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Abstract

This paper investigates the boundary behavior of nonnegative classical solutions to the
Dirichlet problem for

up = uP Au+ g(u) in Q x (0,7), p>1,

and draws some consequences for the large time behavior of solutions. Here,  C R™ is a
smooth bounded domain and g : [0,00) — R is locally Lipschitz continuous with g(0) = 0.
The first goal is to study for which « > 1 the implication

uo(z) < ¢q(dist (z,00))* (c1>0)
= u(x,t) < C(T)(dist (x,00))* in Q@ x (0,T) forany T < T (1)
1
p—1°
For p € (1,2] and g = 0, this complements a previously known result, according to which the
lower estimate wug(x) > co(dist (x,0Q))* with some a < z% and ¢y > 0 implies the existence
of T > 0 and C > 0 such that u(z,t) > Cdist (x,00) for all z € Q and t > T.
Using (I), we moreover show that whenever p > 1, there exist some values of ¢ > 1 such
that the particular equation u; = uPu,, + u? possesses positive classical solutions which are
nondecreasing w.r. to ¢t and remain uniformly bounded in C(2) for all times, but do not

converge in C*(Q) as t — oo.

is valid, and it turns out that this holds whenever either p > 2, or p < 2 and o >
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Introduction

We study nonnegative classical solutions of the Dirichlet problem
up = uPAu + g(u) in Q% (0,7),
ulag =0, (0.1)
ult=0 = up,
in a bounded domain Q C R" with boundary of class C3, where p > 1,7 > 0,and g : [0,00) — R
is locally Lipschitz continuous in [0, 00) with g(0) = 0.

The first objective of this paper is to clarify under which conditions an initially given algebraic
boundary decay is inherited by solutions in the following sense: Suppose that

uo(x) < ¢ (dist (x,00))* for all x € Q, (0.2)
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with certain constants o > 1 and ¢; > 0; does then
u(z,t) < C(T")(dist (x,00))* forallz € Qand 0 <t <T' <T (0.3)

hold with some appropriately large constant C(T")?
As to the special case g = 0, that is, for the unperturbed problem

ur = uPAu in Qx (0,7),
ulag =0, (0.4)

’U,‘t:() = Uuo,

it is known that for any o > 1, (0.3) can hold only in presence of sufficiently strong degeneracies:
Namely, in the non-degenerate case when p = 0, the well-known Hopf boundary point lemma
states that each nontrivial nonnegative solution u has strictly negative normal derivative at 92
for all ¢ > 0; in particular, u(-,t) enters the cone

K = {Lp: Q—R ‘ Je>0: ¢(x) > cdist (z, 09) foralla;EQ}

immediately, which is obviously incompatible with (0.3) when o > 1. In [BP], a slightly weaker
result was derived for the weakly degenerate case p € (0, 1), in which (0.4) can be transformed
1

into the porous medium equation v; = Av™ via the substitution v = av™ with m = T > 1

and @ = mv: Tt was proved there that every nonnegative (weak) solution u # 0 of (0.4), though
possibly lacking a normal derivative at 92, again enters K after some finite time (which may or
may not be positive, cf. [F] or [A], for instantce).

The results in [Winl] indicate that the picture in the case p > 1 becomes more involved in so
far as, unlike the case p € [0,1), the boundary behavior of ug plays an important role: For
instance, it was shown there that if p > 2 then (0.2) implies (0.3) for positive solutions of (0.4)
whenever o > 1, so that such solutions will never enter K. Concerning the intermediate regime
p € [1,2), the decay exponent a, := p%l > 1 was detected to be critical with respect to the
possibility of entering K in the following sense: If ug(x) > co(dist (z,09Q))* holds throughout
Q with some o < a, then u(-,t) € K for all sufficiently large ¢, provided that € is a ball and
up is radially symmetric; on the other hand, if ug satisfies (0.2) with some o > «. then for all
t > 0 we have u(-,t) ¢ K. The precise boundary behavior of the latter type of solutions was
left unstudied in [Winl]; for instance, it might be conceivable that a solution satisfying (0.2)
behaves like u(z,t) ~ (dist (2, 9Q))*®) with some nonconstant a(t), where the known fact that
u(-,t) ¢ K would be compatible with any «(t) > 1. However, the first main result of the present
work implies that this cannot be the case. More precisely and more generally, in Theorem 1.8
we shall include the case g #Z 0 and prove that

e if p > 1 and ug satisfies (0.2) with some o > 1 such that o > 1% then every classical
solution of (0.1) satisfies (0.3).

There is a number of examples where appropriate information on the boundary behavior could
be turned into a rather precise knowledge on the time asymptotics of solutions to problems of
type (0.4) with p > 0; various qualitative properties such as stabilization, convergence rates,
asymptotic profiles, or localization of blow-up points were addressed using such methods in
[Wie2], [L], [AP] and [FMcL1], for instance. Correspondingly, the second main goal of this work
is to illustrate how the implication (0.2) = (0.3) may affect the large time behavior of solutions



to (0.4) in that it enables us to detect some rather strange solutions. In fact, using Theorem 1.8,
we shall see that for any degeneracy parameter p > 1 there exist locally Lipschitz continuous
sources g(u) such that the one-dimensional version of (0.4) possesses trajectories which remain
uniformly bounded in C*(2) but are not precompact in C'1(€):

o If n = Lp>1 and ¢ > 1 is such that ¢ € (p — 1,p+ 1) and ¢ > 3 — p then there exist
ug € C1(Q) such that the solution u of (0.4) with g(u) = u? is nondecreasing w.r. to t
and satisfies sup [|u(-,?)[|¢c1(q) < oo and tlim [u(-,t) = wllco(@) = 0 with some 0 # w €

t>0 —>

C'(Q) (¥ > 0), but which has the property litm inf [[u(-, ) —w([c1(q) > 0 (Theorem 2.7).

A similar conclusion would clearly be impossible in any semilinear problem of the general form

up = Au+g(z, t, u, Vu) with, say, g locally bounded in 2 x [0, 00) x RxR", because then standard

parabolic theory ([LSUJ) turns a supposedly given bound of the form sup [u(-, t)|[¢1(q) < oo into
>0

an estimate sup [|u(-,?)||c1+v(q) < co with some ¢ > 0. But also when weak degeneracies are
>0

present, a phenomenon of the above type can be ruled out in a fairly general framework. This
will be demonstrated in Lemma 2.8, which shall in fact indicate the parameter p = 1 to be critical
in this respect: Namely, there we shall consider the case p € (0, 1) in the corresponding Dirichlet
problem for the one-dimensional porous-medium type equation uy = uPuy, 4+ g(z,t, u, uy), where
g is bounded and locally Hélder continuous in € x [0,00) x R?. Our result will say that for
any ‘solution’ u (cf. Section 2.2 to see what is meant here by ‘solution’) with the property that

limsup ||u(-, ?)|[w1.00(q) < oo one can find a sequence of times t; — oo such that (u(-,tx))ken is
t—o00

precompact in C*(Q), unless [u(-,t)[|Loo(@) — 0 as t — oo.

