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Abstract
The paper deals with the initial-boundary value problem for

ur = a(z)(Au+ Aiu) (*)

with zero Dirichlet data in a smoothly bounded domain Q CR", n>1. Hereais
positive in 2 and Hoélder continuous in §2, and A1 > 0 denotes the principal eigenvalue

of —A in  with Dirichlet data. It is shown that if fQ Wd:c = oo then there

exist initial data in W°°(Q) such that the solution of () has an ordered w-limit set
homeomorphic to a compact real interval. Under this condition, also unbounded w-limit
i dist (z,00))>
1 a(x)
initial data in W*°°(2) converge to some stationary solution of (x) as time approaches
infinity.

sets occur. Conversely, is integrable then any solution emanating from
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1 Introduction

We consider the problem
up = a(x)(Au + Au) in Q x (0, 00),
u|aQ =0, (1.1)

U|t:0 = Ugp

in a smooth bounded domain Q C R™,n > 1, where a is a Holder continuous function on
that is positive in €. The initial data ug are supposed to be continuous in € and to vanish
on 012, and \; > 0 denotes the smallest eigenvalue of the Laplacian in €2 subject to Dirichlet
boundary conditions.

It appears to be a common feature of large classes of nonlinear parabolic equations that
bounded solutions stabilize. This means that bounded solutions converge to some time-
independent function in a suitable topology as ¢ — co, where the most reasonable candidates
for such limit functions are the stationary (i.e. time-independent) solutions of the parabolic
problem. For instance, as to the semilinear generalization of (1.1) given by

ur = a(z)(Au + g(x, u)), (1.2)



it is well known that if a = 1 then each bounded solution u approaches its w-limit set
{we L*(Q) | u(-,t) — w in L*(Q) for some t}, — oo}

as t — oo. Moreover, w(ug) is a compact and connected subset of the set € of solutions
w e Wy 2(Q) of Aw + gz, w) = 0. Particularly, if £ is known to be a singleton or merely a
discrete set then this entails that u converges, that is, it stabilizes, to some w € £ as t — oo.
But the latter conclusion is also true in more complicated situations: If, for example, & is
arbitrarily large but ordered then it is a consequence of the Hopf boundary point lemma that
all bounded solutions stabilize (cf. [Li]). Also, it is known that bounded solutions converge
to a steady state if n = 1 ([Ze], [Ma]), if g is analytic (see [Si], [Je]), or if Q is a ball, g = g(u)
and v is nonnegative ([HP]).

In any event, it seems that stabilization is at least a generic phenomenon in the sense that
it occurs for all ug from an open dense subset of W1>°(Q) ([Li], [ST]), or, allowing arbi-
trary ug, for ‘almost every’ g and ‘almost every’ ; for this and a more detailed discussion
including further references, consult [BP], [PS], [PR] and [Po2].

Most of these results can easily be extended to the case of a smooth function a # 1 which is
bounded below by a positive constant on Q. Concerning more general equations (including
quasilinear and degenerate types or higher order equations), also most results in the liter-
ature concentrate on proving stabilization (see [Ar] and the references therein, [LP], [Wi],
[Je], and ?777).

Accordingly, only few nonconvergent bounded solutions of problems related to (1.2) have
been found so far. Even in the case that g is allowed to depend on Vu explicitly (which in
general destroys a certain energy-dissipating property of (1.2), cf. the consideration around
(2.11) below), it is not trivial to detect them; examples for this and more complex types of
behavior on some domains in R™,n > 2, are given in [Pol] (see also the references therein).
As to (1.2), on arbitrary domains in R™,n > 2, Pold¢ik and Simondon constructed nonlin-
earities g(x,u) € C* such that (1.2) with ¢ = 1 has bounded nonstabilizing solutions ([PS];
see also [PR]). An example for g independent of z is given by Pold¢ik and Yanagida in [PY],
where various oscillating solutions are constructed for the Cauchy problem associated with

