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ABSTRACT. We study the asymptotic behaviour of Bessel functions associ-
ated to root systems of type A,_1 and type B, with positive multiplicities
as the rank n tends to infinity. In both cases, we characterize the possible
limit functions and the Vershik-Kerov type sequences of spectral parameters
for which such limits exist. In the type A case, this gives a new and very
natural approach to recent results by Assiotis and Najnudel in the context of
[-ensembles in random matrix theory. These results generalize known facts
about the approximation of the positive-definite Olshanski spherical functions
of the space of infinite-dimensional Hermitian matrices over F = R, C, H (with
the action of the associated infinite unitary group) by spherical functions of
finite-dimensional spaces of Hermitian matrices. In the type B case, our re-
sults include asymptotic results for the spherical functions associated with the
Cartan motion groups of non-compact Grassmannians as the rank goes to in-
finity, and a classification of the Olshanski spherical functions of the associated
inductive limits.

1. INTRODUCTION

The asymptotic analysis of multivariate special functions has a long tradition
in infinite dimensional harmonic analysis, tracing back to the work of Olshanski,
Vershik, and Kerov, see [OI90, [OV96] [VK82]. Of particular interest in this context
are the behaviour of spherical representations and the limits of spherical functions
of increasing families of Gelfand pairs as specific dimensions tend to infinity.

Bessel functions associated with root systems generalize the spherical functions
of Riemannian symmetric spaces of Euclidean type, which occur for special values
of the multiplicity parameters. They appear naturally in rational Dunkl theory,
with an intimate connection to the Dunkl kernel and the associated harmonic anal-
ysis. We refer to for a general treatment of such Bessel functions and to
[Ro03] [dJ06, [RV08|, [DX14] for an overview of rational Dunkl theory including the
connection with symmetric spaces. There are two classes of particular interest, in-
cluding applications to S-ensembles in random matrix theory, namely those of type
A,—1 and type B,. We refer to [Fol0Q] for a general background and to [BCG22
for some recent developments. In the cases of type A and B, the Bessel functions
can be expressed as hypergeometric series involving Jack polynomials, c.f. Sec-
tion Bessel functions of type A,,_1 have a continuous multiplicity parameter
k > 0 and include as special cases the spherical functions of the motion groups
U,(F) x Herm,,(F) over F = R,C or H, where the unitary group U, (F) acts by
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conjugation on the space Herm, (F) of Hermitian matrices over F. These cases
correspond to k = % with d = dimgF € {1,2,4}. Bessel functions of type B, have
non-negative multiplicity parameters of the form k = (k/, k), with k the multiplicity
on the roots +(e; = ¢;) and &’ that on the roots +e;. They generalize the spherical
functions of the motion groups (U, (F) x Uy(F)) x M, ,(F), with p > ¢. Here the
multiplicities are k = %, kK = %(p —q+1)— % In [RV13], limits of the spherical
functions of these motion groups as p — oo and the associated Olshanski spherical
pairs were studied, where the rank g remained fixed.

In the present paper, we study Bessel functions of type A,_1 and type B,
with arbitrary positive multiplicities and imaginary spectral parameters as the rank
tends to infinity. We characterize the sequences of spectral parameters for which a
limit exists, and we uniquely parametrize the sets of possible limit functions.

In the group cases, the obtained limits are exactly the (positive definite) Ol-
shanski spherical functions of the associated infinite dimensional motion groups
Uso(F) X Hermuo (F) and (Uso(F) X Uso(F)) X Moo (F), which are obtained as in-
ductive limits of the above finite dimensional motion groups. These Olshanski
spherical functions were already determined by Pickrell [Pi91] (Section 5). In
the case of Us(C) X Hermo, (C), their approximation by positive definite spher-
ical functions of the corresponding finite-dimensional Cartan motion groups is a
classical result of Olshanski and Vershik [OV96], where the limits showed up as the
characteristic functions of the ergodic measures on the space of infinite complex
Hermitian matrices with respect to the action of U (C). The same method was
used in [Ra08] to obtain approximations of the Olshanski spherical functions of
(Uso(C) X Uso(C)) X Moo (C) by spherical functions of (U, (C) x U,(C)) x M,(C).
In [Bo07], the limit results of [OV96] were extended, by somewhat different meth-
ods, to F = R and H. In the context of S-ensembles from random matrix theory,
Assiotis and Najnudel [AN2I] extended the approximation results of [OV96] for
the group cases of type A to Bessel functions of type A with arbitrary positive
multiplicity parameter k = §/2. Their approach is probabilistic and again different
from that of [OV96], and it provides a larger, complex domain of convergence in
the approximation.

For Bessel functions of type A, we mainly recover the results of Assiotis and
Najnudel [AN21]. However, we follow the method of [OV96] and obtain very natural
direct proofs based on the expansion of the Dunkl-type Bessel functions in terms
of Jack polynomials. These results, in the spirit of the work of Okounkov and
Olshanski [OO98], are contained in Theorem [3.6] the main result of Section [3

To become precise, we consider the Bessel functions Ja, _, (iA(n), (z,0,...,0))
with fixed multiplicity k¥ > 0 and z € C" for sequences of spectral parameters A(n) €
R™ as n — oo. Following [OO98, [Fa08, [AN21], we characterize those sequences
(A(n))nen for which the associated sequence of Bessel functions converges, in terms
of specific real parameters « = («;);en, 3,7 with v > 0. These parameters describe
the growth of (A(n)) (a so-called Vershik-Kerov-sequence) as n — oo. We obtain
that

o0 o0
. . Bz — X 2
i Ta (M), 2) = [l [T

=1 = (1= 57)

where for each r € N, the convergence is locally uniform in the complex domain

e—lOzLZj

(1.1)

k
{z eC: ||Imz|le < —}
r|aq|



LIMITS OF BESSEL FUNCTIONS AS THE RANK TENDS TO INFINITY 3

This coincides with the result of [AN21]. Our proof becomes even simpler if all
entries of A\(n) are non-negative, which is described in Remark B.I41 Moreover,
in Proposition we uniquely characterize the set of possible limit functions
in (LI). In the group cases k = %, the limit functions are products of Polya
functions (in the sense of [Fa08]) and determine the positive-definite Olshanski
spherical functions of the pairs (Us (F) X Hermoo (F), Uso (F)), c.f. [Pi91]. They are
approximated, uniformly on compact sets, by sphercial functions of the associated
finite-dimensional Gelfand pairs.

Our approach for Bessel functions of type A extends to the type B case in
a natural way, where the Bessel functions also have an explicit Jack polynomial
expansion. In this case, matters are even a bit easier, because one may restrict
to non-negative Vershik-Kerov sequences, contained in Weyl chambers of type B.
This is done in Section @ To become precise again, we consider Bessel functions
JIB, (Kn,iA(n),(2,0,...,0)) for n — oo, where A(n) € R™ and the multiplicity is of
the form &, = (k,, k) with k, > 0,k > 0. Here the first multiplicity parameter may
also vary with n, which is motivated by the geometric cases. Again, we characterize

the sequences of spectral parameters for which a limit exists; the condition now
2
being that the sequence ()‘E/n) )n N has to be Vershik-Kerov, where v, = k] +

k(n —1) + 1. We obtain limits of the form

alz]z

lim Jg, (kn;iA(n H

n—r oo

oy

with specific non-negative parameters a = (a;)eny and 8 satisfying Y2, oy < B.
The convergence is uniform on compact subsets of the complex domain

{z e C) : |Im 2] < 2 \/azl}

This is contained in Theorem [4.] the main result of Section[dl The possible range of
parameters «, 3 is determined in Proposition[45l It finally turns out that for k = g
with d = 1,2, 4, the above limits can be precisely identified with the positive definite
Olshanski spherical functions of spherical pairs (G, K ), which are obtained as
inductive limits of the motion groups (Up(F) x Uy(F)) x M), 4(F) as both dimension
parameters p,q (with p > ¢) tend to infinity. Moreover, these Olshanski spherical
functions are explicitly approximated by spherical functions of the corresponding
finite dimensional spaces. Our parametrization of the Olshanski sphercial functions
slightly differs from that of [Pi91] [Ra08] (but is equivalent).

