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Abstract We prove the existence and study properties of the Green function of the unit ball
for the Dunkl Laplacian A in R?. As applications we derive the Poisson-Jensen formula
for Ag-subharmonic functions and Hardy-Stein identities for the Poisson integrals of Ay.
We also obtain sharp estimates of the Newton potential kernel, Green function and Poisson
kernel in the rank one case in R?. These estimates contrast sharply with the well-known
results in the potential theory of the classical Laplacian.
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1 Introduction
Dunkl operators are differential reflection operators associated with finite reflection groups

which generalize the usual partial derivatives as well as the invariant differential operators
of Riemannian symmetric spaces. They play an important role in harmonic analysis and the
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study of special functions of several variables. Among other applications, Dunkl operators
are employed in the description of quantum integrable models of Calogero-Moser type, see
e.g. [9]. Also, there are stochastic processes associated with Dunkl Laplacians which gen-
eralize Dyson’s Brownian motion model, see e.g. [17, 31]. Recently, the potential theory of
the Dunkl Laplacian Ay has found increasing attention in view of many interesting open
problems and the need of developing new techniques, as many standard methods known
from the case of diffusion operators do not apply, see, e.g., [7, 15, 16, 20, 26, 27]. In the
present paper we study the properties of one of the fundamental objects in the potential the-
ory of Ag: the Green function G (x, y) of the unit ball B in R?. The behavior and estimates
of this function and its generalizations for bounded smooth domains were intensively stud-
ied in the case of the classical Laplacian [3, 34-36], more general diffusion operators [1, 2,
8, 18, 23, 25], as well as nonlocal operators [5, 6, 19, 22, 24].

Our first result, Theorem 3.1, establishes the existence and an integral formula for
Gi(x,y). A more convenient two-sided bound of G (x, y) is given in Theorem 3.2. We
also prove a standard relation between G (x, y) and the Poisson kernel Py (x, y) of B for
Ay, see Proposition 3.5. As applications of Theorem 3.1 we obtain the Poisson-Jensen for-
mula for Ag-subharmonic functions and Hardy-Stein identities for Ag-harmonic functions
on B, see Theorem 4.2 and Theorem 4.5. This leads to an equivalent characterization of the
Hardy spaces of Ay on B in the spirit of [4]. We remark that the general integral representa-
tion (3.5) of G (x, y) and the estimate of Theorem 3.2 involve the representing measure for
the intertwining operator whose structure depends strongly on the underlying root system.
Note that explicit formulas for the representing measure are known only in a few partic-
ular cases, and the question whether it always admits a Lebesgue density is a challenging
open problem. However, the available results together with Theorem 3.2 allow us to derive
explicit two-sided bounds of the Newton kernel N (x, y), the Green function G (x, y) and
the Poisson kernel Py (x, y) for Ay in the rank one case in R4, see Theorem 5.1, Theorem
5.4, and Corollary 5.7. The obtained estimates contrast sharply with the classical results in
the potential theory of the Laplacian A or more general diffusion operators. The main nov-
elties in the present setting are additional singularities of Ni(x, y) and Gi(x, y) inx = gy
in dimensions higher than 3 (g is in the associated reflection group W) and the dependence
of the estimate of N(x,y), Gx(x,y) and Pr(x, y) on the distance to the boundary of the
Weyl chamber. This makes the obtained asymptotics more complex than in the case of dif-
fusion operators, in particular these for the Green function G (x, y). Deriving analogous
two-sided bounds in the setting of any other root system is an interesting open problem,
and available informations about the representing measure for the intertwining operator are
in this case essential. We should note that the existence of singularities of the Newton ker-
nel N (-, y) on the orbit W.y has recently been discussed in the case of an orthogonal root
system, see [27, Proposition 2.59].

The paper is organized as follows. In Section 2 we give basic definitions and list some
useful facts in the theory of Dunkl operators. In Section 3 we prove the existence and study
properties of G (x, ¥). In Section 4 we prove the Poisson-Jensen formula and Hardy-Stein
identites. In Section 5 we derive sharp estimates of Ni(x, y), Gi(x, y) and Px(x, y) in the
rank one case in RY.

2 Preliminaries

For details on the following, see [11, 12, 28] and, for a general overview, [13] or [30].
Let R be a root system in R? (equipped with the usual scalar product and Euclidean norm
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| - ), and let W be the associated finite reflection group. The root system R needs not
be crystallographic and W is not required to be effective, i.e. spang R may be a proper
subspace of R¢. The dimension of spang R is called the rank of R. An important example
iISR=A;1 ={£(e; —ej): 1 <i<j=d}C R? with W = S, the symmetric group
in d elements. We fix a nonnegative multiplicity function k on R, i.e. k : R — [0, 00) is
W-invariant. The (rational) Dunkl operators associated with R and k are given by

Jf(x) — fogx)

d
(a, X) » SER

T f(x) = f() + ) k(@) (&)
aER
where R denotes an (arbitrary) positive subsystem of R. For fixed R and k, these operators
commute. Moreover, there is a unique linear isomorphism V. on the space of polynomial
functions in d variables, called the intertwining operator, which preserves the degree of
homogeneity, is normalized by V;(1) = 1 and intertwines the Dunkl operators with the
usual partial derivatives:
TeVi = Vide  forall € e RY.

The Dunkl Laplacian is defined by

d
Api=) T3
i=1

with an (arbitrary) orthonormal basis (§;)1<j<q of R?. We shall renormalize the roots
according to |o| = V2 foralla € R. Then

Arfx)=Af(x)+2 ) k(a)(

a€R

(Vf®),a)  fl0) - f(Ua(X))>

(o, x) (o, x)2

where A is the usual Laplacian on RY. For x € R? denote by C(x) the convex hull
of the Weyl group orbit W.x of x in R?. The intertwining operator Vj has the integral
representation

s = [ redke. R
C(x)
where N’§ is a probability measure on C(x). The measures Mfc satisfy

1y (A) = ph(r~ ' A)

for all » > 0 and Borel sets A € RY. In [33], it was deduced from formula (2.1) that V;
establishes a homeomorphism of C*°(R?) with its usual Fréchet space topology.

In the rank one case R = {£1} C R, the representation (2.1) is explicitly known ([12,
Theorem 5.1]); it is given by

T(k+1/2)
NZEN(IN

We shall employ the Dunkl-type generalized translation on C*(R?) which was defined
in [33] by

1
Vi f(x) =ck/ Fax)A = A +nkdr  with ¢ = (2.2)
—1

o f0) = ViV VT O +y), xy eRE

Here the superscript denotes the relevant variable. This translation satisfies 7y f(x) =
7, f (), and we shall use the notation

S y) =1y f(x) = & f ().
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Lemma 2.1 (i) The representing measures u]; satisfy pX (=A) = ,ufc (A).
(i) Let f € C*®(RY) and write [ (x) = f(—x). Then f(—x % —y) = f~(x *¢ y).

