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In the first part of this paper, we study the heat equation and the heat kernel associated
with the Heckman-Opdam Laplacian in the compact, Weyl-group invariant setting. In
particular, this Laplacian gives rise to a Feller-Markov semigroup on a fundamental
alcove of the affine Weyl group. The second part of the paper is devoted to the Segal-
Bargmann transform in our context. A Hilbert space of holomorphic functions is defined

such that the L2-heat transform becomes a unitary isomorphism.

1 Introduction

Heckman-Opdam theory provides a powerful generalization of the theory of non-
compact and compact Riemannian symmetric spaces and their spherical functions.
In this theory (see e.g. [5, 10, 11]), the system of invariant differential operators on
a Riemannian symmetric space is replaced by a commuting algebra of differential
reflection operators, called Dunkl operators, which depend on some root system and
on multiplicity parameters on the roots. The joint spectral problem for these operators
is solved by multivariable hypergeometric functions and hypergeometric polynomials
which include the spherical functions of Riemannian symmetric spaces for certain

discrete values of the multiplicities.
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In the context of Dunkl operators, the heat equation has already been studied
in various settings. The rational case was treated by Rdsler in [12], while Schapira
[13] studied the heat equation in the noncompact Heckman-Opdam theory. In the
present paper, we investigate the compact symmetric case, where we assume invariance
under the Weyl group W. We are concerned with the heat equation for the Heckman-
Opdam Laplacian L,, on a closed fundamental alcove Ay for the affine Weyl group. This
Laplacian generalizes the Laplace-Beltrami operator on a Riemannian symmetric space
of compact type. We prove that L,, has a closure that generates a Feller-Markov semi-
group on the alcove, the Heckman—-Opdam heat semigroup. We study smoothness prop-
erties of the heat kernel and also develop an LP-theory for the heat equation on Ay.

The second main topic of this paper is the Segal-Bargmann transform. Sev-
eral generalizations of the classical Segal-Bargmann transform to different settings
are known. The Segal-Bargmann transform for compact Lie groups was introduced by
Hall [4], where also the case of compact symmetric spaces was considered. Different
approaches in the case of compact symmetric spaces were given by Stenzel [16] and
Faraut [3]. In the framework of Dunkl theory, the rational case has been studied by sev-
eral authors, see [1, 14, 15]. Apart from the rank 1 case, an explicit description of the
Segal-Bargmann space as an L2-space of holomorphic functions has so far not been
found in this setting. Ben Said and Orsted [1] instead gave a description as a Fock
space generated by a certain reproducing kernel (which is given by the rational Dunkl
kernel). The noncompact, symmetric Heckman-Opdam case was investigated in 2007 by
Olafsson and Schlichtkrull [9].

In this paper, we study the Segal-Bargmann transform in the compact symmet-
ric Heckman—-Opdam setting. We extend the heat transform to a unitary isomorphism
from the weighted L2-space on the alcove Ay to a Segal-Bargmann space H;, which is a
Hilbert space of holomorphic functions. Its inner product is described as an L?-product,
involving the heat kernel from the noncompact theory as a weight.

The organization of this paper is as follows: in Section 2, we recall some basics
of trigonometric Dunkl theory. In Section 3, the heat equation and the heat semigroup
on the fundamental alcove 4 are studied. Finally, the Segal-Bargmann transform is

developed in Section 4.

2 Fundamentals of Trigonometric Dunkl Theory

We start with a short review of the fundamentals of trigonometric Dunkl theory which
will be needed in this article. For details, we refer to the work of Heckman and Opdam
[5, 10, 11], and the references cited there.
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Let a be a finite-dimensional Euclidean space with inner product (-, -), which is
extended to a complex bilinear form on the complexification ac of a. We identify a with
its dual space a* = Hom(a, R) via the given inner product. Let ¥ C a be a (not necessarily
reduced) root system. For « € ¥ we write a” := 2a/(«, «) for the coroot of « and denote
by s,(x) = x — (@, x)a the reflection in the hyperplane H, perpendicular to «.

The reflections {s, : « € X'} generate the Weyl group W= W(X). We define the root
lattice Q :=7Z.% and the coroot lattice Q¥ =7Z.X". Further, we fix some positive subsys-
tem Xt of ¥. An element A € a is called (strictly) dominant, if (A, «) > O (respectively, >0)

for all « € ¥*. We write

at:={rea: (1, a")>0Vae X}

for the Weyl chamber of strictly dominant elements.

Fora € ¥ and A € ac, let

The weight lattice is given by

A={rlea:l,€Z Va e X)},

and the set

AT:={rAea:r, €Z" Vae X))}

is called the lattice of dominant weights. Here we use the notation Z*:={0,1,2,...}.

The positive root lattice Q" =Z*. X" defines a partial ordering < on a:

U=h << r—pneQt.