Unexpected behavior of gradients in quasilinear and semilinear parabolic equations has attracted
increasing interest through the last years. The phenomenon most frequently investigated in this
respect is the blow-up of gradients of bounded solutions in either finite or infinite time, where both
possibilities of boundary as well as interior derivative blow-up have been detected in appropriate
examples (see [Soul, [SV], [AF] and the references therein, for example); however, the occurrence
of bounded but nonconvergent gradients, as studied here, appears to be quite a rarely visible
phenomenon.

Let us finally mention that as to the perturbed problem (0.1), little seems to be known about
boundary behavior so far. The only results we are aware of in the literature concentrate on
proving that (0.2) entails (0.3) for & = 1. Since even classical solutions of the degenerate
problem (0.1) are in general not in C'(Q) for t > 0 (because there may exist even stationary
irregular solutions, cf. [Wie2]), this is not self-evident. Correspondingly, even for v = 1 the
proof of the implication (0.2) = (0.3) in [FMcL2] and [Wiel] for the equation u; = uP Au +uP*+!
with p > 1 required new (comparison-based) arguments.

1 Boundary behavior

The proof of the desired implication (0.2) = (0.3) in Section 1.3 will rely on comparison of u
with time-dependent barrier functions. Here, in Section 1.2 we concentrate on the unperturbed
problem (0.4) first and then use a transformation to cover Lipschitz sources g(u). For the
delicate parameter regime p € (1, 2], the main idea is to proceed in two steps: In the first one

we show that (0.2) implies u(x,t) < C(T")(dist (z, 8(2))% instead of the stronger estimate (0.3).



This is prepared in Section 1.1 by constructing suitable barrier functions ¥ defined near 92
and satisfying the nonlinear inequality v; > vPAv. Secondly, we use this preliminary estimate
to derive (0.3) by showing that u lies below an appropriate solution @ of the linear parabolic
inequality @y > uPAu.

In order to fix terminology, we define that a classical solution of (0.4) is to be understood as a
nonnegative function u € C°(Q x [0,T)) N C%1(Q x (0,T)) that satisfies (0.4) in the pointwise
sense. By a nonnegative classical subsolution we mean a nonnegative function u from the same
regularity class that vanishes on 9 and satisfies u; < uP?Aw in Q x (0,7).

1.1 A radially symmetric auxiliary problem in an annulus

In this section we consider a variant of problem (0.4) where the spatial domain is the annulus
A := Bg,(z.) \ Br(z.) with a given point z. € R™ and fixed radii satisfying 0 < R < R;. We
intend to use solutions of such problems as (upper) barriers in order to estimate our solution u
of (0.4) from above in a neighborhood of 92. Therefore, we shall require these solutions to be
zero on the inner part of A and to attain a sufficiently large positive constant on its outer part.
In conjunction with an adequate choice of the initial data, this suggests to study, for instance,

the auxiliary problem
vy = vPAv in A x (0, 00),

V|oBx(z) = 0,
VloBg, () = M,
U|t=0 = %o,

where M > 0 and vo(x) := ﬁ (Jx — x| — R)® for z € A.

Since wvg is a convex radial function that is nondecreasing with respect to r = |z — x|, it is
natural to suspect that a solution of (1.1) is also radially symmetric and nondecreasing with
respect to r, and that furthermore v; > 0. In order to construct a solution with these properties,
we consider the approximate problems

ver = vEA, in A x (0,00),
veloa = voloa + €, (1.2)
,UE‘tZO = Voe

for € € (0,1), where vg. suitably approximates vg. An appropriate selection of vy, is provided
by the following lemma. A similar statement, using a more involved construction, was given in
[ACP, Lemma A].

Lemma 1.1 For any o > 1 and M > 0 there exists a family (voc)zc(0,1) C C>(A) of radially
symmetric initial data voe = voe(r), 1 = | — (|, satisfying

vot+e<vge <M-+e mn A, (1.3)
voer 20 in A, (1.4)
Avge >0 in A, (1.5)
Avgeloa =0 (1.6)
as well as
Ve — Vo monotonically in A and in C1(A). (1.7)



PROOF.  Let (Xe)ec(0,1) C C5°(A) denote a nondecreasing family of radial functions x. = x(r)
such that 0 < x. <1in A and x. /' 1in A as € \ 0. Then the boundary-value problem

{ Avge = Xe - Arg in A,

(1.8)
Voeloa = voloa + €,

has a unique solution vg. € C*°(A) that evidently is radially symmetric and fulfils (1.6). More-
over, (1.5) holds, because the particular choice of vy in combination with the hypothesis a > 1
implies that Avg > 0 in A.

Next, since z := vy + ¢ satisfies

Az = Avy > xAvyg = Avge in A

as well as z < vg. on A, the elliptic maximum principle implies that the left inequality in (1.3)
is valid. Similarly, the right inequality in (1.3) follows upon comparison of vy, with the constant
function z := M + ¢ which satisfies Z > vge on dA and

Az =0 < Avge in A.

To see (1.4), we note that vo.(R) = ¢ together with the left inequality in (1.3) yields vo.,(R) > 0.
But (1.5) states that " lvg., is nondecreasing with r, whence (1.4) follows.
Finally, since for 0 < & < &’ < 1 we have vg. < vgr on 0A and

Avge = Xe - Avg > Yo - Avg = Avger in A,

elliptic comparison implies that vo. decreases as € \, 0. Thus, vg. \, z in A holds for some
measurable z > vg. Since Avg(z) < c(Jx — x| — R)*2 for all z € A with some ¢ > 0, our
assumption « > 1 implies that ||Avoc||re(4) is uniformly bounded for some ¢ > 1; in fact,
this is true for any ¢ > 1 satisfying (2 — a)g < 1. Therefore elliptic regularity theory yields
uniform boundedness of vg. in W24(A). In view of the radial symmetry, the compact embedding
W24((R, Ry)) << CY([R, R1]) entails that the convergence vo. — z actually takes place in
CY(A). Therefore (1.8) shows that z € C1(A) is a weak solution of Az = Avy fulfilling z = v
on 0A and hence, by uniqueness of solutions to this linear elliptic problem, must coincide with

v /1]

Using the parabolic comparison principle, we can now assert the desired consequences for the
corresponding solution v of (1.1).