Proof 1t is immediate that the Dunkl operators satisfy T:(f~) = (T_¢f)” . By the
characterization of Vg, it follows that Vi (f~) = (Vi f)~ . This implies both assertions. [

Of particular importance in our context will be translates of functions f* on R¢ which
are radial, that is f(x) = f(|x|) with f : [0, c0) — C. We recall from [29] that for each
x, vy € R? there exists a unique compactly supported radial probability measure p’;, yon R4
such that

Foy) = /R raek,, 23)

for all f € C°(R?). This can be written explicitly as

fx s y) = /C( )f(\/IXIz + Y12 4 2(x, 2) )dpk (2). (2.4)
y

Notice that Dunkl translates of non-negative, smooth radial functions are again non-
negative. Formula (2.3) allows to extend the generalized translation to measurable radial
functions which are either complex-valued and bounded or have values in [0, co]. We main-
tain the notations 7, f(x) and f (x *; y) for functions from these classes. In particular, for
measurable radial f we have

S=x %k —y) = fx * y). (2.5)
We put

Y = j{: ke

aeRy

and define the weight function w; on R? by

op(x) =[] Hewx)Pe.
aER
Let B = {x € R? : |x| < 1} denote the open unit ball in R? and let S = 9B denote the
unit sphere. The Poisson kernel Py (x, y) of B for the Dunkl Laplacian A was defined in
[12] as a reproducing kernel for Ag-harmonic polynomials. It can be written as

1 — |x|?
Pi(x,y) =V , B,y€S. 2.6
% (X, y) k|:(1_2<x">+|x|2)y+d/2:|()’) xeB,ye (2.6)
In view of identity (2.5) with f(x) = |x|~2¥ ¢, we obtain
ney = | @ = (A= P fx we )
X, = (z2) = — |x . —X

ey ey (1 —=2(x,z) + |x|?)r+d/2 Ky kY

= (=[x oy (x|, @7

The notation f =< g will always mean that there is a constant C > 0 depending on k and
d only (unless stated otherwise) such that C~'g < f < Cg.
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3 The Green Function of the Ball

From now on, it is always assumed that d + 2y > 2. Following [16], we introduce the
Newton kernel in the Dunkl setting by

o0
Nk(x,y)zf Ti(t, x, y)dt  (x,y € RY),
0

with the heat kernel

Mic Py /4
rk(tsxsy):ty+d/2 E (

NAWis
where
M = 2_V_d/2(/ e_‘xlz/za)k(x)dxyl
Rd

and Ei(x,y) = Vie(e"?)(x) denotes the Dunkl kernel, which has an analytic extension
to C¢ x C4 and satisfies Ey(x, y) = Ex(y, x). This implies that Ni(x,y) = Ni(y, x).
According to [16, Proposition 6.1], the Newton kernel can be written as

2 2 l—y—d/2
Moy = [ (PP -2a) T di (1)
C(y)
where |
Ch=————— and d; = | wr(x)do(x). 3.2
k dd+2y —2) k /Sk() (x) (3.2)

Here o denotes the surface measure on S. Formula (3.1) is also easily obtained by
translations. Recall that

. Mk Y
Te(t, x, y) = 7oy (x)  with g (x) = 75 e I/,

which follows from [29, Lemma 2.2. and (3.2)] (see also [31]). As
/Ooo gi(§)dt = MI'(y + E - (
it follows that
Ni(x,y) = /Ooo /Rd g&)dpy _,E)dt = Cp -1y (Ix*77 7).

In view of identity (2.5), this equals the right-hand side of Eq. 3.1. Furthermore, the Newton
kernel Ni(-, y) is Ag-harmonic on R4 \ W.y for fixed y € R4 (see [16, Theorem 6.1]). It
can be regarded as the global Green function for the Dunkl Laplacian Ay.

The goal of this section is to introduce and study the Green function of the ball B for
Ay. For this, we recall from [14] the Kelvin transform associated with the Dunkl Laplacian,
which is given by

)d 242y C
|$|d72+2y’

1§

2-2y—
Kilul(x) = [x 772 ~u(x*)
for functions « on R\ {0}, where x* = x/|x|? is the inversion with respect to the unit sphere

inR9, By [14, Theorem 3.1], K preserves Ag-harmonic functions on R4 \ {0}. Clearly, for
a function u of class C2 in the neighborhood of W.x, x # 0, we have

A (Kpu) () = [T K (Aga) (%) = [x P27 Apu(x). (3.3)
Following the classical case k = 0 (cf. [10, 32]), we define
Gi(x,y) := Nk(x, y) — K [Ne (-, y)1(x) 3.4)

for x, y € B x B with x # 0, where K¢ [N¢(-, Y)1(x) = x>~ 4Ny (x*, y).
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Theorem 3.1 The kernel Gy is the Green function of B for Ay, that is, Gy extends to
a [0, oo]-valued function on B x B which is uniquely characterized by the following
conditions:

() G(x,y) > O0forallx,y € Band Gi(x,y) =0 forx € Sandy € B.
i) Gk(-, y) is continuous on B\ W.y for any fixed y € B.
@11)  Ni(-, y) — Gi(-, ) is Ag-harmonic on B for any fixed y € B.

Moreover, the Green function Gy can be written as

)17y7d/2

Gilx, y) = ck/ [(m2 +1y? = 2(x,2) (3.5)
c»

1—y—d)2
—(1+ PP - 2t00) }duy(zy

It satisfies Gy (x,y) = Gx(y, x) forall x,y € B, and Gy (-, y) is Ag-harmonic on B\ W.y
for any fixed y € B.