We finally mention that certain limits of type B Bessel functions and methods
from Dunkl theory also play a role in [Xu23|, where the distribution of the singular
values of sums of rectangular matrices is studied for low and high temperatures,
i.e. in the limits £ — 0 and k£ — oo.
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2. BESSEL FUNCTIONS OF TYPE A AND TYPE B

In this section, we recall some basic facts about Bessel functions in Dunkl theory.
We shall not go into details, but refer the reader to [DX14] [Ro03] for some general
background on Dunkl theory, and to [Op93| [dJO6, RV0S8] for Dunkl-type Bessel
functions and their relevance in the symmetric space context. For a reduced (but
not necessarily essential) root system R C R™ we fix a non-negative multiplicity
function k : R+~ [0,00), i.e. k is invariant under the associated Weyl group W. Let
E =FEgr(k;.,.):C"xC"™ — C denote the associated Dunkl kernel, where E(A, .)
is characterized as the unique analytic solution of the joint eigenvalue problem for
the associated rational Dunkl operators with spectral variable A € C™, normalized
according to E(A,0) = 1. The kernel E is holomorphic on C" x C™ and symmetric
in its arguments. For each A € R", there exists a compactly supported probability
measure p) on R™ such that

E(i, 2) :/ &2 dpy(€)  for all z € C”, (2.1)

where (w, z) = Z?:l w;z; . Let us emphasize that the existence of such an integral

representation hinges on the non-negativity of k. If k = 0, then E(i)\, z) = €2,

The Bessel function associated with R and k is defined by

ﬁ Z E(\ wz).

weWw

J(\ z) =

It is W-invariant in both arguments. Note that in view of (21]),
[J(iX, z)| < J(A\, —Imz) for A € R™. (2.2)

We shall be concerned with the root systems A,_1 = {%(e; —¢;) : 1 <i<j <
n} C R” and B, = {*e;,£(e; £ ¢;) : 1 <1i < j <n} CR", where (e;) denotes
the standard basis of R”. In both cases, the Bessel functions can be written as
hypergeometric series in terms of Jack polynomials. For A, _;1, the multiplicity
function is given by a single parameter k € [0,00). We write A} for the set of

partitions kK = (k1,ks,...) of length I(k) < n and denote by ci ke A} the
(symmetric) Jack polynomials in n variables of index a = % € [0, o], normalized

such that

Z C™W(z)=(z1+...42,)™, meN.

|k|=m
The Jack polynomials are stable with respect to the number of variables, i.e. for
k € A with r < n we have

0,27)(21,...,zr,0

—nfr)

if ¥ = (k,0,...)

} (2.3)
0 otherwise;

CU(z1,...,2,) = {
with the notation a; := (a,...,a) € C/ for a € C. See [St8, Prop. 2.5 together
with [Ka93| formula(16)]. Therefore the Jack polynomials C™ uniquely extend to
continuous functions C,, on C(*) = Uzozl C™, equipped with the inductive limit

topology. We shall often consider elements from C(*>) as sequences z = (Zn )nen in
C with x,, # 0 for at most finitely many n; for R(>) accordingly.
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By [BF98], the Bessel function of type A,_; with multiplicity & is given by the
Jack hypergeometric series

JAnfl()\’Z) = OFO()\7Z) = Z
REAT

Cr(N)Cu(2)

WILCnL) 24)

with the Jack polynomials of index v = 1/k as above.

Bessel functions of type A,_1 occur as the (zonal) spherical functions of the
Gelfand pair (Gy, Ky,) := (Un(F) x Herm,,(IF), U, (F)), where the unitary group
Un(F) over F = R,C,H acts by conjugation on the space Herm,, (F) of Hermitian
matrices over F. Recall that the spherical functions of a Gelfand pair (G, K) can be
characterized as the continuous, K-biinvariant, non-zero functions ¢ on G satisfying
the product formula

o(g)o(h) = /K olgkh)dk (g.h € G).

The following characterization is possibly folklore, but not well documented in the
literature. For the reader’s convenience, we therefore provide a proof.

Lemma 2.1. The spherical functions of (Gn, K;,), considered as Uy (F)-invariant
functions on Herm,,(F), are given by the Bessel functions

oA(X) =Ja,_, (4iX0(X)), reC"
where d = dimgF and o(X) € R™ denotes the eigenvalues of X € Hermy,(F),
decreasingly ordered by size and counted according to their multiplicity. Moreover,
©x = @y iff there exists some w € S, with p = w.\, and @, s positive definite iff
AeR™
Proof. Consider the Gelfand pair (Gy, K,) = (SU, (F) x SHerm,, (F), SU,,(F)). Note
that G,, is the Cartan motion group of SL,, (FF), which is connected and semisimple.

Thus by [dJ06, Sect.6] (c.f. also [RV0S], Sect.3]), the spherical functions of (G,,, Kp,)
are given, as functions on SHerm,, (F), by

PAX) =Ja,_, (40N 0(X)), AeCl={z€C":2z1+...+ 2, =0}.

Consider the mapping 7 : C* — Cj, 2z +— z — %(z, 1,)1,,, where again the standard
inner product (., .) on R™ is extended to C™ x C" in a bilinear way. The restriction
of m to R” is the orthogonal projection onto Rfj = R™ N C{. Then for z,w € C"

and arbitrary multiplicity k£ > 0,
Tao (ks 2 w) = eELI LI Ty (k7 (z), m(w)). (2.5)

This follows e.g. from [BF98| Propos. 3.19]. Now suppose v is a spherical function
of (Gn, K), considered as an S,-invariant function on R™. Then

()p(y) = B Wz + kyk™")dnk,

where x,y € R™ are identified with the corresponding n x n-diagonal matrices. It
follows that

U(@) = (@ —m(@) + 7(x) = Y(z — 7(2)) - P(r(2)) = e*F L) - (m(2)),
where a € C is a constant and the restriction of ¢ to R is spherical for (én, IN(n)

Conversely, it is easily checked that each spherical function of (G, K,) extends
to a spherical function of (G, K,,) in this way. The assertion now follows from
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@3). The assertion concerning the positive-definite spherical functions follows
from [Wo06, Theorem 5.4]. O

For the root system R = B,, we denote the multiplicity (by slight abuse of
notation) as (k’, k), where k is the value on the roots £(e; £ e;) and £’ is the value
on te;. Put v, := k' +k(n—1)+ % . Then the Bessel function of type B, with
multiplicity (', k) can be written as

1 C.(\?)C(2?)
[Vn]fi |k|!' Ci(1,)

JBn()\7Z) = OFl(Vm)\;v%) = Z 41%] (2'6)

REAT

with the hypergeometric series

oF1 (1/; A, z) = Z

REAT

1 C(NCi(2)
W I8! Cu(Ly) -

Here the squares in the arguments are understood componentwise and again, the
Jack polynomials are those of index o = 1/k. It is easily seen that both ¢Fy and
oF1 converge locally uniformly on C™ x C"; c.f. [BR23] for precise convergence
properties of Jack hypergeometric series.

