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ABSTRACT. We establish a multiresolution analysis on the space Herm(n) of n X n complex
Hermitian matrices which is adapted to invariance under conjugation by the unitary group
U(n). The orbits under this action are parametrized by the possible ordered spectra of Her-
mitian matrices, which constitute a closed Weyl chamber of type A,—_1 in R™. The space
L2 (Herm(n))V(™ of radial, i.e. U(n)-invariant L2-functions on Herm(n) is naturally identi-
fied with a certain weighted L2-space on this chamber.

The scale spaces of our multiresolution analysis are obtained by usual dyadic dilations as
well as generalized translations of a scaling function, where the generalized translation is a
hypergroup translation which respects the radial geometry. We provide a concise criterion to
characterize orthonormal wavelet bases and show that such bases always exist. They provide
natural orthonormal bases of the space L2(Herm(n))Y ("), Furthermore, we show how to obtain
radial scaling functions from classical scaling functions on R™. Finally, generalizations related
to the Cartan decompositions for general compact Lie groups are indicated.

1. INTRODUCTION

Suppose we are given a discrete subgroup I' C GL(V) x V of the affine group of a Euclidean
vector space V generated by translations coming from a lattice subgroup of V' and dilations that
arise as integer powers of an expansive automorphism which leaves the lattice invariant.

It is a classical problem in wavelet analysis to determine whether there are functions !,..., 9" €
L?(V), often called a wavelet set, such that
{yy':yel, 1<i<r} (1.1)

constitutes an orthonormal Hilbert basis of L?(V'). Here L?(V) is with respect to the Lebesgue
measure on V and I' acts on L?(V) via y.4(x) = ¢(y~'z). The standard approach to this
problem is to obtain the wavelet basis (1.1) from a multiresolution analysis (see e.g. [BMM99]
Mad93, [Woj97]), and in general the size r of the wavelet set depends on the determinant of
the expansive automorphism. In non-Euclidean settings, such as on manifolds, concepts of
multiresolution analysis are often less natural. There is a broad literature on wavelet analysis
and multiresolution on spheres, see e.g. [FNSI8| and [FEP16] for a more general background
about wavelet methods on manifolds. Let us also mention among further concepts of
non-Euclidean multiresolution analyses and [OOR06] for a non-Euclidean (continuous) wavelet
transform on rectangular matrix spaces. In [RR03] a radial multiresolution for SO(3)-invariant
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functions on R3 was introduced. It was based on the natural hypergroup translation on the
orbit space (R3)* 0@) [0, 0], and the intimate connection of the characters of this hypergroup
(certain Bessel functions) to the Tchebychef polynomials of second kind played a crucial role.
For structural reasons, this concept cannot be generalized to SO(n)-invariant functions on R™
for n > 3.

In the present paper, we consider the space V' = Herm(n) of Hermitian n X n-matrices as
a Buclidean space with the trace form (X,Y) = tr(XY). It is naturally acted upon by the
unitary group U(n) via conjugation. In various analytic contexts, such as random matrix theory,
one is interested in the space L?(Herm(n))Y(™) consisting of functions f € L?(Herm(n)) which
are invariant under this action, i.e. depend only on the eigenvalues of their argument. It
seems natural to exploit the additional geometric invariance also in wavelet analysis, in order to
obtain a discrete wavelet decomposition of L?(Herm(n))Y (™). Identifying U (n)-orbits in Herm(n)
with their ordered spectrum via the spectral theorem will also reduce the dimension of the
underlying space from n? to n. In a closely related way, one could consider functions on the
space SHerm(n) = {X € Herm(n) : tr X = 0}, which are radial in the sense of conjugation
invariance under SU(n). As we shall describe in the appendix (Section 6), the setting of [RR03]
just corresponds to SU(2)-invariant analysis on SHerm(2).

The goal of the present paper is to generalize the concepts of [RR03] to higher rank, namely to
analysis on Herm(n) which is radial in the sense of U(n)-invariance. We shall introduce a radial
multiresolution on Herm(n) and characterize radial orthonormal wavelet bases. A key ingredient
will be the definition of a generalized translation operator on L?(Herm(n))V(™), as classical
translations of U(n)-invariant function need not to be U(n)-invariant again. We identify the
orbit space of the action of U(n) on Herm(n) with the closed cone

ar={zeR":z1>...>xz,}

of ordered spectra of Hermitian matrices via U(n).X — o(X) € a;. Here o(X) denotes the
set of eigenvalues of X, ordered by size. The cone ay is a closed Weyl chamber of type A, _1.
It carries a natural hypergroup structure, where the convolution of point measures d, * d, is a
compactly supported probability measure on @i which describes the possible spectra of sums
of Hermitian matrices X + Y with given spectra o(X) = z,0(Y) = y. For generic z and y the
measure d, * 0, is absolutely continuous with respect to the Lebesgue measure in a certain affine
plane in R" with an explicit formula for the density. This is a consequence of results in [GS02],
see also the survey [GS16]. The generalized translation of suitable functions on ay is then given
by T f(y) = 6z * 8,(f), and harmonic analysis of L?(Herm(n))V(™ will play out as harmonic
analysis on the L*-space L*(a7,w) of this hypergroup, where w(z) = [[,_; [+; —2;|*. This is due
to the fact that by the Weyl integration formula, the classical Fourier transform of U (n)-invariant
functions on Herm(n) coincides with a Hankel transform with respect to the spherical functions of
the Cartan motion group U(n) x Herm(n), which are multivariate Bessel functions. The concept
of a radial multiresolution in Herm(n) will thus be that of a multiresolution in L?(ay,w). The
scale spaces (V) ez are obtained by (classical) dyadic dilations from V{, which is in turn spanned
by generalized translations along lattice points of a so-called radial scaling function ¢ € L?(a,w).
Similarly to [RR03], and in contrast to classical notions of multiresolution analysis, while still
being characterized by a two-scale relation, the scaling function ¢ itself is not contained in Vj
and the scale spaces are not translation invariant with respect to the generalized translation.
While the authors in [RR03] explicitly construct a set of orthonormal wavelets from a given
multiresolution consisting (due to dimensionality reasons) of only one wavelet, this approach is
not feasible in our higher-rank situation as the number of wavelets needed will grow with n.
Instead, we will give a concise criterion characterizing orthonormal wavelet bases of L2(ay,w)
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by checking whether a certain matrix-valued function is almost everywhere unitary. This result
is resemblant of a similar criterion in classical wavelet theory ([Woj97]) and will allow us to show
that given a multiresolution analysis, associated orthonormal wavelet bases always exist and
that they in fact consist of 2 — 1 wavelets. As functions on Herm(n), these wavelets reflect the
underlying radial symmetry and require reduced computational effort as classical multiresolution
on the vector space Herm(n) would need 27" — 1 wavelets. We are furthermore able to relate
radial scaling functions to classical permutation-invariant scaling functions on R", yielding a
simple example of a radial wavelet basis analogous to the classical Shannon wavelets.

