1_base64="a0fmCwSTUPPoBDt3+ZTrXn/z/Qg="></latexit><latexit sha1_base64="k2/QmbFoXAVKveUq5jOp2UK3kBI="></latexit>

s.t. the Σ-Jacobian      w.r.t.           has the t-rank less than(p, q) n
<latexit sha1_base64="Xsjq7HAjQNQJzT4YalUaH7fKRNQ="></latexit><latexit sha1_base64="Xsjq7HAjQNQJzT4YalUaH7fKRNQ="></latexit><latexit sha1_base64="Xsjq7HAjQNQJzT4YalUaH7fKRNQ="></latexit><latexit sha1_base64="YV9hc7jM4p0kHhcLADhT9AEX7Ec="></latexit>D̄

<latexit sha1_base64="0ccRebBadZWqkNc+1tHOpKY1aOk="></latexit><latexit sha1_base64="0ccRebBadZWqkNc+1tHOpKY1aOk="></latexit><latexit sha1_base64="0ccRebBadZWqkNc+1tHOpKY1aOk="></latexit><latexit sha1_base64="E+AA8xSKVkDUIO8qqNpjx+fTk+w="></latexit>
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Algorithm Target Class 
of DAEs Modification

How many 
DAEs can be 

handled?

[Wu−Zeng−Cao ’13]
Linear DAEs with 

constant coefficients

unimodular 
transformation 

by [Murota ‘90] 
all instances

[Iwata−O.−Takamatsu ‘17]
Linear DAEs with 

mixed poly. matrices
unimodular 

transformation all instances

LC-method 
[Tan−Nedialkov−Pryce ‘16 ]

Nonlinear DAEs row operation not so many

ES-method 
[Tan−Nedialkov−Pryce ‘16 ]

Nonlinear DAEs
new variable 
substitution not so many

Proposed Nonlinear DAEs
implicit function 

theorem many
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Modification for Linear DAEs
F1

F2

x1

x2 1

1

0

0
p q

⇢
F1 : ẋ1 + ẋ2 + x2= 0

F2 : ẋ1 + ẋ2 = 0

(1a)

(1b)
<latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="zN0EK3hwuNad5ObmsKwCZlVjTd0="></latexit>

Σ-Jacobian: =

✓
1 1
1 1

◆

<latexit sha1_base64="LqYvPwReQ9L64ok/dtT7aYbJYzk="></latexit><latexit sha1_base64="LqYvPwReQ9L64ok/dtT7aYbJYzk="></latexit><latexit sha1_base64="LqYvPwReQ9L64ok/dtT7aYbJYzk="></latexit><latexit sha1_base64="YSbX/RUabNH1bKtDx8eJkZyLaUA="></latexit>

: singular2

[Murota ’90, Wu+ ’13]

3 Transform               into               by a row operation
✓
1 1
1 1

◆

<latexit sha1_base64="sMnvDxuwVzDniwp/kU7ZhEPwAhM="></latexit><latexit sha1_base64="sMnvDxuwVzDniwp/kU7ZhEPwAhM="></latexit><latexit sha1_base64="sMnvDxuwVzDniwp/kU7ZhEPwAhM="></latexit><latexit sha1_base64="AA2It7E4tmgp6cJH+yXWb1/xAHI="></latexit>

✓
1 1
0 0

◆

<latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="66PtkRVnoaTRt1lRZ0YY12dkGkg="></latexit>

t-rank = 2 t-rank = 1

DAE

compute a dual opt. sol.

DAE

Yes

Modify the DAE into an equivalent DAE 
on which           is not optimal but feasible

No

Is the Σ-Jacobian 
nonsingular? DAE

(p, q)

(p, q)

1

2

3 4

1
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Modification for Linear DAEs
F1

F2

x1

x2 1

1

0

0
p q

1
⇢
F1 : ẋ1 + ẋ2 + x2= 0

F2 : ẋ1 + ẋ2 = 0

(1a)

(1b)
<latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="zN0EK3hwuNad5ObmsKwCZlVjTd0="></latexit>

Σ-Jacobian: =

✓
1 1
1 1

◆

<latexit sha1_base64="LqYvPwReQ9L64ok/dtT7aYbJYzk="></latexit><latexit sha1_base64="LqYvPwReQ9L64ok/dtT7aYbJYzk="></latexit><latexit sha1_base64="LqYvPwReQ9L64ok/dtT7aYbJYzk="></latexit><latexit sha1_base64="YSbX/RUabNH1bKtDx8eJkZyLaUA="></latexit>

2

[Murota ’90, Wu+ ’13]

3 Transform               into               by a row operation
✓
1 1
1 1

◆

<latexit sha1_base64="sMnvDxuwVzDniwp/kU7ZhEPwAhM="></latexit><latexit sha1_base64="sMnvDxuwVzDniwp/kU7ZhEPwAhM="></latexit><latexit sha1_base64="sMnvDxuwVzDniwp/kU7ZhEPwAhM="></latexit><latexit sha1_base64="AA2It7E4tmgp6cJH+yXWb1/xAHI="></latexit>

✓
1 1
0 0

◆

<latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="66PtkRVnoaTRt1lRZ0YY12dkGkg="></latexit>

4 Perform the “corresponding” transformation on the DAE

⇢
F1 : ẋ1 + ẋ2 + x2= 0

F2 : ẋ1 + ẋ2 = 0

(1a)

(1b)
<latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="ZSYr1u3IUP53kuGGyqZgVb3sxjk="></latexit><latexit sha1_base64="zN0EK3hwuNad5ObmsKwCZlVjTd0="></latexit>

⇢
F1 : ẋ1 + ẋ2 + x2 = 0

F̄2 : � x2 = 0

(1a)

(1b)
<latexit sha1_base64="A438K8US3ZpefJYy2gKFGF7fOCk="></latexit><latexit sha1_base64="A438K8US3ZpefJYy2gKFGF7fOCk="></latexit><latexit sha1_base64="A438K8US3ZpefJYy2gKFGF7fOCk="></latexit><latexit sha1_base64="I7JopohrH2a36VhVmb1dDiZCAak="></latexit>

subtract

: singular

DAE 1
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Modification for Nonlinear DAEs by LC-method

F1

F2

x1

x2 1

1

0

0
p q

Σ-Jacobian: : singular2

[Tan+ ’16]

3 Transform                 into               by a row operation
✓
1 1
0 0

◆

<latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="66PtkRVnoaTRt1lRZ0YY12dkGkg="></latexit>

4 Perform the “corresponding” transformation on the DAE

subtract 
1st row × 

⇢
F1 : ẋ1 + ẋ2 + x2 = 0

F2 : x1ẋ1 + x1ẋ2 = 0

(1a)

(1b)
<latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="PW+XsWO58VSqmfZgvL4cDe31whk="></latexit>

=

✓
1 1
x1 x1

◆

<latexit sha1_base64="9urI2qnvh2LwKuwmRHJ9FAJpTWE="></latexit><latexit sha1_base64="9urI2qnvh2LwKuwmRHJ9FAJpTWE="></latexit><latexit sha1_base64="9urI2qnvh2LwKuwmRHJ9FAJpTWE="></latexit><latexit sha1_base64="wDuZ349/txLVIC4Zl5h3tNN5HAU="></latexit>

✓
1 1
x1 x1

◆

<latexit sha1_base64="Ijg1telXoec6JTeMxRp3yDESgdY="></latexit><latexit sha1_base64="Ijg1telXoec6JTeMxRp3yDESgdY="></latexit><latexit sha1_base64="Ijg1telXoec6JTeMxRp3yDESgdY="></latexit><latexit sha1_base64="D2Pc8GRvL83Mef7E6YRkUSF17iE="></latexit>

⇢
F1 : ẋ1 + ẋ2 + x2 = 0

F2 : x1ẋ1 + x1ẋ2 = 0

(1a)

(1b)
<latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="PW+XsWO58VSqmfZgvL4cDe31whk="></latexit>

⇢
F1 : ẋ1 + ẋ2 + x2 = 0

F̄2 : � x1x2 = 0

(1a)