Bessel functions of type B occur as the spherical functions of the Gelfand pairs
(G, K) with

G = (Up(F) x Uy(F)) x M, o(F), K =Up(F) x Uy(F), p>gq,

where M, ,(F) is the space of p x ¢ matrices over F = R,C,H and K acts on
M, (F) via (U, V).X = UXV~!. The group G is the Cartan motion group of
the non-compact Grassmann manifold U(p, ¢; F)/U,(F) x Uy(F) which is of rank g.
The spherical functions of (G, K) may be considered as K-invariant functions on
M, 4(F) and thus depend only on the singular values of their argument. Again as
a consequence of [dJ06], they are given by the Bessel functions
(p)\(X) = JBq (FL, i, Using(X))a A E (Cq,

where k = (K, k) = (g(p —q+1) -3, %) and 0ging(X) = o(VX*X) € R? denotes
the set of singular values of X € M, ((F), ordered by size. We may therefore also
consider the ) as functions on the closed Weyl chamber

Cy={x=(21,...,29) ERY 121 > ... >, >0}, (2.7)

ie. oa(z) = Jp,(kji\,z), z € Cq. Moreover, py = ¢, iff there exists some
weW =S, x Z% with pp = w.\.

The positive-definite spherical functions are the ) with R?, which again follows
from [Wo06, Theorem 5.4].

3. THE TYPE A CASE

We start with some motivation from asymptotic spherical harmonic analysis,
see [O190} [Fa08] for a general background. Suppose that (G, K,), n € N is an
increasing sequence of Gelfand pairs, where G,, C G,+1, K,, € K41 are closed
subgroups satisfying K,, = G, N K,,+1. Then the pair (G, K ) with the inductive
limit groups G := lim,_, G,,, Ko := lim,_, K,, is called an Olshanski spherical
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pair. The spherical functions of (G, K) are defined as the continuous, non-zero
and Ko-biinvariant functions ¢ : Go — C satisfying

¢(g)p(h) = lim . o(gkh)dnk  (g9,h € Guo),

n—oo
n

where d, k is the normalized Haar measure on K,,. We remark that this definition is
according to [Fa08], whereas in [OI90] spherical functions are in addition required
to be positive definite. Consider now the sequence of Gelfand pairs (G,, K,) =
(Un(F) x Herm, (F), U, (F)) as above. We regard G,, and K, as closed subgroups
of Gy41 and K41 in the usual way. Then (G, Kso) with the inductive limits

Koo i=1mK, = Ux(F), Go i=1imGy = Us(F) x Hermoo(F) (3.1)

is an Olshanski spherical pair. The positive definite spherical functions of (G, K o)
were completely determined by Pickrell [Pi91], Sect.5], see also [OV96] for F = C,
and [Fa08| Section 3]. As functions on Hermq,(F), they are given by

00 o) i )
e tuT;

— iij—%;E?
where 3,7 € R,y > 0, a; € R with 37°, a? < oo, and (1, 22,...) € R are
the eigenvalues of X, ordered by size and counted according to their multiplicity.
The product is invariant under rearrangements of the ;. For F = C it is also
noted in [OV96] that the set of positive definite spherical functions is bijectively
parametrized by the set

{(a,8,7): BER,v>0,a ={a1,a9,...} a multiset with a; € R and Zalz < 00}
1
In [OV96], explicit approximations of the positive definite spherical functions by
positive definite spherical functions of the pairs (G,, K,) with n — oo by use of
spherical expansions were obtained in the case F = C. In [Bo07], this was generalized
by different methods to F = R, H.
In the present paper, we shall extend the approach of [OV96] to obtain limits
for Bessel functions of type A, _1 with an arbitrary multiplicity parameter k£ > 0.
Let us first turn to the spectral parameters to be considered for n — oco. Instead
of working with multisets, it will be convenient for us to work with sequences
(or finite tuples) with a prescribed order of their components. We introduce the
following order on R:

x < y iff either |z| < |y| or |z| = |y| and = < y.
For instance, the sequence (3,—3,2,1,—1,—1,0,0,...) is decreasing w.r.t. < .
Definition 3.1. Consider A(n) € R™ such that its entries are decreasing with

respect to <. We regard (A(n))nen as a sequence in R(™®) = | J>° | R" and call it a
Vershik-Kerov sequence (VK sequence for short), if the following limits exist:

a; = lim AMn)i (1 €N),

n—soco N

i 1O

n—00 n

0 := lim IM

n—o0 TL2

3

)
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where

pm(x) = Zx:" formeN, pp=1
i=1

are the power sum symmetric functions on R(>). They generate the algebra of
symmetric functions on R(°®) | i.e. the symmetric polynomial functions in arbitrary
many variables.

Remark 3.2. Our definition of a VK sequence is equivalent to the Olshanski-Vershik
conditions of [AN21I Def 2.2], which are slightly weaker than the conditions of
[00O9]].

Lemma 3.3. (i) If (AM(n))nen is a Vershik-Kerov sequence with associated pa-
rameters (a;), 5,0 as above, then

V::é—ia? > 0.
i=1

In particular, the sequence o = (a;)ien 18 square-summable.
(ii) If in addition A\(n); > 0 for all i,n € N, then v=0.

Definition 3.4. Suppose that (A(n)),en is a VK sequence. Then the triple w =
(o, B,7) with @ = (a);en are called the VK parameters of the sequence (A(n))nen-
Note that the entries of « are also ordered w.r.t. <.

Proof of LemmalZ3 For fixed N € N and all n > N one has
N N n
A(n)? A(n)?
2 2 i i
ZaiSZ(ai—T D S
i=1 i=1 i=1
By definition of («;) and §, the right-hand side tends to 6 as n — oo. This proves

part (i).
(ii) By the ordering of the entries of A(n), we obtain for N € N and n > N that

<3 (M) s

i=1 i=1

Taking the limit n — oo on both sides, we obtain that
N-1
6 < Z a? + anp.
i=1

As limy 00 ay = 0, this implies that § < 221 0412 and therefore v = 0. O

We shall throughout fix a strictly positive multiplicity £ > 0 on A,,_; and sup-
press it in our notation.

For sequences (A(n))nen of spectral parameters A(n) € R"™ with growing di-
mension n, we are interested in the convergence behaviour of the Bessel functions
Ja, _,(iA(n), .) as n — oo. For this, we consider Ja, ,()\, .) as a function on C"
for all » < n by

Jan (N 2)=Ja,_, (A (2,0,_,)), z€C". (3.2)

1 =n—r
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For later use, we record the following representation.

