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LIMITS OF BESSEL FUNCTIONS FOR ROOT SYSTEMS AS
THE RANK TENDS TO INFINITY

DOMINIK BRENNECKEN AND MARGIT ROSLER

In memory of Gerrit van Dijk

ABSTRACT. We study the asymptotic behaviour of Bessel functions associated
of root systems of type A,,—1 and type B, with positive multiplicities as the
rank n tends to infinity. In both cases, we characterize the possible limit func-
tions and the Vershik-Kerov type sequences of spectral parameters for which
such limits exist. In the type A case, this generalizes known results about
the approximation of the (positive-definite) Olshanski spherical functions of
the space of infinite-dimensional Hermitian matrices over F = R, C,H (with
the action of the associated infinite unitary group) by spherical functions of
finite-dimensional spaces of Hermitian matrices. In the type B case, our re-
sults include asymptotic results for the spherical functions associated with the
Cartan motion groups of non-compact Grassmannians as the rank goes to in-
finity, and a classification of the Olshanski spherical functions of the associated
inductive limits.

1. INTRODUCTION

The asymptotic analysis of multivariate special functions has a long tradition
in infinite dimensional harmonic analysis, tracing back to the work of Olshanski,
Vershik, and Kerov, see [OI90, [OV96] [VK82]. Of particular interest in this context
are the behaviour of spherical representations and the limits of spherical functions
of increasing families of Gelfand pairs as specific dimensions tend to infinity.

Bessel functions associated with root systems generalize the spherical functions
of Riemannian symmetric spaces of Euclidean type, which occur for special values
of the multiplicity parameters. They appear naturally in rational Dunkl theory,
with an intimate connection to the Dunkl kernel and the associated harmonic anal-
ysis. We refer to for a general treatment of such Bessel functions and to
[Ro03] [dJ06, [RV08|, [DX14] for an overview of rational Dunkl theory including the
connection with symmetric spaces. There are two classes of particular interest, in-
cluding applications to S-ensembles in random matrix theory, namely those of type
A, —1 and type B,,. We refer to [Fol(] for a general background and to for
some recent developments. In the cases of type A and B, the Bessel functions can
be expressed as hypergeometric series involving Jack polynomials, c.f. Section 2l
Bessel functions of type A,_1 have a continuous multiplicity parameter k > 0 and
include as special cases the spherical functions of the motion groups U, (F) x H,,(F)
over F = R, C or H, where the unitary group U, (F) acts by conjugation on the
space H,(F) of Hermitian matrices over F. These cases correspond to k = % with
d = dimgFF € {1,2,4}. Bessel functions of type B, have non-negative multiplicity
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parameters of the form x = (k’, k), with k the multiplicity on the roots £(e; +¢;)
and k' that on the roots t+e;. They generalize the spherical functions of the mo-
tion groups (U,(F) x U,(F)) x M, ,(F), with p > ¢. Here the multiplicities are
k= %, k' = %(p —q+1)— % In [RV13], the limits of the spherical functions of
these motion groups as p — oo and the associated Olshanski spherical pairs were
studied, where the rank ¢ remained fixed.

In the present paper, we shall study Bessel functions of type A,_1 and type B,
with arbitrary positive multiplicities as the rank tends to infinity, in the spirit of
the work of Okounkov and Olshanski [O098, [0006] about Jack polynomials (type
A) and multivariate Jacobi polynomials (type BC). See also [Cul§] for a more
recent extension of their results.

We obtain explicit asymptotic results for Bessel functions of type A and type
B with arbitrary positive multiplicities as the rank goes to infinity. In the type A
case, our results generalize those of [OV96] and [Bo07| for the limits of the spherical
functions of the Gelfand pairs (U, (F) x Hy(F),U,(F)) as n — oco. In contrast to
[Bo07], whose results in the geometric cases are also weaker than ours (c.f. Remark
[B.6), we follow the direct approach of [OV96] for F = C via spherical expansions
of the involved Bessel functions, which are replaced by hypergeometric expansions
in terms of Jack polynomials in our general setting. To become more precise, we
consider the Bessel functions Ja, , (iA(n), (,0,...,0)) with fixed multiplicity &£ > 0
and x € R” for sequences of spectral parameters A(n) € R™ as n — oo. Following
[OV96, [0098], we characterize those sequences (A(n))nen for which the associated
sequence of Bessel functions converges (locally uniformly), in terms of specific real
parameters a = (o )ien, 8,7y with v > 0. These parameters describe the growth of
the so-called Vershik-Kerov sequence (A(n)) as n — oo. In Theorem B3] the main
result of Section [3] we obtain that for z € R(>®) = U R",

oo oo

lim Ja, ,(iX(n),z) = Hezﬂxr%rfn

n—00 ]
Jj=1 =1

7zalzj

mclzj)

where the convergence is locally uniform on R" for each r € N. In the group cases
k= %, the limiting functions are products of Polya functions (in the sense of
[Fa08]). They coincide with the positive definite Olshanski spherical functions of
the spherical pairs (Uso(F) x Hermoo (F), Uso (F)) which were already determined
by Pickrell [Pi91]; see also [OV96], where they occur in the characterization of the
ergodic measures of Herm, (F) with respect to the action of Us(F).

In the type B case, we consider Bessel functions Jg, (kn,iA(n), (x,0,...,0)) for
n — oo, where the multiplicity is of the form ,, = (k],, k), i.e. the first multiplicity
parameter may also vary with n. This is motivated by the geometric cases. Again we
characterize the sequences (A(n)) for which the associated Bessel functions converge
locally uniformly on R” as n — oo, and we determine the possible limits, which are
now given by the functions

almg

P (@) =]]e —H W o , xR,
=1 =1

with real parameters § > 0 and o; > 0 with lel a; < (. It turns out that for

k= % with d = 1, 2,4, these can be identified with the positive definite Olshanski

spherical functions of spherical pairs (G, Koo), which are obtained as inductive

k~I\7
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limits of the motion groups (U, (F) x Uy (F)) x M, 4(F) as both dimension parameters
p and ¢ tend to infinity.

