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Abstract

This paper deals with nonnegative solutions of the Neumann initial-boundary value problem for
the parabolic chemotaxis system

up = Au— XV - (uVv) +u — pu?, z€N, t>0,
vy = Av — v+ u, e, t>0,

in bounded convex domains 2 C R™, n > 1, with smooth boundary.

It is shown that if the ratio % is sufficiently large, then the unique nontrivial spatially homogeneous
equilibrium given by u = v = i is globally asymptotically stable in the sense that for any choice

of suitably regular nonnegative initial data (ug,vg) such that ug # 0, the above problem possesses
a uniquely determined global classical solution (u,v) with (u,v)|t=0 = (ug,vo) which satisfies

Hu(~,t — 0 and Hv(~,t —0

-4l -3l
Lo (Q) p L= ()
as t — oo.
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1 Introduction

Chemotaxis with logistic cell kinetics. In the understanding of collective behavior in cell
populations in biology, the partially oriented movement of cells in response to chemical signals, aka
chemotazis, is known to play a crucial role in various contexts. This importance partly stems from the
fact that when combined with the ability of cells to produce the respective signal substance themselves,
chemotaxis mechanisms are among the most primitive forms of intercellular communication. Typical
examples include aggregation processes such as slime mold formation in Dictyostelium Discoideum
([15]) or pattern formation like e.g. in colonies of Salmonella typhimurium ([35]), but also medically
relevant processes such as tumor invasion ([3], [17]) and self-organization during embryonic develop-
ment ([24]). For a broad overview over various types of chemotaxis processes, we refer the reader to
the survey [11] and the references therein.

In numerous cases, the time scales of chemotactic migration interfere with those of cell proliferation
and death. It is known that the interplay of these mechanisms may result in quite colorful dynamical
behavior, and numerical simulations suggest that some of these facets can already be described math-
ematically by straightforward extensions of the classical Keller-Segel chemotaxis model ([15]) such as
the parabolic system

{ ug = diAu— xV - (uVv) + ru — pu?, xeQ, t>0, (11)

TUr = doAv — av + u, e, t>0,

for the cell density u = u(z,t) and the signal concentration v = v(x,t) in the physical domain Q C R,
under appropriate choices of the parameters di, da, x, 7, 1, & and 7 ([12]). Some corresponding rigorous
analytical evidence for the occurrence of colorful solution behavior in such models has recently been
gained in [34]: It has been shown there that in the Neumann problem for the spatially one-dimensional
version of (1.1) with 7 = 0,da = a = x = 1, under a smallness assumption on d; the solution
component u may exceed the respective carrying capacity ﬁ to an arbitrary extent at some intermediate
time. After all, the logistic cell kinetic term in (1.1) exerts a somewhat stabilizing influence on the
system in the sense of blow-up prevention: Whereas in the case ¥ = u = 0 corresponding to the
classical Keller-Segel system, solutions may become unbounded within finite time when n > 2 ([10],
[20], [33], [18]), it is known that arbitrarily small ;1 > 0 enforce global existence and boundedness of
solutions when n < 2, and that suitably large p similarly rule out blow-up in the case n > 3 ([22],
23, [29], [32).

Main result. It is the goal of the present paper to investigate in more detail how the destabilizing
and aggregation-supporting properties of chemotactic cross-diffusion interact with growth limitations
of logistic type. Having in mind this focusing, for simplicity in presentation we conveniently normalize
all parameters in (1.1) except for x and p and thus henceforth specifically consider the prototypical
parabolic initial-boundary value problem

up = Au — xV - (uVv) +u — pu?, z e, t>0,
v =Av—v+u, e, t>0,

gu — v =, z €00, t>0,

u(z,0) = up(x), wv(x,0)=uv(x), x €,

(1.2)



in a bounded domain € C R™ with smooth boundary. Here, v denotes the outward normal vector field
on J€), and the initial data ug and vy are such that

{ ug € C(Q) is nonnegative with ug Z 0, and that (1.3)

vp € WH™(Q) is nonnegative.