Proposition 3.5. For A € C" and z € C" with r < n,

JAnfl(A7Z): Z MPK('Z>a

oy [kn].|k|!

with the renormalized Jack polynomials

and the generalized Pochhammer symbol
I(k)
(] = H(,U —k(j=1), ((neC).
j=1

Proof. Consider formula (24). From [Ka93| formula (17)] it is known that for all
k€ At

Cr(1,) - [kr]n
Cr(L,) B [kn],s
Together with the stability property (23], the assertion follows. d

We shall prove the following theorem:

Theorem 3.6. Let (A(n))nen be a sequence of spectral parameters A(n) € R™ such
that each A(n) is decreasing with respect to < . Then for fized multiplicity k > 0,
the following statements are equivalent.
(1) (AM(n))nen is a Vershik-Kerov sequence.
(2) The sequence of Bessel functions (Ja,_, (iA(n), .))neN converges uniformly
on compact subsets of R(°°) i.e. the convergence is locally uniform on each
of the spaces R", r € N.
(3) The sequence of Bessel functions (Ja,_, (i\(n), .))

on R to a function which is continuous at 0.

nen Converges pointwise

(4) For each fixed multi-index of length r, the corresponding coefficients in the
Taylor of expansion of Ja, ,(iA(n), .) around 0 € R" converge as n — oc.

(5) For all symmetric functions f : R(®) — C, the limit
A
O

n—00 ndegf

exists.

Moreover, suppose in this case that (a, 8,7) are the VK parameters of the VK
sequence (A(n))nen. Then

o0

. ' 00 B 2 e—iaLZj
lim Ja,, (iM(n),z) = J] e Hﬁ (3:3)
=1 e
where for each r € N, the convergence is locally uniform in the domain
k
Sy = {zE(CT: Imz Oo<—}, 3.4
k H || T|O[1| ( )

with the notation ||z||ec = mazi<;<n|z;| for z € C".
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Remarks 3.7. (1) In the geometric case k = 1 (i.e. for Hermitian matrices over
C) and for real arguments z, this result essentially goes back to [OV96],
while in [Bo07], where also F = R and H are considered, only the limit (3:3))
is established, by completely different methods and under the additional
condition v = 0.

(2) We shall prove Theorem by methods which are inspired by those of
[OV96l [OO98] and [Fa08, Chapter 3]. They are based on the expansion of
the Dunkl-type Bessel functions in terms of Jack polynomials. The equiv-
alence of parts (1), (2) and (3) of Theorem as well as the convergence
statement on S2, were already proven in [AN21] by a different, probabilistic

approach. We feel that our method is very natural, which is also suggested
by [AN21, Remark 1.15].

The proof of Theorem [3.6] will be carried out in several steps. We start with the
following observation, which is already noted in [AN21] Prop. 2.3]. For the sake of
completeness, we include a short proof which slightly differs from that of [AN21].

Theorem 3.8. Assume that (A(n))nen is a VK sequence with parameters w =
(o, B,7). Then

1, m =0,
m (A ~ ) =1,

i 2200y
n— 00 nm 5:’74-21-:1041'; m=2,
Z;)ila;na m235

where the series in the last case is absolutely convergent. In particular, for each
symmetric function f on R, the limit

~ A

f(w) := lim f((n)

n—o00 ndle

exists.

Proof. We only have to consider the case m > 3. In view of the ordering of A(n)
we have for arbitrary N € N that

=1 A\(n);
X

The expression on the right side converges to a%725 as n — 00. As « is square-
summable by Lemma B3] this implies that for each € > 0, there exists an index
N € N such that for all n € N,

S e+ 3 ‘m
i=N i=N n

Estimate (3.0) further leads to

Pm(A(n)) S CIED TS ‘@
i=N =N

A 7 72N 53

2

m
S ‘
n n

"< (3.6)

m+ij&@i

3 _ m

nm nm

i=1
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By the definition of a VK sequence, the last sum tends to zero as n — co. As € > 0
was arbitrary, this finishes the proof. O

We next consider for A € C(*®) the complex function

. 1
v = e

where ¢ + (¥ denotes the principal holomorphic branch of the power function
on C\] — 00, 0]. For fixed A, the product is finite and ®(}; .) is holomorphic in a
neighborhood of 0 in C. According to formula (2.9) of [0098],

(N2) =D g5V
=0

with

s = 3 B Ry 22y (3.7)

mylmal -
in<o.<i; 0T

where m; := #{r € N : i, = [} denotes the multiplicity of the number [ in the
tuple (i1,...,4;) and (k)m = k(k+1)---(k 4+ m — 1) is the Pochhammer symbol.
Moreover, from [O098, formula (2.8)] and the connection between the C- and
P-normalizations of the Jack polynomials according to formula (12.135) of [Fol0)],
one calculates that
(k);

950 = == Gy (V- (3.8)
(For partitions & = (j) with just one part, the Jack polynomials C(;y and P
coincide).
Lemma 3.9. Suppose w = («a, 3,7) are the VK parameters of a Vershik-Kerov
sequence. Then the following hold.
(1) The infinite product

o0

U(w: 2) := kBz+5r 22
(wyz) :=e ll:[l )"

is holomorphic in S :=C\ (] — oo,—ﬁ] U [ﬁ,oo[) If ay > 0 for all
l €N, then ¥(w; .) is holomorphic in S = C\ [a%,oo[
(2) w is uniquely determined by ¥(w; .).

e—ka;z

Proof. (1) Power series expansion around z = 0 shows that for |ayz| < d < 1,

e—ka;z

’1— )k’ §05|alz|2

(1-—az

with some constant Cs > 0. Recall that a is decreasing w.r.t. < and square-
summable. Hence for fixed n € N, the product

9] _
e ko z

H (1 —qz)*k

l=n
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defines a holomorphic function in the open disc {z € C : |z| < 1/|ay| € [0,00]}.
Moreover,
n—1 e—ka;z

11;[1 (1—ayz)k
is holomorphic in S and even in S if a; > 0 for all I. As lim;_, o, oy = 0, it follows
that (w; .) is holomorphic in S or even in S. Unless « is identical zero (which is
equivalent to @3 = 0), ¥U(w; .) has a singularity in z = all

(2) If 4p(w; .) is entire, then ay = 0. Otherwise lim,_,; /4, |¥(w; 2)| = oo. Thus
a1 is uniquely determined by ¥(w; .). Multiplying successively by (1 — a12)*, ...,
we further obtain that as, ag, ... are uniquely determined by ¥ (w; .) as well. Tt is
then obvious that also 8 and « are uniquely determined by ¥ (w; .). ([l

Proposition 3.10. (1) For A € C™) and z € C with |z| < 1/ maxjen |\,

(; —eXp( me ) (3.9)

(2) Moreover, if (A(n))nen is a VK sequence with parameters w = («, ,7), then
lim @(A( n) z) = U(w; 2),
n—oo

where the convergence is locally uniform in {z € C: |z| < 1/|au]}.

Proof. (1) The left hand side of (39) is holomorphic on the domain {z € C :
|z] < 1/max; |A;|}. As |pm(X)| < rmax;|A;|™ for A € C7, the right hand side is
holomorphic on the same domain. Since both sides of (39) have value 1 in z = 0,
it suffices to verify that they have the same logarithmic derivative. Let log be the
principle holomorphic branch of the logarithm in C\] — 00,0]. Then for |z| small

enough,
oo

d
—log®(\;2) = m
o) = T = kS s
This is exactly the logarithmic derivative of the rlght-hand side in (39).
(2) For the second assertion, recall from (3] that for m > 2 we may estimate
po(A2) < 21
n

n n?