The paper is organized as follows: In Section 2 we recall facts about radial analysis on Herm(n).
We will introduce the generalized translation operators on L?(a;,w) and study their proper-
ties. This will be crucial for Section 3, where we introduce a radial multiresolution analysis on
Herm(n). In Section 4, orthonormal wavelet bases are discussed and Section 5 then describes
how to obtain radial scaling functions from classical scaling functions in R™. Finally, Section 6
is dedicated to the discussion of generalizations of the previous results. In fact, many arguments
remain valid upon replacing U(n) with an arbitrary connected compact Lie group, the space
V = Herm(n) by p = iLie(K) C C ®g Lie(K), and by considering the adjoint action of K on
p. In this setting one can see the results of [RR03] as a special case of rank 1, as the situation
corresponds to that of SU(2) acting on SHerm(2). However, in the general higher-rank case, it
would not be clear how to obtain radial scaling functions from classical scaling functions.

2. RADIAL ANALYSIS AND GENERALIZED TRANSLATION

The unitary group U(n), n > 2 acts naturally on Hermitian matrices Herm(n) by conjugation.
By the spectral theorem, the orbit space Herm(n)U(") of this action can be (actually topologi-
cally) identified with the closed chamber

ay={zeR":ax1>...>z,}

via U(n).X — o(X), where o(X) is the ordered spectrum of X. We note that U(n) x Herm(n) is
the Cartan motion group of the complex Lie group G = GL,,(C) with maximal compact subgroup
K = U(n), coming from the Cartan decomposition g = ¢@p with p = Herm(n). GL,(C) belongs
to the so-called Harish-Chandra class (cf. e.g. [GVS8S]), but in contrast to SL,(C) it is not
semisimple. For the maximal abelian subspace a = {diag(z1,...,2,) : ; € R} 2 R"™ of p, the
set ap = {x € R" : x1 > ... > x,} is the positive Weyl chamber corresponding to the positive
subsystem ¥ = {e; —e; : 1 < i < j < n} of the root system A,_; in R™. We shall often identify
elements from R™ with diagonal matrices in the above way.

Recall the Weyl integration formula ([Far08], Thm. 10.1.4; more generally [GVS8S], eqn.(2.4.22))

which states that
/ F(X)dX = c/ / F(uzu™ Y du w(z)ds
Herm(n) ay JU(n)

for F' € C.(Herm(n)). Here, ¢ > 0 is a constant independent of F' and
w(z) = [[@i — ;)%
i<y
We thus obtain an isometric isomorphism
®: L?(Herm(n))V™ — L2(@7,cw), F > Fle = f.

As the action of U(n) on Herm(n) is via orthogonal transformations, the Euclidean Fourier
transform of a radial function F € C.(Herm(n))V( is again radial and becomes a Hankel
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transform of f: for Y € Herm(n ) with y = o(Y),

7 — —i(X,Y)
FY):= E ) Y /Hcrm F(X)e dX
c .
== f J(z, —iy) w(x)dr = Hf(y)
- (2m)n?/2
with the Bessel functions
n—1
- k!
J(y, z :/ etr(uyu™ D) gy = Llk=1 e(w)e™v?)  (y,zeC" 2.1
wa= T X S )@

given by the Harish-Chandra-Itzykson-Zuber formula ([HC57], [IZ80]; see also [McS21] for a
recent overview). Here e(w) denotes the sign of w, the scalar product (., .) is extended in a
bilinear way to C", and

w(z) =[]z — 2)
i<j
denotes the fundamental alternating polynomial, also known as the Vandermonde determinant.
Thus we get a Plancherel theorem extending the Hankel transform H to a unitary operator on
L?(a;,w). Note that the Bessel function J satisfies J(\z,2) = J(z,A2) for A € C and that it is
Sp-invariant in both arguments. We may therefore extend H f to an S,,-invariant (i.e. symmetric)
function on R™ whenever convenient.

Usual translations F'(- —y) of radial functions on Herm(n) need not be radial again. We therefore
define generalized translations for f € C.(ay) by averaging with respect to the U(n)-action:

T.f(y) = flo(z+ uyu_l)) du =: (65 * 0y)(f)

U(n)
Note that &, * 0, defines a compactly supported probability measure on a; and that §, * 0, =
0z * 0y. As an immediate consequence of Fubini’s theorem and the left-invariance of the Haar
measure we obtain the product formula

(0g 6y)J (-, 2) = J(2,2)J (y, 2).
This just says that when considered as functions on R"™, the functions J(.,z), 2 € C" are
spherical functions of the Gelfand pair (U(n) x Herm(n),U(n)). Indeed, all spherical functions
are of this form, which follows e.g. from [Wol06], Theorem 4.4, and the bounded spherical
functions are those with z € iR™. Moreover, for radial F, G on Herm(n),

/7Tyf(a:)g(:17)w(:zr)d:17 :/ F(X +y)G(X)dX

Herm(n)
— [ PG - yiX = [ f@Tygla)ela)ds (2.2)
Herm(n) ar
with ¥ = —(yn,...,y1), provided the integrals exist. In a similar way, it is checked that

. Hence the translation operators T; extend to norm-decreasing linear oper-

ators on L2(ar,w).
Together with the above product formula, relation (2.2) implies that for f € L?(ay,w),
H(Ty () = J(z, iy) H [ (2). (2:3)

Indeed, the above convolution d, * d,, of point measures J, and J, defines a commutative orbit
hypergroup structure on @y in the sense of [Jew75|, Sec. 8 (where hypergroups are called convos).
The neutral element is 0 € ay, the involution is given by z +— T as defined above and w(z)dz is
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a Haar measure. For details on hypergroups related to motion groups as in the present setting,
see also [RV0S].

In Section 3 we shall need some more refined information on the measures d, * d,. Indeed,
a combination and adaption of results from Helgason [Hel00], Graczyk, Sawyer [GS02] and
Graczyk, Loeb [GL98] for the semisimple case shows that for =,y € a; the measure 6, * d, is
absolutely continuous with respect to the Lebesgue measure on a certain affine plane in R"”,
and gives an explicit formula for the density. To make this precise, we orthogonally decompose
R™ = R§ ®R1 with

60={zeR":z1+...+2,=0}, 1=(1,...,1)

and denote by 2° and z' the orthogonal projections of z € R™ onto R} and R1, respectively. We
further put Cj :={z € C”: 21 +... 4+ z, = 0} and

Ao = Rg N ai.

A canonical basis of Rf is given by the simple roots
Qi ‘= €; — €41, 1§i§n—1,

and we denote the remaining elements in Xy \ {a1,...,an—1} by an,...,qq. Let ¢ == |X4| =
sn(n — 1). Following [GL95, [GS02], we express oy, = E;:ll agjaj for k =n,...,q in the basis

above and define a subset A(y1,...,yn—1) € RI""H via

(Yns--1Yq) €AW, -y Yn—1) <= Yn,..-,Yg >0 and
q
Zykakjgyj, j=1...,n—1.
k=n
For n > 3, we further define a function 7': Rfy — R by

T(yr00 + ...+ Yn—10p_1) = / dyp, . .. dyqg.