The organization of this paper is as follows: After a brief overview of Bessel
functions associated with root systems in Section 2] the type A case is treated in
Section 3l While in this case our results generalize known results in the geometric
cases, our results for type B, which are developed in Section @, seem to be new
even in the geometric cases.
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2. BESSEL FUNCTIONS OF TYPE A AND TYPE B

In this section, we recall some basic facts about Bessel functions in Dunkl theory.
We shall not go into details, but refer the reader to [DX14] [Ro03] for some general
background on Dunkl theory, and to [Op93| [dJO6, RV0S] for Dunkl-type Bessel
functions and their relevance in the symmetric space context. For a reduced (but
not necessarily essential) root system R C R™ we fix a multiplicity function k :
R — [0,00), i.e. k is invariant under the associated Weyl group W. Let E =
Er(k;.,.) : C* x C" — C denote the associated Dunkl kernel, where E(), .) is
characterized as the unique analytic solution of the joint eigenvalue problem for
the associated rational Dunkl operators with spectral variable A € C™, normalized
according to E(A,0) = 1. The kernel F is holomorphic on C" x C™ and symmetric
in its arguments. For each A € R", there exists a compactly supported probability
measure gy on R™ such that

E(i\z) = / e“ST dpy(€)  for all z € R™. (2.1)

In particular, the kernel E(i), .) is positive-definite on the additive group R™. If
k = 0, then E(i\,z) = “»*) The Bessel function associated with R and k is
defined by

1
J(Az2) === > E(\wz).
|W| weW
It is W-invariant in both arguments and for A € R", the function J(i}, .) is also
positive-definite on R™. We shall be concerned with the root systems A,_; =
{x(ei—e;):1<i<j<n}CR"and B, = {*e;,£(e;xe;) : 1 <i<j<n} CR",
where (e;) denotes the standard basis of R™. In both cases, the Bessel functions can
be written as hypergeometric series in terms of Jack polynomials. For A,,_1, the

multiplicity function is given by a single parameter k € [0, 00). We write A;! for the
set of partitions k = (k1, ka2, . ..) of length l(k) < n and denote by O,g"), k € A} the
(symmetric) Jack polynomials in n variables of index o = % € [0, o], normalized

such that
Z CM(z)=(z1+4...42,)™, meN.

|k|=m
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The Jack polynomials are stable with respect to the number of variables, i.e. for
k € A with r < n we have
C,(;,l)(zl, ey 2,0

—nfr)

if ¥ = (k,0,...)

} (2.2)
0 otherwise;

Or(ﬁr)(zlv" '7ZT) = {

with the notation a; := (a,...,a) € C7 for a € C. See [St89, Prop. 2.5] together

with [Ka93| formula(16)]. Therefore the Jack polynomials ct uniquely extend to
continuous functions C,, on C(*) = U,~, C", equipped with the inductive limit
topology. We shall often consider elements from C(°°) as sequences = = (Zn)nen In
C with x,, # 0 for at most finitely many n; for R(>) accordingly.

By [BF98], the Bessel function of type A,_; with multiplicity & is given by the
Jack hypergeometric series

JAnfl()\’Z) = OFO()\7Z) = Z
REAT

CuN)Ca(2) 03
k! C(1,,)
with the Jack polynomials of index v = 1/k as above.

Bessel functions of type A,_1 occur as the (zonal) spherical functions of the
Gelfand pair (Gy, Kyp,) := (Un(F) x Herm,,(IF), U, (F)), where the unitary group
Un(F) over F = R,C,H acts by conjugation on the space Herm,, (F) of Hermitian
matrices over F. Recall that the spherical functions of a Gelfand pair (G, K) can be
characterized as the continuous, K-biinvariant, non-zero functions ¢ on G satisfying
the product formula

w(g)so(h)Z/Kso(gkh)dk (9,h €G).

The following characterization is possibly folklore, but not well documented in the
literature. For the reader’s convenience, we therefore provide a proof.

Lemma 2.1. The spherical functions of (Gn, Ky), considered as Uy, (F)-invariant
functions on Herm,,(F), are given by the Bessel functions

or(X) = JAnfl(%;i)\,a(X)), reCc”

where d = dimgF and o(X) € R™ denotes the eigenvalues of X € Hermy,(F),
decreasingly ordered by size and counted according to their multiplicity. Moreover,
©x = @ iff there exists some w € Sy, with = w.\, and @\ is positive definite iff
A e R

Proof. Consider the Gelfand pair (Gy, K,) = (SU, (F) x SHerm,, (F), SU,,(F)). Note
that G,, is the Cartan motion group of SL,, (FF), which is connected and semisimple.

Thus by [dJ06, Sect.6] (c.f. also [RV08, Sect.3]), the spherical functions of (Gy, Ky,)
are given, as functions on SHerm,, (F), by

PAX) = Ja, . ($iNo(X)), ANeCyi={z€C":z1+...+2, =0}

Consider the mapping 7 : C* — Cj, z +— 2z — %(z,lnﬂn, where the inner product
(.,.) is extended to C™ x C™ in a bilinear way. The restriction of 7 to R" is
the orthogonal projection onto Ry = R™ N Cj. Then for z,w € C™ and arbitrary

multiplicity & > 0,
Tty (k; 2,w) = BBl m gy (k7 (z), m(w)), (2.4)
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This follows e.g. from [BF98| Propos. 3.19]. Now suppose % is a spherical function
of (G, K,), considered as an S,-invariant function on R™. Then

()p(y) = B Wz + kyk™")dnk,

where x,y € R™ are identified with the corresponding n x n-diagonal matrices. It
follows that

Y() = (e —n(2) + (@) = Y(x = 7(2)) - P(n(2)) = L)y (m (@),
where o € C is a constant and the restriction of ¢ to Rf} is spherical for ((N?n, IN{n)
Conversely, it is easily checked that each spherical function of (G, K,,) extends
to a spherical function of (G, K,,) in this way. The assertion now follows from

@4). The assertion concerning the positive-definite spherical functions follows
from [Wo06, Theorem 5.4]. O

For the root system R = B,, we denote the multiplicity (by slight abuse of
notation) as (k’, k), where k is the value on the roots £(e; £ ;) and k' is the value
on +e;. Put v, =k +k(n—1)+ % . Then the Bessel function of type B, with
multiplicity (K, k) can be written as

2 2 1 CK()\Q)CK(ZB)
— AT 2T E
IB,(\2) = oF1 (vns o, &) ~, 45l [v]e |61 CL(1,,) (25)
KEN,

with the hypergeometric series

oF1 (1/; A, z) = Z

KEAT

1 C(N)Ch(2)
Wk 6! Cu(l,)

Here the squares in the arguments are understood componentwise and again, the
Jack polynomials are those of index « = 1/k. It is easily seen that both ¢Fy and
oF1 converge locally uniformly on C™ x C"; c.f. [BR23] for precise convergence
properties of Jack hypergeometric series.