Proof Fix y € B. As Ni(-, y) is Ag-harmonic on R4 \ W.y ([16, Theorem 6.1]), it fol-
lows from Eq.§.3 that the Kelvin transform Ki[Ng(:, y)] is Ag-harmonic on B \ {0} and
continuous on B \ {0}. By Eq. 3.1 we have

)17;/711/2

Ke[Ne(- 1) = C f duy ). (36)

(14 Py = 20x,2)
C)

and from this representation it is immediate by the dominated convergence theorem that
Ki[Ni(-, y)] has a removable singularity at 0. Employing [15, Theorem 5.1], we con-
clude that Ki[Ng(-, y)] extends to a Ag-harmonic function on B. Furthermore, Ki[Ni (-, y)]
solves the A-Dirichlet problem on B with the boundary values of Ni(-, y). Therefore,
G (-, ) vanishes continuously at S and is Ag-harmonic on B\ W.y. Formula (3.6) immedi-
ately gives the claimed identity (3.5). As 1+ |x|2|y|2 —2(x,z) > x>+ |y|2 —2(x,2) >0
forall x,y € B and z € C(y), it follows from Eq. 3.5 that G¢(x,y) > Oforall x,y € B.
For the symmetry of Gy, it suffices to prove that K;[Ng (-, y)](x) is symmetric in x and
y for x # 0. Using the symmetry of Ny and the fact that for any » > 0, the repre-
senting measure i, is just the image measure of . under the dilation z — rz of RY,
we obtain

Ki[Ne G, 1) =[x I Ng(p, x¥)

= x>~ . ¢y f d(|y|2 + P =200, 2D T Ay ()
R

—2y— < R
— P2 [ P = 20 ) @

Cr fd(|x|2|y|2 +1 =20y, N A, (2)
R
Ki [Nk (-, x)1(y).

Further, [16, Proposition 6.2] gives G (x, x) = +o¢. Finally, the uniqueness of the function
G}, subject to the conditions (i) — (iii) follows from the uniqueness of solutions to the
Ag-Dirichlet problem on B, see [26]. O
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According to [16, Theorem 6.1], —Ni(x, .) provides a fundamental solution for Ag
on R? in the sense that A;(—Nji(x, Jwy) = 8, in D'(R?). This implies that —Gy (x, .)
provides a fundamental solution for A in B:

Ak (=Gi(x, Yx) =8,  inD'(B).
Our next result provides sharp two-sided bounds for G (x, y) which are more convenient
to deal with rather than Eq. 3.5. For x € B denote p(x) := 1 — |x].
Theorem 3.2 The two-sided bound of Gy (x,y) on B x B is given by

Gi(x y)v/ (1= A = [yP)dpy ()
’ C(y) (1 =+ |x|2|y|2 — 2<x, Z)) (|X|2 + |y|2 _ 2()6, Z))V+d/2—l

/ px)p(y)duy(z)
co (p@)p() + [x12 + [yI? = 2(x, 2)) (Ix> + |y> — 2(x, 2))

~
~

y+d/2—1"

Proof Note that for x, y € B we have

L+ 1Pyl =[x = [y = (4 = x )1 = [y < p(x)p).
Hence, the estimate is a direct consequence of Theorem 3.1 and Lemma 3.3 below. O

Lemma 3.3 Fix p > 0. There exists a constant C,, > 0 depending only on p such that for
all0 <a < b < oo we have

b—a 1 1 Cp(b—a)
- < <P 7
Cpba? =~ aP bP — ba?
Proof Assume first p > 1. Then by [4, Lemma 6, (11)] (see also Eq. 4.5) we get
bP —aP? < C(b—a)’b? > + pa?~ (b —a)
Cb—a)(bP™' —abP™? +a?™ 1)
ChP~\ (b — a) (1 4 (a/b)P! = a/b) ,

IATA

and the lower bound obtains analogously. Furthermore, since p > 1, we have

sup |xP71— x| <1.
xef0,1]

Hence b? — a? < bP~1(b — a) and
1 1 bP —aP? b—a
a? bP " (ab)?  ba?
Here < means two-sided estimates with constants depending only on p. For 0 < p <1 we
letg = p + 1. We have

1 1 a b ab? — ba4

a?  bP  ai b1 (ab)
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344 P. Graczyk et al.

Letc = b9, d = a'/%b. Then 0 < ¢ < d < oo and applying the estimate obtained

previously we get
ab? —ba? =d? — ¢ =< d97'(d - ¢)

— ga—D/apa—1 (al/qb _ bl/qa)

= ab?! (b - b‘/qa‘—l/q) .

X

Since a < b, we obtain

b—b"1a""V4 =p— (bja)a <b—a
and the upper bound follows. To get the lower bound define f(x) = b'/4x!~1/4 for x €
[a, b). Then f/(x) = (1— 1/q)(b/x)1/q and by the mean value theorem, for some & € (a, b)
we have

b—b"Y1a"" = f(b) — fla) = (1 = 1/q)(b/&)/1(b—a) > (1 — 1/q)(b — a).

Therefore

ab? — bat _ ab?=' (b —a) _b-—a
(abyr ~ (ab)4 " bar

A simple consequence of Theorem 3.2 is the following estimate.

Corollary 3.4 Let yy € B be fixed. There is a constant C > 0 depending on d, k and yg
only, such that

Cp(X)Ni(x, yo) < Gr(x, yo) < Cp(x)Ni(x, yo).

The following classical formula relates the Poisson kernel Py (x, y) to the Green function
Gi(x, y).

Proposition 3.5 Forall x € Band y € S we have
Pr(x,y) = —di(y, VyGr(x, y)).

Proof We use the symmetry G (x, y) = Gi(y, x). By the dominated convergence, we can
differentiate under the integral sign in Eq. 3.5 to see that forallx e Band y € S,

—y—d/2
) s 2).

—di(y, V, G, ) = (L= 1x) | (kP +1-200.2)
C(x)

With f(x) = |x]72¥=4 and in view of Eq. 2.5 and representation (2.7) for the kernel Py we
obtain

—di(y, VyGrlx, y)) = (1 = [x[) f (x % —y) = Pi(x, ).

4 Poisson-Jensen Formula and Hardy-Stein Identities
Our first goal in this section is to prove the so-called Poisson-Jensen formula for Aj-

subharmonic functions on B. The corresponding result for classical subharmonic functions
may be found in [21]. We will next use the formula to derive the Hardy-Stein identites for
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Ag-harmonic functions on B, which equivalently characterize the Hardy spaces of Ay in the
spirit of [4].

All functions in this section are assumed to be real-valued. Let 2 C R? be a W-invariant
open set. We will say that a function u € C%(Q) is Ag-subharmonic on € if Agu(x) > 0
for all x € Q. We refer to [16] for basic properties and other characterizations of Ag-
subharmonic functions. We will further say that a function u is Ag-harmonic (resp. Ag-
subharmonic) on B if there exists ¢ > 0 such that u extends to a Ag-harmonic (resp. Ag-
subharmonic) function on B, := {x : |[x|] < 1 + ¢}. For r > 0 we define the dilation of a
function u by u,(x) := u(rx).