(1b)
<latexit sha1_base64="DTArVPZERZZjuktntZZ7CoZW9cY="></latexit><latexit sha1_base64="DTArVPZERZZjuktntZZ7CoZW9cY="></latexit><latexit sha1_base64="DTArVPZERZZjuktntZZ7CoZW9cY="></latexit><latexit sha1_base64="G9gqYuz5b0V8iBN56uRtj91V7GE="></latexit>

x1
<latexit sha1_base64="2thM7LeCOmAYlmHgXqIL2/2GFME="></latexit><latexit sha1_base64="2thM7LeCOmAYlmHgXqIL2/2GFME="></latexit><latexit sha1_base64="2thM7LeCOmAYlmHgXqIL2/2GFME="></latexit><latexit sha1_base64="11LyCPmeizgcp9lzR1yWVaaenoc="></latexit>

DAE 1
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Modification for Nonlinear DAEs by LC-method

F1

F2

x1

x2 1

1

0

0
p q

Σ-Jacobian: : singular2

[Tan+ ’16]

3 Transform                 into               by a row operation
✓
1 1
0 0

◆

<latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="TQUj8snUxp63cF9MBZHUVRg3NIA="></latexit><latexit sha1_base64="66PtkRVnoaTRt1lRZ0YY12dkGkg="></latexit>

4 Perform the “corresponding” transformation on the DAE

subtract 
1st row × 

⇢
F1 : ẋ1 + ẋ2 + x2 = 0

F2 : x1ẋ1 + x1ẋ2 = 0

(1a)

(1b)
<latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="PW+XsWO58VSqmfZgvL4cDe31whk="></latexit>

=

✓
1 1
x1 x1

◆

<latexit sha1_base64="9urI2qnvh2LwKuwmRHJ9FAJpTWE="></latexit><latexit sha1_base64="9urI2qnvh2LwKuwmRHJ9FAJpTWE="></latexit><latexit sha1_base64="9urI2qnvh2LwKuwmRHJ9FAJpTWE="></latexit><latexit sha1_base64="wDuZ349/txLVIC4Zl5h3tNN5HAU="></latexit>

✓
1 1
x1 x1

◆

<latexit sha1_base64="Ijg1telXoec6JTeMxRp3yDESgdY="></latexit><latexit sha1_base64="Ijg1telXoec6JTeMxRp3yDESgdY="></latexit><latexit sha1_base64="Ijg1telXoec6JTeMxRp3yDESgdY="></latexit><latexit sha1_base64="D2Pc8GRvL83Mef7E6YRkUSF17iE="></latexit>

⇢
F1 : ẋ1 + ẋ2 + x2 = 0

F2 : x1ẋ1 + x1ẋ2 = 0

(1a)

(1b)
<latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="B/Apm0mHwuSMWOmHg98kkv8ZGIM="></latexit><latexit sha1_base64="PW+XsWO58VSqmfZgvL4cDe31whk="></latexit>

⇢
F1 : ẋ1 + ẋ2 + x2 = 0

F̄2 : � x1x2 = 0

(1a)

(1b)
<latexit sha1_base64="DTArVPZERZZjuktntZZ7CoZW9cY="></latexit><latexit sha1_base64="DTArVPZERZZjuktntZZ7CoZW9cY="></latexit><latexit sha1_base64="DTArVPZERZZjuktntZZ7CoZW9cY="></latexit><latexit sha1_base64="G9gqYuz5b0V8iBN56uRtj91V7GE="></latexit>

x1
<latexit sha1_base64="2thM7LeCOmAYlmHgXqIL2/2GFME="></latexit><latexit sha1_base64="2thM7LeCOmAYlmHgXqIL2/2GFME="></latexit><latexit sha1_base64="2thM7LeCOmAYlmHgXqIL2/2GFME="></latexit><latexit sha1_base64="11LyCPmeizgcp9lzR1yWVaaenoc="></latexit>

replace an equation by 
a linear combination of equations  
    LC = “Linear Combination”

DAE 1
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Failure Case of LC-method
F1

F2

x1

x2 1

1

0

0
p q

1

Σ-Jacobian: : singular2

[Tan+ ’16]

(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F2 : (ẋ1 + ẋ2)
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="Ll4nbAmlmKRfcUZYdXRbX2yPo5U="></latexit>

=

✓
↵ ↵
� �

◆

<latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="B2CmL8riFPM45UKXxV+MRHs81iQ="></latexit>

↵ = exp(ẋ1 + ẋ2)
<latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="HdD0BvPGHs9o7g+jO3AQqDUhrDI="></latexit>

3 Transform                 into                by a row operation
✓
↵ ↵
� �

◆

<latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="WWqpKyjHbkx+5r09zaSA21cCOz8="></latexit>

✓
↵ ↵
0 0

◆

<latexit sha1_base64="4Unkz4yL39pJBNkdHfmbOEM7yVQ="></latexit><latexit sha1_base64="4Unkz4yL39pJBNkdHfmbOEM7yVQ="></latexit><latexit sha1_base64="4Unkz4yL39pJBNkdHfmbOEM7yVQ="></latexit><latexit sha1_base64="jIrdNdtM6bvakUmMSueJUwM7bPE="></latexit>

✓
↵ ↵
� �

◆

<latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="WWqpKyjHbkx+5r09zaSA21cCOz8="></latexit>

subtract 
1st row × �/↵

<latexit sha1_base64="zGnddtJeSJZdToAbjaXesJKhWls="></latexit><latexit sha1_base64="zGnddtJeSJZdToAbjaXesJKhWls="></latexit><latexit sha1_base64="zGnddtJeSJZdToAbjaXesJKhWls="></latexit><latexit sha1_base64="dKiiNKRGvss1GpCo48GmZvrrCxg="></latexit>

✓
↵ ↵
0 0

◆

<latexit sha1_base64="4Unkz4yL39pJBNkdHfmbOEM7yVQ="></latexit><latexit sha1_base64="4Unkz4yL39pJBNkdHfmbOEM7yVQ="></latexit><latexit sha1_base64="4Unkz4yL39pJBNkdHfmbOEM7yVQ="></latexit><latexit sha1_base64="jIrdNdtM6bvakUmMSueJUwM7bPE="></latexit>

� = 3(ẋ1 + ẋ2)
2

<latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="rDbgYnwKtPo1NkwrJH9l2Y4usHM="></latexit>

DAE
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8
<

:

F1 : exp(ẋ1 + ẋ2) + x1 = 0

F̄2 : (ẋ1 + ẋ2)
3 � x2 �

�

↵
{exp(ẋ1 + ẋ2) + x1} = 0

(1a)

(1b)
<latexit sha1_base64="2A/YzAIOFvHklY09GauXq9EvFIk="></latexit><latexit sha1_base64="2A/YzAIOFvHklY09GauXq9EvFIk="></latexit><latexit sha1_base64="2A/YzAIOFvHklY09GauXq9EvFIk="></latexit><latexit sha1_base64="Ic/aQi9wjteG4R5ziAU17fOiQZ4="></latexit>

���35Failure Case of LC-method
[Tan+ ’16]

(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F2 : (ẋ1 + ẋ2)
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="Ll4nbAmlmKRfcUZYdXRbX2yPo5U="></latexit>

subtract 
1st row × �/↵

<latexit sha1_base64="zGnddtJeSJZdToAbjaXesJKhWls="></latexit><latexit sha1_base64="zGnddtJeSJZdToAbjaXesJKhWls="></latexit><latexit sha1_base64="zGnddtJeSJZdToAbjaXesJKhWls="></latexit><latexit sha1_base64="dKiiNKRGvss1GpCo48GmZvrrCxg="></latexit>

4 Perform the “corresponding” transformation on the DAE
(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F2 : (ẋ1 + ẋ2)
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="Ll4nbAmlmKRfcUZYdXRbX2yPo5U="></latexit>

↵ = exp(ẋ1 + ẋ2)
<latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="HdD0BvPGHs9o7g+jO3AQqDUhrDI="></latexit>

and       do not disappear…ẋ1
<latexit sha1_base64="XTVNvGo+DV4YM0ZI7OncFBLaKYo="></latexit><latexit sha1_base64="XTVNvGo+DV4YM0ZI7OncFBLaKYo="></latexit><latexit sha1_base64="XTVNvGo+DV4YM0ZI7OncFBLaKYo="></latexit><latexit sha1_base64="3BloVV9oczQd9tjHjKENdWX7JuM="></latexit>

ẋ2
<latexit sha1_base64="IY1RJ8WktcpiA3VfSsNSjZPITqk="></latexit><latexit sha1_base64="IY1RJ8WktcpiA3VfSsNSjZPITqk="></latexit><latexit sha1_base64="IY1RJ8WktcpiA3VfSsNSjZPITqk="></latexit><latexit sha1_base64="CPPVehXXU4yFgm72N3IqFAtkUqM="></latexit>

Σ-Jacobian

� = 3(ẋ1 + ẋ2)
2

<latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="rDbgYnwKtPo1NkwrJH9l2Y4usHM="></latexit>

D =

✓
↵ ↵
� �

◆

<latexit sha1_base64="6E2V2cJXYu7ELmS5gBPeCQeldLQ="></latexit><latexit sha1_base64="6E2V2cJXYu7ELmS5gBPeCQeldLQ="></latexit><latexit sha1_base64="6E2V2cJXYu7ELmS5gBPeCQeldLQ="></latexit><latexit sha1_base64="jUzTU+guBWlj33JCbYPAoN1ix3g="></latexit>

still has t-rank = 2. FAILED!