Bessel functions of type B occur as the spherical functions of the Gelfand pairs
(G, K) with

G = (Up(F) x Uy(F)) x M, o(F), K = Up(F) x Uy(F), p>gq,

where M, ,(F) is the space of p x ¢ matrices over F = R,C,H and K acts on
M, (F) via (U,V).X = UXV~!. The group G is the Cartan motion group of
the non-compact Grassmann manifold U(p, ¢; F)/U,(F) x U,(F) which is of rank g.
The spherical functions of (G, K') may be considered as K-invariant functions on
M, 4(F) and thus depend only on the singular values of their argument. Again as
a consequence of [dJ0O6], they are given by the Bessel functions

(p)\(X) = JBq(FL,Z')\,Usmg(X)), A E (Cq,

where k = (K, k) = (4(p—q+1) — £, 9) and 04ing(X) = 0(VX*X) € R denotes
the set of singular values of X € M, ((F), ordered by size. We may therefore also
consider the ¢, as functions on the closed Weyl chamber

Cy={x=(21,...,2y) ERY 127 > ... >, >0}, (2.6)
ie. oa(z) = Jp,(kji\,z), z € Cq. Moreover, py = ¢, iff there exists some

we W =5, x Z% with 4 = w.\. The positive-definite spherical functions are the
¢ with A € C,,, which again follows from [Wo06, Theorem 5.4].
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3. THE TYPE A CASE

We start with some motivation from asymptotic spherical harmonic analysis,
see [O190} [Fa08] for a general background. Suppose that (G, K,), n € N is an
increasing sequence of Gelfand pairs, where G,, C G411, K,, C K, 41 are closed
subgroups satisfying K,, = G, N K,,+1. Then the pair (Geo, K ) with the inductive
limit groups G := lim,_, G,,, Ko := lim,_, K,, is called an Olshanski spherical
pair. The spherical functions of (G, K) are defined as the continuous, non-zero
and K -biinvariant functions ¢ : G, — C satisfying

wlgdpth) = lim | —lgkh)dnk (g, € Goo),
where d, k is the normalized Haar measure on K,,. We remark that this definition is
according to [Fa08], whereas in [OI90] spherical functions are in addition required
to be positive definite. Consider now the sequence of Gelfand pairs (G,, K,) =
(Un(F) x Herm, (F), U, (F)) as above. We regard G,, and K, as closed subgroups
of Gp41 and K41 in the usual way. Then (G, Ks) with the inductive limits

Ky :=lm K, =Ux(F), G :=lmG, = Ux(F) x Hermq, (F) (3.1)
— —

is an Olshanski spherical pair. The positive definite spherical functions of (G, K o)
were completely determined by Pickrell [Pi91], Sect.5], see also [OV96] for F = C,
and [Fa08| Section 3]. As functions on Hermq,(F), they are given by

oo o0 710”1:‘]

X) = iﬁx]‘f%xz' —6 ,
p(X) He JH(l—i%azxj)dﬂ

j=1 =1

where 3,7 € R,y > 0, a; € R with 37°, a? < oo, and (1, 22,...) € R are
the eigenvalues of X, ordered by size and counted according to their multiplicity.
The product is invariant under rearrangements of the ;. For F = C it is also
noted in [OV96] that the set of positive definite spherical functions is bijectively
parametrized by the set

{(a, B,7) : BER, ¥ >0, = {a1, a2, ...} a multiset with a; € R and Za% < 00}
1

In [OV96], explicit approximations of the positive definite spherical functions by
positive definite spherical functions of the pairs (G,, K,) with n — oo by use of
spherical expansions were obtained in the case F = C. In [Bo07], this was generalized
by completely different methods to F = R, H.

In the present paper, we shall obtain the result of Pickrell and explicit approx-
imations of Olshanski spherical functions as particular cases of a more general
asymptotic result for Bessel functions of type A,_; with an arbitrary multiplicity
parameter k > 0.

Let us first turn to the spectral parameters to be considered for n — oo. Instead
of working with multisets, it will be convenient for us to work with sequences
(or finite tuples) with a prescribed order of their components. We introduce the
following order on R:

x < y iff either |z| < |y| or |z| = |y| and = < y.

For instance, the sequence (3,—-3,2,1,—1,—1,0,0,...) is decreasing w.r.t. < .
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Definition 3.1. Consider A(n) € R™ such that its entries are decreasing with
respect to <. We regard (A\(n))nen as a sequence in R(°®) = | J>° | R” and call it a
Vershik-Kerov sequence (VK sequence for short), if the following limits exist:

a; == lim A (t € N),
n—oo N

i 1O

CE ;
n—00 n
5= lim 20
n—00 n

where

pm () = Z:z:l” formeN, po=1
i=1

are the power sum symmetric functions on R(°®). They span the space of symmetric
functions on R(°>), i.e. the polynomial functions in arbitrary many variables.

Lemma 3.2. (i) If (AM(n))nen is a Vershik-Kerov sequence with associated pa-
rameters (a;), 8,0 as above, then

vzzé—iaf > 0.
i=1

In particular, the sequence o = (v )ieN 1S square-summable.

(ii) If in addition A\(n); > 0 for all i,n € N, then v = 0.

Definition 3.3. Suppose that (A(n)),en is a VK sequence. Then the triple w =
(a, B,7) with @ = (a;);en are called the VK parameters of the sequence (A(n))nen-
Note that the entries of a are also ordered w.r.t. <.

Proof of LemmalZZd For fixed N € N and all n > N one has

N

al A(n)? " \(n)?
afg af——zz—i— 5 -
Yoot = (01 1

=1

By definition of («;) and d, the right-hand side tends to 6 as n — co. This proves

part (i).
(ii) By the ordering of the entries of A(n), we obtain for N € N and n > N that
N-1 2 n 2
p2(A(n)) _ A(n)i A(n)i
e =2 m) T2 5

i=1 i=N

S N—-1 ()\(:)i>2 N )\(Z)N i )\(Z)l '
=1 i=1

Taking the limit n — oo on both sides, we obtain that
N—1
6 < Z af + anp.
i=1

As limpy_,00 ay = 0, this implies that § < Y77, a? and therefore v = 0. O
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We shall throughout fix a strictly positive multiplicity £ > 0 on A,,_; and sup-
press it in our notation.

For sequences (A(n))nen of spectral parameters A(n) € R"™ with growing di-
mension n, we are interested in the convergence behaviour of the Bessel functions
Ja,_,(iA(n), .) as n — oo. For this, we consider J4,_,(}\, .) as a function on C"
for all » < n by

Jay_ (N 2)=Ja,_, (A (2,0,_,)), z€C". (3.2)

r=n-—r

For later use, we record the following representation.

Proposition 3.4. For A € C" and z € C" with r < n,

JAnfl(A7Z): Z MPK(Z)a

oy [kn].|k|!

with the renormalized Jack polynomials

and the generalized Pochhammer symbol
I(k)
(1l = H(,U —k(j - 1))*@]‘ (ne€C).