This ordering is called the dominance ordering. Two simple properties are given in the

following lemma.

Lemma 2.1.

(i) Lety eat be dominant. Then wy <y for all w € W.
(ii) LetX,u € A" be dominant weights with u < A. Then |u| <|A|. O
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Proof. Part (i) is Lemma 10.3B in [7]. For the proof of (ii), notice that A + u is also

dominant and A — u is a sum of positive roots. Therefore,
0< (A4 ph—p) =A% — |uf?. u

A multiplicity function is a W-invariant map m: ¥ — C, « — m,. We denote the
set of multiplicity functions by M. In this article, we consider only nonnegative multi-

plicities, that is, m, > 0 for all « € X'. Define

p=p(m):= % Z meyo.

aeXt

Definition 2.2. Let & € ac and m € M. The Dunkl-Cherednik operator associated with

XY and m is given by

T=T@Em) =0+ ) Male )75, (1= 5) = (p, ),
aeXt
where 9 is the usual directional derivative and e*(&) :=e*% for A, & € ac. O

Remark 2.3. Heckman and Opdam use a slightly different notation. They consider a

root system R with multiplicity k, which is connected to our notation via
1
R:ZZ’, k2a=§ma.
Our notation comes from the theory of symmetric spaces. O

For fixed multiplicity m, the operators T;, £ € ac commute. Therefore, the assign-
ment & — T(&, m) uniquely extends to a homomorphism on the symmetric algebra S(ac)
over ac, which may be identified with the algebra of complex polynomials on ac. Let
T(p, m) be the operator which in this way corresponds to pe S(ac). If pe S(ac)", the
subspace of W-invariant polynomials on ac, then T(p, m) acts as a differential operator
on the space of W-invariant analytic functions on a.

The solution of the joint spectral problem for these differential operators is due

to Heckman and Opdam, see [5, 10]:
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Theorem 2.4. For each fixed spectral parameter A € a¢, the so-called hypergeometric

system

T(p,m)¢p = p(\)¢ forall pe S(ac)”

has a unique W-invariant solution ¢ = F;(m;-)=F (A, m;-) which is analytic on a
and satisfies F;(m;0)=1. Moreover, there is a W-invariant tubular neighborhood U
of a in ac such that F extends to a (single-valued) holomorphic function F:ac x
M8 x U — C. O

The function F (A, m; x) is W-invariant in both A and x. It is called the hypergeo-
metric function associated with ¥. For certain spectral parameters A, the functions F;
are actually trigonometric polynomials, the so-called Heckman-Opdam polynomials. In
order to make this precise, we need some more notation.

Let 7 :=lin{e" : A € A} be the space of trigonometric polynomials associated
with A. Trigonometric polynomials are = Q"-periodic, and T:7 C 7. Consider the torus

T = a/7 QY with the W-invariant weight function

- 1—[ el — g

aeXt

Let

M)LZ

Z e, reAt

neW.n

denote the W-invariant orbit sums. They form a basis of the space of W-invariant
trigonometric polynomials 7"W. For A € AT, the Heckman-Opdam polynomials associ-
ated with X are defined by

Po=Pi(m;):= Y. Gu(mM,

HEAT L=

where the coefficients c;,(m) are uniquely determined by the conditions

i) cum)=1

(ii) P, is orthogonal to M, in L%(T; wy,) for all u € A* with u < A.

The Jacobi polynomials P, form an orthogonal basis of L?(T, w,,)", the subspace

of W-invariant elements from L2(T, wy,).
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Remark 2.5. Notice that our notation slightly differs from that of Heckman and Opdam
[5, 11], namely by a factor i in the spectral variable. This choice of notation will be more

convenient for our purposes. U

The connection between the Jacobi polynomials and the hypergeometric

function is as follows:
Lemma 2.6 (see [5]). Forallzeac and L e AT,
Po(m; z) =c(h + p, m) ' Fyy,(m; i2),

where the c-function ¢(A + p, m) = P, (m; 0)~! is given by

F()‘oz + po + ima/Z)F(pa + %Lma/Z + %ma)

c(A+p,m)= .
1_[ F()\a + po + %ma/Z + %ma)['(pa + Llima/Z)

aeXt

We shall work with the renormalized Jacobi polynomials, defined by

Ry (2) := R.(m; 2) :==c(A + p, m)P,(m; 2) = Fy 1 ,(m; 12) =: F;;,(i2).

They satisfy

R, (0) = 1.

Dividing the torus T =a/7 Q" by the action of the Weyl group W gives the closed

fundamental alcove

Ay={xeca:0<(a,x)<m (NVae X))

We may consider W-invariant trigonometric polynomials as functions on Ay.
Another way of considering a W-invariant and = Q¥-periodic function f on a is to say

that fis Wg-invariant, where

Waff=7TOV x W

is the affine Weyl group. The closed alcove A4j is a fundamental domain for the action

of Wyer on a.
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The Jacobi polynomials R, are orthogonal with respect to the inner product
(fL9)m= J F0gx)wn(x) dx,
Ao

but they are not orthonormal. We put

1
Ty = .
IR.113,

Then the set {\/7 R, : 2 € A™} is an orthonormal basis of L%(Ay, wi).