DAE
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Conversion to DAE for which Existing Methods Fails

' : Rn ! Rn
<latexit sha1_base64="lQwz7o/0hGo4oN2Lxifjn/BkREg="></latexit><latexit sha1_base64="lQwz7o/0hGo4oN2Lxifjn/BkREg="></latexit><latexit sha1_base64="lQwz7o/0hGo4oN2Lxifjn/BkREg="></latexit><latexit sha1_base64="NTZi6Ltahp0UCLh4uQnJ0WsY5OM="></latexit>

: nonlinear diffeomorphism
 : Rn ! Rn

<latexit sha1_base64="rCksAwuDo3l0kd8zR6ymDWvBvR0=">AABHlXiczVxLkxxHES4bMEY8LMOBA5eBlQmjsJbVroQf4TVrvRUhaS1Zsh2aWSvm0TMab89DPb2S1q0JjhDwBwj+AQeu8FuI4Adw5M6FzC+ruqof1d2zuyKsCe10V+WzKisrM6t2e/NwvIg3Nv75yqvf+vZ3Xvvu69879f0f/PBHb5x+88efLWYHUT940J+Fs+iLXncRhONp8CAex2HwxTwKupNeGHze27/M/Z8/DaLFeDa9Hx/Og71JdzQdD8f9bkxNj07/vDM8mPYHs8ki6cwX42XSWQTxvS+n9uHR6bWN9c0N/tcqPpxfx/fG2m//o/Dvk9mba+uqowZqpvrqQE1UoKYqpudQddWCPm11Xm2oObXtqYTaInoaoz9QS3WKcCfUuk9vXerh1pg+Ac </latexit><latexit sha1_base64="rCksAwuDo3l0kd8zR6ymDWvBvR0=">AABHlXiczVxLkxxHES4bMEY8LMOBA5eBlQmjsJbVroQf4TVrvRUhaS1Zsh2aWSvm0TMab89DPb2S1q0JjhDwBwj+AQeu8FuI4Adw5M6FzC+ruqof1d2zuyKsCe10V+WzKisrM6t2e/NwvIg3Nv75yqvf+vZ3Xvvu69879f0f/PBHb5x+88efLWYHUT940J+Fs+iLXncRhONp8CAex2HwxTwKupNeGHze27/M/Z8/DaLFeDa9Hx/Og71JdzQdD8f9bkxNj07/vDM8mPYHs8ki6cwX42XSWQTxvS+n9uHR6bWN9c0N/tcqPpxfx/fG2m//o/Dvk9mba+uqowZqpvrqQE1UoKYqpudQddWCPm11Xm2oObXtqYTaInoaoz9QS3WKcCfUuk9vXerh1pg+Ac </latexit><latexit sha1_base64="rCksAwuDo3l0kd8zR6ymDWvBvR0=">AABHlXiczVxLkxxHES4bMEY8LMOBA5eBlQmjsJbVroQf4TVrvRUhaS1Zsh2aWSvm0TMab89DPb2S1q0JjhDwBwj+AQeu8FuI4Adw5M6FzC+ruqof1d2zuyKsCe10V+WzKisrM6t2e/NwvIg3Nv75yqvf+vZ3Xvvu69879f0f/PBHb5x+88efLWYHUT940J+Fs+iLXncRhONp8CAex2HwxTwKupNeGHze27/M/Z8/DaLFeDa9Hx/Og71JdzQdD8f9bkxNj07/vDM8mPYHs8ki6cwX42XSWQTxvS+n9uHR6bWN9c0N/tcqPpxfx/fG2m//o/Dvk9mba+uqowZqpvrqQE1UoKYqpudQddWCPm11Xm2oObXtqYTaInoaoz9QS3WKcCfUuk9vXerh1pg+Ac </latexit><latexit sha1_base64="8B3YiL7nt+Sb9ENmKfeAKyGEG9g=">AABHlXiczVxbcxxHFe4ESIKBxIEHHnhZkEMFVyxkySaXilKK766yrdixk5R3FddeZtcbzV48O7KtjLd4hII/QPEPeOAVfgtV/AD+Ay+c853u6Z5Lz8xKMhVvWTvTfa7dp0+fc7ql3jwcL+KNjX+98ur3vv+D115/44enfvTjn7z51um3f/rFYnYQ9YMH/Vk4i77qdRdBOJ4GD+JxHAZfzaOgO+mFwZe9/cvc/+XTIFqMZ9P78eE82Jt0R9PxcNzvxtT06PQvO8ODaX8wmyySznwxXiadRRDf+3pqHx6dXttY39zgf63iw/l1fG+sKf3vs9nba+uqowZqpvrqQE1UoKYqpudQddWCPm11Xm2oObXtqYTaInoaoz9QS3WKcCfUuk9vXerh1pg+AcGdQu </latexit>

: nonlinear diffeomorphism with  (v) = 0 () v = 0
<latexit sha1_base64="wWg20t86denJV5cHy1O5kIYlW3k="></latexit><latexit sha1_base64="wWg20t86denJV5cHy1O5kIYlW3k="></latexit><latexit sha1_base64="wWg20t86denJV5cHy1O5kIYlW3k="></latexit><latexit sha1_base64="IRfxTtm8JCZ7M8fNbm+Q4br8X+g="></latexit>

Coordinate change

x = '(u)
<latexit sha1_base64="PgAb2AG9cJhr3/EturMq7d4BD50="></latexit><latexit sha1_base64="PgAb2AG9cJhr3/EturMq7d4BD50="></latexit><latexit sha1_base64="PgAb2AG9cJhr3/EturMq7d4BD50="></latexit><latexit sha1_base64="OqmLaHcxzGFy11tRhqc/fnSRPv4="></latexit>

ẋ = '0(u)u̇
<latexit sha1_base64="fvH/JAKfz/mOyuWtqmFxze1mYcw="></latexit><latexit sha1_base64="fvH/JAKfz/mOyuWtqmFxze1mYcw="></latexit><latexit sha1_base64="fvH/JAKfz/mOyuWtqmFxze1mYcw="></latexit><latexit sha1_base64="wqWdqqsYpNj0GT/LDA8ipfUzrRk="></latexit>

variable:                   ,

equation:

F (t, x, ẋ) = 0
<latexit sha1_base64="hNYYOLE6ZlVFIbuQp8NGnkosVC0="></latexit><latexit sha1_base64="hNYYOLE6ZlVFIbuQp8NGnkosVC0="></latexit><latexit sha1_base64="hNYYOLE6ZlVFIbuQp8NGnkosVC0="></latexit><latexit sha1_base64="uGhyTebRKS64EiVp96M+kn+mLNE="></latexit>

: DAE to which the MS-algorithm is not applicable

F (t, x, ẋ) = 0 ()  (F (t,'(u),'0(u)u̇) = 0
<latexit sha1_base64="JURY/XDITBU6FkVjYxsfQflUkPA="></latexit><latexit sha1_base64="JURY/XDITBU6FkVjYxsfQflUkPA="></latexit><latexit sha1_base64="JURY/XDITBU6FkVjYxsfQflUkPA="></latexit><latexit sha1_base64="C6znCNQWpyKzrmhe98L9/Q8qYus="></latexit>

=: G(t, u, u̇)
<latexit sha1_base64="tftlGETWH4sJzjwniJtZ9yINuhY="></latexit><latexit sha1_base64="tftlGETWH4sJzjwniJtZ9yINuhY="></latexit><latexit sha1_base64="tftlGETWH4sJzjwniJtZ9yINuhY="></latexit><latexit sha1_base64="8Qq1CoN3Z0rt2Rgrz2zY0Oumq0s="></latexit>

G(t, u, u̇) = 0
<latexit sha1_base64="hXrKRQdm+I2Lvy0Cm+J1BXRF8wg="></latexit><latexit sha1_base64="hXrKRQdm+I2Lvy0Cm+J1BXRF8wg="></latexit><latexit sha1_base64="hXrKRQdm+I2Lvy0Cm+J1BXRF8wg="></latexit><latexit sha1_base64="qjHQup50RPNdF3Il53VqEaiMmb0="></latexit>

Then,                          cannot be dealt with by existing methods.