ur = Au + uP in R" x (0,00), n>11, p> ("7(2732_;?5:81\({;1?1. (1.3)
It is the main purpose of the present work to demonstrate that if ¢ vanishes on some part
of the boundary then it may occur that (1.1) has some global solutions with nonstabilizing
large time behavior. To make this more precise, we observe that according to the choice of
A1, the set € of equilibria of (1.1) is precisely the one-dimensional eigenspace {y0 | v € R}
associated with the principal Laplacian eigenfunction © > 0. Then our main results state

that if d Y
/7( ist (z,00)) dx = oo (1.4)
Q a(z)
then
e for any —0o < a < 3 < oo, there exists ug € W1°°(Q) with a® < uy < 30, and

such that the solution of (1.1) is global and bounded and its w-limit set is given by
w(ug) ={vO | v € [o, 8]} (Theorem 4.3);



Under assumption (1.4), even unbounded w-limit sets are possible, just as in the case of
problem (1.3). Namely,

e given any a € R and p < oo, one can find initial data ug € W1P(Q) with the property
that the solution of (1.1) is global and unbounded but has a nontrivial w-limit set
w(ug) ={¥O | v € [a,0)} (Corollary 4.4);

e for each p < oo there exists a global unbounded solution of (1.1), emanating from
some ug € WP(£), which is such that

maxu(z,t;}) — oo and
€N

minu(z,t, ) — —o0
€N

along suitable sequences tki — oo (Corollary 4.5).
In fact, (1.4) is sharp in respect of stabilization in the sense that
. (dist (x,09))? . . C . . 1.00
o if [, @)~ dr < 0o then any solution emanating from initial data in W>°(Q)
converges to some multiple of © in L*(Q) as t — oo (Lemma 3.1).

In other words, a degeneracy of (1.1), even if occuring only at one single point on the
boundary, may destroy the mentioned convergence results, regardless of the choice of 2 and
the space dimension n. This particularly means — let us emphasize this — that neither the
restriction to space dimension one, nor to analytic a, nor to positive solutions can enforce
stabilization, despite of the fact that (1.1) is a linear problem, and even though & is strictly
ordered due to the positivity of ©.

2 Well-posedness of the problem and a basic property
of w-limit sets

Throughout the rest of the paper we assume that
a € C*(Q) for some t >0 and a(z) >0 for all z € (2.1)

as well as -
up € C°(Q) and  wglag = 0. (2.2)

Moreover, for later reference let us normalize © in any convenient way, for instance by the
requirement ||| ;o) = 1. Then there exist positive constants 1 such that

0_dist (z,09) < O(z) < 0, dist (z, Q) (2.3)

holds for all z € Q.
In both the construction and the further examination of solutions of (1.1) it will be useful to



consider suitable regularizations of (1.1) that remove the possibly existing degeneracy. For
definiteness, let us utilize

Uet = ae(x)(Aue + Aue) in  x (0, 00),
uclon = 0,
u€|t:0 = U (24)
for this purpose, where a.(z) := a(z) + . By classical linear parabolic Schauder theory

([LSU]), these problems have unique global solutions u. for each ¢ > 0. Taking ¢ — 0, one
can see that (1.1) is well-posed in the following sense.

Lemma 2.1 Ifa and ug satisfy (2.1) and (2.2) then (1.1) possesses a unique global classical
solution u € CO(€2 x [0,00)) N C%1 (2 x (0,00)). This solution can be obtained as the limit
in Cp (2 x [0,00)) N C’?O’i(ﬂ x (0,00)) of the solutions u. of (2.4) ase — 0.

Morevoer, for all T > 0 and § > 0 there exists v > 0 such that for all Gy satisfying (2.2),
[0 —uollLoey v implies  [a(,t) = u(, 1)L <6 Vi€ [0,T] (2.5)
when @ denotes the solution of (1.1) with initial data .

Proof. The proof uses a series of rather well-known arguments and thus in some places
we confine ourselves to an outline.

First of all, since a is positive in €2, the classical maximum principle ensures uniqueness of
solutions in the indicated class.

Next, it follows upon comparison with spatially homogeneous functions that

Jue (@, )] < [|uol| os oy - NIl in Q0 x (0, 00). (2.6)

Hence, parabolic Schauder theory in combination with the Arzela-Ascoli theorem implies
that ue — u in C*1(K x [r,T]) holds for all 0 < 7 < T < oo and any compact K CC  along
some sequence € = £; — 0, which entails that u solves u; = a(z)(Au + Au) in © x (0, 00)
classically.