The Riesz decomposition theorem [16, Theorem 7.1, see also Proposition 4.1 and Exam-
ple 5.1] implies that for every ¢ > 0 and every function u which is Ai-subharmonic on
B, := {x : |x| < 1+¢} there exists a unique A-harmonic function 2, on B, > C Es/z C B,
such that

u(x) =— A Ni(x, y)Aru(x)wp (x)dx + he(x), x € Bepo. 4.1)
e/2
Note that Aju(x)wi (x)dx is the Ai-Riesz measure of u in this case (see [16, Section 5] for
details). As in the previous section, we denote by o the surface measure on S and let wio
denote the measure on S given by dwyo (x) = wi(x)do (x). For f € LS, wyo) we define
the Poisson integral of f by

1
Pl f1(x) := a / Pi(x,2) f(2)wr(z)do(z), x €B.
S
Our first result is the following property of the Newton kernel of Ay.

Lemma 4.1 For all x € B we have

Ni(x,y) — Gi(x,y), yeB,

Pk[Nk(" y)](x) = { Nk(x y) y ¢ B.

Proof For y € B the statement follows from Eq. 3.4. Clearly, Kx[ Nk (-, y)] is Ax-harmonic
on B and continuous on B with K [Ny (-, y)](x) = Ni(x, y) forall x € S. By the uniqueness
of the solution to the Ag-Dirichlet problem [26] we have K [Nk (-, y)] = Px[Ni(-, y)]on B.
When y € (B)S, then Ni(-, y) is Ag-harmonic on B, and hence Ny (-, y) = Pi[Ni(-, y)] on
B in this case. Finally, let y € S. Since Nk (-, ¥) is Ax-harmonic on B, the dilation Ni (-, y),
is Ag-harmonic on B for any 0 < r < 1. Hence

1
Ni(rx,y) = jk/SPk(x»Z)Nk(VZ, Vi (z)do (2),

and it is enough to show that the right-hand side above tends to Pi[Ni (-, y)]I(x) asr — 1.
First note that Fatou’s lemma gives Py[Ni (-, y)](x) < Ni(x,y). By Eq.3.1,forz,y € S

we have
)l—y—d/Z

Nz =G [ (iraf 5P = 2020 ity ).
c

For v € C(y) write v = )
> _gew Ag(v) = 1. This gives

rzl> + Iy = 20z v) = D A )lrz — gyl
gew

gew}\g(v)gy, where A,(v) > O for all g € W and
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346 P. Graczyk et al.

Furthermore, since |z| = |gy| = 1, we have |rz — gy| > |rz —rgy| forany 0 < r < 1.
Consequently,
2 2 20112 2
lrzl”+ Iy1” = 2(rz, v) > r=(lz]” + [¥I” — 2{(z, v}),

and Ni(rz,y) < P2 =d Ny (z, v). Therefore, Ni(rz, y) < CNi(z,y) forall1/2 <r < 1
and Pr[Ni(-, y)](x) < Ni(x,y) < oo. The dominated convergence theorem gives the
result. O

As a consequence of Eq. 4.1 and Lemma 4.1 we obtain the following Poisson-Jensen
formula.

Theorem 4.2 Let u be Ay-subharmonic on B. Then for every x € B we have

1
u(x) = dfk/SPk(x,y)u(y)wk(y)do(y)—/EGk(x,y)Aku(y)wk(y)dy-

Proof Choose ¢ > 0 such that u extends to a Ag-subharmonic function on B,. By Eq. 4.1,
u(x) = —/ Ni(x, Y) Apu(x)wp(x)dx + he(x), x € By,
Be/2

where h, is Ag-harmonic on B,,;. Evaluating the Poisson integral of both sides and
applying Fubini’s theorem and Lemma 4.1 we get

1
Prlu](x) jk/SPk(x,y)u(y)wk(y)dO(y)

1
j/Pk(X,y) (—/ Nk(y,z)Aku(z)wk(z)dz+ha(y)> wr(y)do (y)
k JS B

1
—f (;/Pk(x,y)Nk(y,z)wk(y)dcr(y)) Agu(R)wg (2)dz + he (x)
Be,, \Gk Js

/IB (Gi(x, 2) — Ni(x, 2)) Aptu(2)ox (2)dz
— f Ni(x, 2) Au(Dor(2)dz + he (x)
Be2\B

= /Gk(x,z)Aku(z)wk(z)dz+u(x)-
B
O

Let 1 < p < oco. The Hardy space Hkp (B) is defined as the family of those Aj-harmonic
functions on B which satisfy

lullgr := sup |luyllLr(wo) < 0.
0<r<l

By [26, Theorem 2.2 and Theorem 2.3], u € Hk’7 (B) for a given 1 < p < oo if and only if
u = Py[f]forsome f € LP(S, wio), and in this case ||u||gr = || f|lLr(w,0)- This implies
that
lullgr = lim fluy L o) 4.2)
r—1
for any Ag-harmonic function # on B. As an application of Theorem 4.2, we will give an
equivalent characterization of the spaces Hkp (B), 1 < p < o0, in terms of the Hardy-Stein
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identities. The approach is inspired by [4], where similar description was obtained for Hardy
spaces of the classical Laplacian A and the fractional Laplacian A%/2,
Letl < p < oo.Fora,b € R we set

F(a,b) = |b|” —|a|” — pala|”~*(b —a). (4.3)

Here F(a,b) = |b|? if a = 0, and F(a,b) = (p — 1)|a|? if b = 0. For instance, if
p = 2,then F(a,b) = (b — a)?. Generally, F'(a, b) is the second-order Taylor remainder
of R 3 x > |x|?, therefore by convexity, F(a, b) > 0. Furthermore, for 1 < p < oo and
¢ € R we define

Fe(a,b) = (b* + eHP? — (@* + P - pa(a* +H P22 (b - a). (4.4)

Since F¢(a, b) is the second-order Taylor remainder of R > x > (x24eH)yr/2 by convexity,
F.(a,b) = 0. Of course, F.(a,b) — Fyo(a,b) = F(a,b) as ¢ — 0. The next result is
proved in [4, Lemma 6].

Lemma 4.3 For every p > 1 there is a constant C > 0 depending on p only such that
C'b— (bl V1aD?™* < F(a,b) < C(b—a)* (b V [a)P %, a,beR.  (45)
If p e (1,2), then

1
0 < Fe(a,b) < 7]F(a, b), e,a,bekR (4.6)
p—

The following explicit formulas shed some light on the meaning of the function F.

