J. Math. Anal. Appl. 435 (2016) 701-717

Journal of Mathematical Analysis and Applications

Contents lists available at ScienceDirect

www.elsevier.com/locate/jmaa

A multivariate version of the disk convolution

Margit Rosler »*, Michael Voit "

@ CrossMark

& Institut fir Mathematik, Universitit Paderborn, Warburger Strasse 100, D-33098 Paderborn, Germany
Y Fakultit Mathematik, Technische Universitit Dortmund, Vogelpothsweg 87, D-44221 Dortmund,

Germany

ARTICLE INFO

ABSTRACT

Article history:

Received 27 April 2015
Available online 28 October 2015
Submitted by M.J. Schlosser

Keywords:

Hypergeometric functions associated
with root systems

Heckman—Opdam theory

Disk hypergroups

Positive product formulas

Compact Grassmann manifolds
Spherical functions

We present an explicit product formula for the spherical functions of the compact
Gelfand pairs (G, K1) = (SU(p + q), SU(p) x SU(q)) with p > 2q, which can be
considered as the elementary spherical functions of one-dimensional K-type for the
Hermitian symmetric spaces G/K with K = S(U(p) x U(q)). Due to results of
Heckman, they can be expressed in terms of Heckman—Opdam Jacobi polynomials
of type BC4 with specific half-integer multiplicities. By analytic continuation with
respect to the multiplicity parameters we obtain positive product formulas for
the extensions of these spherical functions as well as associated compact and
commutative hypergroup structures parametrized by real p € ]2q — 1,00[. We
also obtain explicit product formulas for the involved continuous two-parameter
family of Heckman—Opdam Jacobi polynomials with regular, but not necessarily
positive multiplicities. The results of this paper extend well known results for the
disk convolutions for ¢ = 1 to higher rank.
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1. Introduction

It is well-known that the spherical functions of Riemannian symmetric spaces of compact type can be

considered as Heckman—Opdam polynomials, which are the polynomial variants of Heckman—-Opdam hyper-
geometric functions. In particular, the spherical functions of Grassmann manifolds SU(p+¢q,F)/S(U(p,F) x

U(q,F)) with p > ¢ and F = R,C,H can be realized as Heckman—-Opdam polynomials of type BC, with

certain multiplicities given by the root data, namely

k= (dp—q)/2,(d—1)/2,d/2) with d=dimgF € {1,2,4},

corresponding to the short, long and middle roots, respectively. We refer to [5,4,16] for the foundations of

Heckman—Opdam theory, and to [17] for the compact Grassmann case. Recall that the spherical functions
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of a Gelfand pair (G, K) can be characterized as the continuous, K-biinvariant functions on G satisfying
the product formula

o(9)p(h) = / ogkh)dk (g.h € G) (L1)
K

where dk is the normalized Haar measure on K. In [17], the product formula for the spherical functions of
SU(p+q,F)/S(U(p,F) x U(q,F)), considered as functions on the fundamental alcove

Ag={teRI: 1/2>t >ty > ... >t, >0}, (1.2)

was extended by analytic interpolation to all real parameters p € |2¢q — 1, 0co[. This led to positive product
formulas for the associated BC-Heckman—Opdam polynomials as well as commutative hypergroup struc-
tures on A, with the Heckman-Opdam polynomials as characters. For a background on hypergroups see [9],
where hypergroups are called convos. For the non-compact Grassmannians over R, C and H, similar con-
structions had previously been carried out in [19]. In the case F = C, where the non-compact Grassmannian
SU(p,q)/S(U(p)xU(q)) is a Hermitian symmetric space, the approach of [19] was extended to the spherical
functions of U(p, q)/U(p) x SU(q) in [25]. Here the analysis was based on the decisive fact that the spherical
functions of this (non-symmetric) space are intimately related to the generalized spherical functions of the
symmetric space SU(p,q)/S(U(p) x U(q)) of one-dimensional K-type. These in turn can be expressed in
terms of Heckman—Opdam hypergeometric functions according to [5, Section 5].

In the present paper, we consider the pair (G, K1) with G = SU(p + ¢) and Ky = SU(p) x SU(q) (over
F = C), where we assume p > ¢. In this case, (G, K1) is a Gelfand pair. By a decomposition of Cartan type,
we identify the spherical functions of G/K; as functions on the compact cone

X, ={(zr1,r2,...,rg): 0<r <...ry<1, 2€T}CCxRI!

with the torus T := {z € C: |z| = 1}. Similarly as in the non-compact case [25], the spherical functions of
G/K; can be considered as elementary spherical functions of K-type x; (I € Z) for the Hermitian symmetric
space G/K with K = S(U(p) x U(q)). According to the results of Heckman [5], they can be expressed in
terms of Heckman—Opdam polynomials of type BC,, depending on the integral parameter p > ¢ and the
spectral parameter | € Z. Under the stronger requirement p > 2¢, we proceed similarly as in [17] and write
down the product formula for the spherical functions of G/K; as product formulas on X,.