Remark 2.7. We shall need the following facts about the Jacobi polynomials P,
and R;:

(a) The L?(Ap)-norm of P, is given by

1205 = ] I (kg + po — %Lmal/z —3Ma+1) I'(o+pa+t ;{mal/z + 3Me)
wer+ I'(hg + po — 3May2 + 1) I (ko + po + 7Ma2)
see Theorem 3.5.5 in [5]. (Notice that P, is W-invariant.)

(b) The coefficients ¢;,(m) of the P, are rational functions in m,, « € . More-
over, their numerator and denominator polynomials have nonnegative inte-
gral coefficients. This was observed in [8], Par. 11. As a consequence, the
renormalized polynomial R, is, for nonnegative m, a convex combination of
exponentials el”:

R, = Z d)\’y eiy

yeW.n
neAt u=i

with coefficients d; , >0 and }_ d; , = L.

(c) Because of eit-x) =g~ 1-X) we have
R, (x) =R\ (—X), Xxe€aqa,
and more general for ze€ ac:

R (=2)= Ry (2, Ri.(2 =R.(—2. O
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3 The Heat Equation on the Alcove

In this section, we consider the W-invariant part of the Heckman-Opdam Laplacian
on the alcove, which coincides with the radial part of the Laplace Beltrami opera-
tor of a compact symmetric space U/K in geometric cases. We study the associated
heat semigroup—the Heckman—-Opdam heat semigroup—and its integral kernel I7,. In
particular, we show that this heat kernel can be holomorphically extended to ac x ac,
which will be important for the following section, where we study the Segal-Bargmann
transform.

The Heckman—Opdam Laplacian is defined by

q
Ap =Y T m)* - |p?

i=1

where T(§;, m) is the Dunkl-Cherednik operator of Definition 2.2 and {&;,...,&,;} is an
orthonormal basis of a. The operator A,, does not depend on the choice of the basis and

has the explicit form

2
Amf(x)=Af(x)+ Y my, coth{o, x)d, f(x) — Y Ma o

aeXt aeXt

)(f(X) — f(s%))

2 sinh? (o, x

where A denotes the Euclidean Laplacian on a (see [13] and recall R=2X and k,, = %ma).
We now restrict our attention to W-invariant functions. Keeping in mind that
our notation differs by a factor i from that of Heckman and Opdam (see Remark 2.5),

we consider the operator

Ly:=A+ Z mg cot(a, X)0,

aeXt

on C?(a)". Then for f(x)=g(ix), we just have

Ly f(%) = —(Ang)(ix). (3.1)

Remark 3.1. Consider a compact symmetric space U/K on which K acts from the left
with restricted root system X and geometric multiplicity m. Then L,, is just the radial

part of the Laplace-Beltrami operator on U/K. See Proposition 3.11, Chapter II in [6]. [J
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The Jacobi polynomials R; are eigenfunctions of L,,:
LnR. =—(AA+2p)R,, recAT. (3.2)
This follows from equation (3.1). The eigenvalues are negative,
—(hh+20) =—IM* = 2(x, p) <O

since A and p are both contained in the Weyl chamber a* and therefore (1, p)> 0.

We shall use the abbreviation

0, := (A, A + 2p).
The Heckman-Opdam heat equation on A4y is given by
L, u=0:u.
A formal derivation via Heckman-Opdam transform
Foo = LO FROR.(=0)wn(x) dx
motivates the following:

Definition 3.2. The heat kernel I, on Ay x Ag x (0, 00) is defined by

In(x, y.0):= Y re " RxR(-y. 0
reAT

We shall also consider I}, as a function on a x a x (0, o0) which is Wyg-invariant
in the first and second argument. We still have to show that the series converges. This
will be a consequence of the following lemma which states that the growth of the
r; is polynomial in A,, o € ¥*. We start with some simple observations. First, recall
from Remark 2.7(b) that the coefficients d, , in the exponential expansion of the Jacobi

polynomials R, are nonnegative and sum up to 1. Therefore,

|IR(x)| <R.(0)=1 Vxea. (3.3)
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For the summands of I},, this implies
Ir e ' Rux) R (—y)| < e ™ (3.4)

Lemma 3.3. There exists a constant C > 0 such that

Mg
nl<c- [ »- 0
aeXt A, #0

Proof. According to Lemma 2.6 and Remark 2.7(a), we have

1 1
T AIRIE, T lleG-+ p) Pl

)