In order to obtain that the convergence u. — u actually takes place in CP (€ x [0, 00)), it
is now sufficient to prove that for each T > 0 and p > 0 there exist K CC Q and 7 > 0 such
that for all € € (0,1) we have

e <p i @\ K) % (0,7) (2.7)
and
lue(z,t) — up(z)| < p in K x (0,7). (2.8)
To see (2.7), we fix € (0,1) small such that 2ne?” < g holds with v := A1+ sup [|ac|| p(q)-
€€(0,1)

Then, since up|an = 0, there exists ¢, > 0 such that ug(z) < n+¢,0(z) in Q. As v(z,t) ==
e’ (n+¢,0(x)) satisfies
ve — ac(2)(Av + Av) = e (n+¢,0) — ac(x)e" (—cy MO + A + ¢, \10O)
et — Aina.(x)e
0 inQx(0,7),

ARV



it follows from the maximum principle that |u.| < v in Q x (0,7T). Particularly, defining K
to be the set where ¢,©(x) > 7, we end up with (2.7).

The proof of (2.8) now easily follows upon comparing u., for fixed 2y € K, from above and
below with the barrier functions

vi(z,t) = uo(z0) £ (& + c1]z — 20|* + cot) in Q x (0,7),

where ¢ and cg are large and 7 > 0 is small, all these numbers depending on i and K only.
As a consequence, u is a classical solution of (1.1) and hence, by uniqueness, u. — u holds
along the entire net ¢ — 0.

Finally, the continuous dependence property (2.5) can be proved along the same lines upon
performing minor modifications to (2.6)-(2.8). 1

By adapting the standard Lyapunov procedure to the present case, we obtain that the w-
limit set of any solution, either bounded or unbounded, can only consist of steady states of

(1.1).

Lemma 2.2 Assume that, besides (2.2), ug belongs to WH2(Q), and that there exists t, —
oo such that

lu(, ti)ll 2 < M VkeN (2.9)

holds with some M > 0. Then (u(-,t;))ren s precompact with respect to the strong topology
in L*(Q) and

() @ t)kzk € {10 | v € R}, (2.10)
ko€eN

where the closure is taken in L*(Q).

Proof. We multiply (2.4) by 122' to see upon integrating by parts that

ti 2
uZ, 1/ 9 )\1/ 9 1/ 9 )\1/ 9
+ = Vue(,t —— | uZ(tg) = = Vug|® — — [ ug. 2.11

Due to (2.9) and the assumption that ug € W12(Q), this gives

/ / |VuE )] < /|Vu 12 + =:
o as(z

for all £ € N. Thus, since a. < |lal|p~(q) +¢,

/ /Uf < Colla|| L= (o) (2.12)
0 Q

/ |Vu(-,t)|* < Cy  forallk €N (2.13)
Q

Q

and

by Fatou’s lemma, for instance. Now (2.13) ensures the claimed L?(f2)-precompactness,
whereas (2.10) will follow from an argumentation similar to that presented in [Ar] for the



porous medium equation (cf. also [Wi]): From (2.12) we particularly gain

1 2 t+1

/ /‘u(m,tk—i-T)—u(:v,tk) dedr = / /‘/ +(z, 8)ds dxdT
0 JQ 123
tr+1
/ // (z, s)dsdxdr
Q

—/ /uf —0 ask — oo.
2 )y Ja

Hence, if w is any element of the set on the left-hand side of (2.10), that is, if u(-, tx;) — w
in L?(£2) for some subsequence tj, — oo, we also have