In Section 4 we then extend this formula to a product formula on X, for a continuous range of parameters
p €]2q — 1, 00[ by means of Carlson’s theorem, a principle of analytic continuation. In particular, we obtain
a continuous family of associated commutative hypergroup structures on X,. We determine the dual spaces
and Haar measures of these hypergroups. For ¢ = 1, the space X, is the complex unit disk, and the associated
hypergroups are the well-known disk hypergroups studied in [1,10,2], where the associated product formulas
are based on the work of Koornwinder [12].

For each real p € ]2¢ — 1, 00|, the associated hypergroup structure on X, contains a compact subgroup
isomorphic to the one-dimensional torus (T,-). Moreover, the quotient X,/T can be identified with the
alcove A, and carries associated quotient convolution structures; see [9] and [23] for the general background.
In this way we in particular recover the above-mentioned hypergroup structures of [17] on A, for F = C.
More generally, we obtain in Section 5 explicit continuous product formulas and convolution structures
on A, for all Jacobi polynomials of type BC'; with multiplicities

k:(k17k27k3):(p_q_l7]-/2+l,1)

with p € ]2¢g — 1,00] and | € R. Unfortunately, for general | # 0, the positivity of these product formulas
remains open.
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2. Preliminaries

We start our considerations with the compact Grassmann manifolds G/K over C, where G = SU(p + q)
and K = S(U(p) x U(q)) with p > ¢ > 1. From the Cartan decomposition of G (see [17] or Theorem VII.8.6
of [6]) it follows that a system of representatives of the double coset space G//K is given by the matrices

In—q O 0
ay = 0 cost —sint |, teA,
0 sint cost

with A, as in (1.2); here ¢ is the ¢ x ¢g-diagonal matrix with the components of ¢ as entries, and cost, sint
are understood componentwise. We recall from [17] how the double coset representatives can be determined
explicitly:

For X € My(C) denote by 0sng(X) = /spec(X*X) = (01...,04) € R? the vector of singular values
of X, decreasingly ordered by size. Write g € G in (p x g)-block notation as

~ (Alg) B(g)
g‘<0<g> D<g>>’ 21)

and suppose that g € Kb, K. Then
t = arccos(osing(D(9))). (2.2)

By [17], the spherical functions of G/K are given by Heckman-Opdam polynomials, as follows: Con-
sider R? with the standard inner product (.,.) and denote by Fpc, (A, k;t) the Heckman-Opdam hyperge-
ometric function associated with the root system

R =2BC, = {£2;,+4e;,1 <i < q} U{+2¢; £2¢;: 1 <i<j<q} CR

and with multiplicity parameter k¥ = (ko )acr in the notion of [19]. We also write k = (ki, ko, k3) € C?
where ki, ko, k3 belong to the short, long and middle roots, respectively. Recall that there exists an open
regular parameter set K™ C C3 with [0, 00[3 C K" such that for all k € K™ and A € C? the function
Fpe, (M k; .) exists in a suitable tubular neighbourhood of R? C CY. Fix the positive subsystem R, =
{2€;,4e;,2e; £2e; : 1 < i < j < q}. Writing a¥ := 2/ (av, v), the associated set of dominant weights is
Pi:={XAeR?:(\a")€ZiVae R} ={A€2Z% : My > X >...> A} (2.3)

Notice that our normalization of root systems and multiplicities is in accordance with [5,16] but differs from
the “geometric” notion of [17], where both are rescaled by a factor 2.

We consider the renormalized Heckman—Opdam polynomials associated with R and k in trigonometric
notion as in [17], which are defined by

Ry(k;t) = Fpo, (A + p(k), k;yit), A€ Py. (2.4)
Here

p(k) :% Z ko

acRy

They are related to the Heckman—Opdam polynomials P(A, k;.) in the normalization of [5] by

Ry(k;t) = c(A + p(k), k) - P(\, k;exp(it))
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where

_ L(Aa") + 5kaya)  pp Dlp(k),a”) + 5kays + ka)
‘wb =11 T (X a¥) + Skayz + ka) ag+ L ({p(k), ") + 3ka2)

acR

is the generalized c-function, with the convention k,/; := 0 if /2 ¢ R; see formula (4.4.10) of [5]. The
polynomials Ry are holomorphic on C?. Indeed, Fpc, (A + p(k), k; .) is holomorphic on all of C? if and only
if A € Py, see [5].

According to Theorem 4.3 of [17], the spherical functions of G/K = SU(p+ ¢q)/S(U(p) x U(q)) can be
considered as trigonometric polynomials on the alcove A, C R? and are given by

(p)\<t) = R)\(k;t)7 Ae Py
with the multiplicity
k= (ki,ka,k3) = (p—¢q,1/2,1) € K™,

For fixed ¢ > 1 and p > 2¢, the product formula (1.1) for the ¢, was written in [17] as a product formula
on A, depending on p in a way which allowed extension to all real parameters p > 2¢ — 1 by analytic
continuation; see Theorem 4.4 of [17].