2
. l—[ F()Lot + po + }Lma/z + %ma)r(pa + ima/Z)
I (g + pa + $May2) T (P + 3May2 + 5Ma)

aeXt
) l—[ F()"Ot + Pa — %Lma/Z + 1) ) F()‘-ot + P + imtx/Z)
aes+ (e + Pa — ima/Z - %ma +1) '+ Pa + ima/Z + %ma)
=c- [] £G)
aeXt

where ¢ > 0 is a constant depending only on m and

F()‘*Dt + po + Ll_Lma/Z + %ma)r()\a + o — Allma/Z + 1)
F()‘a + Lo + %ma/Z)FO‘a + Pa — ima/z - %ma + 1)

ﬁ)l()‘ot) =

We use the well-known asymptotics of the I"-function:

I'iz+a) oab
I'(z+ b) '

Then, for all « € ¥ and A, — oo, this implies the asymptotic

Im,

IMa 1 Ma _ am
f(‘l()‘-a)w)ha ')"Ol =)‘-O,a~

Since X7 is finite, we find a constant M > 0 such that for all positive roots

| fo(ha)| <225 for A, > M. (3.5)
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Fix such M, and denote by L > 0 a common upper bound such that
| o) <L fori, <M Vo e XT). (3.6)

Now let us temporarily fix a A € A*. We decompose the set of positive roots in two

disjoint sets ¥+ = X" U X, where
Yh={laeZt i <M}, XS :={aecXt:ii,>M]}.

Application of estimates (3.5) and (3.6) then yields

SL‘Erl . 1_[ 2)\'310(.

+
aeX;

[ f0w

aeXt

Without loss of generality we may assume L > 1. Note that A, # 0 implies A, > 1 (since

Ay € Z7T). Therefore, we can extend the above estimate:

[T A£G

aeX+

<z ] 2ape
aED Mg #0

This holds independently of A and implies the lemma. |

The consequence of this lemma is that the growth of the summands in the
heat kernel I3, for A — oo is dominated by e%!, which decays for fixed t> 0 as e *’t,

With (3.4), we conclude

Proposition 3.4. The series defining the heat kernel I}, converges absolutely and

uniformly on a x a x (0, 00). For all x, y€ a and ¢t > 0, we have

ITn(x. y. 0] < Y me %=y < o0
reAt

The long-time behavior of I3, is given by

1

lim I (X, y, ) =10 =~
e X,y ©) =To fAme(X)dX

where the convergence is uniform on a x a. O
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One would expect from classical theory of the heat equation that the heat kernel

is smooth. This is also true in our setting.

Proposition 3.5. For fixed t, > 0, the heat kernel I3,(-, -, ) extends to a holomorphic
function on ac x ac which is Wyg-invariant in the real part of both arguments. The

holomorphic extension is given by

Tm(z,w, )= Y 16 " Ry(2) Ri(—w).
rEAT

In particular, I5, € C®(A4g x Ay x (0, 00)). O

Proof. It is obvious that R, is holomorphic on ac. Therefore, each summand in
F(z,w):=) 4+ Tn e %% R, (z)R,(—w) is holomorphic, and normal convergence of the
series will imply that F is holomorphic on ac x ac. To see this, recall that the Jacobi
polynomial R, is a linear combination of exponentials e” with y <1 according to

Lemma 2.1(i). Part (ii) of Lemma 2.1 then implies |y| < |A|. Therefore,

16172 | < glvImal < glAlizt

For M >0, consider the compact ball K:={ze€ac:|z| < M}. Then, for ze K,

we obtain the following estimate:

|R,.(2)| = Z dw elr:2) < el < MM
yEW.n

neAt, u=<i
Here we used d, , >0 and Zy d, , =1 (see Remark 2.7 (b)). With a similar estimate for
R, (w), we see that the growth behavior of each summand of F is dominated by the term
e %% on K x K. Thus we have normal convergence on compact subsets of ac x ac, which
implies that F is holomorphic on ac x ac. Finally, note that termwise differentiating with

respect to t gives a factor —6; but does not change the convergence. |
Next we collect some further basic properties of the heat kernel:

Lemma 3.6.

(a) For all weac, the function w(x, t):= I}, (x, w,t) is a solution of the heat

equation L,u=d;uon Ay x (0, 00).
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(b) J Iz x, Hhwy(x)dx=1 (Vzeacp).
A
() Lz, w,t+s) =J Iz, x, ) (%, w, S wp(x)dx (Vz, w, € ag).
Ao
(d) J In(z, %, ) R (X)wm(x) dx=e %R (z2) (Vz€ag). 0
A
Proof. Part (a) follows from (3.2) and termwise differentiation. The further statements

are obtained by direct calculation, using the orthogonality of the polynomials R, with
respect to (-, ), and the fact that R, (—x) = R, (x) for all x€ Ay. [ |

Definition 3.7. For fe L'(Ay, wn), we define

T4y Tn(x. 7. 0) f(p)wm(y)dy for ¢> 0;
fx) for t=0.