F 7!  (F )
<latexit sha1_base64="UD4q9+JTXCjqX8/qgfxCTTm1gKs="></latexit><latexit sha1_base64="UD4q9+JTXCjqX8/qgfxCTTm1gKs="></latexit><latexit sha1_base64="UD4q9+JTXCjqX8/qgfxCTTm1gKs="></latexit><latexit sha1_base64="bTBsv8EERBsVZQKcX0v2T8TQzew="></latexit><latexit sha1_base64="qlDgV2zKeNzdQiy1OouCGhj8jcM="></latexit><latexit sha1_base64="mqi7MOgKA92mgH/VdlyloGGFbHU="></latexit><latexit sha1_base64="nA3EABgVHul5+/HhXlfmeXexvPk="></latexit><latexit sha1_base64="vXQT+vbPnbjuaFiC+08nUuZSPWg="></latexit><latexit sha1_base64="UD4q9+JTXCjqX8/qgfxCTTm1gKs="></latexit><latexit sha1_base64="UD4q9+JTXCjqX8/qgfxCTTm1gKs="></latexit><latexit sha1_base64="UD4q9+JTXCjqX8/qgfxCTTm1gKs="></latexit><latexit sha1_base64="UD4q9+JTXCjqX8/qgfxCTTm1gKs="></latexit><latexit sha1_base64="vXQT+vbPnbjuaFiC+08nUuZSPWg="></latexit>
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D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Our Algorithm

F1

F2

x1

x2 1

1

0

0
p q

1

Σ-Jacobian: 

DAE

: singular2

(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F2 : (ẋ1 + ẋ2)
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="Ll4nbAmlmKRfcUZYdXRbX2yPo5U="></latexit>

=

✓
↵ ↵
� �

◆

<latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="B2CmL8riFPM45UKXxV+MRHs81iQ="></latexit>

compute a dual opt. sol.

DAE

Yes

Modify the DAE into an equivalent DAE 
on which           is not optimal but feasible

No

Is the Σ-Jacobian 
nonsingular? DAE

(p, q)

(p, q)

1

2

3 4

↵ = exp(ẋ1 + ẋ2)
<latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="HdD0BvPGHs9o7g+jO3AQqDUhrDI="></latexit>

� = 3(ẋ1 + ẋ2)
2

<latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="rDbgYnwKtPo1NkwrJH9l2Y4usHM="></latexit>
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3 Find a row subset    , a column subset     and a rowI
<latexit sha1_base64="1S3n9Kj1GlX136ETXQKWwOpOnpY="></latexit><latexit sha1_base64="1S3n9Kj1GlX136ETXQKWwOpOnpY="></latexit><latexit sha1_base64="1S3n9Kj1GlX136ETXQKWwOpOnpY="></latexit><latexit sha1_base64="V3jv6G/IiZJdMF2zLawGWjziw+w="></latexit>

J
<latexit sha1_base64="oMNdAPwgLIKNAN76Sip69WT21Po="></latexit><latexit sha1_base64="oMNdAPwgLIKNAN76Sip69WT21Po="></latexit><latexit sha1_base64="oMNdAPwgLIKNAN76Sip69WT21Po="></latexit><latexit sha1_base64="8xHikXuLlOaAzVoAF9jUI4FMCPM="></latexit>

r /2 I
<latexit sha1_base64="Holnhin2SijuzuzHbqU78ku/Jss="></latexit><latexit sha1_base64="Holnhin2SijuzuzHbqU78ku/Jss="></latexit><latexit sha1_base64="Holnhin2SijuzuzHbqU78ku/Jss="></latexit><latexit sha1_base64="1KHpgzpYqqmrGaJzsnutz1yKe3Q="></latexit>

s.t. |I| = |J |
<latexit sha1_base64="3i70rg3ZkLDE91xvCFoWcBtHNM8="></latexit><latexit sha1_base64="3i70rg3ZkLDE91xvCFoWcBtHNM8="></latexit><latexit sha1_base64="3i70rg3ZkLDE91xvCFoWcBtHNM8="></latexit><latexit sha1_base64="2TFbPbXEOV4GwZQd/ExUsrwMDLA="></latexit>

D[I, J ]
<latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="bxrpaHYZ4blPwEiZli08kgSPtu8="></latexit>

is nonsingular

submatrix indexed by   (I, J)
<latexit sha1_base64="VIn4j5zC2XIp0rsLBUbTvjJL5M0="></latexit><latexit sha1_base64="VIn4j5zC2XIp0rsLBUbTvjJL5M0="></latexit><latexit sha1_base64="VIn4j5zC2XIp0rsLBUbTvjJL5M0="></latexit><latexit sha1_base64="Z/ep20W12uZeApFykbrzFUl/nm4="></latexit>

is not full-row rankD[I [ {r}, C]
<latexit sha1_base64="KJeszC/72XF4CnLeRkNkaklfOlc="></latexit><latexit sha1_base64="KJeszC/72XF4CnLeRkNkaklfOlc="></latexit><latexit sha1_base64="KJeszC/72XF4CnLeRkNkaklfOlc="></latexit><latexit sha1_base64="x0xr38frK73OYoIh74Cx3MfGJ88="></latexit>

for all pr  pi
<latexit sha1_base64="96rtiHla2O7RpVTMxOBjcMzm9iI="></latexit><latexit sha1_base64="96rtiHla2O7RpVTMxOBjcMzm9iI="></latexit><latexit sha1_base64="96rtiHla2O7RpVTMxOBjcMzm9iI="></latexit><latexit sha1_base64="mGWJmIQk49Gc/jnRZ0eE7Q+uMtY="></latexit>

i 2 I
<latexit sha1_base64="cOV3jC6eBbDBMfb9KzANnmefpR4="></latexit><latexit sha1_base64="cOV3jC6eBbDBMfb9KzANnmefpR4="></latexit><latexit sha1_base64="cOV3jC6eBbDBMfb9KzANnmefpR4="></latexit><latexit sha1_base64="XIkLECSieYtq4w5qBAJhcVDC2lU="></latexit>

✓
↵ ↵
� �

◆

<latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="1PqpE+YDmAMCjRdxP8t7UCVcjJc="></latexit><latexit sha1_base64="WWqpKyjHbkx+5r09zaSA21cCOz8="></latexit>

D[I, J ]
<latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="bxrpaHYZ4blPwEiZli08kgSPtu8="></latexit>

:
I

<latexit sha1_base64="1S3n9Kj1GlX136ETXQKWwOpOnpY="></latexit><latexit sha1_base64="1S3n9Kj1GlX136ETXQKWwOpOnpY="></latexit><latexit sha1_base64="1S3n9Kj1GlX136ETXQKWwOpOnpY="></latexit><latexit sha1_base64="V3jv6G/IiZJdMF2zLawGWjziw+w="></latexit>

J
<latexit sha1_base64="oMNdAPwgLIKNAN76Sip69WT21Po="></latexit><latexit sha1_base64="oMNdAPwgLIKNAN76Sip69WT21Po="></latexit><latexit sha1_base64="oMNdAPwgLIKNAN76Sip69WT21Po="></latexit><latexit sha1_base64="8xHikXuLlOaAzVoAF9jUI4FMCPM="></latexit>

r
<latexit sha1_base64="UWjpU6QYDVcjAfPAKNEeCXc8fiw="></latexit><latexit sha1_base64="UWjpU6QYDVcjAfPAKNEeCXc8fiw="></latexit><latexit sha1_base64="UWjpU6QYDVcjAfPAKNEeCXc8fiw="></latexit><latexit sha1_base64="kdpMjB3Z5mTiONQXdCjaACMl6D0="></latexit>