Lemma 1.2 Let « > 1 and M > 0. Then the problem (1.1) has a global classical radially
symmetric solution v = v(r,t). This solution can be obtained as the limit v = h\If[l) ve in CY (A x
3

loc
[0,00)) N C LA x [0,00)) of a decreasing family of positive solutions ve of (1.2) which satisfy

loc
Ver >0 in A x (0,00) (1.9)

and
Vet > 0 in A x (0,00). (1.10)

Consequently, we also have v, > 0 and vy > 0 in A x (0,00).



PrROOF.  We consider (1.2), where vy, is as provided by Lemma 1.1. Since € < vp. < M + ¢
in A and v := ¢ and v := M + ¢ are a sub- and a supersolution of (1.2), respectively, it follows
from standard arguments ([Wie2]) that (1.2) is actually non-degenerate and has a unique global
classical solution v, that satisfies

e<v.<M+e¢ in A x (0,00). (1.11)

Due to (1_.6), the first-order compatibility condition for (1.2) is fulfilled, so that v in fact belongs
to C%L(A x [0,00)) NC>®(A x (0,00)). Clearly, v. inherits the radial symmetry of vg., and since
differentiation of (1.2) with respect to r shows that z(r,t) := v, (r, t) satisfies the linear parabolic
equation

1

n—1_ D n—1_ D n—1_Dp :
VerZp + VeZp + VeV 2 — Brvez  in (R, Ryp) % (0,00),

— P p—
Zt - ng’I’T +pv€ r T

it follows from the maximum principle that z remains nonnegative if the same is true on the
parabolic boundary of (R, R1) x (0,00). Indeed, by (1.4) we have z > 0 at ¢t = 0, whereas (1.11)
along with the boundary conditions in (1.2) imply that also z > 0 at » = R and at r = Ry; thus,
(1.9) has been proved.

Next, by the above regularity statement the function w := v, belongs to C°(A x [0,00)) N
C*(A x (0,00)) and satisfies

w = vPAw + prP  Av, - w in A x (0,00).

Since in view of v:|g4 = volsa + €, we have w|gq = 0 and (1.5) yields w > 0 at t = 0, the
maximum principle guarantees that (1.10) holds.

Together with (1.3), this sharpens (1.11) according to vg +¢ < v < M +¢ in A x (0,00).
Thus, parabolic Schauder estimates may be applied to (1.2) to yield a uniform bound for v,

1406
in C’iz@’%((ﬂ \ 0Bg(z.)) x [0,00)) with some 6 > 0. Since evidently v. \, v as € \, 0 with
some nonnegative function v, the latter statement in conjunction with the Arzela-Ascoli theorem
ensures that actually v. — v in Cl2 O’i((ﬁ\aB r(zc)) x [0,00)). Consequently, v solves vy = vPAv
in A x (0,00) and attains the desired values at ¢ = 0 and the outer part 0Bp, (z.) of the lateral
boundary. The continuity of v at the corresponding inner part 0Bgr(x.) follows from the fact
ve \, U as € \, 0; indeed, this monotone convergence implies that v is upper semicontinuous and
hence, as a nonnegative function, continuous wherever v is zero. — which clearly is the case at
OBRr(z.). Altogether, we see that v is continuous in A x [0, 00), whence Dini’s theorem ensures
that the convergence v. — v is locally uniform in A x [0, c0). /]]/
The following lemma will play a key role in the proof of (0.3). Here the assumption o > p%l is
essentially used.

Lemma 1.3 Letp € [1,2), a > z% and M > 0. Then for any Ry € (R, R1) we have

/ v 7P (z,t)dr = +oo for allt > 0. (1.12)
Brg (zc)\Br(wc)

PROOF.  Since v is radially symmetric, we again may write v = v(r,t), where r = |x —z.|. We

multiply (1.2) by 5, where ¢(r) := I:”Sff. Integrating by parts with respect to r € (R, Ro) gives

1 d [fo
—E% - (% (’l”, t) . (RO — T)d?"



Ro n—1
/ (Verr + Tvgr) - (Ro — r)dr
R

Ro Ro
/ Verdr + vep - (Ro — 1)
R R

Ro Ro — Ry — r|R
) [ () a1 Eo

R T r R
= v:(Ro,t) — ve(r,t) — ver (R, t) - (Ro — R)
Ro t _
+(n—1)/ VD) (1) vn(Ror) - TS
R r R
for t > 0. Since v, increases with » by Lemma 1.2, we can estimate
L ey Ry — ) < (M) [14 (0 1) Ll
p—1ldt )y = 0 = Rz I

From this it follows that

d [fo
— v 7P(r,t) - (Ry — 7)dr > —C forallt >0
dt Jp
with some C' > 0, which upon integration implies that

Ro RO
/ v P(r,t) - (Ry — r)dr > / v(l)gp(r) - (Ro — r)dr — Ct for all ¢t > 0.
R R

Here we use that v.(-,t) \, v(;t) for ¢ > 0 and vp.(r) \, vo(r) = (Rlﬂfma (r—R)* as e >0, and
apply Beppo-Levi’s theorem to obtain

/RRO W1, 1) - (Ry — r)dr > ((&{Jm(x)l_p /RRO (r = RPN (Ry — )dr — Ct

for all ¢ > 0. But since a > p%l, the right-hand side equals +oo, so that

RO n—1 RO
/ "Ll P (e t)dr > R / v P(r,t) - (R — r)dr = +o0 for all t > 0,
R Ro  Jgr

as claimed. /]]/

We are now ready to complete the announced preliminary upper estimate for the solution wv.

Lemma 1.4 Let p € [1,2), a > p—il and M > 0. Then for all T > 0 there exists C' =

C(T,p,a, M, R, Ry) > 0 such that the solution v = l{rg)vs of (1.1) satisfies
&€

vz, t) <C-(jo — x| — R)?  for all (z,t) € A x (0,T). (1.13)

PROOF.  Since v is radial, we may write v(r,t) instead of v(x,t), where r = |z — z.|. Given
T > 0, we fix a small positive number ¢ satisfying

§ < (1+ pat) 7, (1.14)

7



where a := 72(24-(;2—2);;)

> 0. We claim that it is possible to find some Ry > R satisfying

Ro < Ro := min {R+ <%) = ,Rl} (1.15)

with the property that
2
v(Ro,T) < 6(Rp — R)». (1.16)

In fact, if such an Ry did not exist, we would have v(r,T) > §(r — R)% for all r € (R, RO) and
hence

Ro 21
Ul_p(x,t>dx < §t-p / Pl (r — R);( P)dr_

/BRO (ze)\Br(ze) R

Since %(1 — p) > —1 whenever p < 2, the integral on the right is finite, whence we would have
a contradiction to Lemma 1.3.
We now let