In this framework, we shall see that largeness of the coefficient u, as related to y, fully stabilizes the
unique spatially homogeneous steady state (u,v) = (ue, ve) 1= (%, %) in the sense that whenever % is

suitably large, the equilibrium (u.,v.) becomes globally asymptotically stable:

Theorem 1.1 Letn > 1, and suppose that Q C R"™ is a bounded convex domain with smooth boundary.
Then there exists M > 0 such that whenever x > 0 and p > 0 are such that

Bsm, (1.4)
X
for any choice of ug and vy complying with (1.3), the problem (1.2) possesses a global classical solution
(u,v) which for any q > n is unique in the class of functions such that

u € CYQ x [0,00)) N C%HQ x (0,00)) and
v € COQ % [0,00)) NC%HQ x (0,00)) N L¥((0,00); WH(Q)),

and which satisfies

)_/11,HL°°(Q) —0 (15)

as well as

)_,Llj,HLOO(Q) —0 (16)

ast — oo.

Thus going beyond the boundedness results in [23], [22] and [32], for suitably large values of % this
entirely rules out any type of persisting oscillatory behavior, such as detected numerically in [12] for
appropriate choices of x and p. As a consequence, in the context of (1.2) nontrivial dynamics can
be expected only at intermediate time scales, or in cases when the death effect measured by p is
sufficiently weak as compared to the chemotactic sensitivity x.

This is consistent both with the mentioned results on excession of carrying capacities in [34], and with
corresponding asymptotic stability properties of (u.,v.) in the parabolic-elliptic counterpart of (1.2)
obtained from (1.1) upon letting 7 = 0 ([29]). Similar statements on global attractivity of spatially
constant equilibria have been derived for chemotaxis systems involving two species interacting through
chemotaxis and Lotka-Volterra-type competition under appropriate assumptions on the dominance of
cell kinetics relative to chemotaxis ([30], [26]; cf. also [36]). Even in presence of more complicated
couplings such as in chemotaxis-haptotaxis models for tumor invasion, recent analysis on some pro-
totypical systems indicates that a large relative strength of cell kinetics enhances the attractivity
properties of homogeneous steady states (see [28] and also [27]).

From a mathematical point of view, all these results in the literature refer to systems in which the
evolution of the chemoattractant is governed by an elliptic equation associated with the case when



7 =0in (1.1). Such simplifications have been known to substantially ease the respective analysis by
making the corresponding PDE systems in numerous situations accessible to techniques familiar from
the treatment of scalar parabolic equations (see e.g. [14] and [20]). Accordingly, the literature contains
only few results on large time behavior in chemotaxis systems with parabolic signal evolution, many
of them concentrating either on cases when diffusion at spatial infinity enforces convergence to zero,
or also on special solution classes such as self-similar solutions (see [8], [5], 2], [4], [1] and [13] for
typical examples).

Viewed against this background, Theorem 1.1 goes one step further in that it provides, to the best
of our knowledge, the first rigorous result on large time behavior in the fully parabolic version of the
chemotaxis system (1.1) in any of the cases when the logistic proliferation term is nontrivial. Indeed,
unlike the situation when r = p = 0 in (1.1), the system (1.2) in general is apparently lacking a
gradient structure relevant to the asymptotics of solutions: Whereas (1.1) with » = y = 0 admits an
energy inequality ([21]) which guarantees that w-limit sets are contained in the set of corresponding
equilibria, and which in the case n = 2 even enforces each solution to approach such a steady state
in the large time limit ([5]), the loss of this structure for (r,u) # (0,0) entails that none of these
conclusions seems obvious for (1.2).