3. Spherical functions of (SU(p + q), SU(p) X SU(q)) and their product formula

Let us turn to the pair (G, K1) := (SU(p + q), SU(p) x SU(q)), where we assume p > ¢. In this case,
(G, K1) is a Gelfand pair according to the classification of [14]. In this section, we derive an explicit product
formula for the spherical functions of (G, K7). First, we determine a system of representatives for the double
coset space G//K;. For this, consider the compact set

Xg={z=(2r1,ro,...,rq):z€T, r, e Rwith0<r <...<r, <1}
C CxRIL.
If ¢ = 1, this is just the closed unit disc in C. For ¢ > 2, the set X, can be interpreted as a cone of real

dimension ¢ + 1 with apex 0 and basis set X1 x {1}.
For x = (zr1,7e,...,7¢) € X, we write

x=[r,z] with r=(r1,...,ry).

Note that the phase factor z € T is arbitrary if 7y = 0. We now relate X, with the alcove A,. We define an
equivalence relation on A, x T via

(t2)~ (7)== ((42)= () and b =#; < ) or

(b=t and & = = 3)

Then the mapping A, x T — X, (¢, 2) — [cost, z| induces a homeomorphism between the quotient space
(Ag x T)/ ~ and the cone X,.
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Lemma 3.1. For z € T, let h(z) = diag(z,1...,1) € My(C). Then a set of representatives of G// K1 is given
by the matrices by, x € Xy with

I, 0 0
by = 0 h(z71) cost —sint for x =[cost,z] witht e A,. (3.1)
0 sint h(z) cost

In particular, the double coset space G//K is naturally homeomorphic with the cone X,.

Proof. We first check that each double coset has a representative of the stated form. In fact, by the known
Cartan decomposition of G with respect to K, each g € G can be written as

- (751 0 U 0
g_(O ’Ul)at<0 ’U2>
with ¢t € A, and w; € U(p), v; € U(q) satisfying det(w;) - det(v;) = 1. As U(q) = SU(q) x H, with
H, = {h(z) : z € T}, there are z1, 29 € T such that 1 := v1h(21)~! € SU(q) and ¥ := h(22) vy € SU(q).
For z,w € T, define H(w, z) = diag(w, 1,...,1,2,1,...,1) € M,(C) with the entry z in position p + 1. Put
Uy :=wuy - H(z1/22,29) and @ := H(z2/21,21) - us € U(p). Then Uy, us € SU(p), and a short calculation in
p X g-blocks gives

I,y O 0

g = w0 0 cost —sint uz 0
0 un 0 0 v

sint cost

u Ip—q 0 0 N
= <1§)1 ,; ) 0 h(z1) th(ze)"tcost _sint <182 ; ) .
1 0 sint h(z1)h(z2) cost 2

Thus g € K1b, K7 with 2 = [cost, z1 22].
In order to show that the b, are contained in different double cosets for different =, we analyze how the

(w1 0 b uy O
77V o0 w )"0 w
with @; € SU(p), v; € SU(q). Suppose that z = [r, z] with r = cost, t € A,. Using the (p x ¢)-block notation
(2.1), we obtain

parameter x depends on g € G. Let

D(g) =v1h(z)rva,  A(D(g)) = ZHTZ = z-|A(D(9))]-

Here and throughout the paper, A denotes the usual determinant of a complex square matrix. Thus r =
cost = Osing(D(g)). Further, z is uniquely determined by g exactly if ry # 0, which is equivalent to
[T7_,7 # 0. In this case, z = |ﬁggg;\' Thus (¢,z) € Ay x T is uniquely determined by g up to the
equivalence ~, which proves our statement. 0O

The proof of the above lemma reveals the following equivalence for g € G:

g € K1b, K1 < z=r, 2] with r = 04ne(D(g)), 2z =arg A(D(g)),
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with the argument arg : C — T defined by

argz::ﬁ if 2z#£0, arg 0 := 1.
z

We are now going to write the general product formula (1.1) for spherical functions as a product formula

on the cone X, = (Ay x T)/ ~. For & = [cost,z], &’ = [cost’, 2] € X, and K;-biinvariant f € C(G) we
have to evaluate the integral

/ F(bokby) dk.
K

Write k = (g O) with u € SU(p), v € SU(q). Then (p x g)-block calculation gives
v

* *
bykby = <* D(bmkbxl))

where

0

D(bmkb(ﬂ) = (O,sint) u <—Sintl

> + h(z) costvh(z') cost’.

With the block matrix

this can be written as
D(bykby) = —sintoguogsint’ + h(zz') costv cost'. (3.2)

Regarding K;-biinvariant functions f € C(G) as continuous functions on X, we have

/ F(bkba )k — / F ([0sing (D(bakbor)), axg A(D(bokbar)]) dk
Ky SU(p)xSU(q)

with D(bgkby) from (3.2). Notice that ojuoy € M,(C) is the lower right ¢ x g-block of u and is contained
in the closure of the ball

B, :={w e My(C): w'w < I},

where w*w < I, means that I, — w*w is positive semidefinite. We now assume that p > 2¢ and reduce the
SU (p)-integration by means of Lemma 2.1 of [19]. Notice first that for continuous g on By,

/g(aguoo)du: /g(aéuao)du,

SU(p) U(p)

where du denotes the normalized Haar measure in each case. Thus Lemma 2.1 of [19] gives
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/f(bxkbx/)dk = —/ / [0 sing(—sintwsint’ + h(z2") costvcost’),
K1