Ty(rt) == y(t)- (r — R+1)7,  r€[R Ro), t€[0,7T],

where n € (0,1) and y is the solution of the initial-value problem

y'(t) = ayPtt, te(0,7),
{ (t (0.7) o
y(0) =4,
that is,
y(H) = (@7 —pat) 7, tef0T].
Observe that by (1.14),
y(t) < (0P —paT)fé <1 for all t € [0, 7. (1.18)
Using (1.17), we see that 0, satisfies
2
Uy — UhAT, = o - (r— R+n)P
21P 2,9 2_9
- y-(r—RJrn)P} Y 3G =D —R+mn)r
+ 'i'(r—RJrn)?’_l}
> y’-(r—R—i—n)%
P R {23 - 00— R
LSS R+77)p_2}
— n— 2
_ [y’ 202 p;( Dp prrl] (r—R+n)r
= (¢ —ay") - (= R4m)?
= 0 forre(R,Ry), te(0,T), (1.19)

8



where we note that » > r — R+ for r € (R, Rp) due to our restriction n < R. Moreover,
Uy(R,t) > 0=1v(R,t) for all ¢ € (0,7T) (1.20)
and

2
vn(Ro,t) = y(t)- (Ro— R+n)»
> §-(Ry—R)?  foralltel0,T].

On the other hand, from Lemma 1.2 we know that v is nonincreasing in ¢, so that (1.16) yields

U(Ro, t) S U(Ro, T)

< 0(Ro — R)% for all ¢ € [0,T]
and thus
Uy(Ro,t) > v(Ro, 1) for all t € [0, 7). (1.21)
Finally, at ¢ = 0 we have
v(r,0)  M(r—R)"
Uy (1, 0) 5(r— R+n)7
M(r— R)®
. Me-R)
d(r—R)»
a2
< H(Ry—R)*¥
< 1 for r € [R, Ry] (1.22)

due to (1.15) and the fact that o > p%l > %.

Since the inequalities (1.20)-(1.22) on the parabolic boundary of (R, Ry) x (0,T) are strict, we
may invoke the comparison principle for the degenerate parabolic inequality (1.19) (see [Wie2]
for an appropriate version) to conclude that v < ©, holds for all » € [R, Ry], t € [0,T] and
n € (0, R). In particular, by (1.18), in the limit  — 0 we find

AN

o(r,t) < y(T)-(r—R)
< (r—R) for all r € [R, Ry] and t € [0, T,

hSAIN]

while for r € [Ry, R1] we trivially have

v(r,t) < M(R; — R)O"
(r—R)» ~ (Ry—R)?

Accordingly, (1.13) follows if we set C' := max {1, M}. //]/
(



1.2 Upper estimate for subsolutions of (0.4)

In this section we shall use the previously constructed radial functions in order to estimate
arbitrary subsolutions of (0.4) from above. Admitting subsolutions here rather than restricting
ourselves to solutions will enable us to easily cope with the perturbed problem (0.1) in Section
1.3.

We first assert that if p 6 (1,2) then (0.2) implies that each Correspondlng subsolution decays

at least like (dist (z, OQ))P near €2 for ¢ > 0. Observe that since = 2 > ﬁ, this is weaker than
the desired conclusion (0.3).

Lemma 1.5 Let p € (1,2), T > 0 and Q C R™ be a bounded domain of class C°. Suppose that
u is a nonnegative classical subsolution of (0.4) with ult=o = ug, where

ug(z) < eq(dist (x, 002))* for all x € Q (1.23)
with certain constants « > — and c1 > 0. Then there exists ¢ > 0 with
u(z,t) < c- (dist (ac,@Q))% forallxz € Q and t € (0,T). (1.24)

PrOOF.  From the assumed smoothness of 0f) it follows that there exists R > 0 such that for
all y € 90 one can find x.(y) € R™\ Q with Bg(x.) N Q = {y}. Moreover, there is d > 0 with
the property that for any x € Q with dist (z, 9) < d there exists exactly one point y(x) € 9
such that dist (z,09) = |z — y(z)| (cf. [Se], [AP]).

Now let zp € Q satisfy dist (z9,00) < d, and set y := y(xg) and z. := z.(y). Then for all
x € Bria(z:) N§, the point y(x) :=xz.+ R - ‘x zc| lies on OBR(x.) and thus outside €2, so that

dist (z,0Q) = dist (z,R"\ Q)

|z — ()]
= |z—x]—-R for all x € Bria(z.) NS (1.25)

IN

Let v. and v := lin% v. denote the solutions of (1.2) and (1.1), respectively, with Ry := R+d and
E—

M := max{ci - (R1 — R)%, |luol| (o)}, as constructed in Lemma 1.2). Then on (0Bg, (z.) NQ) x
[0, T], we have ve > v > M > u, because u < [[ug||r~(q) by comparison. If x € Bg, (z.) N 9,
however, then trivially ve(z,t) > 0 = u(z,t) for all t € [0,T]. Furthermore, for ¢ = 0 and any
x € Br, NQ, by (1.25) we find

ve(x,0) > v(x,0) = (&#R)a(‘l‘ — 2| = R)* > e1(|z — 2| — R)* > up(x),

whereby we have shown that the strict inequality v. > u holds on the parabolic boundary of
Qox(0,T), where Qg := Bg, (z.)N§2. Therefore parabolic comparison yields v, > w in Q¢ x (0, 7).
Thus, taking ¢ — 0 and recalling Lemma 1.4, we see that

u(z,t) <wv(x,t) <c-(lz— x| — R)% for all z € Qo and t € (0,7)

holds with some constant ¢ depending on T',p,a, M, R and Ry only. Since |xg — x| < |z —
y(xo)| + |y(zo) — x| = dist (x0,0) + R in view of the definition of y(x(), this in particular
entails

w(@o,t) < ¢+ (Jzo — zo| — R)? < ¢ (dist (w0, 00))7  for all t € (0,T)

10



with some ¢ independent of zp. This immediately gives (1.24). /]]/

We next claim that the estimate gained in the last lemma in conjunction with (0.2) entails
the desired result (0.3). In fact, this can be proved for any p > 1 by regarding the inequality
uy < uPAu as a linear parabolic inequality with a variable coefficient uP(z,t) satisfying an
appropriate decay condition near 0f2.

Lemma 1.6 Let Q C R” be a bounded C3-domain, let p > 1, T > 0 and suppose that u is a
nonnegative clasical subsolution of (0.4) with initial data u|—o = uy satisfying

up(x) < ¢ (dist (z,00))* for all xz € Q (1.26)

with some ¢1 > 0 and o > 1 such that o > p%l. Assume furthermore that there exists ca > 0
such that )
u(z,t) < co(dist (x,00))r for allz € Q and t € (0,T). (1.27)

Then
u(z,t) < e3(dist (z, 082))“ forallxz € Q andt € (0,T) (1.28)

holds with a sufficiently large constant cg > 0.