Ay, Yn—1)
If n = 2, then we define T to jump from 1 inside @y to 0 on R3 \ ag.
In order to describe some further properties of T', we introduce in Rfj the dual cone of @y, which
is given by
n—1
+a:{x€R’0‘:x:chaj, ¢; >0} CRy.
j=1

We first state some general facts which will be useful later on.

Lemma 2.1. (1) If v € ay, then © —wx € Ta for all w € S,.
(2) If x €@y and h € C(z), then x — h € *a.
(3) p € ajo.
Proof. See [Hel00], Ch. IV, Lemma 8.3. and observe that ¢ — wz € R} for x € R™. O

We shall need the following facts about 7', established by Graczyk and Loeb:

Lemma 2.2 ([GL95], Prop. 2). T is supported in *a and continuous and nonnegative on +a.
If x,y € Ya withy — x € Ta, then T'(z) < T(y).
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For regular arguments x,y € a,, the convolution product d, * d, is now described as follows in
terms of T

Proposition 2.3. Forz,y € ay, the measure 6, * &, is absolutely continuous with respect to the
Lebesgue measure on x' +y' + a9 C ! +y! + RE. The density is given by

k(x,y,h) = mlp)m(h) Z e(v)e(w) T(vy + wx — h).

m(x)m(y) | o=

Here p == 3 dicjlei —ej) = i(n—1,n—=3,...,—n+1) denotes the Weyl vector.

Proof. Throughout the paper, we denote the pushforward of a measure x4 under a measurable
mapping ¢ by ¢.«(u). As U(n) = H x SU(n) with H = {d, = diag(z,1,...,1),z € U(1)},
Weyl’s integration formula gives

(0, % 0y) / / o(x+dkyk=d;Y))dk dz =/ fl@'+y' +o(a® +ky’k™))dk
UQ@) JSsu(n) SU(n)

for x,y € ax. This shows that
Sp %6y = [€ = &4+ 2t + yu (00 %o dy0),
where
(a0 500,)(0) = [ gloa+ "k )k
SU(n)
for g € C(ayo). The measure d,0 *q d,0 is a compactly supported probability measure on a1
which describes the orbit hypergroup convolution on the space SHerm(n)® U(n) where SHerm(n)

are the Hermitian matrices of trace 0, acted upon by SU(n) via conjugation. Observe that for
z € Cg,

J(°,2) = / etr(kak™12) g
SU(n)
and
(030 %0 0y0) (J (-, 2)) = J (2%, 2) (3, 2).

The functions ¢, = J(-,iz)[rp, 2 € Cy are just the spherical functions of the Cartan motion
group SU(n) x SHerm(n). They are related to the spherical functions ¢, of the Riemannian
symmetric space SL(n,C)/SU(n) of complex type via

Ax)
m(x)

sinh(x; — x;
=11 J)

see [Hel00], Ch. IV, Prop. 4.10. and Ch. II, Thm. 3.15, or the nice presentation in [BSOOQ3],
Sect. 9 (where the definition of p differs by a factor 2 from ours). Now the claim follows from
[GS02], Thm. 2.1 and Prop. 3.1, which contain an explicit expression for the density in the
product formula of the ¢, and thus for ;0 g d,0. Note that the authors there work with S,-
invariant measures on a = R{, while we work with measures supported in ai . This results
in a factor 1/|S,| in [GS02], Prop. 3.1. We further note that in [GS02] the authors missed a
factor 21+ = 22n(n=1) i equation (3), which leads to a missing factor 2=1=+l in Prop. 3.1.
We fix this in our formulation by denoting p as the half-sum of roots not weighted with their
multiplicities. 0

¢Z(x) = (em)

with
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Remark 2.4. Note that with respect to the decomposition R™ = Rfy @ R1 we can write
O * 51} = (510 *Q 6y0) & 6zl+y1 .

For x € R™ we define C(z) = conv(S,.z) as the convex hull of the S,-orbit of .

Lemma 2.5. Suppose z,y € ay such that y+ C(x) C ay.. Then
supp (05 * 0y) C y + C(z).

Proof. This follows from [GS02], Cor. 2.2. combined with the fact that ¢, * §, = (6,0 *¢ J,0) ®
031441 Note again that the authors there work with an S,-invariant formulation. As we assumed
y + C(z) C ay, the pushforward measures w.(d, * §,) have disjoint supports, resulting in the
expression above. O

Besides the norm-decreasing translation operators T}, on L?(a;,w), we will need dilation opera-
tors in order to establish a radial multiresolution. These can be defined in the usual way: Note
that w is homogeneous of degree 2|, | and put

m = dimg Herm(n) + 2|2, | = 2n? — n.

Then one easily calculates that for a > 0,

Duf(z) = a~¥ f(La) (2.0
defines a unitary operator D, on L?(a;,w) which satisfies
H(Daf) (@) = Dyja(H)(2). (2.5)

Finally, we will need an orthonormal basis of L?(a;,w) which behaves nicely with respect to the
Hankel transform. To this end, we consider the Schur polynomials (sx)xep, in n variables which
are indexed by the partitions of length at most n,

Pr={DeNy: M >...>2\}=Z"Nnay
and given by
sa(z) = Y e(w)eiteen) = Axvs(e™) r € R"

Ao 2 A3(e)
with
A(z) = H(ei(wz‘—%‘)/? _ e—i(ﬂﬂz‘—wj)ﬂ) - Z g(w)ei(mww)7
1<j WESH
Ax(e™) = det(ei’\f’”‘)lgj7k§n and d=(mn—-1,n-2,...,0).
Note that

A(z) = e 7 @D g4(e'®)

so that in particular |A| is S,-invariant and I-periodic for
I =2n7Z".
It is well-known that the sx, A € Py are the Weyl characters of U(n), considered as functions

on its maximal torus 7' = T" with T = R/27Z. By the Schur orthogonality relations and the
Peter-Weyl theorem, they form an orthogonal basis of the Hilbert space

S = L*(T",|A])S"
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consisting of those functions f € L?(T",|A|?) which are S,,-invariant. More precisely, the Schur
polynomials satisfy

o [ @@ 8@ P =6,

For details, see [Buml3], Thm. 22.2 ff. together with Thm. 36.2, or [Far0§|, Section 11. We
consider the following renormalization of Schur polynomials:

1
i|2+|\/m

The (Sx)aep, form an orthonormal basis of S. Moreover, in view of formula (2.1), they are
connected with the Bessel function J via

Sa(z) = sa(z), A€ Py.

(A +p)

oy ) : _
S)\(I)—MX—J(!TJ()\-FP)) with M)\—m.