IN

IN

1 2
/ / ’u(:v,tkj +7)— w(:v)‘ dxdr — 0 as j — oo. (2.14)
0 Ja

Let us fix ¢ € C5°((0,1)) with [} ¢(r)dr = 1 and let ¢ € C§°(Q) be arbitrary. Then

multiplying (1.1) by w and integrating yields

0 = /tt +1/< (t — t, Jul, 1) (()d dt+/tk +1/Ct—tk) (z,t)Ap(z)dzdt

thJrl
+\1 / C(t — tr; )u(z, t)p(x)dwdt
Q

= / /C u(z, ty, +7) ((j))da:dﬂr/ol/ﬂ((ﬂuw,tkj + 7)Ap(z)dzdr

+/\1/ C(r)ulz, ty; + 7)p(x)dwdr.
0 Ja

According to (2.14) we may take j — oo here to achieve

0://g d:cd—i—//C (z)dzdr
Y / [ Crputa)ptadndr
- /meww)

in view of the properties of ¢. Therefore w, belonging to W, *(Q) due to (2.13), is a weak
solution of —Aw = A\jw in €. By simplicity of A1, w must coincide with some multiple of
O. I

3 The case fQ de < 00

Let us first make sure that if the degeneracy is sufficiently weak then all solutions emanating
from Lipschitz continuous initial data stabilize.



Lemma 3.1 Suppose that fsl W

on 99, the solution u of (1.1) satisfies

dr < co. Then for any ug € WH>°(Q) vanishing

u(-,t) — a® in L*(Q) ast — oo, (3.1)

where « s given by
x

fQ a(m(; d
02(z)

Q a(z)

o =

(3.2)

Remark. Due to (2.3), the assumption fQ Wcﬁv < oo is equivalent to the re-

quirement |, %dw < oo.

Proof.  Since ug € WH>(Q) and uglapg = 0, there exists ¢ > 0 such that |ug(x)| <
cdist (z, 0Q), so that, by (2.3),

luo(z)] < Hi_@(a:) for all = € Q. (3.3)

Thus the comparison principle implies |u.(z,t)] < z=O(z) in Q x (0,00), whence u is
bounded. Therefore Lemma 2.2 says that its w-limit set is not empty and consists of mul-
O(x)

ac(z) and

tiples of © only. To see that this set actually is a singleton, we multiply (2.4) by
integrate to obtain

/Q 2((:;)) ue (x, t)dx — /Q %uo(x)d:c = /Ot/Q(Au5 + A\ug) - ©
B /Ot /Q ue * (AO + 1 0)
0.

From (3.3) we gain the uniform majorization

O(z) ¢ (@)
ac(x) 0_ a(x)

ug(x,t)‘ < forallt > 0 and € > 0.

2
Therefore our assumption fQ G:l(—gf))d:v < oo together with the dominated convergence theo-

rem implies that in the limit ¢ — 0
/ G(I)u(:zr, t)dr = / o) uo(z)dx for all ¢ > 0.
o a(z) a a(z)

Now suppose o € R is such that u(-, ;) — a© in L?(Q2) along some sequence t — 00.
Passing to a subsequence, we may assume that this convergence is also pointwise a.e. in {2
and hence repeating the above argument in taking ¢y — oo yields

o(x) e,
[ oty o= [ S

This means that « is uniquely determined by (3.2). 1




4 The case [, de = 00

A key ingredient in the proof of our main results is the following lemma. It states that
under codition (1.4), any signed perturbation from a steady state that initially is compactly
supported will not change the large time behavior, no matter how large this perturbation is
at t = 0. A similar global attractivity property of steady states is shared by the equilibria
of 1.3; in [PY] this discovery also is the starting point for the construction of oscillating
solutions.

Lemma 4.1 Suppose that fQ Wcﬂx = 00, and assume that
upg = a0 + ¢

with some a € R and ¢ € WH2(Q) N C°(Q) such that

@ has compact support in 2 and
either p >01in Q  or ¢ <0 in Q.

Then the solution u of (1.1) fulfils
u(-,t) — a® in L*(Q) ast — oo. (4.1)

Proof.  Since 44 := +(u — aO) also solves (1.1) by linearity, it is sufficient to consider
the case « = 0 and ¢ > 0 only.