PROOF. We let p € C1(2) N C?(Q2) denote any function satisfying Ay < 0 in € and
¢y - dist (z,00) < p(x) < C,, - dist (x, 08) for all x € Q

with positive constants ¢, and Cy,. (For instance, due to the smoothness of 02 this is true if we
take ¢ to be the solution of —Ay =1 in Q with ¢|gq = 0.)
We set

y(t) == yo e, t>0, (1.29)

where yo := %% >0 and Kk := a(a — 1) - j—%’ : HV@H%OO(Q) > 0, and set
» )

a(z,t) == y(t) - ™ (x), r€Q, te0,T).
Then at t = 0 we have, by (1.26),

u(z,0) < cq (dist (x, 092))
(@,0) = yo-po(x)

C1
< (0%
Yo - €,
=1 for all x € Q,

4|

whereas evidently © = 0 < w on 9Q x (0,T"). Furthermore, from the assumption (1.27) we obtain

uP(x,t) < cb(dist (z,00))>
b
< %-@2(33) forall z € Q and ¢t € (0,T).
Co

11



Using this, we obtain that @ satisfies the linear parabolic inequality
u—uPAu = y - pa

— -y o A + ala — 1) Ve ]

v

Y - — ala — DuPe® 2|Vl ?y

Y

/ « c§ « 2
Y- *a(afl)-g'so IVol™y
P
> {y —ala= DG - IVelia@i} ¢ inQx(01).

Therefore the maximum principle implies

u(z,t) < u(w,?)
< yoe ¥ (x)
< yoe - CY - (dist (z,00))*  forallz € Qand t € (0,7),
which yields (1.28). /]]/

Combining the previous two lemmata with an additional argument for p > 2 (which essen-
tially replaces Lemma 1.5 for such p), we obtain the desired conclusion for arbitrary classical
subsolutions of (0.4).

Corollary 1.7 Let Q C R" be a bounded domain with boundary 0 of class C3. Suppose that
p>1and T > 0, and that u is a nonnegative classical subsolution of (0.4) with u|i—y = wo,
where

up(x) < ¢ (dist (z,00Q))* for all x € Q (1.30)

with some c¢1 > 0 and some o > 1 satisfying o > ﬁ. Then there exists C = C(T) > 0 such
that
u(z,t) < C(dist (z,0Q))* forallz € Q and t € (0,T). (1.31)

Proor. Ifp e (1,2), we apply Lemma 1.5 and then Lemma 1.6 to obtain (1.31) immediately.
In the case p > 2, the claim results from Lemma 1.6 as soon as we have checked that the
hypothesis (1.27) of this lemma is satisfied. To see this, as in the proof of Lemma 1.6 we once
again pick any ¢ € C*(Q)NC?%(2) with the properties Ap < 0 in Q and c,dist (z,0Q) < p(z) <
Cydist (x,012) throughout Q, where 0 < ¢, < Cy,. Since (1.30) and our assumption on a implies
that ug(z) < édist (x,09) for some ¢ > ¢1, we obtain uy < ap in 2 for a := % Therefore
u does not exceed u(z,t) := ap(x) on the parabolic boundary of © x (0,7") for any n > 0. In

conjunction with the linear parabolic inequality
up — uPAu = —uf - alp >0 in Q x (0,7),
this yields v < @ in Q x (0,7). Hence,

u(z,t) < aCydist (,00) < co(dist (:L‘,@Q))% forz e Qand t € (0,T)

p—

holds with co := aCl, ~ma§>2<(dist (x,00)) Pz, so that Lemma 1.6 may be applied to assert (1.28),
TEe

that is, (1.31). /1]
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1.3 Boundary behavior: the main results

Using a simple transformation and the results obtained above, we can now easily prove our main
statement on boundary decay of solutions to the full problem (0.1).

Theorem 1.8 Suppose Q C R™ is a bounded domain with boundary 0Q of class C°, and p > 1.
Let u be a nonnegative classical solution of (0.1) in Q x (0,T"), where

uo(x) < ¢ (dist (z,00))* for all x € Q (1.32)

with some ¢; > 0 and some « > 1 satisfying o > 1%' Then for all T" < T, there exists
C(T") > 0 such that

u(z,t) < C(T')(dist (x,00))* for allz € Q and t € (0,T"). (1.33)

PROOF.  As a classical solution, u is bounded for ¢t < 77, say, u < M in Q x (0,7"). Letting

L > 0 denote a Lipschitz constant for g in the interval [0, M], we obtain from ¢(0) = 0 that

g(s) < Ls for all s € [0, M] and in particular g(u) < Lu in © x (0,7”). Now the substitution
u(z,t) = el 2(x, s), r€Q, s:= piL (ePlt — 1) € (0,5,

where S := ]i (ePLT" — 1), transforms the PDE in (0.1) into the equation

e(p+1)LtzS +L€Lt2

Ut

uPAu + g(u)

u?Au+ Lu

= POt pA, 4 [ elty, r e, se (0,9

IN

which is equivalent to the inequality
zs <2ZPAz inQx(0,9).

Since z(+,0) = up, Corollary 1.7 says that the assumption (1.32) in fact entails (1.33). /]]/

For the sake of completeness, let us briefly demonstrate that a corresponding lower bound for
the boundary decay is preserved for any parameter o > 1. The proof of the following lemma
relies on none of the previous results.

Lemma 1.9 Let Q C R” be a bounded domain with 0 € C3, and p > 0. Let u be a nonnegative
classical solution of (0.1) in Q x (0,T), where

uo(x) > co(dist (z,00))* for all x € Q (1.34)

with some ¢y > 0 and o > 1. Then for all T' < T there exists C(T") > 0 such that
u(z,t) > C(T')(dist (z,00))* forallz € Q and t € (0,T"). (1.35)
Proor.  Given 7" € (0,T), we let M := |ullrox(o,r)) and L := [|g'||re(o,a))- Then

ug > uPAu— Lu in Q x (0,T"), since g(0) = 0. In order to construct an appropriate subsolution,
we let © denote a positive Dirichlet eigenfunction of —A in € corresponding to the principal

13



eigenvalue Ay > 0, and note that due to the smoothness of 92 we have cgdist (z,0Q) < O(x) <
Codist (x,00) for all = € Q with positive constants cg and Cg. We let

u(x,t) = y(t) - 0%(x), e, tel0,T,

where y(t) := yoe " with yo := &% and k := \jaMP + L. Then it is easy to see that u < u at
(S}
t = 0 and on 0f), and since u satisfies the linear parabolic inequality

w, —uPAu+ Lu = 0% —uPy-[a@*TAO + a(a —1)0°72|VO|?] 4 LyO*
< yOY + AauPyO* + Lyb*
= [y + MaMPy + Ly|©~
-0 mQx(0,7),

we conclude by the comparison principle that u < u in Q x (0,7"). Accordingly, (1.35) holds if
we set C(T") == ype T cg. //]/

2 Consequences for the large time asymptotics

2.1 Solutions with nonconvergent bounded gradients for p > 1

In this section we specialize on the problem

U = uPuyy + ul in Q x (0, 00),
u|ag =0, (2.1)
ul¢—0 = uo,

in the one-dimensional domain 2 = (0, L), where p > 1 and ¢ > 1 is such that ¢ € (p—1,p+1).
The initial data ug are now assumed to be positive in 2 and to vanish on 9f).