2.6
This connection and the periodicity of the Sy will be of crucial importance for our constructions,
together with the observation that 72 = w on R", where w occurs as the density of the Haar
measure of the hypergroup (a, *) discussed before. Sometimes it will be convenient to work on
the fundamental domain

D =10,2x["
of the torus T = R™/I and use the identification
S={a:R" = C:alp € L*(D,|A»)®, a(z + q) = a(z) a.e. (Vg € I)}. (2.7)

For abbreviation we further introduce the notation
T =Ty, (A€ Py).
As a consequence of identity (2.3) for the Hankel transform, we have

A(E)SA ()

Hf(E) (2.8)
for f € L?(ar,w).

3. RADIAL MULTIRESOLUTION ANALYSIS IN HERM(n)

We start with the definition of a radial multiresolution analysis (MRA) on Herm(n). It is a
higher-rank anlogue of the concept of a radial MRA in R? introduced in [RR03].

Definition 3.1. We call a sequence (V;),ez of closed linear subspaces of L?(a1,w) a (dyadic)
radial MRA in Herm(n), if it satisfies the following properties:

(1) V; CVjyq forall j € Z,

(2) Nj=—s Vi = {0},

(3) UjZ_ o Vj is dense in L*(a%, w),

(4) feV;if and only if f(2-) € V)41,

(5) there exists a function ¢ € L*(a1,w) such that

By = {MT Mg xe Py}
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is a Riesz basis of Vp, i.e. span By is dense in Vj and there exist constants A, B > 0 such

that
2

Allal3 < || > axMTWMe

AeEPy

< Bl|o3

2
for all & = (ax)rep, € C2(Py).

The function ¢ is called scaling function for the MRA (V})jez.

For ¢ € L?(a1,w) consider the function

&) = o S [HoE+ o) (CeR),

g€l
which is S,-invariant and I-periodic.

Proposition 3.2. Let ¢ € L%(ay,w) and A, B > 0. Then

2
Allall < Z M\ TNo || < Blla||?  for all a € (*(Py)
)\EP+

2
if and only if
A< Py(&) < B for almost all £ € ay.

Proof. Let a € £?(P,) be a finite sequence. Define
a = Z Oé)\S)\ €.
AeEPy

Using the Plancherel theorem for the Hankel transform and Eq. (2.8) we obtain

2
Z a,\M,\T(A)qS Z CYA%H¢
AEP 2 AEPL 2
2
_ /_ 3 mm‘ |%¢<5>|2|;"(§)|2|A<@|2d5
A+ [ xePy
_ L / O [H(E) 2| A©)[2de

H,Z/ 3(€ + 0)2[MO(E +0) 2IA(E) P

qel
S REGRAGINGIRS
The {Sx : A € P} forming an orthonormal basis of S, we have

lfle = flalls -

Now the assertion is immediate, since finite sequences are dense in £2(Py). |
With A = B =1 we obtain

Corollary 3.3. For ¢ € L?(a;,w) the following are equivalent:
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(1) The set By == {M\TWN¢ : X\ € P.} is orthonormal in L?(a7,w).
(2) P, =1 a.e.

For ¢ € L*(a1,w), put
V, == span By C L*(a1,w).

The set By is a Riesz basis of Vj if and only if the two equivalent conditions in the previous

proposition are satisfied for some constants A, B > 0. In this case we say that ¢ satisfies condition
(RB).

Lemma 3.4. Let ¢ € L?(a1,w) satisfy (RB). Then for f € L?(ay,w) we have the equivalence

A(€)B(E)
(§)
The function f € V4 corresponding to 8 = Z)\EP+ axSyx € S with o € (2(Py) is given by

f= Z)\EP+ axMA\TMg.

feVy <« HfE= Ho(¢) with B € S.

Proof. As the M\T™ ¢ form a Riesz basis for Vs, the functions

AS
— Ho = H(MTP9)

form a Riesz basis of H(Vy), where we again used Eq. (2.8). This yields the assertion, since for

a € (Py),
H( Z akMAT(A)qS) = %( Z CV)\S)\>H¢.

AePy AePy
|

When ¢ is the scaling function of an MRA {V;}, then V,; = V. The following corollary shows
that in contrast to the classical notion of an MRA, Vp is not shift-invariant (and similarly the
other scale spaces):

Corollary 3.5. Let (V})jez be a radial MRA. Then f € Vi implies TNf ¢ Vi for all A € Py

Proof. Recall that H(TXNf) = J(.,i(A+ p))Hf. But if B € S, then J(-,i(A+p)) B ¢ S as the
functions J(-,4(A + p)) are not periodic. Now the previous lemma implies the assertion. 0

Theorem 3.6 (Orthonormalization). Suppose that ¢ € L?(ay,w) satisfies condition (RB), i.e.
there are constants A, B > 0 such that A < Py(§) < B a.e. Define ¢* € L*(ay,w) by its Hankel
transform

Ho* = (3.1)

e
VP
Then By« = {MA\TMN¢* : X € Py} forms an orthonormal basis of Vi = V.

Proof. Note first that as a consequence of condition (RB), the right side in (3.1) belongs to
L?(ay,w). By definition Py« = 1 a.e., so by Corollary 3.3 it only remains to prove V, = V. For
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this, it suffices to verify that M\TWM¢* € Vs and MTWM¢ € Vg for all A € Py. We employ
Lemma 3.4 and see

A
M\TNg* e V, <= H(M/\T(A)qs*) = —ﬂ’Hqﬁ for some 8 € S.
™
But
 AS\ Ho

H(MA\TW ¢*)

™y /P¢
Analogously we get

AB

MTWVg € Vi = HMTN¢) = ——Ho* = BB Ho
T

iy ‘/qu

for some E es

and
H(MA\TWM ¢) = % Ho.
This gives, for all A € P, the conditions
\5—%68 and Sx\/P, € S.
But these conditions are guaranteed by our assumption on Fp. |

Given a function ¢ € L?(ay,w) satisfying (RB) plus some additional conditions (see Proposition 3.7
and Theorem 3.8 below), we will now construct a radial MRA having ¢ as scaling function. Recall
the unitary dilations 2.4 and define scale spaces {V;}, ez by

VO = V¢, VJ = DgijO.
Then property (4) of Definition 3.1 is satisfied by construction. Putting
05 (6) = Daps MTV)(€) = 27 MATN)(€)  (j €L A€ Py), (3.2)
we have

(Djxs Dju) = (Pox, Do)

since dilations are unitary. Thus {¢; : A € P} is a Riesz basis of V; with the same Riesz
constants A, B > 0 as for ¢. In particular,

V; = span{@x i A € Py .

Moreover, if By = {¢o,x : A € P} } is an orthonormal basis of Vo, then {¢; » : A € P} constitutes
an orthonormal basis of V;. We shall now analyze the further required properties of Definition 3.1
in this case. We start with the condition that the scale spaces should be nested.