Starting with the same strategy as in the proof of Lemma 3.1, we first use % as a test
function in (2.4) to gain the conservation property

/ () ue(z, t)dr = / O(z) uo(z)dx for all ¢ > 0.
Q Q

CLE(I) aE(I)

Since the right-hand side tends to the finite number [, %w(x)d:c as ¢ — 0, it follows from
Fatou’s lemma that

©
/ (=) u(z,t)dz remains uniformly bounded for all ¢ > 0. (4.2)
Q

a(x)
ue(x,t)

Next, we multiply (2.4) by a(—(z) and use the Poincaré inequality to obtain the dissipation

property
1/ ul(z,t) 1/ ©*(x) /t/ 2 /t/ 2
- de — = de = — Vue|” + A\ u
2 Jo ac(x) 2 Jq ae(w) 0 Ql €| 0 Ja c

0 for all t > 0.

Again by Fatou’s lemma, we deduce from this that

2 t) (152(‘@)
2z, t)dx < ||al| = / wl, dr < ||al|pe / d for all ¢ > 0.
/ U ((E, ) T = || ||L (Q) (:17) T S H ||L (Q) ( ) X or >



This allows us to apply Lemma 2.2 to conclude that the whole semi-orbit {u(-,¢) | t > 0}
is precompact in L?(2), and that each member of the w-limit set is a multiple of ©. But it
is impossible that u(-,tx) — 30 in L2%(2) occurs for some 3 > 0 and t;, — co: In this case,
namely, for a subsequence we would have u(-, t;) — 30 also a.e. in {2 and hence, once more
due to Fatou’s lemma, could conclude from (4.2) that

/ O@) . 6(2)ds < oc.
o a(z)

. . . . (dist (2,00))2 ; ;
In light of (2.3), this would contradict the hypothesis fQ wa = oo, whence in fact

(4.1) must hold. 1

We now follow an idea originally used in [PY] to construct nonstabilizing solutions of (1.3)
and repeatedly apply the last lemma with suitable ¢ to obtain initial distributions leading
to large w-limit sets. The construction is somewhat more involved than in [PY], because we
treat the bounded and the unbounded case at the same time.

Lemma 4.2 Assume that fQ de = oo. Let (ap)ren be a nondecreasing and

(Bk)ken be an increasing sequence of real numbers such that ay < 1. Then for all p € [2,00)
there exists ug € WHP(Q) N C°(Q) vanishing on 0N and a sequence of times t, — oo such
that the solution u of (1.1) satisfies

{ Ju(-,tr) — axOllL2) < ¢ if kis odd  and (4.3)
u(,tk) — BrOllL2) < ¢ if k is even.
Moreover, ug can be chosen in such a way that

a® <wuy < O in Q (4.4)

holds with o := lim «p > —o0 and (= klim Ok < 400, and if both ay = « and By, = 0 for

k—oo

all k then it is possible to achieve ug € WH°(£).

Proof. The idea is to define ug as the limit of an inductively defined seugnece of initial
data ugg lying between «;© and ;0. Here, in a small neighborhood of 92, wugx shall
coincide with a;© if k is odd, and with Gx© if k is even, so that Lemma 4.1 will yield that
the corresponding solutions uy of (1.1) become close to ax® and [0, respectively, at some
large but finite ¢5. The continuous dependence property asserted in Lemma 2.1 then enables
us to slightly modify ugr near 92 without a significant effect at .

To make this more precise, we fix a cut-off function ¢ € C°([0,00)) such that ((s) =1
for s < %, (s) = 0for s > 1 and —4 < {’(s) < 0 for s > 0. For each § > 0, set
() = (B for 5 € Q. Evidently, (s(z) = 1 if dist (2,0Q) < 3 and ¢5(z) = 0 if
dist (z, 0Q) > §. Moreover, since x +— dist (z, 92) has Lipschitz constant 1, we have

VG (2)] < 3 "X {3 <dist (@.00)<s} () for a.e. z € Q. (4.5)

To simplify notation, from now on we may assume — expanding the sequneces if necessary —
that
ar = ag_1 whenever k is even and By = (1 for all odd k. (4.6)



The rest of the proof will be organized in three steps.