Accordingly, our proof needs to be built on an alternative reasoning, at its core based on a one-sided
pointwise estimate for the coupled quantity z := U + %£|VV|?, where U := u — i and V = v — i
denote the respective deviations from u. and v.. This estimate will result from a parabolic comparison
argument on the basis of an absorptive parabolic inequality fulfilled by z (see (3.3)), and it will imply
a certain eventual smallness property of v when p is large (Lemma 3.1). As a consequence thereof,
using parabolic regularization effects we will then successively obtain bounds for Vv and for AU in
LP(Q) for arbitrary p > 1 and 8 < 1, where A := —A + X with suitably small A > 0 (Section 4).
These will imply a pointwise estimate for Av (Section 5) and thereupon allow for another comparison
argument which complements the upper bound for u, as previously obtained, by a corresponding in-
equality from below (Lemma 6.1). Thus knowing that U can eventually be controlled in L () by a
conveniently small constant when p is large (see Corollary 6.2), in Section 7 we shall be able to prove
by a self-map-type reasoning that if £ is suitably large then U actually decays exponentially in time
(Lemma 7.1), and that hence the conclusion of Theorem 1.1 is valid.

2 Preliminaries
To begin with, let us state a basic result on local existence, uniqueness and extensibility of classical
solutions. A proof of the following lemma can be found in [32, Lemma 1.1].

Lemma 2.1 Let x > 0 and p > 0, and suppose that uy and vy satisfy (1.3). Then there exist
Tinaz € (0,00] and a classical solution (u,v) of (1.2) in Q X (0, Tyaz) which is such that

either Tinar = 00, or limsup [Ju(-, )| () = oo. (2.1)

max

Moreover, for any q > n this solution is uniquely determined in the class of function couples such that
u € CYQ % [0, Thnaz)) N C*HQ x (0, Thaz)) and
v e CYUQ X [0, Tnaz)) N CPHQ x (0, Thnaz)) N LZ((0, Thnae); WH(Q)).



Throughout the sequel, given ug and vy satisfying (1.3) we let Tyq, and (u,v) be as given by Lemma
2.1, and to simplify notation we shall abbreviate the deviations from the nonzero homogeneous steady
state by introducing

U(x,t) :=u(z,t) — ; and V(x,t) :==v(x,t) — ; (2.2)

for z € Q and t > 0. Then by straightforward computation it follows that (U, V') solves

Uy =AU — xV - (uVV) - U — uU?, zeN, t>0,
Vi=AV -V +U, reQ, t>0,

2.3
L= =0, €0 t>0, (23)
U(.’L‘,O) = UO(‘/E) - %7 V(IL‘,O) = Uo(ZL') - i7 T €L

3 An explicit bound for u via comparison. Global existence

The cornerstone of our analysis will be provided by the following lemma which, under a largeness
assumption on %, establishes an explicit pointwise upper estimate that is universal in the sense that
for each individual solution it asserts the eventual validity of an appropriate bound for u. The proof
is based on a comparison argument, inspired by [32, Introduction]|, which makes use of a favorable
parabolic differential inequality satisfied by the quantity z := U + %\VV]Q coupling both components
n (2.2) (cf. (3.3) below). The following reasoning is the only place in this paper where the convexity

of €2 is explicitly used.

Lemma 3.1 Suppose that u > “X. Then for any choice of ug and vy fulfilling (1.3), the solution of
(1.2) is global in time and satisfies

1
1‘ 1 3.1
1£ri)soto1pIIU(, Nz < (1—0)u .

. X
where 0 := Ti

PrOOF.  With U and V as defined in (2.2), we let z(z,t) := U(z,t) + |VV (z, )] for 2 € Q and
t € (0, Trnaz)- Then using (2.3), we compute

zz = U+ xVV - -VV;
= AU —xVu-VV = xuAV — U — pU? + xVV - VAV — x|VV ]2 + x\VV - VU

for all x € Q and t € (0, Tynqee). Here the equality u = U + % implies the cancellation
—xVu-VV +xVV . VU =0,

so that in light of the pointwise identity VV - VAV = 1A|VV|? — |D?V|? we obtain

=AU+ A(g\vw?) XDV = yuAV — U — uU? — y|VV]?  forallz € Q and t € (0, Thnas).
(3.2)