Since the right-hand side converges to |a1|™ 28 as n — oo, the sequence on the
left-hand side is uniformly bounded in n. Moreover, for each € > 0 there exists some

index N, such that
A(n) m—2
’pm(_)’ < (Jou| + €)™ 7225 for all n > N..
n

Hence for n > N, the series

m

)= 3 (A)

m=1
converges for |z| < (Ja1| + €)7!, and the dominated convergence theorem shows
that

g, Z Pnle
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locally uniformly in {|z| < (Ja1| +€)~*}. Thus

lim @(Ag);z) = exp(k i ]3m(w)%) (3.10)

n—oo

locally uniformly in the disc {z € C: |z| < 1/|a1|}. Now consider ¥ (w; . ), which is
holomorphic in this disc. Taking the logarithmic derivative as in the proof of [Fa08|
Prop. 3.12] and recalling Theorem B.8 we obtain

d%log\lf(w;z) :k[ﬁ+72—2(al — 1= alz)] = kZ Pm+1(w

=1

The right-hand side in equation ([B.I0) has the same logarithmic derivative. Since
@(@; O) = 1= U(w;0), this proves the stated limit. O

We now consider the asymptotic behaviour of the Bessel functions Ja, , as
n — oo. For z € C(*), we put

o]
= H WZJ

which is actually a finite product.

Theorem 3.11. Assume that (A(n))nen is a VK sequence with parameters w =
(a, B,7). Forr € N and k > 0 consider the domain Ste C C" as defined in Theorem
[2.8 Then the Bessel functions of type An—1 with multiplicity k satisfy

e—laliﬂj

lm Ja (AR, 2) = 5 T ———— (311
A Ja,- (A(n), 2) ( ) He o ll_[l(l_%zj)k .

locally uniformly on S

Remark 3.12. This theorem is already proven in [AN21l Proposition 6.7]. Our
approach via Jack polynomial expansions allows a shorter proof, which is given
below. It does in particular not require the product formula for Bessel functions
used in [AN21].

Proof. (1) As in [AN21], Prop.6.8] we first prove that the family (J4,_, (iA(n), ))neN
is uniformly bounded on compact subsets of S1¥;. For this, we start with a rank-one
reduction as in [AN21]. Assume that n > r and recall from representation (2]

that there exists a compactly supported probability measure u,, on R™ such that
for all z € C,

JAnfl(i)\(n),z):/ 00 gy (€)
Hence
|4, _, (iX(n), 2)] g/ e~ Xim &Mz gy (6)

T

T1( [ e ann©) = T]Jas ), —rim =),
j=1

j=1

IN

where Holder’s inequality was used for the second inequality. In order to prove the
claimed boundedness property, it therefore suffices to show that (Ja,_, (A(n), .)) N

is locally uniformly bounded on the interval {z € R: |z] < |a—k1‘}
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For this, we employ the Jack expansion of J4, ,. Recall that in rank one, the
Jack polynomials are the monomials P;)(x) = 27, j € Ny. So from Proposition [3.5]
we obtain for z € R the estimate

— C)(A(n)) i Cjy(A(n))[(k);

Tan-s A 2) = 3 =y GO
z— i (i Sl () )

with the coefficients g; from formula (3.8). PropositionBI0limplies that for n — oo,

oo (M) (2 s |
Zbgj(n) (I)(n7)—>\11(7)7 (3.13)

Jj=

where the convergence is locally uniform in {z € C : |z| < 1/]a]}. Fix p > 0 with
p < 1/]a1|. Cauchy’s inequalities for holomorphic functions and the existence of
the limit in (BI3) then imply that for sufficiently large n,

(5] < 5 s o(5es)] < 57

with a constant C(p) > 0 independent of n and j. Together with estimate (B12),
this proves the assertion and finishes the first step.

(2) In a second step, we prove the stated convergence result for the sequence

(Pn(z) =Ja, (i)‘(n)v 2)7

which is locally uniformly bounded on Sy, according to step (1). By Montel’s the-
orem we can therefore find a subsequence (¢,;) which converges locally uniformly
to a holomorphic function ¢ on S*;. In some neighborhood of 0 € C, this function
has a Jack expansion

<p(z) = Z a,{’PK(z)
KEAS

with certain coefficients ap € C. By the uniform convergence of (¢n,), the coeffi-
cients in the Jack expansion of ¢, must converge (as j — o) to the corresponding
coefficients of ¢. In view of Proposition [3.5], this means that

lim I~ [kr]nCN(()‘(nj))) _

j—oo [kn;lw |&|! oo

But as [kn], ~ (kn)!®! for n — oo, we obtain from Theorem 3.8 that

%1 [kr] . Ce (w)
Klsl| k!

Qi =

The Cauchy identity for Jack polynomials, see for instance [St89, Prop. 2.1], states
for A € C(*) and z € C” with |z;| small enough that

kr.
3 [|/-;|]! CeVP(2) = [[ ——= q _AIZJ H@ (A 2)).

rREAT Jsl
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Thus by Proposition B.10

il k] Cu (%57
|k|! k=l

12
7

Pu(z) — \/I\f( for n — oo,

KEAS

where the convergence is locally uniform in z in some open neighborhood of 0 € C".
As lim,, o0 Cn(@) = Cy(w), we conclude that

~ 12

o(z) = ¥ (w; E)

Finally, using Montel’s theorem again, we obtain for the full sequence (¢,) that

@n(2) — @(z) = ¥(w; ) as n — oo, locally uniformly in z € Sy This finishes

the proof of the theorem. O

for all z € S7'y.

Remark 3.13. The above proof shows that for z € C" with ||z]|c < ﬁ,

\/I\f(w;z): Z [kr]ﬁén(w)’Pn(z).

REAT |H|'

Remark 3.14. If the VK sequence (A(n))nen is nonnegative, then the limit result
(BI1) holds uniformly on compact subsets of the domain

[e3 oo k
Sy = {z € C : |[Tm z]|o < m}

This is obtained as follows: Start from Proposition for z € C" and note that
A(n) > 0 implies that C,(A(n)) > 0 for all kK € A, due to the non-negativity of
the coeflicients of the C}; in their monomial expansion, c.f. [KS97]. Further observe
that

[kn]. > (k(n —r+ 1))

for k € A;f. Similar to the proof of Theorem BTl but without rank-one reduction
we therefore obtain

) = Bk (20 (129)

A

ny

< & o) w5

where A(n) = e
(A(n)) is also Vershik-Kerov with the same VK parameters as (A(n)). So for n — oo,

H‘I)( (n) |Imzj|) —>\/I\/(w; |In];z|)

locally uniformly in z € S N C". This shows that the family (Ja, ,(iA(n), .)
is uniformly bounded on compact subsets of Si'. Proceeding as in the proof of
Theorem [3.17] then yields the assertion.

A(n) and |Im z| is understood componentwise. Observe that
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Let us now continue with the proof of Theorem The implication (2) = (1)
will be established by the following

Lemma 3.15. Consider a sequence (A(n))nen such that each A(n) € R™ is decreas-
ing with respect to < . Suppose that the sequence of Bessel functions Ja, ,(iA(n), .)
converges pointwise on R to a function which is continuous at 0. Then (A(n)) is a
VK sequence.

Proof. Put ¢, (x) := Ja, ,(iA(n),z), € R and ¢(z) := lim, o ¢n (). Again in
view of (2]), there are compactly supported probability measures p, on R such
that

on(r) = / e dp, (&) for all x € R.
R

By Lévy’s continuity theorem, there exists a probability measure p on R such that
n — b weakly and

o(z) = / eSdu(¢) for all z € R.
R

In particular, the family of measures {yu, : n € N} is tight. Recall the functions
g;(A\) from (B7). By Proposition BH and formula ([B.8) we have

OOCj)\?’L-kj.j Ooj)\n,j
o) =3 <>((k7i>j)?j!( ) (iz)) = Zog((kn()j))(m .