Step 1: Initiation of the recursion.
We let

up1 () == 10(x), € (4.7)

and fix an rabitrary ¢; > 1. Then, since a1 © is a stationary solution of (1.1), Lemma 2.1
states that there exists 11 > 0 such that for 4 satisfying (2.2),

[tio — wollpoe () < v1 implies  ||a(, 1) —1O|p20) <1

when @ denotes the solution of (1.1) with @|¢—g = @p. Observe that if we choose d; > diam §2
then (s, = 1 and (4.7) can trivially be rewritten in the form

up1 = 410 — (1 — a1)(s,©.

Generalizing, let us assume that for some k > 2 and all j € {1,...,k — 1} we have already
defined wg;, 6;,v; and t; with the follwing properties:

0j_
5j<JTl, 2< <k, (4.8)
Vi1 .
I/j<#, 2<j<k, (4.9)
tj > J; 1<j<k, (4.10)
j .
ugy = SO+ (1)1 — ),0,  1<j<h,, (4.11)
=1
Vi1 .
luoj = wog-1llr=@) < 5= 2<j <k (4.12)
1 .
IVuoj = Vuojallee) < 55, 2= <k, (4.13)

and, for 1 < j < k,
[a(,t;) — a;jO|lr2@) <
[a(-t;) = B8Ol L2(0) <

if j is odd,
(4.14)

if j is even,

S =

||ﬂ0 — quHLoo(Q) S I/j implies {

where g satisfies (2.2) and @ is the corresponding solution of (1.1).
Observe that (4.8) and (4.11) imply that

B;© onsupp(s; if j <k and j is even,
Ug; =
07 ;0 onsupp (s, if j <k and j is odd,

so that (4.11) can be written in the recursive form

ug,j—1 + C5; (3j0 — a;0)  =wuo -1+ (5, (8,0 —uo 1)
= (1—¢s,)uoj-1+ G5, - 3j© if j <k is even,
Up; = (415)
ug,j—1 — G5;(3j© — a;0)  =wuo -1+ (5, (00 —uoj-1)
= (1 —(5;)uoj—1 +Gs; - ;0 if j <k is odd.

10



From this and (4.6) it can easily be seen by induction that
Otj® < Upj < ﬂj@, 1< 1< k. (416)

Step 2: Continuation of the recursion — the inductive step.
We proceed to define wuog, 0, v and t; such that (4.8)—(4.14) continue to hold up to j = k.

To initiate this next step, we fix § < 5’“2’ L such that

Vi
(B — ax) - 040, < —k2 - (4.17)
and 1
(404 + [|[VOl|Le(a)) - (Br — ax) - [\ Q5,7 < ok (4.18)

hold, where 6 is the constant from (2.3) and Q5 := {x € Q| dist (x,09Q) > ¢}. Now we
define through (4.11) for j = k, that is, we set

k
uok = 10+ Y (—1)!(Bi — 0:)¢5,0.

i=1
Then (4.15) and (4.16), now also valid for j = k, say that

BrO — (1 = (5,)(Bk© —uogk—1) =: OO —¢p  if k is even,

ok = ax® — (1 = G ) (a® —upp—1) =: x® + ¢y if k is odd,

and that ¢ is nonnegative. Therefore Lemma 4.1 asserts that if, for instance, k is even
then the solution wy, of (1.1) with ug|t—¢ = uor converges to 8,0 as t — oo and particularly
satisfies

1
lur (- te) — Br®Ol L2() < o
V-1

for some t; > k. Hence, according to Lemma 2.1, if we pick v < si=1 small enough then
for any @y compatible with (2.2),

(4.19)

~ T - 1
Huo — uok”Loo(Q) < g 1Inphes ||u(~,tk) - Uk(';tk>HL2(Q) < %

In conjunction with (4.19) and a similar reasoning for odd k this shows that (4.14) continues
to hold for j = k.
To check (4.12) up to j = k, we use (4.15), (2.3) and (4.17) in estimating

165, (kO — ik O) | L= (02)

luor — w0 k—1llL= ()

< (Br — aw)[|®l = @\0s,)
< (Be — ak) - 040k

< Ut

- 2

11



Finally, from (4.15), (2.3), (4.5) and (4.18) we gain
[Vuor = Vuoe-1llrr) < Bk — ) |OV s, |l rnns,) + (B — an)l[Cs. VO o0y,

4 1
< (ﬁk—ak)'9+5k'$ 192\ Qs |7

1
+(Br — ak) - IVO] L) - [\ Q5|7
1
S 2_k’

which asserts (4.13) up to j = k.