Now since by the Cauchy-Schwarz inequality we have |AV|? < n|D?V|?, Young’s inequality entails
that

—xuAV < K\AV]Q X2
n 4
< D2V 4 B2

1
XID2V 2 + "%(U+ i)z

nx

21712, X2 | TX
= x|DV[ +—U"+ U+
| | 4 20 4p?

for all z € Q and t € (0, Thaz)-

From (3.2), on dropping a nonpositive term we thus obtain the inequality

2—Az4z = —x|D*V|* = xuAV — pU? — §|VV|2
X, 2 | NX nx 2
< > _rx -
= 7 U+ 2MU+ 12 pwU
nx 2 nx nx
= —\MH=—F )" U — n U — n }
( 4 ) { 2p(p —73) Ap?(p —75)

= " forallz e Qandt € (0, Taw), (3.3)

p(4p —nx)
where we have used our assumption p > “X. In order to derive an estimate for z itself from this, we

note that since 2 is convex and %—‘; = 0 on 012, according to a well-known result ([16]) we know that

2
6%‘//' < 0 on 912 and hence also % < 0 on 0. We therefore may compare z to spatially homogeneous

functions having a supersolution property with regard to the parabolic operator in (3.3). Indeed, if we
abbreviate to := min{5Tma, 1} and ¢1 = |[U (-, t0) || () +§HVV(‘,7§0)||%OO(Q) and let y € C([to, 00))
denote the solution of the initial-value problem

(3.4)

vy () +yt) = tamiiey >t
y(to) = c1,

then from the comparison principle and the initial ordering z(z, o) < y(to), valid thanks to our choice
of ¢1, we infer that
z(x,t) < y(t) for all z € Q and t € (to, Thnax)- (3.5)

Upon explicitly solving (3.4), for instance, we see that y is bounded and moreover satisfies

y(t) — i At as t — 00. (3.6)

4p —nyx)

6



Along with (3.5), this first implies that

1 1
u(z,t) < m +y(t) < m F 1Yl £oo ((t9,00)) for all z € Q and t € (0, Thnaz),

which in view of (2.1) warrants that actually 7,4, = co. Thereupon, (3.5) and (3.6) show that

1
limsup [[u(-,t)|[fo@) < — +limsupy(t)

t—00 1% t—00
1 nx 1
Ly_m 1o,

o pdp—nx)  p 4p —nx

ny ): 4 _ 1
dp—nx (1-0)p

whereby the proof is completed. O

4 Bounds in LP(Q2) for Vv and A°U for B < %

We proceed to derive from the pointwise inequality implied by Lemma 3.1 an estimate for Vv with
respect to the norm in LP(Q2) for arbitrary p > 1.

Lemma 4.1 Letp > 1, and suppose that p > =%. Then there exists C(p) > 0 such that if (u,v) solves
(1.2) for some (ug,vo) satisfying (1.3), then

' C
hinsup Vol t)|lr) < 2
—00

< m, (4.1)

— nXx
where 0 = Ti

PROOF.  According to known smoothing estimates for the Neumann heat semigroup in Q ([25], [31]),
we can choose c¢1(p) > 0 such that

1
HV@TALpHLp(Q) < a2l e for all 7 > 0 and any ¢ € L>(Q). (4.2)

Moreover, an application of Lemma 3.1 shows that each of the considered solutions satisfies

li ([, )] <71
11m su ul\ - oo
: P y U Loo () = 1-6) )

so that for any such (u,v) we can fix some suitably large to = to(u,v) > 0 such that

2
[u(, D)L (0) < =0 for all t > tg. (4.3)

Then by means of the variation-of constants representation for v, we can estimate

t
1900, )llzm@y < IV DA o)l oy + [ ITIE Dl )l yds  for all £ to,
t
’ (4.4)



where (4.2) implies that

Hve(tfto)(Afl)v('7tO)HLP(Q) _ e*(tfto)Hve(tfto)AU(.,tO)HLp(Q)
< alp)(t- t(])_%e_(t_to)HU(',tO)HLoo(Q) for all t > to. (4.5)