Bq SU(q)
arg A(—sintwsint’ + h(zz") costvcost’)])
A1, — wrw)P 2 dvdw, (3.3)

where

Kp = /A(Iq — w*w)P 27 dw

Bg

and dw means integration with respect to Lebesgue measure on B,. After the substitution w — h(zz’)w,
we finally arrive at the following

Theorem 3.2. Suppose that p > 2q. Then the product formula for the spherical functions of the Gelfand pair
(G, K1), considered as functions on the cone Xg, can be written as

® ([cost z])p([cost’, 2'])

/ / [0sing(—sintwsint’ + costvcost'),
By SU(q)

22’ -arg A(—sintwsint’ + costvcost’)]) - A(l; — w*w)P ¢ dvdw.

We remark that for p = 2¢ — 1, a degenerate version of this integral formula may be written down by
using the coordinates introduced in Section 3 of [18].

We next turn to the classification of the spherical functions of (G, K1). Note first that K = Ky x H with
H ={H,,z € T} where H, is the diagonal matrix with entries z in position p — ¢+ 1, 1/z in position p + 1
and 1 else. Let x : K — T be the homomorphism with kernel K; and x(H.) := z. Then the characters of K
are given by the functions x;(k) = x(k)', [ € Z, and we have the following characterization:

Lemma 3.3. For ¢ € C(G) the following properties are equivalent:

(1) ¢ is Ky-spherical, i.e., Ky-biinvariant with o(g)p(h) = le o(gkh)dk for all g,h € G.
(2) ¢ is an elementary spherical function for (G, K) of type x; for somel € Z, i.e. ¢ is not identical zero
and satisfies the twisted product formula

o(9)plh) = / ogkhyxa(k)dk  for all g,h € G. (3.4)
K

Remark 3.4. We here adopt the notion of elementary spherical functions of type x; according to [8]. Each
such function automatically satisfies ¢(e) = 1 as well as the y;-bi-coinvariance condition

@(klgk‘g) = Xl(k‘lkig)_l . @(g) for all g < G,kl, kg S K, (35)

see Lemma 3.2 of [8]. The discussion of [5] is based on a different, but equivalent definition of elementary
spherical functions of K-type (for the non-compact dual), which requires (3.5) together with a system of
invariant differential operators on sections in an associated homogeneous line bundle, see Definition 5.2.1
of [5]. For the equivalence of definitions we refer to Theorem 3.2 of [21].
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Proof of Lemma 3.3. The proof of this result, which we expect to be well-known, can be carried out for
instance precisely as in Lemma 2.3 of [25]. O

For an arbitrary irreducible Hermitian symmetric space and its compact dual, the elementary spherical
functions of type x; can be written as modifications of Heckman—Opdam hypergeometric functions, see
Section 5 of [5], in particular Theorem 5.2.2 and Corollary 5.2.3, as well as [8]. In the compact case, they
correspond to the y;-spherical representations of G which were classified in [20]. To become explicit in the
particular case of our compact symmetric spaces G/K = SU(p + q)/S(U(p) x U(q)), recall the set P, of
dominant weights from (2.3) as well as the renormalized Heckman-Opdam polynomials Ry of type BC,
from (2.4). According to [5], the elementary spherical functions of (G, K) of type y;, considered as functions
on Ay, are given by

q
ts [[eost; - Ra(k(p,q,1);t), A€ Py, 1€l (3.6)
j=1

with multiplicity parameters
kp q,) = (p—q—l,1/2+[I,1), l€Z
Notice at this point that for Fpc,, the set
{k = (k1,k2,k3) : Reks > 0, Re(ky + k2) > 0}

is contained in K" (see Remark 4.4.3 of [5]), and so in particular the multiplicities k(p, q,l) are regular.
The associated p-function is

p(k(p,q,1)) = (p—q+ | +1) Zej + 2Z(q —J)ej.

We now turn to the spherical functions of (G, K1), which we again consider as functions on the cone X,.

Theorem 3.5. Let (G,K) = (SU(p + q),S(U(p) x U(q))) and K1 = SU(p) x SU(q). Then the spherical
functions of the Gelfand pair (G, K1), considered as functions on X, are precisely given by

q
gp’;\,l([cost,z}) =z H cos!!l tj - Ra(k(p,q,1l);t), AePy,lel (3.7)
j=1

with the multiplicity k(p,q,1) = (p —q — |l % +|I|, 1) € K™9.

Proof. First observe that 90];\,1 is indeed well-defined as a function on X, because the right side is zero
if t4 = 7w/2, independently of z € T. Now suppose that ¢ : G — C is spherical for (G, K;). Then by
Lemma 3.3 it is x;-spherical for some | € Z. Consider x = [cost, z] € X, and write b, = Hy) sz aiHy ) sz
with an arbitrary square root of z. Then in view of (3.5),

@(bi) =2 @(%&),

where @(a¢) is of the form (3.6). This proves the statement. O



M. Résler, M. Voit / J. Math. Anal. Appl. 435 (2016) 701-717 709

Example 3.6 (The rank-one case ¢ = 1). Here G/K = SU(p+1)/S(U(p) x U(1)) 2 U(p+ 1)/U(p) and
G//K is homeomorphic to the unit disk X; = {z € C: |2| < 1} = D. We shall identify the spherical
functions ‘ij\,1 as the well-known disk polynomials on D introduced in [12], which are known to be the
spherical functions of (U(p + 1),U(p)).