Step 3. Limit process.
As a result of (4.12) and (4.9), for 1 <k < k/ < oo we have

k/
uok — uow L@ < 22 lluoi — uoi—1llL=(q)
i=kt1
k/
S Z V'Lz—l
i=k+1
k/
= %(Vk + Z V1_1>
i=k+2
k/
< S(m+ 3 )
=2
k/
S UTIC (1 + Z 211—2 )
i=kt2
v, o 1
s 3 (1 +2 7)
=1
= Vi,

which proves that the wug; form a Cauchy sequence in C°(f2). Taking now k' — oo here
shows that for its limit ug we have ||ug — uor||z(q) < vi for all k € N. Hence, by (4.14),
the solution w of (1.1) emanating from wug satisfies (4.3).
Moreover, (4.16) proves (4.4), and the inclusion ug € WP(Q) is a consequence of (4.13),
the triangle inequality in LP(f2) and the finiteness of >~ 5%

Finally, if a, = « and B = § then from (4.11) we gain

2k *

k
IVuoklo@y < BIVOlle(e) + (B—a) >[IV, - Olle(o

i=1

k
o= v, IVel@-  @20)
=1

The first and the third term on the right are bounded independently of k, because (s, is

k .
nonincreasing with ¢ and thus 0 > > (—1)Cs5, > —1. As to the second term, we use that
i=1
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by construction the gradients Vs, have mutually disjoint supports; that is, recalling (4.5),
(4.8) and (2.3) we find

k
D IIVEG, - Ol — 0000 (8, \ Q5

A
SIS

i=1 i=1
< 46419
Accordingly, (4.20) shows that in this case we have ug € W (). 1

Now the main results actually are corollaries of this lemma.

Theorem 4.3 Suppose « and [ are real numbers such that o < (. Then there exists
ug € WHo°(Q) vanishing on 9 such that the w-limit set of the solution (1.1) is given by

w(uo) = {70 | v € [a, ]}-
Proof. Applying Lemma 4.2 to o, = o and S = 3, we obtain ug € WH°(Q) with
aB® < up < 5O in Q, (4.21)

and such that w(ug) contains a® and $O. Since the solution u of (1.1) is continuous, w(ug)
is connected and thus {v© | v € [, 8]} C w(ug). By (4.21), also the opposite inclusion
holds. 1

Corollary 4.4 Let a € R. Then for all p € [2,00) there exists ug € WHP(Q) N C°(Q) with
uoloq = 0 such that the solution of (1.1) is unbounded and

w(ug) = {10 | v € [, 00)}.

Proof. We set ap = a and [ := a + k in Lemma 4.2 to obtain a function ug from the
indicated class, fulfilling
up > a© in Q, (4.22)

and such that w(ug) contains «®. Since, by (4.3),

u(-, tk) — a®llL2) < % if k is odd, and
e ) — 4Ol gy > KOl ey — (- ) — a0) — kOl (e > KOl ey — 1 if  is even,

we infer from the continuity of the solution w of (1.1) that for each 8 > o and m € N large
enough one can find #,, € (tom,t2m1) such that

lu(,tm) — @®ll2(@) = (B — a)O| L2(0)- (4.23)

Thus, Lemma 2.2 (which is still applicable since ug € W12(2)) entails that

ﬂ (u( tm))m>me C {7© | ¥ € R}.

mo€EN

13



By (4.23), however, the only conceivable accumulation point of u(-,%,,) — a© is (3 — a)0,
from which we conclude

u(-ytm) — 0O as m — oo.

We thus have proved {y© | v € [a,0)} C w(ug). In view of (4.22) and, again, Lemma 2.2,
this completes the proof. 1

Corollary 4.5 For any p < oo one can find ug € WHP(Q) N C°(Q), vanishing on 02, such
that the solution u of (1.1) satisfies

maxu(z,t}) — oo and
€N

minu(z,t, ) — —00
€N

as k — oo for suitable sequences tki — 00.