Namely, the    -th row can be eliminated by              .r
<latexit sha1_base64="UWjpU6QYDVcjAfPAKNEeCXc8fiw="></latexit><latexit sha1_base64="UWjpU6QYDVcjAfPAKNEeCXc8fiw="></latexit><latexit sha1_base64="UWjpU6QYDVcjAfPAKNEeCXc8fiw="></latexit><latexit sha1_base64="kdpMjB3Z5mTiONQXdCjaACMl6D0="></latexit>

D[I, J ]
<latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="ps0QufwbF3Lj7BGENtnso+Ulk1U="></latexit><latexit sha1_base64="bxrpaHYZ4blPwEiZli08kgSPtu8="></latexit>
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4 Solve the eq. system                         for variables{Fi = 0}i2I
<latexit sha1_base64="/NwQAOu5czBcVEnc2xlg+dV//YI="></latexit><latexit sha1_base64="/NwQAOu5czBcVEnc2xlg+dV//YI="></latexit><latexit sha1_base64="/NwQAOu5czBcVEnc2xlg+dV//YI="></latexit><latexit sha1_base64="dnCS3TNyO9A/RcyFJQxWa9ZAkao="></latexit>

and substitute it into              .Fr = 0
<latexit sha1_base64="VjJSKBE0sb7lu3ugVDYh6VNe24o="></latexit><latexit sha1_base64="VjJSKBE0sb7lu3ugVDYh6VNe24o="></latexit><latexit sha1_base64="VjJSKBE0sb7lu3ugVDYh6VNe24o="></latexit><latexit sha1_base64="Z9UmC2MRVl77Q/tZYY1gfDNnB6k="></latexit>

(this is the simplified version where all              )pi = 0
<latexit sha1_base64="BXUTzUTGtXt/FeS0SHtYtoQhXT4="></latexit><latexit sha1_base64="BXUTzUTGtXt/FeS0SHtYtoQhXT4="></latexit><latexit sha1_base64="BXUTzUTGtXt/FeS0SHtYtoQhXT4="></latexit><latexit sha1_base64="AuqpUeIrbOpSwZC9daBYUB6D+KY="></latexit>

Solve the 1st eq.                                   forexp(ẋ1 + ẋ2) + x1 = 0
<latexit sha1_base64="1CgLMfYz1jZcnOCA9erOHZ7cdZ8="></latexit><latexit sha1_base64="1CgLMfYz1jZcnOCA9erOHZ7cdZ8="></latexit><latexit sha1_base64="1CgLMfYz1jZcnOCA9erOHZ7cdZ8="></latexit><latexit sha1_base64="Gw0xZx0UNFHnWnKZxvrogYt12hk="></latexit>

n
x
(qj)
j

o

j2J
<latexit sha1_base64="wB7cvG+ivcC2dbPNVVW18lmLp7k="></latexit><latexit sha1_base64="wB7cvG+ivcC2dbPNVVW18lmLp7k="></latexit><latexit sha1_base64="wB7cvG+ivcC2dbPNVVW18lmLp7k="></latexit><latexit sha1_base64="f6JkzP6JsuE5qt2AswQJto4mNMQ="></latexit>

DAE
(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F2 : (ẋ1 + ẋ2)
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="Ll4nbAmlmKRfcUZYdXRbX2yPo5U="></latexit>

ẋ1
<latexit sha1_base64="XTVNvGo+DV4YM0ZI7OncFBLaKYo="></latexit><latexit sha1_base64="XTVNvGo+DV4YM0ZI7OncFBLaKYo="></latexit><latexit sha1_base64="XTVNvGo+DV4YM0ZI7OncFBLaKYo="></latexit><latexit sha1_base64="3BloVV9oczQd9tjHjKENdWX7JuM="></latexit>

Substitute                                 into the 2nd eq. (ẋ1 + ẋ2)
3 � x2 = 0

<latexit sha1_base64="mnIHGV6wnRicJPilpLNgPF2TOg8="></latexit><latexit sha1_base64="mnIHGV6wnRicJPilpLNgPF2TOg8="></latexit><latexit sha1_base64="mnIHGV6wnRicJPilpLNgPF2TOg8="></latexit><latexit sha1_base64="ZMTM2NfyLap1j7sHmN9T2BbHOAI="></latexit>

is cancelled out!ẋ2
<latexit sha1_base64="IY1RJ8WktcpiA3VfSsNSjZPITqk="></latexit><latexit sha1_base64="IY1RJ8WktcpiA3VfSsNSjZPITqk="></latexit><latexit sha1_base64="IY1RJ8WktcpiA3VfSsNSjZPITqk="></latexit><latexit sha1_base64="CPPVehXXU4yFgm72N3IqFAtkUqM="></latexit>

(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F̄2 : (log(�x1))
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="9xVoptf2XlmxMuGW5Yj6LD4quCk="></latexit>

ẋ1 = log(�x1)� ẋ2
<latexit sha1_base64="NK+mzdfsHltL0His+HR4ye3RiAg="></latexit><latexit sha1_base64="NK+mzdfsHltL0His+HR4ye3RiAg="></latexit><latexit sha1_base64="NK+mzdfsHltL0His+HR4ye3RiAg="></latexit><latexit sha1_base64="r9QFl4RTr+CpI/xg5Q2IOO3MQbI="></latexit>

this operation is guaranteed 
by the Implicit Function Theorem

ẋ1 = �ẋ2 + log(�x1)
<latexit sha1_base64="MsTYv5U+q4TNuXtg04oYTyTEOdE="></latexit><latexit sha1_base64="MsTYv5U+q4TNuXtg04oYTyTEOdE="></latexit><latexit sha1_base64="MsTYv5U+q4TNuXtg04oYTyTEOdE="></latexit><latexit sha1_base64="LJCQAlEBXMHUbcvRA1fFI66N+1s="></latexit>
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DAE
(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F2 : (ẋ1 + ẋ2)
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="AZFWW5H3OZrYdk9naBJP3wRvA/I="></latexit><latexit sha1_base64="Ll4nbAmlmKRfcUZYdXRbX2yPo5U="></latexit>

F1

F2

x1

x2 1

1

0

0
p q

1

D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Σ-Jacobian: : singular2 =

✓
↵ ↵
� �

◆

<latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="8orCZHP2PqDWzvuioA7wgR3PcU8="></latexit><latexit sha1_base64="B2CmL8riFPM45UKXxV+MRHs81iQ="></latexit>

↵ = exp(ẋ1 + ẋ2)
<latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="HdD0BvPGHs9o7g+jO3AQqDUhrDI="></latexit>

� = 3(ẋ1 + ẋ2)
2

<latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="griUQBz1oScuZ+Y90kXE+tGDeb4="></latexit><latexit sha1_base64="rDbgYnwKtPo1NkwrJH9l2Y4usHM="></latexit>

3 Modify the DAE into 

Σ-Jacobian: D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

=

✓
↵ ↵
0 0

◆

<latexit sha1_base64="5VCi0XJeDhgE8SC3fgqbDq60lm4="></latexit><latexit sha1_base64="5VCi0XJeDhgE8SC3fgqbDq60lm4="></latexit><latexit sha1_base64="5VCi0XJeDhgE8SC3fgqbDq60lm4="></latexit><latexit sha1_base64="xcxrvL8hvTvQJrpRWWPZbHauSH4="></latexit>

: t-rank < 2

(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F̄2 : (log(�x1))
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="9xVoptf2XlmxMuGW5Yj6LD4quCk="></latexit>
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DAE

F1

F2

x1

x2 1

1

1

0
p q

1

D =

 
@F (pi)

i

@x
(qj)
j

!

i,j

Σ-Jacobian: 

: generally nonsingular

2

↵ = exp(ẋ1 + ẋ2)
<latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="ZuiP0V7WJRJBFayWMUXkwMRKE00="></latexit><latexit sha1_base64="HdD0BvPGHs9o7g+jO3AQqDUhrDI="></latexit>