We have Ry = {2,4} C Rand Py = 2Z. . According to the example on p. 89 of [16], Fizc, (A, k; t) may be
expressed as a o F1- (Gaussian) hypergeometric function. Consider the renormalized one-dimensional Jacobi
polynomials

R (z) =9F(a+B+n+1,-na+1;(1-12)/2) (x€R, ncZy) (3.8)

for a, 8 > —1. Then the Heckman—Opdam polynomials associated with R = 2BC; and multiplicity & =
(K1, k2) can be written as

Ron(k;t) = R(P(cos2t)  (neZy, t €[0,7/2)) (3.9)
with
a=k +ka—1/2, B=ky—1/2;

cf. equation (5.4) of [17], where a different scaling of roots and multiplicities is used. Writing r = cost, we
have cos 2t = 2r? — 1. We thus obtain from Theorem 3.5 the well-known fact that the spherical functions of
(G, K) are given, as functions on D, by the so-called disk polynomials

Pui(er) = @b, ([r,2]) = 27 RP-VD(2r® 1) (2 €T, r€[0,1]) (3.10)

with [ € Z, n € Z,. Moreover, the product formula of Theorem 3.2 becomes in this case

. - 1
Gna(zr) - Pni(2's) = /cpnl 22 (rs — w1 —1r2y/1—s2))- (1 - |w| P 2 dw (3.11)
"D
with
_ T
Fop :/(17 [w[*)P~? dw = T

D

This formula is well known; see for instance [1,10].
4. Convolution algebras on the cone X, for a continuous family of multiplicities

In this section, we extend the product formula for the spherical functions of (G, K1) in Theorem 3.2 from
integers p > 2¢ to a continuous range of parameters p € |2¢ — 1, oo[. We show that for each p € ]2¢ — 1, 00|,
the corresponding product formula induces a commutative Banach algebra structure on the space of all
bounded Borel measures on X, and an associated commutative hypergroup structure. These hypergroups
generalize the known disk hypergroups for ¢ = 1 which were studied for instance in [1,10]; see also the
monograph [2].

As usual, the basis for analytic continuation will be Carlson’s theorem, which we recapitulate for the
reader’s convenience from [22]:

Theorem 4.1. Let f be holomorphic in a neighbourhood of {z € C : Re z > 0} satisfying f(z) = O(e clz |) for
some ¢ < 7. If f(z) =0 for all nonnegative integers z, then f is identically zero on {Re z > 0}.
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It is now straightforward, but a bit tedious in detail to prove that the product formula of Theorem 3.2
can be extended analytically with respect to the variable p. For the necessary exponential bounds, one has
to use that the coefficients of the Heckman—-Opdam polynomials P(X, k;exp(it)) = c(A + p(k), k) " Ry (k; t)
are rational in the multiplicity k, see Par. 11 of [15]. As the arguments are the same as those in the proof
of Theorem 4.1 of [19] and Theorem 3.2 of [25], we skip the details. We obtain:

Theorem 4.2. Let p € |2¢ — 1,00[, A € Py, and l € Z. Then the functions

q
@ i([cost, 2]) = 2. H cosl!l t; - Ry (k; )

j=1

on X, with multiplicity k = (p — q — |l % + 1|, 1) € K™ satisfy the product formula

901))\71 ([COS t, Z]) : @i,l([cos tlv Z/])

1
= _/ / @R ([0sing(—sintwsint’ + costvcost’),
Kp g
B, SU(Q)

22/ -arg A(—sintwsint’ + costvcost’)]) - A(l; — w*w)P~ ¢ dvdw
for (t,z),(t',2') € Ag x T.

The positive product formula in Theorem 4.2 for p € ]2¢g—1, oo[ leads to a continuous series of probability-
preserving commutative convolution algebras on the cone Xj. In fact, similarly to the noncompact case [25],
we obtain commutative hypergroup structures on X, with the ga’/{) , (M€ Py, | € Z) as hypergroup characters.
To start with, let us briefly recapitulate some notions from hypergroup theory from [9,2].

Definition 4.3. A hypergroup is a locally compact Hausdorff space X with a weakly continuous, associative
and bilinear convolution * on the Banach space My(X) of all bounded regular Borel measures on X such
that the following properties hold:

(1) For all z,y € X, 6, * §, is a compactly supported probability measure on X such that the support
supp(d, * d,) depends continuously on x,y with respect to the so-called Michael topology on the space
of compact subsets of X (see [9] for details).

(2) There exists a neutral element e € X with §, * §o = d. * 0, = 0, for all x € X.

(3) There exists a continuous involution x — Z on X such that e € supp(d, * J,) holds if and only if y = Z,
and such that (6, *d,)~ = 5 * 0z, where for p € M(X), the measure ;= denotes the pushforward of p
under the involution.