H() f(x) := (3.7)

With the Heckman-Opdam transform, we can write

HO)fx)=Y rne fR(x). t>0.

reAt

Because of |f(A\)|<| fl: and Proposition 3.4 this sum converges absolutely and

uniformly on Ap.
Lemma 3.8. Let f < L!(Ay, wy). Then, for each t > 0, we have H(t) f € C(4y) with

IH @) flloo < Cell fl1-

Moreover,

H(t+s) f=H@®HGS)f (s, t>0). O
Proof. This follows directly from Proposition 3.4 and Lemma 3.6(c). [ |
Since 4y is compact, we have continuous embedding

C(Ag) = LP(Ay, wp) — L'(Ay, wp), 1< p<oo. (3.8)
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In particular, Lemma 3.8 implies that the family (H (t)):o forms a semigroup of bounded
linear operators on the Banach space (C(Ap), ||.lloo). We shall prove that this semigroup
is actually a Feller-Markov semigroup on C(4p) which is generated by the closure of the
Heckman-Opdam Laplacian L,,. Feller-Markov means that the semigroup is strongly
continuous, contractive, and positive, that is, f> 0 on Ay implies H(t) f >0 on Ay. As for
the rational Dunkl case and the noncompact trigonometric case in [12, 13], the proof will
be based on a variant of the Lumer-Phillips theorem characterizing the generator of a

Feller-Markov semigroup, c.f. Theorem 2.2., p. 165, in [2].

Theorem 3.9. The family (H(t)):0 is a Feller-Markov semigroup on (C(Ao), ||-lleo)-

Its generator is given by the closure L, of L,. d
We call (H(t))0 the Heckman-Opdam heat semigroup on Ay.

Proof. Inorder to seethat L,, has a closure which generates a Feller-Markov semigroup
on (C(Ay), ||.lle), we shall apply Theorem 2.2., p. 165, of [2] where we consider C-valued

functions on Ay. We thus have to check the following three conditions:

(i) If feD(Ly)=TY, then also feD(Ly,) and L, (f) =L (f).
(ii) There exists a t > 0 such that the range of tI — L,, is dense in C(A4y).
(iii) If feD(Ly) is a real valued with a nonnegative maximum in xy € 4y, that

is, 0 < f(xp) = MaXyea, f(x), then Ly, f(x) <0 (positive maximum principle).

Condition (i) is obvious. For condition (ii), notice that (tI — L,,)R; = (t+ 6,)R; with
t+ 6, > 0 for t> 0. This implies that the image of 7" under tI — L, is dense in C (4y).
The positive maximum principle is obvious when x; ¢ H, for all « € . If (&, x5) =0 for
some « € X, one has to use a similar argument as in the proof of Lemma 4.1 in [12]:
Consider f as a Wygr-invariant function on R? and let x ¢ H, for all « € ¥. Then Taylor

expansion yields
1
0= f(sa%) = f20) = (e, X0 f(2) + 5 (@, %)°a" D* f(§)a,
where £ lies on the line segment between x and s,x. Therefore,

lim cot(x, x)3, f(x) = %aTDZ f(xo)a <O0.

X—Xp

Thus L,, is closable, and its closure generates a Feller-Markov semigroup (T(t))so
on (C(Ap), |I.llec). It remains to check that H(t) and T(t) coincide. For this, it suffices
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to prove that they coincide on the dense subspace 7% of (C(A4), ||.|). Notice that
LmR)L = —G)LI%)L and
H@t)R,=e %R, (reAh). (3.9)

Hence the function t+— H(t)R, is continuously differentiable on [0, co) and solves the

abstract Cauchy problem

d
au(t) =L,w(t) fort=>O0,
w0)=R,.
But according to the semigroup theory, this Cauchy problem has a unique continuously

differentiable solution which is given by t+— T(¢)R,. This shows that T(t)R, = H(t) R,

and the assertion follows. [ |

The positivity of the heat semigroup implies that I3, is nonnegative on the alcove

Ay. In fact, we have more.
Proposition 3.10. The heat kernel I, is strictly positive, that is,
Im(x, y,t) >0 forall (x,y,t) € Ay x Ay x (0, 00). 0

Proof. Assume that I}, (X, ¥, &) = 0. According to Lemma 3.6(c), we have

o o
Fm()(()’ Yo, tb):J Fm <‘X07a’7 E) Fm (a’ Yo, E) wm(a) da
Ay
Let Fy(z,w):=Tmzw,t)=> .4+ e %R (2)R,(—w). Now the positivity of the heat

semigroup implies I3, > 0. Therefore,

Fyo (%0, a)Fy(a, yo) =0 on A.