(
F1 : exp(ẋ1 + ẋ2) + x1 = 0

F̄2 : (log(�x1))
3 � x2 = 0

(1a)

(1b)
<latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="UyAv9lrPdLXeiPVbSj4cc9MPVyQ="></latexit><latexit sha1_base64="9xVoptf2XlmxMuGW5Yj6LD4quCk="></latexit>

=

✓
↵ ↵

�3x�1
1 (log(�x1))2 �1

◆

<latexit sha1_base64="StLMmITtFUPyZDkqgeq1jpFvQe0="></latexit><latexit sha1_base64="StLMmITtFUPyZDkqgeq1jpFvQe0="></latexit><latexit sha1_base64="StLMmITtFUPyZDkqgeq1jpFvQe0="></latexit><latexit sha1_base64="iZpr9c+vAKvSjxivdIf2M8DKkK8="></latexit>

We can reduce the index using the MS-algorithm!
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a first combinatorial relaxation algorithm 

fully addresses nonlinear DAEs

[Murota ’90] [Wu+ ’13]

linear DAEs with 
constant coefficients

some nonlinear DAEs
[Tan+ ’16]

almost all nonlinear DAEs 
[proposed]

use linear 
combinations

uses the IFT

pathological 
DAEs
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😩 The algorithm requires a feasible initial value…

😩 Symbolic operations are time consuming…

😩 Obtaining explicit functions is a difficult task…
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✔

✔

✔

😩 The algorithm requires a feasible initial value…

Execute the algorithm symbolically 
and obtain a feasible initial value afterward!

😩 Symbolic operations are time consuming…

Determine whether a mathematical 
formulation is identically zero or not 
by substituting random numbers!

😩 Obtaining explicit functions is a difficult task…

Represent a modified equation by a “system of  
equations” without using actual explicit functions!



/53���46Implementation Strategy 3

Solve the 1st eq. for ẋ1

Situation

Substitute      into      in       '
<latexit sha1_base64="y/JNRY1TTmZj1qTl2hmGqHtb3As="></latexit><latexit sha1_base64="y/JNRY1TTmZj1qTl2hmGqHtb3As="></latexit><latexit sha1_base64="y/JNRY1TTmZj1qTl2hmGqHtb3As="></latexit><latexit sha1_base64="Pnvvcn/ynOQi+dA/g+KlK3VIcJo="></latexit>

ẋ1
<latexit sha1_base64="LMmRmOa6xwC/SIOUeNc7i6eJu4A="></latexit><latexit sha1_base64="LMmRmOa6xwC/SIOUeNc7i6eJu4A="></latexit><latexit sha1_base64="LMmRmOa6xwC/SIOUeNc7i6eJu4A="></latexit><latexit sha1_base64="FKerVfjxFod1D9RamuCJFEbXRt0="></latexit>

F2
<latexit sha1_base64="CyINTfw0e/csaae1iYAi2iuzIz8="></latexit><latexit sha1_base64="CyINTfw0e/csaae1iYAi2iuzIz8="></latexit><latexit sha1_base64="CyINTfw0e/csaae1iYAi2iuzIz8="></latexit><latexit sha1_base64="+/Um7Eu1h8C7du2UxKpQHmDzBwo="></latexit>

DAE

Then,      s in the 2nd eq. are cancelled out.ẋ2
<latexit sha1_base64="xkygcpQgu50rfn8KgoZPrjedUCY="></latexit><latexit sha1_base64="xkygcpQgu50rfn8KgoZPrjedUCY="></latexit><latexit sha1_base64="xkygcpQgu50rfn8KgoZPrjedUCY="></latexit><latexit sha1_base64="yARD1k+dwVGK2BLzeTdvuDfq4kw="></latexit>

ẋ1 = '(t, x1, x2, x3, ẋ2, ẋ3)
<latexit sha1_base64="1tSh/g4b/WJfky1VAqaucUw7JS4="></latexit><latexit sha1_base64="1tSh/g4b/WJfky1VAqaucUw7JS4="></latexit><latexit sha1_base64="1tSh/g4b/WJfky1VAqaucUw7JS4="></latexit><latexit sha1_base64="738HBeOljdWFyarhkaQkPOysY+I="></latexit>

8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F3(t, x1, x2, x3, ẋ3) = 0
<latexit sha1_base64="ENRcb9+34kmfitSKrLbbtRFcfaA="></latexit><latexit sha1_base64="ENRcb9+34kmfitSKrLbbtRFcfaA="></latexit><latexit sha1_base64="ENRcb9+34kmfitSKrLbbtRFcfaA="></latexit><latexit sha1_base64="aekK04EXc7GGtGCFXwerJer0lFQ="></latexit>

8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3,'(t, x1, x2, x3, ẋ2, ẋ3), ẋ2, ẋ3) = 0

F3(t, x1, x2, x3, ẋ3) = 0
<latexit sha1_base64="raOBzZPVYXQ/6wYSPPd3ZeD01fg="></latexit><latexit sha1_base64="raOBzZPVYXQ/6wYSPPd3ZeD01fg="></latexit><latexit sha1_base64="raOBzZPVYXQ/6wYSPPd3ZeD01fg="></latexit><latexit sha1_base64="rsJs3ZyERqzutSI4ZfgMft2IQj0="></latexit>
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DAE

: intervening variabley
<latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="whGdFaWQ3U2oSARR8nZCA4enGhU="></latexit>

a
<latexit sha1_base64="rUBAG7snAOWemwGJXD+fPXCwOCQ="></latexit><latexit sha1_base64="rUBAG7snAOWemwGJXD+fPXCwOCQ="></latexit><latexit sha1_base64="rUBAG7snAOWemwGJXD+fPXCwOCQ="></latexit><latexit sha1_base64="HkM1eBE6e6wh3kr8WoGRiEkAVnc="></latexit>

: constant

We memorize this modification as

F1(t, x1, x2, x3, y, a, ẋ3) = 0
<latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="S+gDmP6JsXblEgXSpedVtrmKGLw="></latexit>

The value of     can be obtained by solving 
numerically using the Newton−Raphson method.

y
<latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="whGdFaWQ3U2oSARR8nZCA4enGhU="></latexit>

F1(t, x1, x2, x3, y, a, ẋ3) = 0
<latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="S+gDmP6JsXblEgXSpedVtrmKGLw="></latexit>

(= ẋ1)
<latexit sha1_base64="vO3+8TzTwaDtV7MzjA9ZndB7wN0="></latexit><latexit sha1_base64="vO3+8TzTwaDtV7MzjA9ZndB7wN0="></latexit><latexit sha1_base64="vO3+8TzTwaDtV7MzjA9ZndB7wN0="></latexit><latexit sha1_base64="Djriha4Vfiu9MxYPSnxMiwaTSpA="></latexit>

(= ẋ2)
<latexit sha1_base64="FdzhOtlRLfgAT4vgLIVy/OSkXpo="></latexit><latexit sha1_base64="FdzhOtlRLfgAT4vgLIVy/OSkXpo="></latexit><latexit sha1_base64="FdzhOtlRLfgAT4vgLIVy/OSkXpo="></latexit><latexit sha1_base64="Sb/E1/Q7qPy9VI+HfRr5rwxECrc="></latexit>

8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F3(t, x1, x2, x3, ẋ3) = 0
<latexit sha1_base64="ENRcb9+34kmfitSKrLbbtRFcfaA="></latexit><latexit sha1_base64="ENRcb9+34kmfitSKrLbbtRFcfaA="></latexit><latexit sha1_base64="ENRcb9+34kmfitSKrLbbtRFcfaA="></latexit><latexit sha1_base64="aekK04EXc7GGtGCFXwerJer0lFQ="></latexit>

8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3, y, a, ẋ3) = 0

F3(t, x1, x2, x3, ẋ3) = 0
<latexit sha1_base64="qKvSxbWVL3h/NT7Jx2wNDTo6kJQ="> </latexit><latexit sha1_base64="qKvSxbWVL3h/NT7Jx2wNDTo6kJQ="> </latexit><latexit sha1_base64="qKvSxbWVL3h/NT7Jx2wNDTo6kJQ="> </latexit><latexit sha1_base64="Og6WFBE3FBKOa5HcckQ2Cuw0HfA="> </latexit>

Implicit Function
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Solve the 2nd eq. for

Situation (cont’d)

Substitute      into      in the 3rd eq.