Due to weak continuity and bilinearity, the convolution of bounded measures on a hypergroup is uniquely
determined by the convolution of point measures. A hypergroup is called commutative if so is the convolution.
We recall from [9] that for a Gelfand pair (G, K), the double coset space G//K carries the structure of a
commutative hypergroup in a natural way. For a commutative hypergroup X the dual space is defined by

X={peCy(X): 920, plz*7) = (3, % ) () = p(a)p(y) Yo,y € X}.

Each commutative hypergroup (X, *) admits a (up to a multiplicative constant unique) Haar measure wx,
which is characterized by the condition wx (f) = wx (fz) for all continuous, compactly supported f € C.(X)
and all z € X, where f, denotes the translate f,(y) = (0, * 6z)(f)-
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Now let p € ]2¢—1, oo[. Using the positive product formula of Theorem 4.2, we introduce the convolution
of point measures on X, by

(5[costz * 5[cost’ ’])(f)

= 7/ / [0sing(—sintwsint’ + costwv cost’),
By SU(q)

22/ -arg A(—sintwsint’ + costvcost’)])A(l, — w*w)?~*dvdw (4.1)
for f € Cp(Xy).

Theorem 4.4. Let ¢ > 1 be an integer and p € 12q — 1,00[. Then the convolution *, defined in (4.1) extends
uniquely to a bilinear, weakly continuous, commutative convolution on the Banach space My(Xy). This
convolution is also associative, and (X4, *p) is a commutative hypergroup with [(1,...,1),1] as identity and
with the involution [r, z] := [r, ). A Haar measure of the hypergroup (Xg, *p) is given by

q
dw,([r, 2]) H 1—7‘ —a. H (r2—r)drdz

1<i<j<q

with the Lebesgue measure dr on RY and the normalized Haar measure dz on T. Finally, the dual space is
given by

(Xgo#p)" = {8, s A€ Py, L€ Z}.

Note that w, is the pushforward measure under the mapping (t,z) — [cost, z], A, x T — X, of the
measure

a
dwy(t, z) = H cost;sin®P~ 2t ¢, . H (cos(2t;) — cos(2t;))*dtdz

Jj=1 1<i<j<q

on Ay x T.
For the proof of Theorem 4.4, consider the measure w, defined above. We start with the following
observation:

Lemma 4.5. The functions
Y1 (NePL1e)

form an orthogonal basis of L*(X,,w,), and their C-span is dense in the space C(X,) of continuous functions
on X, with respect to ||| o-

Proof. For k = k(p, ¢,1), the Heckman-Opdam polynomials Ry (k;t) are orthogonal on the alcove A, with
respect to the weight

H {ei(a,t>/2 . e—i(a,t>/2’2ka

a€ERy

q
= const - H sin?P 20+ ¢, cos?llH1 ¢, H (cos(2t;) — cos(2t;))?
=1 1<i<i<q
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This immediately implies that the functions (¢, z) — ‘P]/(,z( [cost, z]) are orthogonal on A, x T with respect
to wp. Let V' denote the subspace of C'(X,) spanned by {cpil : A€ Py, 1l € Z}. Clearly, V is an algebra
which is stable under complex conjugation. Further, V' separates points on X, because the Ry(k; .) span
the space of Weyl group invariant trigonometric polynomials. Hence by the Stone—Weierstrafl theorem, V' is
dense in C'(X,) with respect to ||.||o. The rest is obvious. O

Proof of Theorem 4.4. The statements are clear for integer values of p, where x, is just the convolution of
the double coset hypergroup SU(p+4q)//SU(p) x SU(q). From the definition of the convolution for general p
we see that d},..) %, 0 ») is a probability measure and that the mapping ([r, 2], [, 2']) = Op2) *p O 21
is weakly continuous. It is now standard (see [9]) to extend the convolution of point measures uniquely in
a bilinear, weakly continuous way to a probability preserving convolution on M(X,). For commutativity
and associativity, it suffices to consider point measures. Let [r;, z;] € X, 1 < i < 3. Then for f = @’;7[ with
A € PL and | € Z we have

(6[?”1,21] *p 6[r2,22])(f) = f([ﬁ, 21])f<[7“27 ZQD = (6[7"2,22] *p 6[r1721])(f)

and in the same way,

((6[7‘1,21] *p 6[7‘2,22]) *p 6[7‘3,23])(f) = (5[T1,Zl] *]) (6[7’2,22] *p 5[7‘3,23]))(f)'

By Lemma 4.5, both identities remain valid for arbitrary f € C(X,). The remaining hypergroup axioms are
immediate from the fact that the supports of convolution products of point measures are independent of p.
For the statement on the Haar measure, the argumentation is similar to [17]. Notice first that by definition
of hypergroup translates, the identity

/f:,; dw, = /fdwp for all x € X,
Xq X‘I

holds for f = ¢& , with arbitrary A\ € Py, | € Z. In view of Lemma 4.5, it extends to arbitrary f € C'(X,),
hence w, is a Haar measure. Finally, it is clear that the ¢X , are hypergroup characters. There are no further
ones, because the characters of a compact hypergroup are orthogonal with respect to its Haar measure. O