But we already know from Proposition 3.5 that F; is holomorphic in both arguments.
If the product of two holomorphic functions vanishes on an open, connected, and
nonempty set, then one of them has to be identically zero. But this is a contradiction
to Fy(xo, X0) = >_ 13 e %!| Ry (xp)|? > 0. |
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Let us conclude this section with some remarks concerning LP-theory and behav-
ior for t — oo: so far we have considered the heat semigroup on the space of continuous
functions C(A4p). But an LP(4y, wy,) theory (1 < p < o) is easily developed.

By Lemma 3.8 and the embeddings (3.8), each H(t) defines a bounded linear

operator on LP(Ay, wy,) for 1 < p < co.

Proposition 3.11. The family (H(t)):>0 defines a positive, contractive, and strongly

continuous semigroup on LP(A4y, wy,) for 1 < p< oc. O

Proof. The positivity of I3, implies that H(t) is positive on LP(Ay, w,,). Moreover,

Jensen'’s inequality implies
HOFOP < | 1S WIP Tn(x. v, 0wn () dy
A

and therefore |H (%) fll, < || fllp. It remains to check strong continuity of the semigroup

on the dense subspace 7", which is immediate from (3.9). |

Remark 3.12. The L2%-theory of the heat semigroup is particularly explicit. The
Laplacian L,, with domain 7% is symmetric in L?(A4y, wy,) [10, Proposition 2.3], and
the Jacobi polynomials R, form a complete set of eigenfunctions with real eigenvalues.
Therefore, L,, is essentially self-adjoint. Its closure is given by orthogonal expansion

with respect to the Jacobi basis:

Lnf=Y (=0)r(f R)mR.= Y (=601 fOR,

rEAT reAT

with domain

D(Lm) = feL* (Ao, wm): ) mbZ| FWIP < oo} :

reAT

This self-adjoint operator generates a strongly continuous semigroup eIm on L2(Ag, wp).
By Borel functional calculus,

eth RA — eigktR)\

and for general f=), 7 FOOR,,

e’ f=>" rie " f()R,.

reAt

This coincides with the heat semigroup (H(t));=0 on L%(Ag, wy,). O
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For t — oo the heat (given by the initial distribution f) spreads uniformly on the

alcove:
Proposition 3.13. Let fe LP(Ay, wn), 1 < p<oo. Then

lim H(p) f = £ win (%) dx

1

with respect to |.| p. O

Proof. Write
HOf®)=rfO)+ > rnefORx

LEAT A0

and take the limit t — oo. [ |

4 The Segal-Bargmann Transform

In this section, we focus on the L2-setting. The smoothness of the heat kernel implies
that the heat transform f+> H(t) f smoothens the arbitrary initial data. We shall see that
it actually gives rise to a unitary isomorphism between L2(Ay, wy,) and a certain Hilbert
space H; of holomorphic functions on ac—the so-called Segal-Bargmann transform.
Let us start with a short reminder of the classical situation for the one-

dimensional torus T =R/2xZ; for details, see, for example, [3].

Example 4.1 (The Segal-Bargmann transform for the torus T=R/277Z). We consider
functions on T as functions on R which are invariant under the action of 2xZ.
Let fe L?(T). The heat equation

Au=0dwu, ux,0)= f(x)
has the solution

ux, ) =H®) fx):=)_ fme ™ e™

nez

with the usual Fourier coefficients

A 1 .
foy = J Fx) e ™ dx.
7T JT
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The function H(t) f extends holomorphically to a function on C which is 27 Z-periodic

in the real part of its argument:

HOf(=) fme ™ em™

neZ

Consider the heat kernel on R,

1 — —|yl?/4t
= e
vely 4t

and put
pe(Y) 1= 2y5,(2).

Then the image of
H(t): L¥(T) — O(C/277Z)

is the Segal-Bargmann space

1 .
He:={F € O(C/2nZ):||F|3, = ZJ J |F(x+iy)|%p:(y) dxdy < oo}.
TJR

Moreover, the Segal-Bargmann transform H(t) : L?(T) — H; is a unitary isomorphism. O]

We shall now extend this result to the compact (and Weyl-group invariant)
Heckman-Opdam case. The classical example as well as the theory in the case of com-
pact symmetric spaces (see [3]) indicates that the Segal-Bargmann space will depend on

the noncompact heat kernel.

Remark 4.2 (The noncompact heat equation). The noncompact Heckman-Opdam heat
equation was studied by Schapira [13]. Let us recall some results.