DAE

Then,      s in the 3rd eq. are cancelled out.

ẋ3
<latexit sha1_base64="AA6oY5nutTAibmoW7+uzLm23XI0="></latexit><latexit sha1_base64="AA6oY5nutTAibmoW7+uzLm23XI0="></latexit><latexit sha1_base64="AA6oY5nutTAibmoW7+uzLm23XI0="></latexit><latexit sha1_base64="AMqsZYpPgk6BHInJH1yfa0QAtA8="></latexit>

ẋ3 =  (t, x1, x2, x3)
<latexit sha1_base64="SB1WthoddlEIVVdksHmO5E4iPfQ="></latexit><latexit sha1_base64="SB1WthoddlEIVVdksHmO5E4iPfQ="></latexit><latexit sha1_base64="SB1WthoddlEIVVdksHmO5E4iPfQ="></latexit><latexit sha1_base64="3WmcRqafZQANoNkpJB/bfBl90fo="></latexit>

 
<latexit sha1_base64="QsKrv7R6oWzvbbhtRIa+h/EHoMY="></latexit><latexit sha1_base64="QsKrv7R6oWzvbbhtRIa+h/EHoMY="></latexit><latexit sha1_base64="QsKrv7R6oWzvbbhtRIa+h/EHoMY="></latexit><latexit sha1_base64="yD+fp5L/hy00+1nMti6NfP29LhI="></latexit>

ẋ3
<latexit sha1_base64="AA6oY5nutTAibmoW7+uzLm23XI0="></latexit><latexit sha1_base64="AA6oY5nutTAibmoW7+uzLm23XI0="></latexit><latexit sha1_base64="AA6oY5nutTAibmoW7+uzLm23XI0="></latexit><latexit sha1_base64="AMqsZYpPgk6BHInJH1yfa0QAtA8="></latexit>

F̄2 = F2(t, x1, x2, x3,'(t, x1, x2, x3, ẋ2, ẋ3), ẋ2, ẋ3)
<latexit sha1_base64="iPKG4yIQ5PUxrngaEjj1chtAzfg="></latexit><latexit sha1_base64="iPKG4yIQ5PUxrngaEjj1chtAzfg="></latexit><latexit sha1_base64="iPKG4yIQ5PUxrngaEjj1chtAzfg="></latexit><latexit sha1_base64="1MvjrkaUShiA8mbUnD0z7CpSpSw="></latexit>

8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F̄2(t, x1, x2, x3, ẋ3) = 0

F3(t, x1, x2, x3, ẋ3) = 0
<latexit sha1_base64="3KJFfmV7HqQsQnTUKtGvouY8igM="></latexit><latexit sha1_base64="3KJFfmV7HqQsQnTUKtGvouY8igM="></latexit><latexit sha1_base64="3KJFfmV7HqQsQnTUKtGvouY8igM="></latexit><latexit sha1_base64="lD8JcJpwdi1qb9BX/G+sMYUJ1sc="></latexit>

8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F̄2(t, x1, x2, x3, ẋ3) = 0

F3(t, x1, x2, x3, (t, x1, x2, x3)) = 0
<latexit sha1_base64="g45xkozd8p5825rJM7oPXgVYTd8="></latexit><latexit sha1_base64="g45xkozd8p5825rJM7oPXgVYTd8="></latexit><latexit sha1_base64="g45xkozd8p5825rJM7oPXgVYTd8="></latexit><latexit sha1_base64="PBbFUDpOh10Yn1O+cH0rxU1H+oQ="></latexit>

x1
<latexit sha1_base64="3Hz0So6ccIhhDaV9NveeBqbFXas="></latexit><latexit sha1_base64="3Hz0So6ccIhhDaV9NveeBqbFXas="></latexit><latexit sha1_base64="3Hz0So6ccIhhDaV9NveeBqbFXas="></latexit><latexit sha1_base64="g2fSFnkno2N0GavR2qQmGncPG3g="></latexit>
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DAE

F1(t, x1, x2, x3, y, a, ẋ3) = 0
<latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="S+gDmP6JsXblEgXSpedVtrmKGLw="></latexit>

8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3, y, a, ẋ3) = 0

F3(t, x1, x2, x3, ẋ3) = 0
<latexit sha1_base64="qKvSxbWVL3h/NT7Jx2wNDTo6kJQ="> </latexit><latexit sha1_base64="qKvSxbWVL3h/NT7Jx2wNDTo6kJQ="> </latexit><latexit sha1_base64="qKvSxbWVL3h/NT7Jx2wNDTo6kJQ="> </latexit><latexit sha1_base64="Og6WFBE3FBKOa5HcckQ2Cuw0HfA="> </latexit>

Implicit Function

DAE
F1(t, x1, x2, x3, y, a, ẋ3) = 0

<latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="S+gDmP6JsXblEgXSpedVtrmKGLw="></latexit>

Implicit Function
8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3, y, a, ẋ3) = 0

F3(t, b, x2, x3, z) = 0
<latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="> </latexit><latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="> </latexit><latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="> </latexit><latexit sha1_base64="K9TeTQINk3jeZd8LO0zaOmLhcxk="> </latexit>

modify

F1(t, b, x2, x3, w, a, z) = 0
<latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="bxOSDk2uQgAEmYcLsL6v5uy3Pps="></latexit>

F2(t, b, x2, x3, w, a, z) = 0
<latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="tP1BNYZujea9H3ykAJgJhNWWpDg="></latexit>

: intervening variablesy
<latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="A6QZcGdO2lZYp+S7HlDKncnpbyc="></latexit><latexit sha1_base64="whGdFaWQ3U2oSARR8nZCA4enGhU="></latexit>

a
<latexit sha1_base64="rUBAG7snAOWemwGJXD+fPXCwOCQ="></latexit><latexit sha1_base64="rUBAG7snAOWemwGJXD+fPXCwOCQ="></latexit><latexit sha1_base64="rUBAG7snAOWemwGJXD+fPXCwOCQ="></latexit><latexit sha1_base64="HkM1eBE6e6wh3kr8WoGRiEkAVnc="></latexit>

: constant

(= ẋ1)
<latexit sha1_base64="vO3+8TzTwaDtV7MzjA9ZndB7wN0="></latexit><latexit sha1_base64="vO3+8TzTwaDtV7MzjA9ZndB7wN0="></latexit><latexit sha1_base64="vO3+8TzTwaDtV7MzjA9ZndB7wN0="></latexit><latexit sha1_base64="Djriha4Vfiu9MxYPSnxMiwaTSpA="></latexit>

(= ẋ2)
<latexit sha1_base64="FdzhOtlRLfgAT4vgLIVy/OSkXpo="></latexit><latexit sha1_base64="FdzhOtlRLfgAT4vgLIVy/OSkXpo="></latexit><latexit sha1_base64="FdzhOtlRLfgAT4vgLIVy/OSkXpo="></latexit><latexit sha1_base64="Sb/E1/Q7qPy9VI+HfRr5rwxECrc="></latexit>

w
<latexit sha1_base64="xcr+LNlu7jYdwrtGalNwssTfSio="></latexit><latexit sha1_base64="xcr+LNlu7jYdwrtGalNwssTfSio="></latexit><latexit sha1_base64="xcr+LNlu7jYdwrtGalNwssTfSio="></latexit><latexit sha1_base64="oA1Ova2hfnrOQSOilMv75fVjK5M="></latexit>,
z

<latexit sha1_base64="9Rq/2t+s3OOHBWa/KtPTvJwzWyk="></latexit><latexit sha1_base64="9Rq/2t+s3OOHBWa/KtPTvJwzWyk="></latexit><latexit sha1_base64="9Rq/2t+s3OOHBWa/KtPTvJwzWyk="></latexit><latexit sha1_base64="y4tNkk/qTm5eOUraFlgUFOTquBY="></latexit>