The following preliminary result on global existence of a classical solution can be derived using
standard methods (cf. [Win2] or [Wie2], for instance).

Lemma 2.1 Letp > 1, q € [1,p+1) and ug € C°(Q) be positive in Q with ug|sq = 0. Then (2.1)
has a unique global positive classical solution u € CO(Q x [0,00)) N C*(Q x (0,00)). Moreover,
if (uok)ren C C°(Q) is a sequence of functions that are positive in Q and satisfy ugr, — ug in
CY() then the approximating problems

Upt = UG gy + U in Q x (0,00),
uglon = voklo, (2.2)

Uk |t=0 = Uok,
have global classical solutions ui with

Up — U in CP (Q % [0,00)) N CEH x (0,00)).

loc
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Concerning the large time behavior of classical solutions, we recall the following result from
[Win2]. It states that if ¢ < p + 1 then all classical solutions of (2.1) approach a uniquely
determined continuous steady state as ¢ — oo. If ¢ > p — 1 then this stationary solution even
belongs to o (). For a detailed analysis of these steady states, we refer the reader to

[Wie2].

Lemma 2.2 Let p > 1 and ¢ > 1 be such that g € (p— 1,p+ 1), and assume that ug € C°(Q)
is positive in Q with ug|lsq = 0. Then the solution u of (2.1) satisfies

u(-,t) — w in C0(Q) ast — oo,

where w € Cl+q+§7p(7) N C2(Q) is the unique positive solution of the singular elliptic problem

{ —Wgy = WP in €,

w’@ﬂ = 07

(2.3)

In our construction we shall consider a solution u approaching the above steady state monoton-
ically from below. To this end, we first construct suitable initial data.

Lemma 2.3 Letp>1and g€ (p—1,p+1). Then for all « > 1 there exist ¢y > 0,c¢1 > 0,9 €
(0,1) and vy € CH7(Q) N C>(Q) such that

co(dist (x,002))* < up(z) < c1(dist (z, 002))¢ for all x € Q (2.4)

and
Uz +ud ¥ >0 in €. (2.5)

PROOF.  According to [Wie2], due to the fact that ¢ —p € (—1,1) the solution w of (2.3)
belongs to C*7'(Q) for some ¥ € (0,1) and satisfies

codist (x,0Q) < w(z) < érdist (x, 09) for all x € Q (2.6)
with positive constants ¢y and c¢;. Picking a small number A > 0 such that

aAerlquwH%?;(l&)fJ)(a*l) <1,

we set
uo(x) = Aw*(x), z € Q.

Then, since o > 1, both ug and g, are Hélder continuous in Q, and (2.4) immediately results
from (2.6). Moreover, we have

Uozz +uf ¥ = A(awo‘*lwm + oo — l)wa’2w§) + AT7Pyyla—p)a
> —Aoqw® ' w?P + Ad—Pypla—p)e
= ( — APHI=a (e Hl=a)(a=1) | 1) . A9—Pyla—p)a
> 0 in Q

by definition of A, whereby (2.5) has been shown. /]]/
Next, we assert that such initial data in fact lead to solutions that are nondecreasing with time.
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Lemma 2.4 Letp > 1 and g € [1,p+1), and assume that ug € C°(Q2) N C%(Q) is positive in
and satisfies uploa = 0 as well as upge +ul > 0 in Q. Then the solution u of (2.1) satisfies
ug >0 in Q x (0,00).

PROOF.  We first claim that for all ¢ € (0, 1) there exist 6. € (0, 2¢] and ug. € C*(Q) satisfying

max{dz, up — e} < uge < up + 3¢ in Q, (2.7)
Upegz +ud.” >0  InQ  and (2.8)
Uge = O, in a neighborhood of 92. (2.9)

To this end, we begin with the case ¢ < p and let
Q. :={x € Q| u(x) > e},
[ := min {1, min{ugz, (z) + ud P(z) |z € QE}},
Ve := min {%, (28)(171)} and
Je := min {%, %5 . [(1 — The 61”*‘1)7ﬁ - 1] }
Since ge := (ug —€) 4 satisfies Ugery > Uz - X. in the sense of distributions in 2, we can apply

the satndard mollifying procedure to . in order to obtain a nonnegative 4. € C§°(€2) fulfilling

Uy — € — %5 < e < ug + %5 in Q and Upegy > Uoegr — Ve > Uozz - X0. — Ve in the distributional

sense. Thus, the function ug. := g + . evidently satisfies (2.9) and
max{ds,up — € + %} < uge < ug + %55 in Q, (2.10)
which implies (2.7), because %65 < e. Moreover, if x € Q. then

UOE:L‘Q:(J:) + Ug;p(m) = aOEﬂCﬂC(CL‘) + uggp(:c)

Uoga () — Ve + ud P ()

(A\VARAYS

pe —ug " (@) = ve +ug. " (x)

He _ q—p 35)477
5 U (x)+ <u0(x)—|—26€> .

Since ug(x) > € for such x, by definition of J. we have

Y

3.\q4P 3.\¢P
uog — p(a) = (uo(a) + 50.)" " <t~ (e 4 20)" < B
2 2 2
and hence upzzz + ul-? > 0 in Q.. On the other hand, if z € Q\ €. then (2.10) implies
UOE:L‘:E(:E) + ug;p(x) > —Ue+ Ug;p(ﬁﬂ)
—ve + (26)17P

>
> 0 (2.11)

in view of the definition of v., wich proves (2.8).

In the case ¢ > p the procedure is similar but less involved: We take €., u. and v, as before and
let 0. := 2e this time. Then the correspondingly constructed function wug. again fulfills (2.9),
(2.10) and (2.9), so that in particular for x € Q. we have ug.(x) > ug(x) and hence

Uoezr (2) +ud-P(x) > pe —ud P(x) — ve + ui P ()

> 0.
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If x € Q\ Qc then (2.11) remains valid, because ug: > . = 2¢ by (2.10).