Moreover, combining (4.2) with (4.3) yields

t t
1
Vet E () oeyds < ealp) - / (t )2 ule,8)] oo ds

to to
2c1(p) /t L (-
< f (t—s)"2e" )45
(1_9)M to
2aa(p) [T 1oy
oo 70T
< (162(1;))# for all t > t, (4.6)

where c(p) == 2c1(p) - [y o~ 2e?do. From (4.4), (4.5) and (4.6) we therefore obtain that

‘ ca(p)
1?;?)131) ”VU( ) )”LP(Q) = (1 — Q)Iu’

as desired. ]

For the next lemma and also for Lemma 5.1 below, we fix any number A € (0,1) and, given p > 1,
let A = A, denote the realization of the operator —A + X under homogeneous Neumann boudary
conditions in LP(§2). Then it is known ([9], [6]) that A is sectorial and thus possesses closed fractional
powers A" for arbitrary £ > 0, and the corresponding domains D(A") are known to have the embedding
property

D(AF) — W>™(Q)  if 2k — % > 2. (4.7)
Moreover, if (e_tA)tZO denotes the corresponding analytic semigroup, then for each £ > 0 there exists
K(p, k) > 0 such that

HA”e_tAgoHLp(Q) < K(p, &)t " (|l r (o) for all t > 0 and each ¢ € LP(Q). (4.8)

These properties allow us to turn the result from Lemma 4.1 into an estimate for U which entails
some uniform regularity property beyond mere integrability.

Lemma 4.2 Suppose that p > =%. Then for allp > 1 and any B € (0, %) there exists C'(p, ) > 0 such

that if (ug,vo) satisfies (1.3) and u denotes the corresponding solution of (1.2), then for U = u — *

we have g
C(p,B)

-0y 4

limsup | AU (-,1)|| 1o () <
t—o00

— nx
where 0 = T



PrOOF.  Again by Lemma 3.1, we know that

lim sup [[u(-, £)]| (o) < ——
poap et Plle=@) = gy
whereas Lemma 4.1 yields ¢;(p) > 0 such that
lm sup [ Vo(-,1) 1) < 2L
t—00 (1 — 0)/},
We can thus fix ¢ty = tg(u,v) > 0 such that
2
and 21(0)
c
IV ()| ooy < ﬁ for all ¢ > to. (4.11)

Next, according to standard estimates for the Neumann heat semigroup, we can find c2(p) > 0 such
that

174V - lloq) < ) - (1+772) o]l oo for all 7 > 0 and any ¢ € C*(Q;R")
such that ¢ - v =0 on 092 (4.12)

([31, Lemma 1.3]). Now using (2.3) and recalling that V' = Vv and that A = —A + X\, we represent
U according to

t t
U(t) = e<f—to><A—1>U(-,t0)—X/ e(t_s)(A_l)V-<u(-,s)Vu(-,s))ds—u/ = A=D2(. ) ds

to to

t
L N0 (A (o) — / 0D F AT (uf.,5) (-, 5) ) ds

to

t
—,u/ eI NE=9) == A2 (. 5)ds for all t > ty,

to

and thus can estimate

JAPU ()|l oy < e NI APe=0)AT (- 10)|| 1oy

t A
+x/ o~ (1=3)(t=5)

to

t
o / (1N (t=s)

to

ds
Lp(Q)

A FASTAY . (u( )Vl 9))|

APe= =942 (. 3)‘

ds for all t > to. (4.13)
r(Q)

Here by (4.8),
eIV AP AT (- to) iy < K (p, B)(t — to) Pe” ENETONU (- t0) || 1o

—- 0 as t — oo, (4.14)



while (4.8), (4.10) and the Hoélder inequality imply that

t
M/ (=N (t-9)
to

ds

Aﬁe_(t_s)AU2(', S) <
Lr(2) to

75)H%p(9)d5

N
=
=
=
=

V) \
~
|
N
|
|
-
>
w
S

IN
B
=
=
=
=
Y
\
=
|
&=
s
R
S
)