Proposition 3.7. For ¢ € L?*(ay,w) satisfying (RB) and the spaces V; defined above, the
following statements are equivalent:

(1) V; C Vjyq1 forall j € Z.
(2) V.1 C V.
(3) There exists a function v € S such that ¢ satisfies the two-scale relation

A(28)H(2) = (A H(E).
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In this case, if we expand ¢p_19 in Vo as ¢_1,0 = ZA€P+ axgon with a = (ax)xep, € 2(Py),
’7l2 .
then v =c- 3 \cp, anSx with ¢ = 2= "5 I+ 1y/n!.

Proof. The equivalence of (1) and (2) is immediate by rescaling. Suppose now V_; C Vj. Then
by Lemma 3.4 shows that
A
Ho_1,0= 7[37195

with some € S. On the other hand, using equations (2.8) and (2.5) we calculate

Ho-10(6) = HDMTO0)) = Dipa 2000 ) @

n?/2
— a2 BB B gy 06) — 2 S8 e0).
We conclude that
A(2HHP(28) = - BIOA(HH(E) (3.3)

with ¢ as astated and obtain the desired result with vy =c¢8 € S. If ¢_10 = E/\em axpox, We
employ Lemma 3.4 and see that 8 = ¢~y = 2oaep, OASx.

Conversely, assume that (3) is satisfied. Performing the same calculation as above for ¢_; ) leads
to

Sx(26)
(&)

and an application of Lemma 3.4 shows that ¢_; , € Vj if and only if

SA(26) A HA(26) = (A He(E) (3-4)

for some ) € S. Recall that ¢ satisfies the two-scale relation (3). Choosing

A(§) = const. y(§) S (2€) € S
we thus conclude ¢_; ) € V and therefore V_; C V4. O

Hp_1,» = const. A2 HH(26)

Theorem 3.8. Let ¢ € L*(ar,w) satisfy condition (RB) and assume that the scale spaces are
nested, i.e. V; C Vi1 for all j € Z. Suppose further that |He| is continuous in 0. Then (V;)jez
is a radial MRA if and only if Ho(0) # 0. Moreover, if ¢ is an orthonormal scaling function
then |He(0)| = 1.

Proof. The idea is the same as in the proof of [RR03], Thm. 4.9, but now the proof is much more
involved, as sufficient knowledge of the generalized translation will be needed, which was simple
and explicit in [RR03]. To start with, we use Theorem 3.6 and obtain an orthonormal scaling
function ¢* € L?(at,w) with the same scale spaces. In order to prove that (= ___ V; = {0} we

j=—o00
have to show lim;_, o || P;f|l2 = 0 for all f € L?(a;,w), where

P LParw) = Vi, fer > (.00 60

AePy



MULTIRESOLUTION ANALYSIS ON SPECTRA OF HERMITIAN MATRICES 13

denotes the orthogonal projection and ¢7 , is defined as in (3.2). As continuous functions with

compact support are dense in L?(a;,w) we may assume that f € C.(ay). Denoting K := suppf
and using Parseval’s identity we obtain

IP12 = S0 16
)\GP+

< 2. * 2 d

< 1712 /K A;m,mm w(E)de

= const. Z M3 |T(/\)¢*(§)|2 w(§)dg

2jK>\EP+
_ 2 *\ |2
= const. [ 3 MR By 86 e

where above and in the sequel, const. denotes a varying positive constant depending on f and n
only. Observe that A+ p € a for all A € P, and therefore Proposition 2.3 applies to dx, * ¢
in the integral above. We may further assume that j € Z is negative and already so small that
A+ p+C(&) Cay for all A € Py. Hence, by Lemma 2.5, supp(day, * d¢) € A+ p + C(§) for all
A. In view of Proposition 2.3 we obtain

% ) = *(x M e(v)e(w)T (v€ +w —x) dx
R WG B = X AITOE + wlh ) =) do (39

Here dr denotes the Lebesgue volume in the affine hyperplane A\! + ¢! + Ry C R"™ which
contains A+ p—+C(€), where still £ € 2/ K Na, with j < 0. Recall at this point the decomposition
R" = Ry @ R1, with orthogonal projections z° of € R™ onto R} and z' onto R1. Using
Lemmata 2.2 and 2.1 we further see that for all x € A+ p+ C(§) and v, w € S,

TwE+wA+p)—x) <TA+p+E&—x).

Moreover, as  — (A + p) € C(§), we may estimate the argument of 7" as ||z — (A + p) — &]l2 <
2[[¢|l2 < sup,exllz|2 . By its properties noted in Lemma 2.2, T' is therefore uniformly bounded
on the domain of integration in (3.5), i.e. with a bound independent of A and £. By the Cauchy-
Schwarz inequality and recalling that 72 = w, we may therefore estimate

const.

Orep 8@ < o [ ot @) wle) da,
o T+ 0)2w() L pree
where the constant is again independent of A and ¢. Now fix R > 0 such that K C A+ B with
A={r=2"cRina; : |z <R}, B={zx=2z'cRlna;:|z|: <R}
and recall that M) = %. Then we may continue our previous estimate as follows:
n![],—1 k!

IPAB < comst. [ ST ot (@)Puta)de) de
2(A+B) xep, A+P+C(9)

Noting that C(¢) = ¢! + C(€°) with C(€°) C 274, ¢! € 2/B, we conclude that

P f3 gconst./‘ Z (/ / |¢*(x)|2w(x)dxd§1>d§0
21A AEP, 20 B J A p+EL4C(£0)

< const. /
2

(e Ped) e
JA)\GP+ A+p+27 (A+B)
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Choosing j € Z sufficiently small, we can achieve that the sets A + p + 27(A + B) with A € P,
are pairwise disjoint. This finally leads to the estimate

1P 1< const. [ ([ jor () Patt)de”

The inner integral being finite, it follows that ||P;f|l2 — 0 for j — —oo as claimed. This
finishes the proof of condition (2) in the definition of a radial MRA, which is satisfied without
requirements on Ho.

It remains to analyze condition (3) concerning the density of |J;Z__ V; in L?(ay,w). Here we
closely follow [RR03]. Suppose first that H¢(0) # 0 and let h € (U?’;_OO Vj)L, ie. Pih =0

for all j € Z. Let € > 0. By the Plancherel theorem for the Hankel transform, we can find
f € L?(a1,w) such that Hf has compact support and ||f — h||2 < e. This implies

1P fll2 =[P (f =P)]l2 <€

for all 7 € Z. By the Riesz basis assumption on ¢, we further have

AN e <P FIZ<B Y (f ¢l

AePy AePy

Suppose now that supp Hf C K with some compact K C ar. Then in view of (2.8),
(frdin) = (Hf, Hojn)

_ /K HI(E) Pl HO2IE) w(€) de

with the dilates pi = Dy(AS*), A € P;. The weight w being homogeneous, they form an

T

orthonormal basis of the space X; := L%(2/D,w)"", where D = [0, 27[". Assume j is sufficiently
large, so that 27D D K. Then

(f,din) = (Hf HO27T), ph ) x, -

Thus using Parseval’s equation for X; & L2(2/D Ny, w) we obtain

D NP = 1S HO27 )%, :/KI”Hf(ﬁ)|2|H¢>(2_j€)l2 w(§) dé. (3.6)

AePy

As we assumed that |H¢| is continuous in 0, the functions [H¢(277-)| converge to the constant
|H#(0)| > 0 uniformly on K as j — +o0o. Hence

e > limsup||P; fll2 > VAHSO)| [Hfll2 = VAHSO)|(|h]l2 - ).