Jj=1

Proof. Consider formula (23). From [Ka93| formula (17)] it is known that for all
k€ A},

Cu(l,) _ [kr]s
Cu(l,)  [kn]s
Together with the stability property ([2.2]), the assertion follows. d

We shall prove the following theorem:

Theorem 3.5. Let (A(n))nen be a sequence of spectral parameters A(n) € R™ such
that each A(n) is decreasing with respect to < . Then for fized multiplicity k > 0,
the following statements are equivalent.
(1) (AM(n))nen is a Vershik-Kerov sequence.
(2) The sequence of Bessel functions (Ja,_,(iA(n), .))neN
uniformly on compact subsets of R(°®) i.e. the convergence is locally uni-
form on each of the spaces R, r € N.

converges locally

(3) For each fixed multi-index of length r, the corresponding coefficients in the
Taylor of expansion of Ja, ,(iA(n), .) around 0 € R" converge as n — oc.

(4) For all symmetric functions f : R(®) — C, the limit
)

n—00 ndegf

exists.

Moreover, in this case one has

00 00 —ioy

: : _ i6m~—lw? e
’ﬂll):ngo JAnfl (’L}\(TL), x) - H € Tk inCEj k>’ (3'3)
j=1 = (1= =57)
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where (o = (o), 8,7) are the VK parameters of the VK sequence (A(n))nen, and
the product on the right side extends analytically to R™ for each r € N.

Remark 3.6. In the geometric case k = 1, i.e. for Hermitian matrices over C, this
result essentially goes back to [OV96], while in [Bo07], where also F = R and H are
considered, only the limit (3.3) is established, by completely different methods and
under the additional condition v = 0.

Our proof of Theorem is inspired by the methods of [OV96], [O0O98] and
[Fa08, Chapter 3]. We start with the following observation.

Theorem 3.7. Assume that (A(n))nen is a VK sequence with parameters w =
(o, B,7). Then

1, m =0,
m ~ s = 15

o PO ) oom
nTreo n' 6:’7+Z’L:1a$7 m:27
E;’il a;nv m 2 37

where the series in the last case is absolutely convergent. In particular, for each
symmetric function f on R the limit

~ A

f(w) := lim f((n)

n—o00 ndle

exists.

Proof. We only have to consider the case m > 3. In view of the ordering of A(n)
we have for arbitrary N € N that

= A
XI5

The expression on the right side converges to a%”& as n — 00. As « is square-
summable by Lemma [B2] this implies that for each € > 0, there exists an index
N € N such that for all n € N,

S+ 3 |2
i=N i=N "

Estimate (33 further leads to

Do) (o)) < 3 Joup + 30 P
i=N =N

A |2 pa(A(n)

n n?

s ‘ (3.4)

"< (3.5)

m+N1’M_am

3

nm nm

=1

N-1
A(n)™
<et+ Y ‘n—m —al"|.
i=1
By the definition of a VK sequence, the last sum tends to zero as n — co. As € > 0
was arbitrary, this finishes the proof. O
We next consider for A € C(*) the complex function

- 1
D(N;2) = H TE YL

j=1
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where ¢ + (¥ denotes the principal holomorphic branch of the power function
on C\] — 00, 0]. For fixed A, the product is finite and ®(}; .) is holomorphic in a
neighborhood of 0 in C. According to formula (2.9) of [O098],

(Ni2) = Y gi(N)2
=0

" (), )
P ml m2 - . : .. .
g;(A) = | Z gl Ayt iy (3.6)
i1 <... <4

where my := #{r € N : 4, = [} denotes the multiplicity of the number ! in the
tuple (i1,...,4;) and (k)my, = k(k+1)---(k 4+ m — 1) is the Pochhammer symbol.

Moreover, from [O098, formula (2.8)] and the connection between the C- and
P-normalizations of the Jack polynomials according to formula (12.135) of [Fol0)],
one calculates that

5 =B . (3.7)

(For partitions & = (j) with just one part, the Jack polynomials C(;y and P
coincide).

Lemma 3.8. Suppose w = (a, 3,7) are the VK parameters of a Vershik-Kerov
sequence. Then the following hold.
(1) The infinite product
U(w; z) 1= P52 H
=1
is holomorphic in S := (C\(] — 00, — 1= ] U [ 1 oo[) If ay > 0 for all

Joal Jaa]’
l €N, then ¥(w; .) is holomorphic in S :=C\ [O%,oo[.
(2) w is uniquely determined by ¥(w; .).

e—ka;z

(1 —quz)k

Proof. (1) Power series expansion around z = 0 shows that for |az| < 4§ < 1,
e—ka;z
(1 —qyz)*k
with some constant Cs > 0. Recall that a is decreasing w.r.t. < and square-

summable. Hence for fixed n € N, the product

‘1— ‘ §05|alz|2

00 e—koqz
11:11 (1 —yz)k
defines a holomorphic function in the open disc {z € C : |z| < 1/|an| € [0,00]}.

Moreover,
n—1

e—ka;z
ll;[l (1 —quz)k

is holomorphic in S and even in S if a; >0 ior all I. As lim;_, o, oy = 0, it follows

that ¢(w; .) is holomorphic in S or even in S. Unless « is identical zero (which is
equivalent to @3 = 0), ¥U(w; .) has a singularity in z = all

(2) If p(w; .) is entire, then ay = 0. Otherwise lim,_,; /4, |¥(w; 2)| = oo. Thus
a1 is uniquely determined by ¥(w; .). Multiplying successively by (1 — a12)*, ...,
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we further obtain that as, as, ... are uniquely determined by ¥(w; .) as well. Tt is
then obvious that also 8 and ~ are uniquely determined by ¥(w; .). O

Proposition 3.9. (1) For A € C™) and |z| small enough,
o0 Zm
B(\;2) = exp(k T;me(/\)ﬁ). (3.8)

(2) Moreover, if (A(n))nen is a VK sequence with parameters w = («, 3,7), then

lim @(M;z) = U(w; 2),
n—o00 n
where the convergence is uniform in z in some compact neighborhood of 0.

Proof. (1) Since both sides of ([B.8)) have value 1 in z = 0, it suffices to verify that
they have the same logarithmic derivative. Let log be the principle holomorphic
branch of the logarithm in C\] — oo, 0]. Then for |z| small enough,

=k a1 (A2
1— Az mzzop +1(A)z

This is exactly the logarithmic derivative of the right-hand side in ([3.8]).

(2) For the second assertion, note that for m > 2 we may estimate

d
Elogfb()\;z) =

Jj=0

a0 _ g, a0

nm n?2
with a constant C,,, > 0 independent of n, which follows from (3.4]). Since the right-
hand side converges for n — oo, the sequence on the left-hand side is uniformly
bounded in n. Hence there exists some € > 0 such that for each n, the series

m=0

converges for |z| < €, and the dominated convergence theorem shows that (h,,)
converges for n — 00 to Y o_( Pm(w)Z- locally uniformly in {|z| < e}. Thus

lim @(Ag);z) = exp(k i ]3m(w)%) (3.9)
m=0

n—oo

locally uniformly in {z € C: |z| < €}.