Proof. The claim immediately follows upon an application of Lemma 4.2 to ay := —k
and B := k. 1

Remark. Unfortunately, it does not result from Corollary 4.5 that the solution con-
structed there has its w-limit set equal to the entire steady state set {70 | v € R}, and we
have to leave open here wheter the latter can be achieved for appropriate initial data. In
fact, this seems to be hardly achievable by our construction, which, invoking Lemma 4.1 in
each recursion step, essentially relied on the fact that the compactly supported difference of
upr to some multiple of © had one sign throughout 2.

Acknowledgement. The author was partially supported by the European Community’s
Human Potential Programme under contract HPRN-CT-2002-00274, Fronts-Singularities.

References

[Ar] ARONSON, D.G.: The porous medium equation. Nonlinear diffusion problems, Lect.
2nd 1985 Sess. C.I.M.E.. Montecatini Terme/Italy 1985, Lect. Notes Math. 1224, 1-46
(1986)

[BP] BRUNOVSKY, P., POLACIK, P.: The Morse-Smale structure of a generic reaction-
diffusion equation in higher space dimension. J. Differential Equations 135, 129-181
(1997)

[HP] HARAUX, A., POLACIK, P.: Convergence to positive equilibrium for some nonlinear
evolution equations in a ball. Acta Math. Univ. Comenianae LXIT, 129-141 (1992)

[Je] JENDOUBI, M.A.: A simple unified approach to some convergence theorems of L. Si-
mon. J. Funct. Anal. 153, 187-202 (1998)

[LSU] LADYZENSKAJA, O.A., SOLONNIKOV, V.A., URAL’CEVA, N.N.: Linear and Quasi-
linear Equations of Parabolic Type. AMS, Providence (1968)

14



[LP] LaNGLAIS, M, PHILLIPS, D.: Stabilization of solutions of nonlinear and degenerate
evolution equations. Nonlin. Anal. TMA 9, 321-333 (1985)

[Li] Lions, P.L.: Structure of the Set of Steady-State Solutions and Asymptotic Behaviour
of Semilinear Heat Equations. J. Differential Equations 53, 362-386 (1984)

[Ma] MATANO, H.: Convergence of solutions of one-dimensional semilinear parabolic equa-
tions. J. Math. Kyoto Univ. 18, 221-227 (1978)

[Pol] POLACIK, P.: High-Dimensional w-Limit Sets and Chaos in Scalar Parabolic Equa-
tions. J. Differential Equations 119, 24-53 (1995)

[Po2] POLACIK, P.: Some common asymptotic properties of semilinear parabolic, hyperbolic
and elliptic equations. Math. Bohem. 127 (2), 301-310 (2002)

[PR] PoLACIK, P., RyBAKOWSKI, K.P.: Nonconvergent bounded trajectories in semilinear
heat equations. J. Differential Equations 124, 472-494 (1996)

[PS] PoLACIK, P., SIMONDON, F.: Nonconvergent bounded solutions of semilinear heat
equations on arbitrary domains. J. Differential Equations 186, 586-610 (2002)

[PY] POLACIK, P., YANACGIDA, E.: On bounded and unbounded global solutions of a super-
critical semilinear heat equation. Math. Annal. 327, 745-771 (2003)

[Si] SmMoON, L.: Asymptotics for a class of evolution equations, with applications to geo-
metric problems. Ann. Math. 118, 525-571 (1983)

[ST] SmitH, H.L., THIEME, H.R.: Convergence for strongly order-preserving semiflows.
SIAM J. Math. Anal. 22, 1081-1101 (1991)

[Wi] WINKLER, M.: Large time behavior and stability of equilibria of degenerate parabolic
equations. J. Dyn. Differ. Eq. 17 (2), 331-351 (2005)

[Ze] ZELENYAK, T.I.: Stabilization of solutions of boundary value problems for a second
order parabolic equation with one space variable. Differential Equations (transl. from
Differencialnye Uravnenia) 4, 17-22 (1968)

15