The hypergroups (X, *p) have a prominent subgroup. For this we recall that a closed, non-empty subset
H C X, is a subgroup if for all x,y € H, d, %, 05 is a point measure with support in H. It is clear from (4.1)
that

H:={[1,2] =(2,1,...,1): z€ T}

is a subgroup of (X4, *,) which is isomorphic to the torus group T.
The cosets

x %, H = U supp (0g *p 0y), = € X,
yeH

form a disjoint decomposition of X, and the quotient

Xy/H ={x+x, H: ze€X,}
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is again a locally compact Hausdorff space with respect to the quotient topology, cf. Section 10.3 of [9].
Moreover,

(6w*pH *p 5y*pH)<f) = /f(z *p H) d(d, *p 6y)(z), r,y€ Xy, f€ Cb(Xq/H> (4.2)

establishes a well-defined quotient convolution and an associated commutative quotient hypergroup; see
19,23], and the references given there. We may identify X, /H topologically with the alcove A, via [cost, z]*,
H — t. It is then immediate from (4.1) that the quotient convolution on A, derived from =, is given by

(¢ +p 60 )(f) =

1
= —/ / f(arccos(oging(—sintwsint’ + costvcost’)))
Kp
By SU(q)

- A(I, — wrw)P 2 dvdw (4.3)

for t,t' € A, and f € Cy(A,). These are precisely the hypergroup convolutions studied in Section 6 of [17].
For integers p > 2¢, this connection just reflects the fact that for G = SU(p+ q), K = S(U(p) x U(q)) and
K, = SU(p) x SU(q), we have

(G//K)/(K// K1) =G/ /K

as hypergroups. This is a fact which holds for general commutative double coset hypergroups, see Theo-
rem 14.3 of [9].

Remarks 4.6. 1. We mention at this point that the Haar measure of the hypergroup (Xg,*,), which was
obtained in Theorem 4.4 by an orthogonality argument, can alternatively be calculated by using Weil’s
integration formula for Haar measures on hypergroups and their quotients (see [7,23]). In the same way
as in the non-compact case treated in [25], the Haar measure can thus be obtained from the known Haar
measure of the quotient (X,,#,)/H. For integers p > 2q, the hypergroup (X, *,) can be identified with
the double coset hypergroup SU(p + q)//SU(p) x SU(q), and its Haar measure therefore coincides by
construction (see [9]) with the pushforward measure of the Haar measure on SU(p + ¢) under the canonical
projection

SU(p+q) = SU+q)//SU(p) x SU(q) ~ X,

2. Concerning their structure, the hypergroups (X4, *,) are also closely related to continuous family of
commutative hypergroups (Cy X R, *,) with p > 2¢ — 1 and the BC,-Weyl chamber C, = {(z1,...,2,) €
R? : 2y > ... > x4 > 0} which were studied in [24]. For integral p, (Cy X R, %,) is an orbit hypergroup
under the action of U(p) x U(q) on the Heisenberg group M, (C) x R. The characters are given in terms
of multivariable Bessel and Laguerre functions.

5. Continuous product formulas for Heckman—Opdam Jacobi polynomials

Fix the rank ¢ > 1 and a parameter p € |2¢ — 1, 0o[. Recall that for [ € Z the functions

q
@ i ([cost, 2]) = 2. H cosl!' t; - Rx(k(p, q,1);t)

J=1
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satisfy the product formula of Theorem 4.2. We shall now extend this formula to exponents [ € R via
Carlson’s theorem, and write it down as a product formula for the Jacobi polynomials Ry (k;t) with k =
k(p, q,1). This will work out smoothly only for non-degenerate arguments t,t’ € A, with t1,t} # m/2. Notice
first that for a product formula for the Jacobi polynomials, we may restrict our attention to I € [0, 00[ as
k(p,q,1) depends on || only. In the following, we shall use the abbreviation

d(t,t';v,w) ;= —sintwsint’ + costvcost’.
The main result of this section is

Theorem 5.1. Let ¢ > 1 be an integer, p € |29 — 1,00[, | € [0,00[, and k = k(p,q,1). Then for all X € Py
and t,t' € Ay with t1,t} # /2,

1

Ry(k; t)Ra(k;t') = /1_/ / R\ (k; arccos(osimg (d(t, t';v,w)))) -
"B, sUa)

()] st o

Proof. Forl € Z;, z = 2" =1 and t,t' € Ay, the product formula in Theorem 4.2 implies

il l
(H cost; cost;-) “Ry(k;t)Ra(ks;t') =
j=1

= i/ / A(d(t, '5v,w))" - Ry (K; arceos(0simg (d(t, t'5 v, w))))
K
qu SU(q)

“A(I, — w*w)P? dvdw. (5.2)

Our condition on ¢, ¢’ assures that both sides of (5.2) are analytic in { for Re(l) > 0. Moreover, by Section 11
of [15], the coefficients of the Jacobi polynomials Ry (k;t) with respect to the exponentials e** (1 € P,)
are rational in k. Therefore both sides of (5.2) satisfy the growth condition of Carlson’s theorem. This
implies that (5.2) remains correct for all [ € [0, 00[. As Ry (k;t) is real for all A € Py and t € Ay, the claimed
product formula now follows from (5.2) by taking real parts. O

Contrary to the non-compact case in Section 5 of [25], it seems to be difficult in the present setting to
derive positivity of the product formula (5.1) except for the known case [ = 0. This problem already appears

in rank one, i.e. for ¢ = 1. We discuss this case for illustration.