Now consider ¥(w; . ), which is holomorphic in a neighborhood of 0. Taking the
logarithmic derivative as in the proof of [Fa08| Prop. 3.12] and recalling Theorem
31 we obtain

oo

ilog\IJ(w;z):k{ﬂ—kfyz—Z(al_ o )] — ki Pt (w)2™.
m=0

dz 1—qyz
=1

The right-hand side in equation (3] has the same logarithmic derivative. Since
@(M; 0) = 1= ¥(w;0), this proves the stated limit. O

n

We now consider the asymptotic behaviour of the Bessel functions Ja, , as
n — oo. We shall employ the following useful convergence property, see [Fa08|
Propos. 3.11]:
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Lemma 3.10. Let (pn)nen be a sequence of smooth, positive-definite functions on
R"™ with ¢,(0) = 1 and ¢ an analytic function in some neighborhood of 0 € R".
Assume that lim,— o 0%y (0) = 0%¢p(0) for all « € Njy, i.e. the Taylor coefficients
of ¢ around 0 converge to those of . Then ¢ has an analytic extension to R”,
and the sequence (py,) converges to ¢ locally uniformly on R".

For z € C(*) we put

= H U(w; z4),
j=1
which is actually a finite product.

Theorem 3.11. Assume that (A(n))nen is a VK sequence with parameters w =
(o, B,7). Then for x € R(™), the Bessel functions of type A,_1 with multiplicity
k > 0 satisfy

lim Ja,_,(i\(n),z) = ( ) Hezﬁ% e

n—00

e—laliﬂj

P (1)

::]8

~

locally uniformly in x € R" for all r € N.

Proof. The Cauchy identity for Jack polynomials, see for instance [St89, Prop. 2.1],
states for A € C(*) and z € C" with |z;| small enough that

kr.
3 [|/-;|]! CeVP(2) = [[——= q _AIZJ H@ (A 2)).

rREAT Jsl

Thus by Proposition [3.9]

Z[’W]&k(@) _ S iz

W Puliz) — ¥ (w; Z) =:p(z) forn — oo,

REAT
where the convergence is locally uniform in z in some open neighborhood of 0 € C".
Therefore, the coefficients in the power series expansion of the left side around z = 0
must converge (as n — o00) to the corresponding coefficients of ¢. Moreover, by

Lemma [3.8] we know that ¢ extends analytically to R", and by Theorem [B.7] we
have

n—oo

lim Cﬁ(y) = Cu(w). (3.10)

It therefore follows for all z in some neighborhood of 0 € C" that

o) = 3 ECp o)

|k|! k=l
REAT
Now consider the functions

Spn(x) =Ja, (i)‘(n)v .’L‘),

which are positive definite on R” for r < n. In view of Proposition [3.4],

on(z) = > %#Pn(m). (3.11)
reAT "

r
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As [kn]. ~ (kn)l=! for n — oo, we get
lim Cr(A(n)) - Cﬁ(w)

n—o00 [kn],{ B k|’”~‘

So we are able to apply Lemma [B.10 to obtain that ¢,, — ¢ locally uniformly on
R". O

Remark 3.12. The proof shows that for z € C” with |z| small enough,
~ k7). ~
b= 3 Ba ).
KREAF |K|

Lemma 3.13. Consider a sequence (A(n))nen such that each A(n) € R™ is decreas-
ing with respect to < . Suppose that the sequence of Bessel functions Ja, _,(iA(n), .)
converges pointwise on R to a function which is continuous at 0. Then (A(n)) is a
VK sequence.

Proof. Put ¢pn(z) == Ja,_,(iA(n),z), z € R and ¢p(x) := lim, o0 @n(z). In view of
representation ([2.1I), there exist compactly supported probability measures u, on
R such that

on(z) = / e dp, (&) for all x € R.
R

By Lévy’s continuity theorem, there exists a probability measure p on R such that
n — b weakly and

olx) = / eCdu(¢) for all z € R.
R

In particular, the family of measures {u, : n € N} is tight. Recall the functions
g;(A) from (B.6). By Proposition B4 and formula ([B.7) we have

OO 0 g
@n(I)ZZ()(knT(ZI) —gog((kin()j))(m:) .

Hence the moments of the measures p,, are given by

g0
/Rs din(e) = 31 2052,

We now employ Lemma 5.2 of [OO98]. From the definition of the functions g; one
can find a constant C' > 0 such that g4(\) < Cga(A)? for all A € R(™) which shows
that the quotient

Jj=0

fR §4dﬂn (5)
(Jo 2duat@)”

is bounded as a function of n € N. Hence we conclude from Lemma 5.1. of [OO98]
that the sequence ([g &2dun(€)) is bounded, which in turn implies that the
g2(A(n))

n2

neN
)nEN is bounded. As 2g, = k?p? + kpo, the sequences

(IM(Mn))I)nEN and (ZM)HEN (3.12)

n n?

sequence (

are bounded as well. Standard compactness arguments and a diagonalization ar-
gument imply that (A(n)),en has a subsequence which is Vershik-Kerov. Finally,
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consider two such subsequences (A;(n))nen with VK parameters wy, I = 1,2. Then
by Theorem [B.11] and our assumptions,

o(x) = nhﬁngo Ja, ,(iN(n),z) = \If(wl, Z) for all z € R.

Hence ¥(wi; .) = ¥(ws; . ), and Proposition B8 implies that wy = wq. It follows
that the full sequence (A(n))nen is Vershik-Kerov. O

Putting things together, we are now able to finalize the proof of Theorem

Proof of Theorem[33 The implication (1) = (2) is contained in Theorem [311]
The converse implication (2) = (1) is just Lemma Further, Theorem B.7]
proves the implication (1) = (4). The equivalence of statements (3) and (4) is
obvious from expansion (B.I1]), because the Jack polynomials span the algebra of
symmetric functions. It thus remains to prove the implication (4) = (1). For this,

suppose that (A(n))nen is a sequence with each A(n) € R™ decreasing w.r.t <, and
fQ®)

ndess
the sequences (M) and (%) are bounded. Again by a compactness argu-
ment, (A(n)) has a subsequence which is Vershik-Kerov. Suppose (N\;(n)), 1 = 1,2
are two such subsequences with VK parameters w;. Then by Theorem [3.11] the
sequences (Ja,_,(iA1(n), .)) and (Ja,_, (iA2(n), .)) converge locally uniformly on
R" to the same limit, because for each k € A, the limit

LG m) L GlAm)

n—o00 n|’”~‘ n—o00 n|’”~‘

such that lim,, oo

exists for all symmetric functions f. Then in particular,

is independent of [. Arguing further as in the proof of Lemma B.I3] we obtain that
w1 = we and that (A(n)) is a VK sequence.This finishes the proof of the theorem. [

We shall now parametrize the possible limit functions in Theorem B.111 We put

Q= {(a,ﬂ,’y) B ER, Y >0, = (a)ien With a; € Ry a1 < ai,Zaf < oo}

i=1
Note that for (o, 3,7) € §, either all entries of « are non-zero, or all entries up to
finitely many are zero.