Lemma 4.4 Let u be of class C? in the neighborhood of x € R%. Then for2 < p < oo we
have

Arlu(0)|? = p(p = DIuC)P Va0 +2 ) k(o T 10 ()

2
a€R, <a’x)
+pu () |u ()P Agu(x). 4.7
When 1 < p < oo and ¢ > 0, then
Adlu) Fisl? = plute) +iel”™ [ (p = Due)? + €] Vue)? “8)

+2 ) k(@) FE(M()&,Z()?(X))) + pu(x)|u(x) +iel” 2 Agu(x).

a€RL

Proof When2 < p < oooru(x) # 0we write |u(x)|? = wx)®HP? and a straightforward
calculation gives

Viu()|?
Alu()|?

pu(x)|u(x) [P~ Vu(x),
p(p — DIu)|P 2 Vu @) > + puo)|ux) [P~ Au(x).

Note that

(06 (DIP — ()P = Fu(x), u(0q(x))) + pu0)u@)]? > @(0q (x)) — u(x)).
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Hence

Alu(0)|? = Alu()? +2 ) k(a)(
a€ERy

p(p = DIu()|P2Vux)* + pu(x)|u(x)|P "> Au(x)

+2pu(x)|u(x)|p—2 Z k(a) ((Vu(x)v a) (M(Ua(X)) - M(X)))

sl (a, x) (o, x)2

(VIu@)|?, a) n |u(oa (X))P — IM(X)I”>

{a, x) {a, x)2

Fu(x), u(og(x)))
+2a§ ko) ——

and Eq. 4.7 follows. For 1 < p < oo and ¢ > 0 we have

Viu(x) +iel? = pu(x)|u(x) +ielP"*Vu(x),
Alu) +iel? = plux) +iel?™ [(p — Dux)? + 82] IVu(x)[?

+plu(x) +iel”2u(x) Au(x),

and
lu(oa (x)) +iel? — |u(x) +iel? = Fe(u(x), u(oq(x)))
+pu0)|u ) +iel” " (o (x) — u(x)).
The rest of the proof is similar to the previous case. O

We are now ready to prove the Hardy-Stein identities.

Theorem 4.5 Let 1 < p < oo. Then for any u € Hkp(IB%) we have

lull?y, = lu(0)? + ck/B<|y|2—2V—d — DIp(p — DI Vu(y)?

F ’ o
+2 ) k(d)W]wk()’)d%

aeRy

In fact, a Ax-harmonic function u on B belongs to H, kp (B) if and only if the integral above
is finite.

Proof Suppose v is Ag-subharmonic on B. Then v, is Ag-subharmonic on B for any 0 <
r < 1. By Theorem 4.2,

1
00 = - /S o (N (7)o (y) — fB GL0, A Max(dy.  (49)

Since (Agvy)(x) = rQ(Akv)r(x), by Eq. 3.5 we have
/E G0, V) (Ao (Mwr(y)dy = Cor? /B Iy~~~ 1) (A ry)on(y)dy

=Cy / (2|72~ =272 =) Apu(2)w (2)dz, (4.10)
B(0,r)
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where B(0, r) := {x € R : |x| < r}. Let now u be Ag-harmonic on B and suppose first
2 < p < oo. Then |u|? is of class C? on B and by Eq. 4.7 we have

Fu(x), u(oy(x)))

Arlu()|” = p(p = D))" Vu@) P +2 Y k@) )

aERy

In particular, Ag|u|? > 0 on B so Eqgs. 4.9 and 4.10 apply to v = |u|P. Let r — 1. By
Eq. 4.2,

1
— / lu(ry) [P or(y)do (y) — llully,,,
di Js

and by the monotone convergence,

Cr / Iy~ — 272y =) Ay |u(2) [P ax (2)dz
B(,r)

R / G (0. 2) Aclu() Py (2)dz.
B

This gives the result for p > 2. Assume now 1 < p < 2 andlet e > 0. Then |u + ig|? is of
class C? on B and by Eq. 4.8 we have

Alu(o) +iel?” = plu() +iel”™ [(p = Du()? + 6] [Vu(o)?

4 Z k(@) Fe(u(X),u(aa(X))).

o, x)?

a€ERy

Since Aglu +ie|? > 0 on B, we can apply Eqs. 4.9 and 4.10 to v = |u + i¢|”. This gives
. 1 .
u(0) +iel” = dfkflu(ry)ﬂel”wk(y)do(y)
S

—C / (yP72r =4 — P22 =y A Ju(y) + ie|Pay (y)dy.
B(0,r)

Lete — 0. Then
Fu(x), u(og(x)))

Aclu(x) +iel” > p(p — DIu@)|P 2 Vu@)* +2 ) kle) (o x)2

aERy

fora.e. x € B, and
fS (ry) + islPor(»)da (y) — fs (ry) Pax (¥)do ().

Fatou’s lemma, Eq. 4.6 and dominated convergence give

1
O = - f lu(ry)|P o (y)do (y) — Ck / (ly|>~2r=d — p272r=d)
k JS B

©,r)
F(u(x), u(oy(x)))

x[p(p = DIu@)|P 2 Vu@)* +2 Y k@) ey,

aER

Let r — 1. The final conclusion follows from Eq. 4.2 and monotone convergence. O

An immediate consequence of Theorem 4.5 and [26, Theorem 2.2 and Theorem 2.3] is
the following identity.

@ Springer



350 P. Graczyk et al.

Corollary 4.6 Let1 < p < oo, f € LP(S, wio) and set u = Pi[f]. Then
/s'f(x)'p“”‘(x)da(x) = [u(0)|” +Ck/E(IyIHV*d -1

x[p(p — DIuIP 2| Vuy)|?

F E) o
2y k(oe)—(“(yfa My(; D1 (3)dy.

aeRy

5 Sharp Estimates of the Green Function and Poisson Kernel in Rank One

In this part we consider the rank one case. The basic situation is that of the root system
Al = {:I:%(el — ep)} in R2, where e, e denote the standard basis vectors. We choose

o = %(61 — e7) as positive root and let o (x1, x2) = (x2, x1) denote the reflection cor-
responding to «. To simplify formulas, it will be convenient to switch to the orthonormal
basis
(€ €)= (—=(e1 — e2), = (e1 +2))
V2 V2
and write x € R? as x = (x1, x2) with coordinates x;, x, with respect to the basis (e’l, e/z).
The reflection o writes o (x1, x2) = (—x1, x2). By formula (2.2) we obtain

1
Vif ) = e /1 Fty1, y)(1 = DF (1 + pkar.

This case has a nice motivation, namely the potential theory of a 2-dimensional k-Dyson
Brownian Motion, which corresponds to the W-invariant Dunkl process in this case.