Example 5.2. Let ¢ = 1, p > 2¢—1=1,1 € [0,00[, and k = k(p,¢,]) = (p— 1 -1, % + 1). Resuming the
notions from Example 3.6, we have

a=k +k—1/2=p—-1>0, =k —1/2=1
Consider the classical (normalized) one-dimensional Jacobi polynomials R with
R (cos 20) = Ry (k;6),

cf. (3.9). With the identity cos 26 = 2cos? § — 1, product formula (5.1) becomes
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R (cos 20)R{*P) (cos 20) =

T ) b ip\B
=2 / / R@A ()b + are™|? — 1) - w# (1 —r?)*tdodr (5.3)
71'

for 6,60" € [0,7/2], with a := sinfsind’ and b := cosfcosf’ > 0. Following Section 5 of [13], we use the
change of variables (r, ¢) — (t, 1) with

b+ are™ = te™ and t > 0.
Then a?r dr dp =t dt dip and identity (5.3) becomes, for 0 < 6,6 < 7/2:

R (cos 20) R(P) (cos 20) =

:% bﬁa?& //R<a B (2t — 1) (te™)P (a® — b? — 12 + 2bt cos )T Mt dy) dt
0 —m
1

= % : bﬁfﬂa /R< ) (212 — / B (q — 2 +2btcosw)3‘_‘1d¢)t5“dt. (5.4)
0 0

Here the notation

>\ .
A T if z >0,
€T =

@)% {o ifz<0

is used. Notice for the last equality that ¢t = |b+ are“"| < a+b < 1. Notice also that for 6 = 0 or ¢/ =0,
the product formula degenerates in a trivial way due to RiP )(1) =1
On the other hand, for a > 3, the Jacobi polynomials satisfy the well-known positive product formula [11]

R (cos 20) R{*P) (cos 20) =

n

1 =«
= Cap //R 2\1) +are®* —1)- (1 - 7"2)"‘75717‘%”rl sin%? @ dpdr (5.5)
00

with some constant c,,g > 0. By the same substitution as above this can be brought into kernel form,

R (cos 20)R(P) (cos 20') =

T
Ca,B

1
_ / R@B) (242 — 1) ( / (a% — b2 — £2 + 2bt cos )7 sin?? wdqp)t?/f“dt. (5.6)
0 0

a2a

As the integrals in (5.4) and (5.6) are identical for all n, we conclude that, for all ¢ € [0, 1],

s

Corp(th)? / (a2 — b2 — 12 + 2t cos )37 sin?P pdyp =
0

™

2 [
_ /e’ﬁw(a2 —b% — % + 2bt cos ) L dy. (5.7)
0
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This identity seems not obvious, and it would be desirable to have an elementary proof for it which possibly
might be extended to the higher rank case.

So far, a positive product formula such as formula (5.5) of Koornwinder seems to be a difficult task in
rank ¢ > 2. However, at least the first step above in the case ¢ = 1, that is from (5.3) to (5.4), can be
partially extended to ¢ > 2. Indeed, consider the product formula (5.1) for ¢,¢' € A,. We define the matrices

ay :=sint, ag :=sint’, b = b(v) := costvcost’ € M,(C)

and consider the polar decomposition b — ajwas =: ru with positive semidefinite r € M,(C) and u €
U(g). We now carry out the change of variables in two steps. First, for @ := ajwas € M,(C), we have
dw = const - Aajaz)?? dw. Moreover, the polar decomposition b — w = /ru (for non-singular ) leads to
dw = const - drdu, where dr means integration with respect to the Lebesgue measure on the cone €2, of
positive definite matrices as an open subset of the vector space of all Hermitian matrices, and du is the
normalized Haar measure of U(q); see Proposition XVI.2.1 of [3|. Formula (5.1) now reads

R (k; t)RA(k‘; t/) =

)2
= COTLSt~/R)\(kQarCCOS(Using(\/’]_n)))' 20
Qq

A(cost)! A(cost' ) A(sin t)24A(sin /)24

(/ /A(H(t,t',r,u,v)+)A(u)ldvdu)dr (5.8)

SU(q) U(q)

where
H(t, V', r,u,v) =1, — ay ' (b(v)* — u*vr)ay? (b(v) — vVru)ay "

and the subscript + means that this term is put zero for matrices which are not positive definite. The
analysis of the origin of these formulas shows that in the outer integral, r in fact runs through the set
{r e Qq: I, —r > 0}. One may speculate that (5.8) can be brought into a kernel form by replacing the
integration over r € Q, by an integration over the spectrum of r as a subset of {p e R7: 1> p; > --- >

pq > 0}
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