We now pick a sequence of numbers 1 > g N\, 0 as £ — oo and let ug := upe,. Using these
functions as approximations for ug in Lemma 2.1, we obtain a corresponding family of solutions
ug, of (2.2) which even belong to C%1(Q x [0,00)), because (2.7) ensures that (2.2) is actually
non-degenerate, whereas (2.9) implies that the compatibility condition of first order is fulfilled
for (2.2). Thus, z := uy; is a classical solution of the linear parabolic equation

2t = Ukt

= Ufzp. + (pugflukt + quzfl)z in 2 x (0, 00)

satisfying z|po = 0 and z|;—¢p > 0 in view of (2.8). Hence, from the maximum principle we gain
that ug; > 0 in Q x (0, 00), which in the limit & — oo yields the claim because of the pointwise
convergence ug; — uy asserted by Lemma 2.1. /]]/

The fact that u; > 0 will now be used to prove that u(-,t) remains uniformly bounded in
W12 (Q) for all times, provided that ug does not decay too fast near 9.

Lemma 2.5 Letp > 1 and g > 1 be such that g € (p—1,p+1). Let ug € C°(Q)NC%(Q) be such
that uoge + ud ™ > 0 in Q. Moreover, assume that co(dist (z,09))* < ug(z) < c1(dist (z, 0Q))*
holds for all x € Q with positive constants cg,c1 and o > 1 fulfilling o > 1% and (p — q)a < 1.
Then there exists C > 0 such that the solution u of (2.1) satisfies

luz| < C in £ x (0, 00). (2.12)

PrROOF.  We first claim that our assumptions guarantee that u? P(z,t) < v (z) holds for all
r € Q,t > 0 and some function ¢ € L'(Q). Indeed, if ¢ > p this directly results from the
boundedness of u; in the case ¢ < p, we use the fact that u; > 0 by Lemma 2.4 to estimate

wl™P(z,t) < ulP(x)

< P (dist (z, 0Q)) P2

for all z € Q and ¢ > 0. Since (p — q)a < 1, the right-hand side belongs to L(2).

In order to prove that (2.12) holds with C := [|¢)||11(q), We take an arbitrary (z,t) € 2 x (0, 00)
and first consider the case uy(z,t) < 0. Then, since u(-,t) is positive in © and vanishes on 02,
there exists g € Q with xg < z such that u,(zg,t) = 0. Now from Lemma 2.4 we know that
ug > 0 and thus vz, > —u?7P in Q x (0,00), so that in particular

T

wo(t) = ualao,t) + / ooy, )y

0

= / Ugze (Y, t)dy

0

x
> —/ ut™P(y,t)dy
xo
> =Yl
Combined with a similar reasoning in the case uy(x,t) > 0, this proves (2.12). /]]/

The boundary behavior of u, can now be controlled using our knowledge on the boundary
behavior of u and an additional scaling argument similar to that demonstrated in [Wiel].
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Lemma 2.6 Let p > 1 and ¢ > 1 be such that q € (p—1,p+1) and ¢ > 3 — p, and let
ug € CH(Q) N C2(Q) for some ¥ € (0,1). Suppose that ugy, +ud ¥ >0 in Q, and that

co(dist (x,002))* < up(z) < c1(dist (z, 002))¢ for all x € Q (2.13)
holds with positive constants cg and c1 and some o > 1 satisfying o > ]% and a < ﬁ.
Then the solution u of (2.1) satisfies
u(-,t) € C1(Q) forallt >0 (2.14)
and
Uz (-, t)|on =0 for allt > 0. (2.15)

Remark. The additional restriction ¢ > 3 — p is made to guarantee that there indeed exist
some numbers o complying with the above assumptions.

ProOOF.  Let tg > 0. In view of Theorem 1.8 and the monotonicity with respect to t asserted
by Lemma 2.4, the assumption (2.13) implies that

co(dist (z, 00))* < u(z,t) < & (dist (z,00))* for x € Q and ¢ € (0, 2tp)
holds with some ¢ > ¢;. Thus, fixing zo € Q and writing d := dist (zg, 9) and sg := 2dP*2t,

we know that

1
U(y, S) = dioé ’ U(.%'O + dy7d27pas)7 yE (_17 1)7 s € (07 SO);

satisfies
L <w(y,s) < (2) for all y € (—%,1) and s € (0, s). (2.16)
Moreover, a straightforward calculation shows that v satisfies

v = v Uy, + d>~(Pri=a)agq in (—1,1) x (0, s9).

Therefore, interior parabolic Schauder estimates in combination with the regularity of ug, with
(2.16) and the fact that 2 — (p + 1 — ¢)ao > 0 provide some ¢ € (0,49) and a bound C for

v in CH’?/’%([—%, 1] % [0, s0]) which does not depend on z¢. In particular, this means that
[uz (o, to)| = d* v, (0,dP*"2tg)| < Cd*!. Since o > 1, this implies that u,(-,%o) belongs to
C%(Q) and vanishes on 9. //]/

Collecting the above facts, we easily obtain the following.

Theorem 2.7 Suppose p > 1 and g > 1 is such that ¢ € (p—1,p+1) and ¢ > 3—p. Then there
exist initial data ug € C(Q) such that the solution u of (2.1) is nondecreasing with respect to t
and has the following properties: It satisfies u(-,t) € C1(Q) for all t > 0,

||u('at)||Cl(Q) <C forallt >0
with some C independent of t, and
u(-,t) —w in C°(Q) ast— oo,

where w denotes the solution of (2.3), but ug(-,t)|gq = 0 for t > 0. In particular, there ezists
0 > 0 such that

Ju(-,t) — ’chl(Q) >0 for allt > 0.
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PROOF.  As mentioned above (cf. the remark following Lemma 2.6), since ¢ > 3 — p, we have

1% < ]%_q, and from the assumption ¢ > p — 1 we gain that ﬁ > 1. Therefore there
exists o > 1 such that o > ]ﬁ and o < 5 ﬁiq. We now take ug as provided by Lemma 2.3
and immediately obtain from Lemma 2.4, Lemma 2.5 and Lemma 2.6 that the corresponding
solution u has the desired properties. /]]/

2.2 Boundedness in W1>(Q)) implies precompactness in C'(() for p < 1

Let us finally illustrate that the observed phenomenon of boundedness in C'(Q) without pre-
compactness in C!(2) must in fact be due to the strong degeneracy in (2.1). In order to see that
the above result is sharp in this direction, we shall detect the degeneracy measuring parameter
p to be critical at p = 1 in this respect, even when very general nonlinear sources are taken into
account.