: intervening variable (= ẋ3)
<latexit sha1_base64="oHrxG8jJ7CeVPxL7r0fKPwJVqqs="></latexit><latexit sha1_base64="oHrxG8jJ7CeVPxL7r0fKPwJVqqs="></latexit><latexit sha1_base64="oHrxG8jJ7CeVPxL7r0fKPwJVqqs="></latexit><latexit sha1_base64="Nvs5Av8RbgcTS/AhiGJga1KkWT4="></latexit>

b
<latexit sha1_base64="bhH3VtyjyDuFIAltEpYt3ECdQ9Y="></latexit><latexit sha1_base64="bhH3VtyjyDuFIAltEpYt3ECdQ9Y="></latexit><latexit sha1_base64="bhH3VtyjyDuFIAltEpYt3ECdQ9Y="></latexit><latexit sha1_base64="mzPOdFos2hPzqlSSScKcRaN6lCI="></latexit>

: constant (= x1)
<latexit sha1_base64="9HzmeGnzFUFgCzWPaqgcUxL2z5w="></latexit><latexit sha1_base64="9HzmeGnzFUFgCzWPaqgcUxL2z5w="></latexit><latexit sha1_base64="9HzmeGnzFUFgCzWPaqgcUxL2z5w="></latexit><latexit sha1_base64="dEar+8C1TsB4tkSdB4j35VHVYjA="></latexit>
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F

✓
tk, x

(k),
x(k) � x(k�1)

h

◆
= 0

<latexit sha1_base64="kws/I/BrXj8te7UeYe8RPEOFHvE="></latexit><latexit sha1_base64="kws/I/BrXj8te7UeYe8RPEOFHvE="></latexit><latexit sha1_base64="kws/I/BrXj8te7UeYe8RPEOFHvE="></latexit><latexit sha1_base64="RyqKcnXY1MpMSVAlrnw+7JnuUb4="></latexit>

On The implicit Euler method applied to F (t, x, ẋ) = 0
<latexit sha1_base64="HKHQedQRbfVnIG5g1Ibv+g5XW/0="></latexit><latexit sha1_base64="HKHQedQRbfVnIG5g1Ibv+g5XW/0="></latexit><latexit sha1_base64="HKHQedQRbfVnIG5g1Ibv+g5XW/0="></latexit><latexit sha1_base64="Kb5xs1RqzkcSgFzWhetgM5zpPMY="></latexit>

we solve for x(k)
<latexit sha1_base64="x/uUt8Wtxa/vGbIiD+dkvz3kC1o="></latexit><latexit sha1_base64="x/uUt8Wtxa/vGbIiD+dkvz3kC1o="></latexit><latexit sha1_base64="x/uUt8Wtxa/vGbIiD+dkvz3kC1o="></latexit><latexit sha1_base64="5Z6X3a5mHWV7EJWpyYWrJvnCLG0="></latexit>

in every step

On the Newton−Raphson method

we need to evaluate      and its Jacobian in each iteration F
<latexit sha1_base64="SYu34slOkV5TN3nWHluygEv6tq8="></latexit><latexit sha1_base64="SYu34slOkV5TN3nWHluygEv6tq8="></latexit><latexit sha1_base64="SYu34slOkV5TN3nWHluygEv6tq8="></latexit><latexit sha1_base64="Ck/5adqNnc6TYGr2Z19ivxqlcu8="></latexit>

DAE
F1(t, x1, x2, x3, y, a, ẋ3) = 0

<latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="S+gDmP6JsXblEgXSpedVtrmKGLw="></latexit>

Implicit Function8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3, y, a, ẋ3) = 0

F3(t, b, x2, x3, z) = 0
<latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="></latexit><latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="></latexit><latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="></latexit><latexit sha1_base64="K9TeTQINk3jeZd8LO0zaOmLhcxk="></latexit>

F1(t, b, x2, x3, w, a, z) = 0
<latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="bxOSDk2uQgAEmYcLsL6v5uy3Pps="></latexit>

F2(t, b, x2, x3, w, a, z) = 0
<latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="tP1BNYZujea9H3ykAJgJhNWWpDg="></latexit>

On the evaluation of      =F
<latexit sha1_base64="SYu34slOkV5TN3nWHluygEv6tq8="></latexit><latexit sha1_base64="SYu34slOkV5TN3nWHluygEv6tq8="></latexit><latexit sha1_base64="SYu34slOkV5TN3nWHluygEv6tq8="></latexit><latexit sha1_base64="Ck/5adqNnc6TYGr2Z19ivxqlcu8="></latexit>

we need to run Newton−Raphson method

doubly nested Newon−Raphson method?
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DAE

F1(t, x1, x2, x3, y, a, ẋ3) = 0
<latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="SDvrhs2xVI38tQQMrHQiYwzwWG8="></latexit><latexit sha1_base64="S+gDmP6JsXblEgXSpedVtrmKGLw="></latexit>

Implicit Function
8
><

>:

F1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0

F2(t, x1, x2, x3, y, a, ẋ3) = 0

F3(t, b, x2, x3, z) = 0
<latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="> </latexit><latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="> </latexit><latexit sha1_base64="dvnx2GMjtDgpt6aJaxlW8W0DnbQ="> </latexit><latexit sha1_base64="K9TeTQINk3jeZd8LO0zaOmLhcxk="> </latexit>

F1(t, b, x2, x3, w, a, z) = 0
<latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="5Y9CpK0dyvW+cPdq7PGeyKrXJ3g="></latexit><latexit sha1_base64="bxOSDk2uQgAEmYcLsL6v5uy3Pps="></latexit>

F2(t, b, x2, x3, w, a, z) = 0
<latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="jj8/iaM5ED+RgUSrj9agUSTennk="></latexit><latexit sha1_base64="tP1BNYZujea9H3ykAJgJhNWWpDg="></latexit>

We solve
8
>>>>>>>><

>>>>>>>>:

F1(tk, x
(k)
1 , x(k)

2 , x(k)
3 , (x(k)

1 � x(k�1)
1 )/h, (x(k)

2 � x(k�1)
2 )/h, (x(k)

3 � x(k�1)
3 )/h) = 0

F2(tk, x
(k)
1 , x(k)

2 , x(k)
3 , y, a, (x(k)

3 � x(k�1)
3 )/h) = 0

F3(tk, b, x
(k)
2 , x(k)

3 , z) = 0

F1(tk, x
(k)
1 , x(k)

2 , x(k)
3 , y, a, (x(k)

3 � x(k�1)
3 )/h) = 0

F1(tk, b, x
(k)
2 , x(k)

3 , w, a, z) = 0

F2(tk, b, x
(k)
2 , x(k)

3 , w, a, z) = 0
<latexit sha1_base64="nNKXZlyLW/qCE/PflHwKa6zbFzw="></latexit><latexit sha1_base64="nNKXZlyLW/qCE/PflHwKa6zbFzw="></latexit><latexit sha1_base64="nNKXZlyLW/qCE/PflHwKa6zbFzw="></latexit><latexit sha1_base64="y1XgaTTYR0OzKxSCQQexnLTU6Ts="></latexit>

F

✓
tk, x

(k),
x(k) � x(k�1)

h

◆
= 0

<latexit sha1_base64="kws/I/BrXj8te7UeYe8RPEOFHvE="></latexit><latexit sha1_base64="kws/I/BrXj8te7UeYe8RPEOFHvE="></latexit><latexit sha1_base64="kws/I/BrXj8te7UeYe8RPEOFHvE="></latexit><latexit sha1_base64="RyqKcnXY1MpMSVAlrnw+7JnuUb4="></latexit>

for x(k)
1 , x(k)

2 , x(k)
3 , y, z, w

<latexit sha1_base64="AHW3wNm5WHd7+J514oRcpZFM3zk="></latexit><latexit sha1_base64="AHW3wNm5WHd7+J514oRcpZFM3zk="></latexit><latexit sha1_base64="AHW3wNm5WHd7+J514oRcpZFM3zk="></latexit><latexit sha1_base64="XXeuA2X3l6dOz1pyK8mkUZYQ6AA="></latexit>

Only 1 call of the Newton−Raphson method!
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What is a class of DAEs for which my algorithm works?

While such DAEs can be constructed artificially, 
I want to find a DAE naturally arising from dynamical systems.

I want to mathematically clarify the “pathological” DAEs.

Is there a practical high-index DAE that can be dealt with 
by my algorithm for the first time?

Index reduction via algorithmic differentiation?
Can I exploit the computational graph representation of functions?
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