J—00

But € > 0 was arbitrary, so that h = 0. This proves that |J;Z___ Vj is dense in L*(a},w).
Conversely, suppose that U;’;im V; is dense in L?(a;,w). Then
Tim Pif = f
for all f € L3(ay,w). If Hf is compactly supported, the same calculation as before gives
Tim |3 £ < VB [Ho(0)] [l

which enforces He(0) # 0.
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Finally, if the ¢; x, A € P} are orthonormal, we may choose A = B =1 and calculate
IFllz = lim [F; fll2 = [HeO) [ HFll2 = [HSO) | fl2,
so that [H¢(0)| = 1. O

Suppose that ¢ € L?(a},w) is an orthonormal scaling function of a radial MRA. Then according
to Proposition 3.7, it satisfies the two-scale relation

AROMH(2) = (A H(E)

with some v € S. Introducing the filter function

Gle) — 1A

(25) , (3.7)

the above two-scale relation becomes

H(28) = G(E)H(S)-

Note that G is S,-invariant and that |G| is I-periodic. Let us now also consider the finer lattice
1
L= 5] =aZ" DI =2nZ".

Lemma 3.9. Suppose that ¢ € L2(ay,w) is an orthonormal scaling function of a radial MRA.
Then the associated filter function G satisfies

Y lGE+p))? =

peEL/I

almost everywhere. As a consequence, G is essentially bounded and contained in L?(D).

Proof. Using Corollary 3.3 with 2¢ instead of £ and the two-scale relation, we get

1= 'Z|H¢ 2 +g)? ,Z|H¢€+p)l G +p)f?
qel peL

= Z|G§+p|ZIH¢ E+p+alP = D IGE+p)*
pGL/I qel peL/I

4. ORTHONORMAL WAVELETS

Suppose we are given a radial MRA (V}), ez in Herm(n) with orthonormal scaling function ¢.
The wavelet space W; is then defined as the orthogonal complement of V; in Vji1, i.e.

Vi = V; @ W;.
In this section, we will characterize orthonormal wavelets for the given radial MRA. That
is, we will give necessary and sufficient conditions for translations and dilations of functions
Pl 9" € L(ay,w) in order to constitute an orthonormal basis of the wavelet space Wy. As

W; = Dy-i Wy, we obtain orthonormal bases of all spaces W; by dilation, and thus finally an
orthonormal wavelet basis of
a+, @ W

JEZ

Proposition 4.1. For functions ¥',... "1 € L%(ay,w) the following are equivalent:



16 LUKAS LANGEN AND MARGIT ROSLER

(1) {MA\TWMyt © 1<i<r—1, A€ Py} is an orthonormal system.

(2) The sum

Pis(©) = - S HU (€ + ) HIE+ a)

" g€l
is absolutely convergent with P; j(§) = &, ; for almost all &.

Proof. For i = j this is Corollary 3.3. Now suppose i # j. Then the Plancherel theorem for the
Hankel transform implies that

AS,,

. , ASy_ . . ,
<M)\T(>‘)1/) 7 M#T(M)1/}J> _ <T>‘7_w) 7 TH¢J>

= | Sa&)Su(OHY (HYI(€) |A(E)[PdE

= — | SMOSWOHE(OHEI(E) |A9)[de

_ / EAGERGLAGINGRS

This immediately gives (2) = (1), since (Sx)aep, is an orthonormal basis of § = L2(T", |A[?)5".
For the converse implication, note first that the series defining P; ; is absolutely convergent
with |P; ;| < 1 a.e., as a consequence of Corollary 3.3 and the Cauchy-Schwarz inequality in
¢%(I). Moreover, P, ; is I-periodic and S,-invariant (recall that the Hankel transform H1) is
Sp-invariant). Note that P; ; = K By our assumption and the above calculation,

(SA\Pji,Su)s =0

for all A, € P. Thus SyP;; = 0 a.e. for every A and hence (Sx, P, j)s = 0 for every A. This
implies that P; ; = 0 a.e. O

Maintaining the above setting, we shall now characterize the space W_; C Vj.

Proposition 4.2. For f € L?(a1,w) the following statements are equivalent:
(1) feWw_,.

(2) There is an element 5 € S such that Hf(§) = %’Hqﬁ({) and

(&)
(B +P)O(E +P)persr L (V(E+P)S(E +P))pers1
almost everywhere as vectors in C", where
A(x)
A(2z)

and v € S is the function from the two-scale relation for ¢ in Proposition 3.7.

r=|L/I|=2", 6(z):=

Proof. By definition Vo = W_; © V_1 and V_1 = D3Vp, thus h € V_; if and only if Dy ,ph € Vj.
In view of Lemma 3.4 this is equivalent to

A©)n(E)

O

H(D1/2h)(€) =
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with some n € S. From Eq. (2.5) we obtain
27FHA(5) = (D2HR)(E) = H(D1y2h)(€)

and thus
heVl <« MA@ = %w(%) = 289 @ a0mole
for some 3 € S. Furthermore, f € Vy if and only if
1) = S8 00c)
for some § € S. We denote D' := 1D = [0, (", which is a fundamental domain of the smaller

torus R"/L. As W_; L V_; and H is unitary, we have f € W_; if and only if (Hf, Hh) =0 for
all h € V_q, i.e. if and only if for all 8 € S we have

E(f) B(28) —= 2 2
- ZAS PATH H A w(é)d
0 3 ) Y(EIHPE)]" A w(§)dE

ar 7(
e GG  GIRINGIRE
- Z/D,mmwwm HO((E +p) +0)* [AE +p)|Pde

" peL/I q€l

= /D B(28) > BE+PAE +)VE+P)AE+Dp) Py(€ +p)de

peL/I

= | B8 3. Ble+ P +pN(E+ PO +p) A0 de:

peL/I

Here it was used that P, =1 a.e. and that 5(2-) is L-periodic while B, ~ and |A| are I-periodic.
Note that also |§|? is I-periodic and S,-invariant, and therefore the finite sum

> BE+p)E+pE+p)OE+ D)

peL/I

is S,,-invariant and L-periodic. Since the 3(2-), 8 € S exhaust the space L2(D’,|A(2-)[>)5", we
conclude that

S BE+p)IE+PIETPOE+p) =0 ae.

peL/I

Theorem 4.3. For elements !, ... "1 € L?(ay,w) the following are equivalent:
(1) The set
{MATVyt - 1<i<r—1, e P}
is an orthonormal basis of Wy.
(2) The number r is given by r = |L/I| = 2", and
Hy'(2€6) = B1(£)3(E)H(€)
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for certain B° € S such that the matriz

(ﬁl(g +p)6(§ +p))0§1§r71,p€L/[ S (CTXT

is unitary almost everywhere. Here 0 :=~ € S denotes the function from the two-scale
relation of ¢ in Proposition 3.7.