To be more precise, let us consider the problem

up = WPz, + g(z, t, u, uy) in Q x (0, 00),
ulog = 0, (2.17)
U‘t:O = Uuo,

where ug and g are nonnegative functions with ug € C°(€), uglsg = 0 and g € C_(Q x [0, 00) x
[0,00) x R) for some ¥ > 0. Our goal is to show that if p < 1 then a result similar to Theorem
2.7 cannot be found; that is, we wish to prove that if u(-,#) remains bounded in C'*(Q) (or,
more generally, in W1°°(Q)) then u(-, ;) must converge in C1(£2) at least along some sequence
of times t, — oo.

Since our focus is on solutions which are (eventually) bounded in W1°°(Q), a natural assumption
on g seems to be that g be bounded. And in fact, this rather mild requirement is already
sufficient for our purpose. In order to circumvent any difficulties about existence and uniqueness
within various concept of weak solutions of (2.17), we concentrate here on the ‘viscosity limit’

u := lim\ o ue of the family of solutions u. of the approximate problems
Uep = UBUeqy + 9(x,t, Ue, Uey) in 2 x (0, 00),
Uuclon = €, (2.18)
Ue|t=0 = uo + €,

for € € (0,1). Since u. evidently decreases when ¢ decreases, the limit u exists in the pointwise
sense and defines a nonnegative upper semicontinuous function which in a large number of
situations indeed is a solution (in an appropriate sense) of (2.17) (see [ACP], [A], [B], [Wie2] or
[FPS], for instance).

Our main result concerning (2.17) reads as follows.

Lemma 2.8 Suppose p € (0,1) and g € L>(€2x (0,00) x (0,00) x R) is nonnegative and locally
Hélder continuous in Q x [0,00) x [0,00) x R. Assume that u := lim.\ o u. satisfies

[u(, Ollwiee@) <M forall t >t (2.19)
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with positive constants to and M. Then eihter ||u(-,t)|pe) — 0 ast — oo, or there exists a
sequence (t)gen C (tooo) with t, — oo as k — oo such that

(u(-,tx))ken  is relatively compact in C*(Q). (2.20)
Remark. We require local Holder continuity of g only in order to ensure that the approximate
problems (2.18) are classically solvable.

PrROOF.  If u(-,t) does not converge to zero as t — oo, then (2.19) and the Arzela-Ascoli
theorem provide a sequence f;, — oo and a nonnegative nontrivial w € C%(Q) such that u(-, ;) >
w in Q for all £ € N. Since u. > u and g > 0, the comparison principle ensures that for all € > 0

we have
ue(z, 1y + 8) > Us(x, 5) for all x € Q and s > 0, (2.21)

where U, denotes the positive classical solution of

U.s = UPU.1a in Q x (0, 00),

US’@Q =g,
U5|s:0 =w+e.
By [BP], the (weak) solution U := lim.\ o U. of the corresponding porous medium equation

satisfies
U(z,s) > cy - dist (x,0Q) for all z € Q and s € (sp,s0 + 1)
with some ¢y > 0 and so > 0. Hence, (2.21) entails
ue(x,t) > cy - dist (x,00Q) for all z € Q and t € (£, 1 + 1) (2.22)

with tAk = I?k + So.
We now multiply (2.18) by —uc., and integrate by parts over {2 to obtain

th/uex+/ upuaa:x - _/Qg(l',t, uz—:ausx)uszz

for t > 0, where we have used that wu.; vanishes on 0f2 for ¢ > 0. By Young’s inequality,

1 1 92(x7t7u y U )
_/g(l',t,Uast) < 2/U§u§$$—|—2/ #
@ Q Q Ue

INA
O |
S
mg’ts

I
™o
8
8

+
| Q
S

IS
RN
\”U

where G is an upper bound for the function g. By (2.22), however,
/ uZP(x,t)de < cf / (dist (x,00)) Pdx for all t € (i1, + 1),
Q Q

and since p < 1 we thus have

1d 1 PR
—— Wl + / Uy < €1 for all t € (tg,tx +1) (2.23)
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with some ¢; > 0. Now since u|gqo = € and u. > € in by comparison, another integration by

/ugl‘ = /(ue_g)m'usm:_/(Ug_f:—)'usmx
Q Q Q

(ue — )Pu’,, : : (ue —)*P : for t > 0. (2.24)
Q Q

Here, by Holder’s and Poincaré’s inequalities we have

- o) <t ([ —0?) T <t (2 ()
Q Q A

so that from (2.24) we obtain

1 2-p
/u?x S@(/ugugm)Q . (/u§x> ! for ¢t > 0,
Q Q Q

parts yields

IN

that is,

/ ubu?,, > 03</ ué) fort >0
Q Q

with positive constants co and c3. Inserted into (2.23), this shows that the function y(t) :=
Jq u2.(z,t)dx satisfies

y'(t) < 2¢1 — 03y2+7p for all t € (ty,tx + 1).

Since z(t) := A(t — fk)_% satisfies

A 24P
Y =2 4zt = (%+C3A¥)(t—tk) v — 2

> 0 for all ¢ € (g, 5 + 1)

P

whenever A > max{ ([%3)5, (%)ﬁ}, it results from an ODE comparison argument that y < z

in (ty,4 + 1), whence in particular
y(t) < ey for all t € (), + 5, & + 1)
holds with some ¢4 > 0. Now an integration of (2.23) yields
tAk+1
£k+% Q
which together with (2.21) entails
te+1
/ (dist (x, 0Q))Pu’,, < cs
tets JQ

with some ¢; > 0. As a consequence, the convergence u. — u takes place in the weak topology
of L2((ty + 3,1k + 1); W22(€)) for all Q' CC €, and

£k+1

A /(dist (z,00))Pu2, < cs.
tk‘f‘% Q
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In particular, there exists ¢ € (fx + 3, tx + 1) such that u, (-, tx) € VVif(Q) and
/(dist (z,00))Pu2, (x,t)dx < 2cs.
Q
At this time t;, for all 21,29 € Q with 21 < 29 we find

z2
[ug (22, th) — ue (21, )] = ‘/ um(x,tk)dm‘
z1

< (/Q(dist (x,BQ))puim(m,tk)dg;>é : (/

1

i) 1

(dist (z, 89))71)6133) ?)

Since it can easily be checked that fff (dist (2, 0Q))Pdx < cg|lry — 21| 7P with suitably large cg,
we thus obtain

1-p
|ug (@2, t) — uz (@1, tr)| < V2es5¢6 - |xg — 21| 2

and thereby have proved that u(-,tx) is bounded in o+t () by a constant independent of k.
In view of the Arzela-Ascoli theorem this immediately gives (2.20). //]/
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