§=0
Hence the moments of the measures p,, are given by
9;(A(n))
Tdpn, (&) = j1 22,
fea (k)

We now employ Lemma 5.2 of [O0O98]. From the definition of the functions g; one
can find a constant C' > 0 such that g4(\) < Cga(A)? for all X € R(™), which shows
that the quotient

fR €4d,un (5)
(Jo 2dima())”

is bounded as a function of n € N. Hence we conclude from Lemma 5.1. of [OO98]
that the sequence (fR §2dun(§))neN is bounded, which in turn implies that the

sequence (M)%N is bounded. As 2g, = k?p? + kpo, the sequences

n (Ipl(A(n)N) and (pz(A(n))) (3.14)

n n?
are bounded as well. Standard compactness arguments and a diagonalization ar-
gument imply that (A(n)),en has a subsequence which is Vershik-Kerov. Finally,
consider two such subsequences (A;(n))nen with VK parameters wy, I = 1,2. Then
by Theorem B.I1] and our assumptions,
o(x) = lim Ja, ,(iN(n),z) = \Il(wl; %) for all x € R.

n—oo

Hence ¥(ws; .) = ¥(we; .), and Proposition B.9 implies that w; = ws. It follows
that the full sequence (A(n))nen is Vershik-Kerov. O

Putting things together, we are now able to finalize the proof of Theorem
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Proof of Theorem [34. The implication (1) = (2) is contained in Theorem BIT]
Implication (2) = (3) is trivial, while (3) = (1) is just Lemma BI85 Further, The-
orem [B.8 proves the implication (1) = (5). The equivalence of statements (4) and
(5) is obvious from Proposition 3] because the Jack polynomials span the algebra
of symmetric functions. It thus remains to prove the implication (5) = (1). For this,

suppose that (A(n))nen is a sequence with each A\(n) € R™ decreasing w.r.t <, and
f(A(n))

such that lim, . exists for all symmetric functions f. Then in particular,

ndeef
the sequences (M) and (%) are bounded. Again by a compactness argu-
ment, (A(n)) has a subsequence which is Vershik-Kerov. Suppose (N\;(n)), 1 = 1,2
are two such subsequences with VK parameters w;. Then by Theorem [3.11] the
sequences (Ja,_, (iA1(n), .)) and (Ja,_, (iA2(n), .)) converge locally uniformly on
R" to the same limit, because for each x € A}, the limit

fim Ce ) Ce(An)

n—o0 n|’”~‘ n—o00 n|’”~‘

is independent of I. Arguing further as in the proof of Lemma B.15 we obtain that
w1 = wy and that (A(n)) is a VK sequence.This finishes the proof of the theorem. [

We shall now parametrize the possible limit functions in Theorem B.I11 We put

o0

Q= {(a,ﬂ,’y) B ER, Y >0, = (a)ien With a; € Ry a1 < ai,Zaf < oo}
i=1

Note that for («, 3,7) € §, either all entries of « are non-zero, or all entries up to

finitely many are zero.

Proposition 3.16. For any element w = («a, 3,7) € Q there exists a VK sequence
(A(n)) with VK parameters w.
Proof. We divide the proof into several steps.

(i) Assume that a = 0. Then for arbitrary e > 0, there exists a sequence = (2;)ien
in R such that

|x;| < e for all i €N, inzﬁ and ZSEZZZV- (3.15)
i=1 i=1

To see this, choose N € N such that (f{}”lﬂ < € and start with the alternating
sequence

o= (62_7)1/2 Y

w2 N k+1
It satisfies the first and the third condition of (BI%), and by the Riemann re-
arrangement theorem, there exists a rearrangement (z;)ieny of (2});en satisfying
the second condition as well. For each m € N we can therefore find a real sequence
(M) = (xgm)) and and index n,, € N with n,, — oo for m — oo, such that for all
n 2Ny,

)
if k< —=<k+1,keNy.
1 <N_ +1, ke Ny

n n

, (m) _ 1 (mNy2 _ 1
for all i € N, |Z:10Z ﬁ|§m= |Z($z ) W< —.

3 N m
i=1 =1

o)< o
m

We may also assume that n,,11 > n,, for all m. Rearranging the entries of each

tuple (xgm), e ,3:5{:1)) according to <, we thus obtain a sequence (A(nm,) )men
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where each A\(n,,) € R"" is decreasing w.r.t. < and satisfies

lim A(np,); =0 forall i €N,

m—r oo

. o
A, > Nowm); =5,

MNm

: ne
R 2()‘(""1)1') =7
Finally, put A(nm,) := npA(ng,) and A(n) = (nA(ny,)’,0,...,0) € R™ for n, <
n < Npy1. Then (A(n))n>n, is a VK sequence with parameters (o = 0, 3,7).

(ii) Assume that « has finitely many non-zero entries and let m € N be maximal
such that ay, # 0. Let (A(n)')neny be a VK sequence with parameters (0,3, ),
where 8 =8 —3Y" o;. For n > m, put

A(n) == (nag, ..., nam, A(n), ..., AX(n)h_.)-

n—m
For n large enough, say n > ng, the entries of A(n) are decreasing with respect to

<, because lim,,_, %n)/ = 0. Then (A(n))n>n, is Vershik-Kerov with parameters

(o, B,7).

(iii) Assume that all entries of o are non-zero. For m € N, put w(™) := (a(™, 3,7),
where a(™) = (a1, ..., m,0,...). According to part (ii), there exists a VK sequence
(A (n)),en with VK parameters w(™). By a diagonalization argument we obtain
a sequence A(n,) := A (n,,) with 1,1 > n,, satisfying

lim A(n,,); =a; forallieN,

m— o0

n}gnngz\(nm)i = B,
) Nm ‘ 9 - - oo 9
lim_ 2()\(117”)1) =d=v+ Zl ai.
Finally, for n € N with n,, < n < ny,41 put A(n) = (%)\(nm),o, . .,O) € R™.
Then (A(n))n>n, is Vershik-Kerov with VK parameters (a, 3,7). O

Together with Lemma[3:9] this result shows that the possible limits (for n — o0)
of the Bessel functions Jy4, ,(iA(n),z) with x € R" and A(n) € R™ are exactly all
the infinite products \/I\f(w; %), of Theorem B.I1] which are in bijective correspon-
dence with the parameters w € €.

Let us finally come back to the Olshanski spherical pair (Goo, Koo) as in (B)).
From our results, we obtain the following corollary. Its first part goes back to
Pickrell [Pi91], as already mentioned.

Corollary 3.17. (1) The set of positive definite spherical functions of the Ol-
shanski spherical pair (Goo, Koo) = (Uso(F) X Hermeo(F), Uso(F)), consid-
ered as Uso(F)-invariant functions on Hermoo(F), is parametrized by the
set € via

(X) ﬁ B — 2 a2 lo—O[ etz (0.5.7) € Q
Puw = eI AT T .2 Ng/90 W=\ 0, SRS
U e
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where (x1,T2,...) € R(®) are the eigenvalues of X € Hermoo(F), decreas-
ingly ordered by size and counted according to their multiplicity.
(2) Consider a sequence of positive definite spherical functions

on(X) = Ja, (5:A0),0(X)),  A(n) € B” (3.16)

of the Gelfand pairs (Gpn, K,) = (Un(F) x Hermy, (F), Un(F)). Then (pn)
converges uniformly on compact subsets of Herms (F) if and only if (A(n))
s, up to permutation of the entries, a Vershik-Kerov sequence. In the case
of convergence, the limit is given by @, with w the VK parameters of (A(n)).