Denote by D,, the W-invariant part of A,,, that is,

D,=A+ Z mg coth(a, x)0,.

aeX+t

The hypergeometric function F; is an eigenfunction of the operator D,,:

DmF)d-p:<)"a)‘-+2p>FA+p=9AFA+p- (41)
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The operator D,, has a closure which generates the noncompact heat semigroup e!Dm

on Co(a). The W-invariant noncompact heat kernel is given by

1 _ —t(A*+1pl?) —
Ve (X, y) = La e FL(X)F.(-y) O

We will use the notation y!(x) :=y/(x, 0) in the following. Heckman-Opdam transform
shows that

J Fiip(X)y} (08m(x) dx =™ (4.2)
a
where
Smi= [] le*—e™™
aeX+
is Opdam's weight function. O

We now turn to the holomorphic extension of the heat transform on L?(Ag, wy,).
Recall that the heat kernel

Iz w, )= Y re " R(2)R.(—w)
reAt

is holomorphic in (z, w), where the series converges normally on compact subsets of
ac x ac. Thus for f e L?(Ag, wy,) and t > 0, the heat transform H(t) f given by (3.7) extends

to a holomorphic function on ac,

H(t) f(2) = (e f)(z) = JAO In(z, y, 1) f(y)wn(y) dy.

Alternatively, this can be written as

H@) f(a)= ) re “""f0)R.(2) (4.3)

rEAT

where the sum converges normally on compact subsets of ac.

Definition 4.3. In the following, H(t) shall always stand for the analytic continuation

of the heat transform to ac. O
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Definition 4.4. Define F;:=Im(H(t)) C O(ac) as the holomorphic image of the heat

transform with inner product
(H®) £, H®G)F, = (], 9) 1240, wm)- O
Proposition 4.5. The space (F, ||.|| %) is a Hilbert space with reproducing kernel
Ki(z, w) = y(w, 2, 21).
The set of W-invariant trigonometric polynomials 7% is dense in (7, ||| 7). O

Proof. The heat transform L2(Ag, w,,)— F; is by definition a unitary isomorphism.
Hence (F;, |.||l7) is a Hilbert space. The set 7" is dense in L?(4y, wy,) and therefore
also in F; (recall that H(t) maps 7" onto itself). Finally, let F = H(¢) f € F:. Then

F(2=H®) f(2) = LO fm(z, y, Hwm(y) dy

=(f. [n(. 2, O) p2 (40,0, = (HO L HO (. 2, 0) 7, = (F, Ke.2) 7,

with
Kiz(w) =H@®)I'm(, z t)(w) = J In(w, ¥, O (y, 2, Ywm(y) dy
Ao
=y(w, 2, 2t)
according to Lemma 3.6(c). |

We are interested in a more explicit description of the image of H(¢) as a Hilbert

space of holomorphic functions.

Definition 4.6. Assume that the Fourier coefficients of fe L?(4y, wy,) satisfy the

growth condition

Y onlfwPe M <00 (vxea). (4.4)

rEAT
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For such f and x, y € a, we define a generalized translation by

T f(y) = f(—ixxp)i= ) fOR(DR.(=ix). 0

rEAT

Recalling that R, (—ix) = F;,(x), we observe that 7y f € L?(Ao, wy,) if and only if

Itix flIf <00 <= Y mlFOIPIFip, ()] < oo, (4.5)
reAt

Notice also that x+> tjx f(y) is W-invariant on a. According to [10, Proposition 6.1], the

hypergeometric function satisfies a growth estimate
|Fi(x)| <Ce"™ vxea

with a constant C independent of x and A. This shows that condition (4.5) is implied by

our growth condition (4.4), and the above translation is indeed well defined. Moreover,
Ri(—ix* y) = R.(—iX) R.(y).

We shall now describe the target space of the Segal-Bargmann transform in a

different way.
Definition 4.7. Let
H::={F € O(ac) : Fis Wygr-invariant in the real part of its argument; | F||y, < oo},

with the inner product
(F.G)p, = Y nFMGO) ™.
rEAT
Here the (Heckman-Opdam) Fourier transform F =] 2, FOR (=) wm (X) dx is with

respect to the real part x of the variable. O

Note that functions in H; automatically satisfy growth condition (4.4) (with
respect to the real part of the variable). Moreover, the identity theorem implies that
each F € H,; is invariant under the action of W on ac, that is, it is W-invariant also in the

imaginary part of its argument.
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Proposition 4.8. The space H; is a Hilbert space of holomorphic functions. |

Proof. Let us recall the definition: a Hilbert space of holomorphic functions H on a
domain D is a subspace of O(D) with the structure of a Hilbert space such that the
embedding H < O(D) is continuous.

This means, for every compact subset K C ac, we have to find a constant Cx such
that

|F(2)| <CklFlln, VYzeK.

We claim that each F € H; can be written as

F(z)= Z rnEFO)R.(2) (4.6)

rEAT

where the series converges normally on each compact subset K of ac. Indeed, let ze K
with |Im z| < M. Then

Z InF()R.(2)| < Z rlE ()| e e | R, (2)|
(ZT'HF()\NZ 2t0> (Zr)\|R)\(Z)|2 —2t9,)

Now the first factor is just || F ||, and for the second factor we use the estimate | R, (2)|* <

g2Hmz < o2MIAl to obtain a constant Cx such that

D ImFO)Rillox <CxlFllr,. (4.7)

As a consequence, the sum in (4.6) defines a holomorphic function on ac. On the other
hand, for given f e L?(Ap) thesum > ,_,. 11 f(A)R,\ is just the expansion of f with respect
to the orthonormal basis of Heckman-Opdam polynomials. Since F € H; is continuous
and bounded in the real part (as a Wpg-invariant function), we have F € L%(A4y) and
therefore F(x)=) ,_,+ rnF(LW)R.(x) a.e. on Ay. Now the identity theorem implies the
claim (4.6).