Proof. Statement (1) is equivalent to the statement that the M \DoT™1)" are an orthonormal

basis of DoWy = W_;. Using Proposition 4.2 we see MoDyTO" € W_4 if and only if

A(§B(©)
(&)

with certain 3¢ € S such that (3 (§4+p)0(E+D))per/r L (v(§+p)0(E+D))per/r almost everywhere.
Recalling formula (2.8), we calculate the left hand side of the previous equation as

H(MoDoT Oy (€) = Ho(€)

H(MoDsTO)(€) = Dy s (ﬁ W) ©

NG P
= const. © H* (28).

We conclude that MoDyT (D¢ € W_; if and only if
HY'(2€) = B (§)3(E)H(€) (4.1)

for some ' € S such that (8(£+p)0(E+p))per/r L (V(E+p)O(E+p))per 1 almost everywhere.
By Proposition 4.1 we see that {MAT(A)W :1<i<r-—1, A € P;} is an orthonormal system if
and only if

0ij = — Z MY (26 + q)HYT (26 + q)

qel

=n.ZW (& +p)HYI2(E +p))

peL

% YD BUE+p+ B E+p+ € +q+p)* [HOE +p+ )

" peL/I g€l

> BE+DFE+D)ISE+ D) ,Z|H¢ (E+p) + 9P

peEL/I qel

> B E+p)BFE+p)ISE+p)

peL/I

almost everywhere. This is equivalent to the condition that the set
M = {(B'(E+p)0(E+p)peryr 1 <i<r—1}

is an orthonormal system in C!*/7| a.e. Furthermore, the vector (8°(£+p)3(€+p))per 1 is almost
everywhere normalized in C/Z/l according to Lemma 3.9, and is orthogonal to M according
to Proposition 4.2. We conclude that » < |L/I| is a necessary condition by dimensionality.
Moreover, if the v* satisfy (4.1), then a short calculation gives

A(§)Sx(28)8'(€)

H(MyDo TN i) (€) = const. - ©

HO(E).
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So indeed, MyD>TMyt € Vy for all X € P, by Lemma 3.4. As S)(2-) is L-periodic, we have
(SA2(E+P)B (€ +PISE+P) ep /s € CBE+DP)OE+D)) er s

and thus M\D,TWMy? € W_; C V, by Proposition 4.2. We conclude that r = |L/I] is also a
necessary condition. g

Corollary 4.4. Every radial MRA (V) ez with orthonormal scaling function ¢ admits an or-
thonormal wavelet basis consisting of r — 1 wavelets, where r = |L/I| = 2™, i.e. there are
functions W', ... Y"1 € L3(ay,w) such that

{M\Dyey TVt - 1<i<r—1, e P}

is an orthonormal basis of the complementary space W;.

Proof. Recall that A(z) = a(z)As(e™®) with the phase factor a(¢) = e~z €L Hence aA is
I-periodic. We now put 7°(¢) = a(—£)G(€) with the filter function G associated to ¢ according
to formula (3.7). We next choose functions * € L*(DNay),1 <i < r — 1, in such a way that
the matrix

(" (€ +p))o<i<r—1,per;1 € C"
is unitary for almost all £ € D Nay ; here again D = [0, 27[". This amounts to constructing a
unitary matrix with a given first row in a measurable way. We then extend the n* to all of D via
ni_(wx) = nl(ac) for w € §,, and then to R" in an [-periodic fashion. We thus obtain functions
B = ad'n* € S such that the matrix A = (Aip)o<i<r—1,per/1 With entries

Ay =B (E+p)S(E+p) = a(&)n' (€ +p)

is almost everywhere unitary. In particular, 3°5 = G. We then define ¢* € L?(a;,w) via its
Hankel transform by

Hy' (2€) = B (E)I(E)H(&).

5. CONSTRUCTION OF RADIAL SCALING FUNCTIONS

It remains to discuss how a radial MRA can be actually obtained, i.e. how candidates for
radial scaling functions can be found. As our lattice is I = 2wZ"™, we can tile R™ with copies of
D = [0, 27[" along periods of e&) which allows us to interlock Proposition 3.2 with its classical

analogue for the Euclidean Fourier transform f(¢) = (2r)~"/2 Jpn €748 dz on L2(R™).

Theorem 5.1. Suppose ¢, € L?(R™) is a classical scaling function for a dyadic MRA in L*(R™)
which is Sp-invariant and such that its classical Fourier transform ¢4 is continuous in 0 and
satisfies ¢q € L?(a1,w). Then

Ho(€) = (2m) e T E0G,(¢) (5.1)
defines a radial scaling function ¢ € L*(ay,w), i.e. a scaling function for a radial MRA in
Herm(n).

Conversely, if ¢ € L?>(a1,w) is a radial scaling function such that H¢ € L*(R™) and He is
continuous at 0, then the function ¢, defined by Eq. (5.1) is a classical scaling function on R™
which is S,,-invariant.

Moreover, ¢ is an orthonormal scaling function if and only if ¢4 is an orthonormal classical
scaling function.
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Proof. Suppose ¢, is a classical scaling function which is S,-invariant and such that aa is contin-
uous in 0. Note that the S,,-invariance implies that ¢, is S,,-invariant as well, and thus definition
(5.1) is meaningful. According to Propos. 5.7. in [Woj97] there are constants 0 < A < B < o0
such that

4 oS dule+2m)P <

@ =

G a.e.. (5.2)

Moreover, ¢4 is an orthonormal (classical) scaling function if and only if A = B = 1. Since
I = 277", formula (5.2) can be written as

A< HOE+ P < B ae.

qel

So we can invoke Proposition 3.2 and Corollary 3.3 to see that By = {M\TWM¢ : X € P}
forms a Riesz basis of Vy = span By, and that this basis is orthonormal if and only if ¢q is
orthonormal. Further, by Lemma 5.8 in [Woj97] there exists a 2rZ"-periodic function m on R™
with m|p € L?(D) and such that ba (28) = m({)(Ea (€). Since ¢ was assumed to be S,-invariant,

sn—1

m has to be S,-invariant as well. We again introduce the phase factor a(§) = e * 2 &1 and
define v := ad~!m € S. We obtain

~

A(26)H(26) = A(26)a(2€)(2m) 2m(€)da(€)
_ A@28a(26) (&) m(g
= YA HH(),

which is just the two-scale relation from Proposition 3.7. As $u is continuous in 0, we get
QASa(O) # 0 and thus H¢(0) # 0, see [Dau92], Remark 3 on p. 144. Indeed, we have seen this
reasoning already in the proof of Theorem 3.8. Hence, the conditions of Theorem 3.8 are satisfied
and we obtain that ¢ is indeed a radial scaling function.