More generally, we will consider the rank one case with root system A in R¢, with the
intertwining operator given by

1
Vif () = i / 3132, )= 07 0 5.1)

Though this generalization seems elementary from the algebraic point of view, it reveals
nontrival analytic phenomena which are strongly dependent on the underlying dimension.
Note that in the rank one case we have y = k, and as before we work under the assumption
d+2k > 2.

The Newton kernel (3.1) can be written as

(1 — %11 + p)kdr

1
Ni(x,y) = Ck/
—1 (|x|?2 + [y1> = 2@tx1y1 + X292 + ... + XqYa)

)k+d/2—1 ' 5-2)

where C t = ckCk and the constants ¢, Cx were defined in Egs. 2.2 and 3.2. The reflection
o writes

o(xy1, X2, ..., Xg) = (—=x1, X2, ..., Xq).
We then have
X2 4+ [y* = 2(tx191 + X232 + oo+ xaya) = |x — yP+2x31(1—1)  (5.3)
= |x —oyl? = 2x1y1(1 + ).

Our first result in this section characterizes the asymptotic behaviour of the Newton kernel
Ni(x, y).
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Theorem 5.1 Let ®(x,y) := |x — y| V |x — oy|. The two-sided bound of Ni(x,y) on
R? x R? is the following.

1. Ifd =2, then

- 1 lx1y1l
Ni(x, y) = D (x, y)*k [Wlog<lx—ylz>]' 64

1
®(x, »)Hx —yl

2. Ifd =3, then

Ni(x,y) < (5.5)

3. Ifd =4, then
1 lx1y1]
Ne(x,y) x ——————— |1Vl — . 5.6
Ko ) <1>(x,y>2k|x—y|2[ Og(|x—ay|2 60
4. Ifd =5, then
1
@ (x, y)%|x — yP(jx — y| A lx —oypd—+

Ni(x, y) =< (5.7

Theorem 5.1 is a direct consequence of Lemma 5.2 and Lemma 5.3 below.

Lemma 5.2 The two-sided bound of Ni(x,y) on {(x, y) € RY x R4 TX1y > O} is as
follows.

1. Ifd =2, then

1 X1y1
Ne(x,y) x ——— 1|1Vl . 5.8
k(x.7) Ix —oy|* [ Og(lx—ylzﬂ o9

1
Ix —oy|%|x — y|d=2"

2. Ifd >3, then

Ni(x,y) < 5.9)

Proof Denote { = |x — y|?> and y = x;y;. Since x;y; > Owe have £ + 7 < |x —oy|%. By
Egs. 5.2 and 5.3 we have
Pa—-o'a4+nkdr /2 s1@2 — 9)kds

0 (¢ + 2T

Ni(x,y) = Ck/ (5.10)

—1 (€21 — kvt
We write Ni(x, y) = Cr(I1 + 1), where
I = /'] sk=1@2 = s)kds ~ /’1 sk=1ds
0 ¢+ 20T o (@ Rt

5 /2 s —s)kds /2 @-s)fds (€ + ka2,
1§+ 2k (¢ + )Rt/

For n = 0 the estimates of the lemma are obvious, so assume 1 > 0. Using the change of
variables s = u¢ we get

and

1/¢ k=" du 1/¢ W du
I = / _ glfd/Z/
0 ¢+ ;-nu)k+d/2—1 o 1+ nu)k+d/2_]
_ gl—d/Z 1/¢ du _ é.l—d/2 9] wa22qw
0 ud/z(l/u + 77)k+d/271 ¢ (w+ 77)ker/Zfl :
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Let d = 2 and assume first n < ¢. Then

I v/widw —/oow_k_ldw— k= @+t
1= ¢ U)(w\/rl)k_ ¢ _C A; n ’

and note that the same two-sided estimate holds also for /. Assume n > ¢. We have

o dw T dw © Jw L »
I < - = = aw | r
: /; w(w V )k /; wik +/ﬂ ot = 1 log (/&) + 0/

= ¢ +nF[1viegm/0)].

It is clear that the estimate above holds also for /] + I5, and combining it with the previous
case we get (5.8).
Assume d > 3. Forn < ¢ we get

00 d/2-24
o #l=d/2 w W 1—k—d/2,y _ —k.1-d/2
Il"§ /g (w\/n)k+d/2’l —; /k’\(f‘f"]) { .

When 7 > ¢, then a similar reasoning as before gives

d/2-2
Io=< ¢ /nw/ dw+/oo dw
T R BwCE
_ 1 2 (T)d/2_l _;d/2—l>+ T}d/zfl
gk td2=Tgd2=T | g — 2 k '

Since 0 < n‘l/z’l — {‘”2’1 < nd/z’l, we obtain

I = %1742 = (¢ 4 )k,
Finally,
L= @+ <@+t
and hence 1| + I < I;. This proves (5.9). O

Lemma 5.3 The two-sided bound of Ni(x,y) on {(x, y) € RY x R4 Tx1y < O} is as
Sfollows.

1. If2<d <3, then
1

Ni(x,y) < W—Hw (5.11)
2. Ifd =4, then
NeGry) = — [1 v log (M)] (5.12)
|x — y|2k+2 lx —oyl|?
3. Ifd > 5, then
Ni(x,y) < ! (5.13)

|x _ y|2k+2|x _ Uy|d*4.

Proof Denote ¢ = |x — oy|? and = |x1y1]. Since x1y; < 0 we have £ + 7 < |x — y|%.
By Egs. 5.2 and 5.3 we have

! — k-t k 2 h o k—1k
Nk(x,y)=ck/ (-0t +ntdr _ /0 @ — ) skds

@y =y e O
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We write Ni(x, y) = Cr(I1 + 1), where
I = /1 2 — )k Iskds ~ /’1 skds
0 (€209 Jy (¢ )R
5= /2 2 — )k Lskds _ /2 @2 —s)k1ds
L+ 2ns)k+d/27l L €+ ns)k+d/271
As in the proof of Lemma 5.2, we apply the change of variables s = u¢ and get

, v§2—d/2/1/§ ukdu _;2—d/2/oo wid2=3
1= o (1 + qu)ktd2=1 —= ¢ (w+pkrd2=1

and

= (¢ + n)l—k—d/2.