Proposition 3.14. For any element w = («a, 3,7) € Q there exists a VK sequence
(A(n)) with VK parameters w.
Proof. We divide the proof into several steps.

(i) Assume that o = 0. Then for arbitrary € > 0, there exists a sequence = (z;)ien
in R such that

|z;| < e for all i € N, inzﬁ and ZSEZZZV- (3.13)
i=1 i=1

To see this, choose N € N such that (ngv)l/z’ < € and start with the alternating
sequence
6y iz (=1)° . i
L= L if k< —<k+1 keN,.
n=(ay) gt N =hth 0
It satisfies the first and the third condition of [BI3), and by the Riemann re-
arrangement theorem, there exists a rearrangement (z;)ieny of (2})ien satisfying

the second condition as well. For each m € N we can therefore find a real sequence
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(M = (x(m)) and and index n,, € N with n,, — oo for m — oo, such that for all

n

for all i € N, 2™ — i, 2?2 <L
S s S s I Al <

We may also assume that n,,11 > n,, for all m. Rearranging the entries of each

tuple (xgm), e ,xSfZ)) according to <, we thus obtain a sequence (A(nm))men

where each A(n,,)" € R™ is decreasing w.r.t. < and satisfies

lim A(nn,); =0 forall i €N,

m—r oo

. o
A, > Aowm); =5,

1=1
& ne
,gglm;(xnm)i) =1.

Finally, put A(nm) := nmA(ng) and A(n) = (nA(ny,)’,0,...,0) € R for n, <
n < Npy1. Then (A(n))n>n, is a VK sequence with parameters (o = 0, 3,7).

(ii) Assume that « has finitely many non-zero entries and let m € N be maximal
such that ay, # 0. Let (A(n)')neny be a VK sequence with parameters (0,8, ),
where 8/ = — Y7, a;. For n > m, put

A(n) = (nag, ..., nam, A(n), ..., AX(n)h_.)-

n—m
For n large enough, say n > ng, the entries of A(n) are decreasing with respect to

<, because lim,,_, %"); = 0. Then (A(n))n>n, is Vershik-Kerov with parameters

(o, B,7).

(iil) Assume that all entries of « are non-zero. For m € N, put wm = (a(m), B,7),
where a(™) = (a1, ..., m,0,...). According to part (ii), there exists a VK sequence
(A (n)),en with VK parameters w(™). By a diagonalization argument we obtain
a sequence A(n,) := A (n,,) with n,,,1 > n,, satisfying

lim A(n,,); =a; forallieN,

m—>00
Nm

Jim El A(nm)i = B,
. Nom - 2 %) )
o 2(/\("7”)1) =d=n+ Z} ;-
Finally, for n € N with n,, < n < ng,41 put A(n) := (%)\(nm),(), ...,0) € R™.
Then (A(n))n>n, is Vershik-Kerov with VK parameters (o, 3,7). O

Together with Lemma [B:8] this result shows that the possible limits (for n — o0)
of the Bessel functions Jy4, ,(iA(n),z) with x € R" and A(n) € R™ are exactly all
the infinite products \/I\f(w; %), of Theorem B.I1] which are in bijective correspon-
dence with the parameters w € €.

Let us finally come back to the Olshanski spherical pair (Goo, Ko ) as in (814).
From our results, we obtain the following result of Pickrell [Pi91] mentioned at the

beginning of this section:
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Corollary 3.15. The set of positive definite spherical functions of the Olshanski
spherical pair (Goo, Koo) = (Uso(F) X Hermoo (F), Uso(F)), considered as Us(F)-
invariant functions on Hermso(IF), is parametrized by the set 2 via

ﬁ B .2 ﬁ e_ialmj
o) = [ 35 [[ o = (afir) € 2
i Pl (1- z%alxj)dﬂ

Proof. For a topological group H consider the set
Pi(H) ={p € C(H) : ¢ positive definite, p(e) = 1}

and denote by ex(P;(H)) the set of its extremal points. In [0I90, Theorem 22.10]
it is proven that each ¢ € ex(P;(Gw)) can be approximated locally uniformly by
a sequence of functions ¢, € ex(P1(Gy)). An inspection of the proof shows that
this statement remains true for biinvariant functions, i.e. each K-biinvariant
¢ € ex(P1(Gw)) can be approximated locally uniformly by a sequence of K-
biinvariant functions ¢, € ex(P1(G,)). According to [OI90, Theorems 23.3 and
23.6], the positive definite spherical functions of a spherical pair (G, K) (an Olshan-
ski spherical pair or a Gelfand pair) are exactly those elements of ex(P;(G)) which
are K-biinvariant. Thus, for a positive definite spherical function ¢ of (Geo, Koo),
there exists a sequence (¢,) of positive definite spherical functions of (G, K,)
which converges locally uniformly to ¢. (This is also noted in [OV96l Theorem

3.5]). By Lemma 2] ¢, is given by a positive definite Bessel function J,, _, with
multiplicity k = £, d = dimgF, i.e.
d .
on(X) = JAnfl(i;z)\(n),o(X)) (3.14)

with some real spectral parameter A\(n) € R™. Without loss of generality we may
assume that A\(n) is decreasing w.r.t < . From Theorem it now follows that
(A(n)) has to be a VK sequence and that ¢ = ¢, , where w are the VK parameters
of (A(n)).

Conversely, starting with w € €2 we may choose an associated VK sequence
(A(n)) by Proposition 34l Then (BI4) defines a sequence (¢y,) of positive definite
spherical functions of (G,,, K,,) which converge to ¢, locally uniformly according
to Theorem It is then clear from the definitions that ¢, is a positive definite
Olshanski-spherical function of (Goo, Koo)- O

4. THE TYPE B CASE

Recall from Section [2] the Bessel functions Jp, of type B,. As n — oo, we
shall consider them with the multiplicities &, := (k,, k) with value k£ > 0 on the
roots *(e; £ ¢;) and k/, > 0 on the roots £e;. It will become clear at the end
of this section why the multiplicity parameter k,, is allowed to vary with n. With
Vn ==kl + k(n — 1) + 3 we have

| - 1 C.(\2)C,.(22)
o, (ki M 2) = XA: T [vln RICn(L,)
KRE n

where the Jack polynomials are of index 1/k. Recall the stability property (2.2)
of the Jack polynomials. Adopting the notation from (3.2), we therefore have for
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A€ C" and z € C" with r < n the representation

RTINS W P WE R B o O“(A]QW“"]“ Pu:2).  (L1)

oy 4151 [kn) s [vn] | 5|

Note that for A € R™, Jg, (kn;iA, .) is positive definite on R” for each r < n. Recall
our notion (26 for the positive Weyl chamber of type B.
The following counterpart of Theorem B.5l will be the main result of this section.