Proof. (1) For a topological group H consider the set
P (H)={p € C(H) : ¢ positive definite, p(e) = 1}

and denote by ex(P;(H)) the set of its extremal points. In [OI90, Theorem 22.10]
it is proven that each ¢ € ex(P;1(G)) can be approximated uniformly on compact
sets by a sequence of functions ¢,, € ex(P;(G,)). An inspection of the proof shows
that this statement remains true for biinvariant functions, i.e. each K-biinvariant
¢ € ex(P1(Gs)) can be approximated uniformly on compact sets by a sequence of
K ,-biinvariant functions ¢, € ex(P1(Gy)). According to [O190, Theorems 23.3 and
23.6], the positive definite spherical functions of a spherical pair (G, K) (an Olshan-
ski spherical pair or a Gelfand pair) are exactly those elements of ex(P;(G)) which
are K-biinvariant. Thus, for a positive definite spherical function ¢ of (G, Keo),
there exists a sequence (¢,) of positive definite spherical functions of (G, K,)
which converges uniformly on compact sets to . (This is also noted in [OV96]
Theorem 3.5]). By Lemma 2] ¢, is given by a positive definite Bessel function
Ja,_, with multiplicity k = £, d = dimgF, i.e. it is of the form [BI6). Without
loss of generality we may assume that A(n) is decreasing w.r.t < . From Theorem
it now follows that (A(n)) has to be a VK sequence and that ¢ = ¢, , where w
are the VK parameters of (A(n)).

Conversely, starting with w € {2 we may choose an associated VK sequence
(A(n)) by Proposition 316 Then (BI6) defines a sequence (¢y,) of positive definite
spherical functions of (G, K,) which converge to ¢, uniformly on compact sets
according to Theorem [3.6l It is then clear from the definitions that ¢, is a positive
definite Olshanski spherical function of (Goo, K ). This finishes the proof of Part
(1).

Part (2) is immediate from Theorem [3.6l O

4. THE TYPE B CASE

Recall from Section [2] the Bessel functions Jg, of type B,. As n — oo, we shall
consider them with the multiplicities k,, := (k},, k) with value & > 0 on the roots
+(e; £ ;) and k], > 0 on the roots +e;. It will become clear at the end of this
section why the multiplicity parameter k,, is allowed to vary with n. With

Up 1= k;l—i—k(n—l)—i—%
we have , ,
1 C.(A)Cy(27)
J ni A, = s 4.1
B, (K 2) Z T R CulL,) (4.1)

REAT
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where the Jack polynomials are of index 1/k. Recall the stability property (23)
of the Jack polynomials. Adopting the notation from (3.2), we therefore have for
A € C™ and z € C" with r < n the representation

JIB, (kn; A, 2) == JB, (kn; A, (2,0,,_,) = Z Ce X[ P.(2%). (4.2)

o weEAT ARl [kn]  [vn] x| 5!

Recall our notion (Z7) for the positive Weyl chamber of type B. The following
counterpart of Theorem will be the main result of this section.

Theorem 4.1. Consider the Bessel functions Jp, (kn; ., . ) with multiplicity k, =
(kl, k), where k > 0 and kI, > 0. Further, let (A(n))nen be a sequence of spectral
parameters A\(n) € C,,, i.e. the entries of A(n) are non-negative and decreasing.
Then the following statements are equivalent.

2
(1) (*55) e
(2) The sequence of Bessel functions (Jp, (kn;iA(n), .))
uniformly on each of the spaces R", r € N.
(3) The sequence of Bessel functions (Jp, (n;iA(n), .))neN
wise on R against a function which is continuous at 0.

is a Vershik-Kerov sequence.

nen Converges locally

converges point-

(4) For each fized multi-index of length r, the corresponding coefficients in the
Taylor of expansion of Jg, (Kn;iA(n), .) around 0 € R" converge asn — oo.

(5) For all symmetric functions f : R(®) — C, the limit
- f(A(n)?)
nlggo (n]/n)degf
exists.

In this case, let w = (o, B,7) be the VK parameters of the sequence ()‘EZ)Q). Then
v=0,00 >0 for all l, and

alz?

: : ~ 22 T %y e d
nlLIT;OJBn(Hn;M(n),Z) = \I!(w;—ﬂ) = He T Hm, (4.3)
j=1 =1 (1+ )

where the convergence is uniform on compact subsets of the domain

k
Sp = {z € C) ;[ Imzeo < 24/ }

Remarks 4.2. 1. It is a consequence of Lemma [3.3] that the VK parameter v is 0
in the present situation.

2. We do not have any restrictions on the asymptotic behavior of v,, apart from
the condition &/, > 0, by which v,, grows at least linearly. Only the set of spectral
parameters for which the Bessel functions converge depends on v, via condition
(1) of the Theorem. The possible set of limits in ([@3)) depends only on the VK
parameters w.

3. Assume that

k/
lim 2 =C
n—oo N

with some constant C' > 0. Then v,, ~ (C+k)n for n — co. In particular, (Afjn)z) is

Vershik-Kerov with VK parameters (¢, 3,0) if and only if (M) is Vershik-Kerov

with VK parameters ((C + k)a, (C + k)83,0).
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For the proof of Theorem (1] we start with the following

Un

Lemma 4.3. Let (A(n))nen with A(n) € Cy, be such that the sequence (L")z) is
(o, ) Then for z € Si | we have

Vershik-Kerov with VK parameters w =
2

. . - z
nh_)rrgo JB, (kn;iA(n),z) = \I!(w, _E>

. . o
The convergence is uniform on compact subsets of Sy’ .

Proof. Fix r € N. For z € S,‘§"+ N C"™ and n > r consider the functions

[krle  Cu(A(n)?) PK(_ZQ).

: (4.4)

(pn(z) = JBTL(’{n;i/\(n)Vz) = Z |,A<;|' [kn] [1/ ]
/»cGAT+ ' e

By ([2.2)), the non-negativity of the monomial coefficients of the Jack polynomials
and the non-negativity of A(n), we estimate as in Remark B.14t

lon(2)] < pn(~Imz)
[kr]x A(n)? (Im 2)?
2 T O“((n—r+1)(un—k(r_1)))7)“( )

KREAT

- o) =

IN

with (n)?
_ nVp Aln
S e y oy T ) R

By our assumption on A(n), the sequence (X(n)) is Vershik-Kerov with parameters

w = («,3,0). Hence by Proposition BI0] the product on the right side of (&3]

~ 2
converges for n — oo to ¥ (w; (hzkz) ), uniformly on compact subsets of € Sf .

In particular, the sequence () is uniformly bounded on compact subsets of S,‘; 4
Now consider the coefficients in the expansion of ¢,,. Theorem B8 and the asymp-
totics [kn).[vn]w ~ (knvy)" yield

lim Cﬁ()\(n)2) _ GN(W)
n—o00 [kn]ﬁ[yn]N ksl

By a Montel argument as in the proof of Theorem B.11] and with Remark 313 in
mind, we thus obtain that

~ 22
Jim o (2) = (s 77 )

locally uniformly on Sit, NC". O

Lemma 4.4. Consider a sequence (A(n))nen with A(n) € C,,. Assume that the
sequence of Bessel functions Jp, (iA(n), .) converges pointwise on R to a function

which is continuous at 0. Then the sequence (%")2) 1s Vershik-Kerov.