Conversely, suppose that H¢ € L?(R™). We proceed as before and note that

m(€) = (€)d(€)a(€) ™! = a(=€)G(&).
By Lemma 3.9, this shows that m € L?(D). O

As an example, we consider the radial analogue of the Shannon wavelets. Again, we work with
the phase factor a(§) = e~ "7 (61D Consider ¢q defined via its classical Fourier transform

ba = (2n)_"/2X[,mﬂ]n. Then by [Woj97], Thm. 2.13, Prop. 5.7 and Lem. 5.8, ¢, is a classi-
cal orthonormal scaling function which satisfies the conditions of our Theorem 5.1. Therefore
Ho(E) = a(§)X[—x,mn (§) defines an orthonormal radial scaling function ¢. Note that

HP(28) = a(§)x(E)HO(E) = a(26)xqn [~x,x (&) (5.3)

with the union of cubes

Q=Q" = |J @nl+[-m/2,7/2]").

lezn

Now define functions 8’ = (ad) 'xgi € S with
Q=4 +0Q,
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where ¢* runs through the non-trivial representatives of L/I, i.e. through the set {0,7}" \
{(0,...,0)}. Then in view of Theorem 4.3, one obtains an orthonormal radial wavelet basis (%)
for Herm(n) by defining

H' (2€) = B () HA(E) = XQin[—r ) (€)- (5.4)

QN [—m, ) = [-7/2,7/2)% QN [—m, ]2 with ¢* = (0,7) Q%N [—m, )2 with ¢% = (7,0) Q*N [~ 7? with ¢* = (m,7)

FIGURE 1. The radial Shannon wavelets in the rank n = 2 case. The sets
Q'N[—m,7)? correspond to the scaling function ¢ (i = 0) and the three wavelets
Yi(i =1,...,3) via Eq. (5.3) and Eq. (5.4).

6. APPENDIX: GENERALIZATIONS

Many of the previous results can be generalized in terms of Lie theory. Instead of the action of
U(n) on Herm(n) by conjugation we may consider an arbitrary compact connected Lie group K
which acts on p = iLie(K) C Lie(K)¢ via the adjoint representation as a group of orthogonal
transformations with respect to some K-invariant inner product on p. First, we replace R" by a
maximal abelian subspace a = iLie(T") C p coming from a maximal torus T C K and R by ag,
the span of the roots of K. The Weyl integration formula holds in this generality (cf. [GV8§],
Eq. (2.4.22)). Further, ay is now the positive Weyl chamber associated with a set of simple
positive roots ai, .. ., ddima,- As usual, we identify a with a* using a K-invariant inner product
on p. The associated Weyl group W replaces the symmetric group S,, and m becomes the usual
alternating polynomial m = [[{_, a; with respect to the positive roots ai,...,q,. Again, we
define a generalized translation by averaging the translation along adjoint orbits of K in p.

The Weyl character formula yields a natural choice for the trigonometric polynomials S, which
are indexed by the set of dominant weights P, of K with respect to T. On the other hand
the Harish-Chandra-Integral (J[HC57]) allows us to express the spherical functions J(.,dy) of
K x p/K in a similar fashion. Thus interlocking these two allows for nice properties of the Sy
with respect to the generalized translation. More precisely, we obtain

Sx(x)

= ; w)et At (we) _ ﬂ v
NG w;vg( ) Myg gy @i+ 0) (6.1)

as a generalization of Eq. (2.6). Here, sy = i74/|W|S, is the trigonometric polynomial associated
to the highest weight A in the Weyl character formula ([Kna96], Thm. 5.113), A denotes the
Weyl denominator and My = const.-7(A+ p) is a suitable normalization constant determined by
the Harish-Chandra-Integral (see for example [McS21], Eq. 3.3). Again, the Peter-Weyl theorem
and the Schur orthogonality relations ensure that we obtain an orthonormal basis.

Using a structure theorem for compact connected Lie groups ([Pro07], Ch. 10, §7.2, Thm. 4),
we can decompose K = (L x H)/C with L compact, connected and semisimple, a torus H and
a finite subgroup C of the center of L x H intersecting H trivially. This allows us to reduce to
the semisimple case as in the proof of Proposition 2.3 and apply the results of [GS02] to find the
density of the translation. Note that ag is the orthogonal complement of iLie(H) ina as L, L x H
and K all have the same roots. We now take I = iker(exp: Lie(T') — T') as the integral lattice
of T and replace D by a fundamental domain of the torus a/I. After adjusting these notations,
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the arguments up until Theorem 4.3 will still work. A small caveat is to see that the Weyl group
acts on the integral lattice in order to see for example the S,-invariance of Py in Proposition 3.2.
However, employing the analytic Weyl group W = Nk (T)/T, we immediatly verify

exp(Ad(k)x) = kexp(z)k™ =e

for w = Ad(k) € W and x € ker(expLie(T) — T'). After Section 4, however, the geometry will
not be as compatible as in the case K = U(n). For example, it is not clear how to obtain radial
scaling functions as the lattice I will generally not behave well with the periodicy of "¢, which
was crucial in the proof of Theorem 5.1.

In the case where K = SU(2) acts on SHerm(2) by conjugation, this generalization reduces to
the situation of [RR03], which can be seen as follows: We identify a = SHerm(2) = RZ = R,
so that W = {£1},7(t) = 2t,A(t) = e — e~ and @ = [0,00[. Using these identifications
and the fact that K is of rank 1, the function 7' is simply the indicator function x[g o[- Thus
Proposition 2.3 reduces to

1 oo

G 8)(F) = 5= [ F@E 3 (DI PT(1)r+ (<1 — 1) dt
0 i,je{0,1}
1 r+s d
=— t)t dt,
2rs [r—s| f( )

which agrees with formula (4.1) of [RR03]. A direct calculation shows that Py = $No, so that
Sxa(t) = V2A(t)"sin((k + 1)t) for A = 1k € P,. This agrees, up to the factor A(t)~!, with
the definition in [RRO3|, §4. In fact all our statements in this paper, such as for example the
definition of the set S, are modified by this factor. This is a technical modification to accomodate
for the fact that for non-semisimple Lie groups the Weyl vector p is not necessarily contained
in the weight lattice P. By re-introducing the factor A~! we compensate a possible loss of
I-periodicity of the functions AS).

It is a specialty of this rank 1 situation that the weight lattice and the integral lattice align
nicely, which made the explicit construction of orthonormal wavelets in [RR03] work.
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