Assume n < ¢. Then
(o)
I = ;H/Z/ w2 dw =< ¢RI < (¢ TR, (5.15)
¢

When n > ¢ we have

d/2-3 d/2-3
. (w praaT T R RS

1 n 1
4 <le+d/2_1 /{ (k + l)nk"'l

At this point one needs to consider different values of d separately. We show only the case
d > 5.Ford = 2, 3, 4 the reasoning is similar. We have

d/2—2 dj2-2

I = ¢4 22— e ) 4 !
d— 4)77k+d/2_1 (k + 1)77k+1

For n < ¢ we have ¢ + 1 < ¢, and by Eq. 5.15 we get
L<@+m' ™ P < @+p ™22

Since d > 5, the upper bound of the last estimate also dominates /. This proves (5.13). O

:| = ( + n)—k—lé.l—d/Z'

We will next give sharp two-sided estimates of G (x, y) in the rank one case. Recall the
notation p(x) := 1 — |x|.

Theorem 5.4 Let ®(x, y) := |x —y|V|x —oy|. The two-sided bound of Gy (x,y) on BxB
is the following.

1. Ifd =2, then

- ! PP YY) Pyl A p()p(y)
Gr(x,y) = P (x, y)* (1 A y|? ) [1 VIOg( lx — y|? ﬂ

lx1y1] )}
1v1 . 5.16
) [ v Og(ﬂ(%)p(y)vIx—oyl2 10
2. Ifd =3, then
g 1 Vpx)p(y)
61 = g (1 ) e

< V@) p () )
x{1A .

[x =yl Alx — oyl
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3. Ifd =4, then

_ 1 p(x)p(y)
GO = G e x = (1 A EA - oy|2> o189

y [1 v log <IX1y|1)IC A_Z(;)zp(y))] .

1
D, H(x =yl A lx — oy x — y|?

y <1A p(x)p(y) )

Ix —y?Alx —oyl?

4. Ifd =5, then

Grl(x,y) < (5.19)

Theorem 5.4 is a direct consequence of Lemma 5.5 and Lemma 5.6 below.

Lemma 5.5 The two-sided bound of Gi(x,y) on {(x,y) € BxB:x1y; >0} is the
following.

1. Ifd =2, then

p(X)p(y)> (5.20)

1
G, 7) = Ix — oyl (1 " Ix — y|?
8 [1 v log (xlyl /\p(x)zp(y)>].
lx — yl

Gi(x, y) = ! <1 A p(x)p(y)) . (5.21)

Ix —oy|%|x — y|d—2 Ix — y|?

2. Ifd =3, then

Proof Let¢ = |x — y|2, n = x1y1, and &€ = p(x)p(y). By Theorem 3.2, Egs. 5.1 and 5.3
we have

1 £(1 — 11 4+ n)kdr
1 EF T+ =0)E +n(l —r))ktd2-1
Assume first £ < ¢. Then by Eq. 5.22,

Gi(x,y) < (5.22)

Ve = %11 + nkdr
1 (€40 —p)k+d/z "

and observe that the same integral appears in Eq. 5.10 with d’ = d + 2 instead of d. Hence,
by Eq. 5.9 we get

Gr(x,y) <

Gr(x,y) < & +m)*¢ 2 (5.23)
Assume £ > ¢. Using Eq. 5.22 and the substitution s = 1 — ¢ we obtain
Gelx.3) f2 esk—1(2 — 5)kds ol
X, = = s
0= E )@ okt =TT
where
I= fl §stds (5.24)
BN R e '
and 5 .
2 —s)d
szf 52 =) S — 5 e — (5.25)
1 (409 +ns)kHd2=1 7 (& ) (¢ 4 p)ktd/2-
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We will estimate /7 assuming d > 3. The case d = 2 needs to be considered separately and
the reasoning is similar.

(a) & > n.By Eq. 5.24 and the estimates from the proof of Lemma 5.2 we have

1 k—1

s™ds —k . 1—d/2

1= —_—— X< .
1 /0 oyt <

Combining this with Eq. 5.25 give I + I, < I;.
(b) ¢ <& <n.ByEq.524 we have I1 < 11(1) + 11(2), where

D /E/n esk—lds v/‘é‘/n k=14
U o E4n) @ +po)k+d2=1 7 Jo (¢ + ps)k+d/2-1

¢/n &/n
= nl—k—d/z ((n/;)k+d/2_l/ Sk_lds+/ S—d/zds>
0 ¢/

Ol 9 e N (D S

X

and
11(2) _ / gsk—lds _ /1 &ds
g/n (€ 4+ n8)(¢ + ns)k+d/2=1 gy NkHd/25d/2H]
- ﬁ [/©"2 = 1] < n7 ' =2 < (¢ + e
Hence

L=1"+12 <10 < @ +pF'-92
This and Eq. 5.25 give I} + I < I.
Altogether, Gr(x,y) < (¢ + ) ke1=4/2 for £ > ¢, and Eq. 5.23 otherwise. This proves
(5.21). O
Lemma 5.6 The two-sided bound of Gi(x,y) on {(x,y) € BxB:x1y; <0} is the
following.
1. Ifd =2, then

1
o) = o (10 25 020
X [lvlog( iyl 2)]
pxX)p(y)Vlx —oy|
2. Ifd =3, then
Galr.y) = - < N Vp(X)p(y)> (1 N \/p(X)p(y)>. (5.27)
|x — y|2k+ lx — oyl [x — ¥l
3. Ifd =4, then
px)p(y)
Gr(x,y) < =y (1 A . Uy|2> (5.28)

8 [1 y 10g(Imyll A p(X)p(y)ﬂ '

Ix —oyl?
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4. Ifd =5, then

Gi(x, y) = : <1 A p(x)p(y)) . (5.29)

lx — y*+2x — oyt lx —oyl?

Proof Denote ¢ = |x — oy|2, n = |x1y1], and & = p(x)p(y). By Theorem 3.2, Egs. 5.1
and 5.3 we have

1 E(1 — k11 4+ n)kdr
1 EFCHnA+0)E +n(l +r))ktd2-1
Assume first £ < ¢. Then by Eq. 5.30,

Gr(x,y) < (5.30)

Ve = k11 4+ n)kdr
“1 (G A0l 4 o)k+d2 -

Let d = 2. Using the estimate derived for Eq. 5.14 with d’ = 4 instead of d, we get by
Eq. 5.12 that

Gr(x,y) <

Gr(x,y) < ¢ +n 11 viegn/0)). (5.31)
If d > 3, then Eq. 5.13 with d’ = d + 2 instead of d gives
Gr(x,y) = E(¢ + ) F1gt=dl2, (5.32)

Assume £ > ¢. Using (5.30) and substituting s =t 4+ 1 we get

Getx )V/Z £Q2 — ) 1skds -
EEIE ) E @ gt T T

where
1 k
- Estds
h= [) (€ + ns)(C + ns)k+d/2—1° (5.33)
and
2 k—1
EQR—s5)"ds £
== = : 5.34
? /l (& + ns)(C + ns)k+d/2=1 7 (& 4+ ) (¢ + pktd/2-] (5.34)

In order to estimate /; we need to consider several cases.
(a) & = n. Then the estimate depends on the dimension as follows.