Proof. The proof is similar to that of Lemma [3.15] For x € R, put

on () = Jp, (kn;iA(n),x) = /Re”&dun({)
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with certain compactly supported probability measures p,, on R. By the symmetry
properties of Jp_, the measure p, is even, hence its odd moments vanish. Let
further ¢(x) := lim, o0 ©n(2). Again by Lévy’s continuity theorem, there exists a
probability measure 4 on R such that p,, — p weakly and

o(x) = / e™du(¢) for all z € R.
R

Further, the family {u, : n € N} is tight. From (@2]) and formula (8.8) we deduce

that - )2
=S AT o

j=0
This shows that the even moments of u, are given by
: N1 _9iAm)?)
E9dp, (&) = (25) =L
/]R 47 (kn);j(vn);

As in the proof of Lemma [3.15] we deduce that the quotient
fR ¢ 8 din, (5 )

(Jo €4dp1n (6))

is bounded in n € N. Now we conclude from [O098 Lemma 5.2] (employing the
Lemma for the image measure of yi, under & — &2) that the sequence ([ £*dpun(€))
is bounded. As (v,)2 ~ v2 and (kn)y ~ (kn)? for n — oo, it follows that the

sequence ,
A
(o)) e

is bounded as well. Continuing as in the proof of Lemma [B.15] we obtain that
2
()\E/L)) is a Vershik-Kerov sequence. ([

Proof of Theorem[{.1] From Theorem it is clear that the statements (1) and
(5) are equivalent. The equivalence of (4) and (5) follows from expansion (£4) and
the fact that the Jack polynomials span the algebra of symmetric functions. By
Lemma [£4] statement (3) implies (1). Finally, Lemma 3] shows that statement
(1) implies statement (2), which in turn implies (3). O

We finally want to determine the set of all parameters w = (v, 8,0) which occur
as VK parameters of a non-negative Vershik-Kerov sequence as in Theorem (411
Recall that in the non-negative case, the parameter v is automatically zero due to
Lemma 33

Proposition 4.5. The set Q. of all pairs (a, 8) for which there exists a non-
negative VK sequence with parameters («, 3,0) is given by

Qp ={(a,8): >0, a = (a;)ien with a; € R, alZOézZ---ZO,ZaiSB}-
=1

Proof. 1. If (o, 8,0) are the VK parameters of a VK sequence (A(n)) with A(n); > 0
for all 4, then obviously 8 > 0 and a1 > as > ... > 0. Moreover, for fixed N € N
and n > N we have

N N n

o< (- 2E) + LA

=1 i=1 i=1
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As n — o0, the first sum tends to 0 and the second sum tends to . This proves
that > .7, a; < .

2. Conversely, let («, 8) € Q4. In order to construct an associated non-negative
VK sequence, we proceed in two steps.

(i) Assume that « has at most finitely many non-zero entries. If a # 0, let m € N
be maximal such that «; # 0 for i < m. If a =0, let m := 0. Put

B=p— E a; > 0.
i=1
For n > m, define A(n) € R™ by

~Jnaog if i <m
Aln)i := { nf’ if m<i<n.

n—m

Note that the entries of A(n) are non-negative and decreasing for n large enough,
say n > ng. It is now straightforward to verify that (A(n)),>n, is a VK sequence
with parameters («, 3,0).

(ii) Assume that all entries of « are strictly positive. Then a diagonalization ar-
gument as in the proof of Proposition [3.16] shows that there exists a VK sequence
with parameters («, 3,0). O

Let us finally turn to consequences in the geometric cases, related to the Cartan
motion groups of non-compact Grassmann manifolds.

For strictly increasing sequences of dimensions (py,)nen, (gn)nen with p, > g,
consider the sequence of Gelfand pairs (G, K,,) with

Gn = (Upn (F) x Uq, (F)) X My, g, (F), Ky ="Up, (F) x Ug, (F) (4'6)

over F = R, C, H. It is easily checked that the associated Olshanski spherical pair
(G, Koo) is independent of the specific choice of the sequences (py), (qn), and
so the same holds for its spherical functions. Indeed, K = Uy (F) x Uy (F) and
Goo = K X M (F), where Mo (F) is the space of (in both directions) infinite
matrices over F with at most finitely many non-zero entries. The restriction to
gn = n in Corollary .7 below is therefore not substantial.

Recall from Section 2] that the positive definite spherical functions of (G, K,),
considered as functions on the chamber an C R are given by the Bessel functions

IB,, (Fn,iX, .), A€ R
with the multiplicity
So in the geometric cases, the multiplicity parameter k!, (on the roots +e;) naturally
varies with n.

We may consider the Olshanski spherical functions of (Guoo, Koo) as Uso(F) %
Uso (F)-invariant functions on Mo (F) which depend only on the singular values of
their argument, or equally as functions on

Co :z{xER(OO)::El >ax9>...>0}

The following Corollary goes already back to Pickrell, Theorem 5.14 of [Pi91],
where it was proven by using a slightly different parametrization, and by different
methods.
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Corollary 4.6. The set of positive definite spherical functions of the Olshanski
spherical pair (Goo, Koo), considered as functions on C, is given by
alm

2
o0 22
ot =TT T
j=1 =1 3

i
Proof. Choose (G, K,) with ¢, = n. The proof is then the same as that of Corol-

J
d/2’ (Q,B)EQ+.
lary BI7 (1) in the type A case. O

Let us finally describe the approximation of the spherical functions of (Geo, Ko)
by spherical functions of an increasing sequence of the Gelfand pairs (G,,, K,,). For
simplicity (c.f. the remark above) we now restrict to the case ¢, = n, p, > n. So
in this case, kj, = 2(p, —n+1)— % and v, = Zp,.

Corollary 4.7. Consider a sequence of Gelfand pairs (Gp, K,) as in [&8) with
strictly increasing dimensions (pn,qn), where ¢, = n and p, > n. Assume that
©n = Jp, (Kn;iA(n), .) with A\(n) € C,, is a sequence of positive definite spherical
functions of (G, K,,), considered as functions on Cs D C,, . Then (¢,) converges
uniformly on compact subsets of Co if and only if the sequence (%?2) is Vershik-

Kerov. If (%loz, %[3, 0) are its VK parameters, then for x € C,
lim @, () = @,z ().

n—oo

The convergence is uniform on compact subsets of C

Proof. By use of Theorem [L] the proof is the same as that of Corollary B11 (2)
for the A-case. O

Remarks 4.8. 1. Consider the special case where ¢, = n and lim,, %" = 1. Then
the statement of Corollary remains valid when replacing the sequence (%’”2)
A(n)?
by (=5-)-
2. In the group case over F = C, an approximation of the Olshanski spherical

functions of (Geo, K) by spherical functions of (G, K,,) with p, = ¢, = n was
already established in [Ra0§].

3. For F = C, Corollary is in accordance with results of [Bol9], where for
the semigroup Herm® (C) of infinite dimensional positive definite matrices over C,
the positive definite Olshanski spherical functions of (Us (C) x Herm® (C), U, (C))
were determined by semigroup methods and a reduction to the type A case.
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