Theorem 4.1. Let (A(n))nen be a sequence of spectral parameters A(n) € C,,.
Then the following statements are equivalent.

(1) ()‘(n)Q)neN is a Vershik-Kerov sequence.

(2) The sequence of Bessel functions (Jp, (kn;iX(n), '))nEN converges locally
uniformly on each of the spaces R", r € N.

(3) For each fized multi-index of length r, the corresponding coefficients in the
Taylor of expansion of Jg, (kn;iA(n), .) around 0 € R" converge asn — 0o.

(4) For all symmetric functions f : R(®) — C, the limit
fA(n)?)

n@ii;)(7qul)d€gj
exists.
2
In this case, let w = («, 8,7) be the VK parameters of the sequence (Agjn) )

Then v=0, ay > 0 for all l, and

alt2

lim JB"(H";Z.)\(TL%J;) = \/I}(w; ) H _T? ] alm

n—oo =1 1 4_ o )

Remarks 4.2. 1. It is a consequence of Lemma [3.2] that the VK parameter v is 0
in the present situation.

2. Assume that lim, o % = 0. Then v, ~ kn for n — oo. In particular,
(%2)2) is Vershik-Kerov with VK parameters (¢, 8,0) if and only if (%")2) is
Vershik-Kerov with VK parameters (ka, kB, O).

For the proof of Theorem [£.1] we start with the following

Lemma 4.3. Let (A(n))nen with A(n) € C,, be such that (’\(") ) is a Vershik-Kerov

sequence with VK parameters w = (o, 8,0). Then for x € R(>),
2

. = T
nILI&JB (Kn;iA(n), ) = \I!(w,—ﬂ).

The convergence is uniform on compact subsets of R(>), i.e. locally uniform in
x € R" for all r € N.

Proof. For x € R", consider

] (nwy)!F! n)?
onl2) 1= T, (miA(), ) = 3 Lol () -~ ()P ).

oy Al |V [kn) o [vn]

As lim,_, o v, = 00, we have for n — oo the asymptotics

[l ~ vl [kn) ~ (k).
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Moreover, by relation (310),
A(n)?

nvy,

lim C, (

n—oo

) = Cu(w).

As in the proof of Theorem B.II] we conclude that the Taylor coefficients of ¢,
around 0 converge to those of
2

[kr]. =~ . 2
p(x) = ZA+ LI Cr(W)Py(—2?) = \I/(w, _E)'

This function is actually real-analytic on R” by Lemma B.8 since the entries of
« are non-negative. As the functions ¢, are positive definite on R", Lemma [3.10]
yields the assertion. O

Lemma 4.4. Consider a sequence (A(n))nen with A(n) € C,,. Assume that the
sequence of Bessel functions Jg, (i\(n), .) converges pointwise on R to a function

which is continuous at 0. Then the sequence (%71)2) is Vershik-Kerov.

Proof. The proof is similar to that of Lemma[3.I3l For z € R, put
on@) i= T, (oni i), 2) = [ %S (€)
R

with certain compactly supported probability measures u,, on R. By the symmetry
properties of Jp_, the measure p, is even, hence its odd moments vanish. Let
further p(z) := lim, o ¢©n(z). Again by Lévy’s continuity theorem, there exists a
probability measure 4 on R such that p,, — p weakly and

olx) = / e"Cdu(¢) for all z € R.
R

Further, the family {u, : n € N} is tight. From (LI and formula (377) we deduce

that
o 9i(An)?)
2 T (o), (k)
This shows that the even moments of u, are given by
: o 9i(A(n)?)
2 dpy, (€) = (29)! g;(i
[ o) = 291 T
As in the proof of Lemma [B.13] we deduce that the quotient
fR ¢ 8 dn, (5 )
2
(f]R €4d,un (5))

is bounded in n € N. Now we conclude from [O098, Lemma 5.2] (employing the
Lemma for the image measure of 41, under & — ¢?) that the sequence ([ £dpun(€))
is bounded. As (v,)2 ~ 12 and (kn)y ~ (kn)? for n — oo, it follows that the

sequence
2
() s

is bounded as well. Continuing as in the proof of Lemma [B.13] we obtain that
(/\(n)2

Un

() = (—x)%.

) is a Vershik-Kerov sequence. (I
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Proof of Theorem[{.1] From Theorem it is clear that the statements (1) and
(4) are equivalent. The equivalence of (3) and (4) follows from expansion (£.2) and
the fact that the Jack polynomials span the algebra of symmetric functions. By
Lemma [£4] statement (2) implies (1). Finally, Lemma 3] shows that statement
(1) implies statement (2). O

We finally want to determine the set of all parameters w = (v, 8,0) which occur
as VK parameters of a non-negative Vershik-Kerov sequence as in Theorem 411
Recall that in the non-negative case, the parameter v is automatically zero by
Lemma [3:21

Proposition 4.5. The set Q4 of all pairs (o, B) for which there exists a non-
negative VK sequence with parameters («, 3,0) is given by

Qr ={(a,): >0, a = (;)ien with a; ER, 1 > g > ... >0, Zaigﬁ}.
i=1
Proof. 1. If (a, 3,0) are the VK parameters of a VK sequence (A(n)) with A(n); >0

for all 4, then obviously 8 > 0 and a1 > as > ... > 0. Moreover, for fixed N € N
and n > N we have

N

S < 3o ) 4 A

i=1 =1

As n — oo, the first sum tends to 0 and the second sum tends to §. This proves
that Y22, oy < .

2. Conversely, let (a, 8) € Q4. In order to construct an associated non-negative
VK sequence, we proceed in two steps.

(i) Assume that a has at most finitely many non-zero entries. If a # 0, let m € N
be maximal such that «; # 0 for i < m. If a =0, let m := 0. Put

Bli=p-) ai>0
i=1
For n > m, define A(n) € R" by

~Jno if i <m
Aln)i := { nf’ if m<i<n.

n—m

Note that the entries of A(n) are non-negative and decreasing for n large enough,
say m > ng. It is now straightforward to verify that (A(n)),>n, is a VK sequence
with parameters («, 3,0).

(ii) Assume that all entries of « are strictly positive. Then a diagonalization ar-
gument as in the proof of Proposition [B.14] shows that there exists a VK sequence
with parameters (a, §,0). O

Let us finally turn to consequences in the geometric cases, related to the Cartan
motion groups of non-compact Grassmann manifolds.