Relation (4.6) together with (4.7) shows that the embedding H; — O(ac¢) is con-
tinuous. It remains to check that H; is complete with respect to the given inner product
(-, -)#,. For this, consider a Cauchy sequence (Fy) in H;. Because of the continuous embed-

ding, it converges uniformly on compact subsets of ac to some limit F € O(ac) which is
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W,ge-periodic in its real part. Further, F,, = H(¢) f;, with f, — f e L%(Ag, wy,). This shows
that F,— H(t) f in ||.|'H;, and therefore also locally uniformly. [ |

In the next proposition, we give another representation of the inner product of

‘H: and state its reproducing kernel.

Proposition 4.9.

(1) The inner product of H; can be written as
(.= | | 5P (1) Cwm(rA0m (0 dydx. @.8)
aJA
(2) The reproducing kernel of H; is given by K;(z, w) = I, (w, z, 2t). O

Remarks 4.10.

1. The above representation of H; is close to, but not exactly, a weighted
Bergman space on ag, because the generalized translate acts only on one
of the functions F, G.

2. In(4.8), fa can be replaced by |W| fu+ because x> 14 F(y) and the heat kernel

¥4, are W-invariant. O

Proof. We already remarked that 7, F is well defined for functions in H;. Using domi-

nated convergence, we calculate

TLXF(Y) me(Y)Vzlt(X)‘sm(X) dydx

;ﬁ
%

H 3 B O R (0 R (1) P (17 20520 dy dx

= Z 2 F (1) J (LO R.(1)G(Pwm(y) dy) Ry (—iX)Y3,(0)8m (%) dx

=>r F(A)G(A)J Frtp(0) 7,08 (%) dx = ZnF(k)G(Mem—w G)n,

A
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Here we used R, (—ix) = F;,(x) and (4.2). For the reproducing kernel property note that

for K; ,(w) = Iy (w, z, 2t), we have
K;,0) =e*" Ry (2).

Thus

(F,Kiw,= Y nFOMR.(2)
reAt

which is equal to F(z) according to (4.6). |

So, F; and H; are Hilbert spaces of holomorphic functions with the same repro-
ducing kernel. But then by general Hilbert space theory they have to coincide (see
Proposition II.1.5 in [3]). The holomorphic heat transform H(t): L?(Ag, wy) — F; is by

definition a unitary isomorphism. We conclude
Theorem 4.11. The Segal-Bargmann transform
L*(Ag, wm) — He,  fr>H@®f

defined by (4.3) is a unitary isomorphism from the L2?-space on the alcove Ay onto the

Hilbert space of holomorphic functions H;. O

Remark 4.12. We finish with a remark concerning the geometric cases related to com-
pact symmetric spaces, where we refer to the exposition of [3]. Let X=U/K be a
Riemannian symmetric space of compact type and X¢ = Uc/K¢ its complexification. Let
further G/K be the noncompact dual of X, of real rank r and with restricted root system
X and geometric multiplicity m. Let a™ denote the Weyl chamber associated with a fixed
positive subsystem of X¥. The Laplace-Beltrami operator of X generates the heat semi-
group (H(t))s=0 on L%(X), and the Segal-Bargmann transform B;: f+ H(t) f is a unitary

isomorphism from L?(X) onto the weighted Bergman space
B*(Xc, p) = {F € O(Xc) || FII? =J |F(2)| p(2) dm(2) < oo} .
Xc

Here m is a Uc-invariant measure on Xc and py(2z) = 2"y, (6?7 . 0) for z=uef, with

denoting the heat kernel of G/K. Suppose now F € B?(Xc, p;) is invariant under the

€T0¢ ‘2T aung uo ulogeped gn e /Bio'sfeulnolploxo-uwi//:dny wou) papeojumoq


http://imrn.oxfordjournals.org/

4224 H. Remling and M. Rosler

left action of K¢ on X¢. Then F is the holomorphic extension of a unique K-invariant
function on X and can be identified, via its spherical expansion, with a holomorphic
function on ac which is Wyer-invariant in the real part of its argument. Following the

proof of Theorem V.3.2 in [3], one obtains

IFI?=Y"re* | FMP=|F|3,

reAT

where F is the Heckman-Opdam transform corresponding to the underlying root
data. Thus, the subspace of Kc-invariant functions from B?(Xc, p;) can be identified
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