(i) 2 <d < 3. Equation 5.33 and the estimates derived in the proof of Lemma 5.3
give

1 k
s"ds 1—k—d /2
11/«/0 ({—l—ns)—k"'d/z_l =< (& +n .

In view of Eq. 5.34, we also have I + I < I;.
(i) d = 4. The same arguments as above give

IV/]Sk"Sw +m) (1 v Tog(n/0))
1A0(§+ns)k+1ﬁ§ n g(n/%)),

and I} + I, < 1.
(i) d=>5Wegetl + I <1 < (¢+n) k1242,
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(b) & <n.Then¢ <& < n.ByEq. 5.33, forany d > 2 we have I} < 11(1) + 11(2), where

;O _ /g/" eskds vfmskds
U Jo E+ )@ 4+ ps)kHd2=1 7 Jo (£ + ns)k+d/2—1

¢/n §/n
nlfkfd/z ((n/;)k+d/27l / Sde +/ Slid/zds> s (535)
0 ¢/

X

and

] = . ( ' )
E/” (S ”S)(é ”S) /2 1 nk"rd/z / dJ :; ;(i

At this point we assume d > 5. For d = 2, 3, 4 the reasoning is similar and we omit
the details. By Eq. 5.35,

1 —k—d d/2— d/2— —k— d
and by Eq. 5.36,

2 —— _ k—1.2— k1.0
11()x$17 k d/z[(n/i_.)dﬁ 1_1] <7 k 152 "/2577 k 142 dj2.

It follows that 1] =< Il(l) + 11(2) = Il(l). Furthermore, by Eq. 5.34,

L=@+n ™ <@

Hence
L+Dh =1 =g %1242 = (¢ 4y 12402,
The same estimate holds also in (a)(iii). Combining this with Eq. 5.32 we obtain (5.29).

O
By Egs. 2.7 and 5.1, the Poisson kernel in the rank one case in R? can be written as
1 2 k—1 k
A= xHA =" A +1)dt
P.(x,y)=c . 5.37
KO3 = /_1 (X2 4+ 1 =2@x1y1 + x2y2 + ... + Xaya))F T4/ 637

As a consequence of the two-sided bounds of the Newton kernel obtained in Theorem 5.1
we get the following two-sided estimates of P (x, y).

Corollary 5.7 Let ®(x, y) := |x —y|V|x —oy|. The two-sided bound of Px(x, y) on B xS
is the following.

1. Ifd =2, then

p(x) [x1 1l
P, y)x ———2  |1vieg| —2" ). 5.38
K06 ) d>(x,y>2k|x—y|2[ °g<|x—ay|2 -39
2. Ifd = 3, then
p(x)
@ (x, y)%K|x — y2(lx — y| A lx —oyd=2

Pe(x, y) = (5.39)

Proof In view of the formulas Egs. 5.2 and 5.37, we can apply Theorem 5.1 withd’ = d +2
instead of d. Hence, Eq. 5.38 follows from Egs. 5.6 and 5.39 follows from Eq. 5.7. O
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Remark 5.8 When d = 1, the condition £ > 1/2 guarantees that Ni(x, y) is well defined
and finite, and hence also G (x, y) and Px(x, y). Using the methods of this section one can
derive the following two-sided estimates.

NeGx,y) < (Xl +IyD'™%, x,yeR,
NIGT) (Mm

(x| + [y)2-T lx — yl

Pe(x,y) = p(x), xe(=1,1),ye {11}

Gr(x,y) < >, x,y € (—1,1),

Remark 5.9 1t is noteworthy that the explicit formulas for Ni(x, y), Gk (x, y) and Py (x, y)
can be obtained in some particular cases, e.g., for k € N and d € 2N the integrands in
formulas Eqs. 5.2 and 5.37 are rational functions of ¢. For instance, when k = 1 and d = 2
(i.e. for the root system A in R?), we can derive the following explicit expressions

oyl _
Nl(x,y)=1|:|x o)l log<|x Gy') 1] (5.40)

dr | 2xiy? =yl ) xin

1—[x]> [ 2xiy lx — ¥
Pi(x,y) = +log| ——— s

4x2y? Llx —y)? lx — oyl

lx —oyl? |x —ayl Pl — oyl |x* — oyl
G](X, Y) = 2y2 log > - Y lOg > .

87 X7 Y] lx =yl 87Tx12y12 [x* — |

Remark 5.10 W-radial case and applications to the Dyson Brownian Motion. The
results of this paper can be applied to the W-invariant part of the Dunkl Laplacian,

>
AV F = Af + Y ke LY

o, x)

oaER

Notice that for k = 1 and W = S;_1 this is just the generator of the d-dimensional Dyson
Brownian motion. In fact, for all integral kernels K (x, y) for A considered in the paper,
the following formula holds

KV, ) =) Kx g, (5.41)
gew

where K is the corresponding kernel for the operator A,fv.
In the rank one case with k = 1 and d = 2, formulas Eqs. 5.40 and 5.41 give

1 —
N¥(xy) = log (=2
2w X1y [x =yl

2(1 = |x?)

PV (x,y) = ———"—,

Uy = T e P
Vi) = [x* = yllr = oal )
b 27 x1 Y Ix — yllx* — oyl

Furthermore, by multiplying the above formulas by w; (y) = yl2 and going back to the initial
form A; = {:l:%(el — ep)} with the standard basis vectors e, e one obtains the Newton
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kernel, Poisson kernel and Green function of the unit ball in the setting of the potential
theory of 2-dimensional Dyson Brownian motion:

1 7@y, (1% —0onyl
Dys
N s = — 1 s
Y = ™ °g< X =yl

: 27 (y)*(1 — |x?)
PlD)s(x’ y) = . .
|x — y||lx — oyl

1 7(y) { (IX* - yllx — oay|>
L o ,

27 7(x) |x — yllx* — oyl

G (x,y) =

where x, y are in the positive Weyl chamber C* = {(z1,22) : z1 > 22}, 7 (2) = 21 — 22,
and oy (21, 22) = (22, 21)-
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