For strictly increasing sequences of dimensions (p,)nen, (Gn)neny With p, > gn
consider the sequence of Gelfand pairs (G, K,,) with

Gn = (Up, (F) x Uy, (F)) x My, q, (F), Ky = Uy, (F) x Uy, (F) (4.3)
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over F = R, C, H. It is easily checked that the associated Olshanski spherical pair
(G, Ko) is independent of the specific choice of the sequences (py,), (¢n), and so
the same holds for its spherical functions. Recall from Section [2] that the positive
definite spherical functions of (G,, K,), considered as functions on the chamber
C,, C R are given by the Bessel functions

Px. (2) = JIB,, (K, iAn, ), A € RI

Corollary 4.6. (1) The set of positive definite spherical functions of the Ol-
shanski spherical pair (Goo, Koo), considered as functions on
COO.—{JJGR( ) gy >y > .. >0},

is given by the functions
2
J

Plap @ = [[e ™ H Lo )d/z, (o, B) € Q.
j=1 =1

(2) Let (pn,qn) be dimensions wzth qn =mn and 2= — 1 for n — oo. Consider

a sequence (A(n))nen with AX(n) € Cy, such that (’\(")2) is Vershik-Kerov
with VK parameters (ka, kB3,0). Then the spherical functions of the Gelfand

pairs (Gp, Ky,) as in [E3) satisfy
Jim (ks iA(n), 2) = ¢(a,8)(2),

cxlz

mm

where the convergence is locally uniform on each chamber C.,..

Proof. For part (1), choose (G, K,) with ¢, = n. The proof is then the same as
that of CorollaryBI5lin the type A case. Part (2) is then immediate from Theorem
and Remark O

Remark 4.7. We mention that for F = C, part (1) of this corollary is in accordance
with results of [Bol9], where for the semigroup HermZ (C) of infinite dimensional
positive definite matrices over C, the positive definite Olshanski spherical functions
of (Uso(C) x Herm_(C),Uso(C)) were determined by semigroup methods and a
reduction to the type A case.

REFERENCES

[BF98] T.H. Baker, P.J. Forrester, Non-symmetric Jack polynomials and integral kernels. Duke
Math. J. 95 (1998), 1-50.

[BCG22] F. Benaych-Georges, C. Cuenca, V. Gorin, Matrix addition and the Dunkl transform at
high temperature. Comm. Math. Phys. 394 (2022), 735-795.

[Bo07] M. Bouali, Application des théorémes de Minlos et Poincaré a1’ étude asymptotique d’une
intégrale orbitale. Ann. Fac. Sci. Toulouse Math. (6) 16 (2007), 49 - 70.

[Bo19] M. Bouali, Olshanski spherical pairs of semigroup type. Infinite dimensional Analysis,
Quantum Probability and Related Topics. Vol. 22, No. 3 (2019), 1950021.

[BR23] D. Brennecken, M. Rosler, The Dunkl-Laplace transform and Macdonald’s hypergeometric
series. Trans. Amer. Math. Soc. 376 (2023), 2419-2447.

[Cul8] C. Cuenca, Pieri integral formula and asymptotics of Jack unitary characters. Selecta
Math. (N.S.) 24 (2018), 2737-2789.

[DX14] C.F. Dunkl, Y. Xu, Orthogonal polynomials of Several Variables. Cambridge Univ. Press,
2nd edition, 2014.

[Fa08] J. Faraut, Infinite dimensional Spherical Analysis. COE Lecture Notes Vol. 10 (2008),
Kyushu University.



LIMITS OF BESSEL FUNCTIONS AS THE RANK TENDS TO INFINITY 21

[Fol0] P.J. Forrester, Log-Gases and Random Matrices. London Mathematical Society Mono-
graphs Series, 34. Princeton University Press, Princeton, NJ, 2010.

[dJ06] M. de Jeu, Paley-Wiener Theorems for the Dunkl transform. Trans. Amer. Math. Soc. 358
(2006), 4225-4250.

[Ka93] J. Kaneko, Selberg integrals and hypergeometric functions associated with Jack polyno-
mials. STAM J. Math. Anal. 24 (1993), 1086-1100.

[0098] A. Okounkov, G. Olshanski, Asymptotics of Jack polynomials as the number of variables
goes to infinity. Internat. math. Res. Notices IMRN (1998) no. 13, 641-682.

[O006] A. Okounkov, G. Olshanski, Asymptotics of BC-type orthogonal polynomials as the num-
ber of variables goes to infinity. Contemp. Math. 417, Amer. Math. Soc., Providence, RI,
2006, 281-318.

[O190] G.I. Olshanski, Unitary representations of infinite dimensional pairs (G, K) and the for-
malism of R. Howe. In: A. Vershik and D. Zhelobenko (eds.), Representations of Lie Groups
and Related topics. Adv. Stud. Contemp. Math. 7, Gordon and Breach, 1990.

[OV96] G. Olshanski, A. Vershik, Ergodic unitarily invariant measures on the space of infinite
Hermitian matrices. Amer. Math. Soc. Transl. Ser. 2, 175, Amer. Math. Soc., Providence, RI,
1996, 137-175.

[Pi91] D. Pickrell, Mackey analysis of infinite classical motion groups. Pacific. J. Math. 150 (1991),
139-166.

[Op93] E.M. Opdam, Dunkl operators, Bessel functions and the discriminant of a finite Coxeter
group. Compositio Math. 85 (1993), 333-373.

[Ro03] M. Résler, Dunkl operators: theory and applications. In: E. Koelink, W. van Assche
(Eds.), Lecture Notes in Math. 1817, Springer-Verlag, 2003, pp. 93-136.

[Ro07] M. Rosler, Bessel convolution on matrix cones. Compositio Math. 143 (2007), 749 — 779.

[RV08] M. Résler, M. Voit, Dunkl theory, convolution algebras, and related Markov processes,
in: Harmonic and Stochastic analysis of Dunkl processes, P. Graczyk et al. (eds.), Hermann,
2008.

[RV13] M. Résler, M. Voit, Olshanski spherical functions for infinite dimensional motion groups
of fixed rank. J. Lie Theory 23 (2013), 899-920.

[St89] R.P. Stanley, Some combinatorial properties of Jack symmetric functions. Adv. Math. 77
(1989), 76-115.

[VK82] A. Vershik, S. Kerov, Characters and factor representations of the infinite unitary group.
Soviet Math. Dokl. 26 No. 3 (1982), 570-574.

[Wo06] J.A. Wolf, Spherical functions on Euclidean space. J. Funct. Anal. 239 (2006), 127-136.

INSTITUT FUR MATHEMATIK, UNIVERSITAT PADERBORN, WARBURGER STR. 100, D-33098
PADERBORN, GERMANY
Email address: bdominik@math.upb.de, roesler@math.upb.de



	1. Introduction
	Acknowledgements
	2. Bessel functions of type A and type B 
	3. The type A case
	4. The type B case
	References