< for all t > tg (4.15)

with c3(p, B) = 4K (p, ﬁ)\Q]% I o Pe~(1=N9ds. Employing (4.8), (4.12), (4.10) and (4.11), we fur-
thermore obtain that

t
x/ o (1= 2)(t—s)
to

Lot —s\—B A
< KB / e~(1=Dle=s
».9) to( 2)
t—s

ds
Lr(Q)

AP 54T AY ( (-, 5)Vv(~,s))

t—s

ez AV. (u(-,s)VU(-,s))‘

LP(Q)

—B —s\—3\ _/1a 5)
< K L5 7 (14 (57 )t 9t ol s
-8 =5\ 75\ (1At
< K L5 7 (14 (57 )t e 900 ) s
2 261(]) t t—s\—PB t—s _% 7(17A)(t75)
< . .
< K(p,B)ez(p)x - A—0u T-0)n /to( 5 ) 1+( 5 ) e~ (172)=s) g

of+2 K t—to _1
= 01511?)_25)?2“2(2?, Blx. /0 o’ <1 + (E) 2) e (17274, for all ¢ > tg.

Here we eliminate x by substituting % =

t
N / o~ (1-3)(t=5)
to

with

%0, so that since # < 1 we infer that

C4(p76)
< _2MB 7
Lp(mds T (1-0)%u

AP AT AY (( s)Vv(,s))

for all ¢ >ty (4.16)

C4(p,ﬁ) — 26+4Cl(p)62(p)K(pa ﬁ)X . /OOO O_fﬁ <1 + (;)_§> ) 67(17%)0d0'

n

being finite, because 3+ 5 < 1 thanks to our assumption on 3. Inserting (4.14), (4.15) and (4.16) into
(4.13) finally yields

c3(p, B) + ca(p, B)
S A-02u (1-02

and thereby completes the proof. ]

limsupHA’BU('yt)”LP(Q)
t—00

10



5 A pointwise estimate for Av

In the above lemma we now choose p suitably large and S sufficiently close to % to establish, using

another parabolic regularization argument, the following pointwise estimate for Aw.

Lemma 5.1 Suppose that p > =X. Then there exists C > 0 such that for any choice of ug and vo
fulfilling (1.3), the corresponding solution of (1.2) satisfies

C
) R 5.1
I?iigp |Av(-, t)] 1 Q= 1-0)2 (5.1)

with § = Z—I’j.

PrOOF.  We fix an arbitrary v € (1, %) and can then choose positive numbers 8 and p such that
1
T-1<B <y (5.2)

and

p > (5.3)

_n
2(y-1)
In particular, we then have 2y — % > 2y —2(y—1) = 2, whence (4.7) applies to yield ¢; > 0 such that

[ollwzee @) < cillA7¢llp)  for all ¢ € D(AY), (5.4)

where A = A,,. Moreover, since clearly p > 1, the right inequality in (5.2) allows us to infer from
Lemma 4.2 that for any such solution, with (U, V') as in (2.2) we have
C2

(1-0)%u

holds with some c2 > 0 depending on p and § only, so that we can fix ¢y = to(u,v) such that

limsup | AU (-,1)|| 1o (a) <
t—00

2c9

IAPU (1) || o) < =07

for all t > tg. (5.5)

Now according to a variation-of-constants formula associated with the second equation in (2.3), we
can write

t
V(1) = e<tt0><A1)V(.,t0)+/ = A-DT (. 5)ds
to

¢
= ¢ UNEt)e=(t—t)Ay (. 40y 4 / e UINE=9) == A1 (. ) ds for all t > tg
to

and hence use (5.4) to estimate
IV Dllwee@ < allA7V ()] @)
< Cle—(l—A)(t—to),‘Awe—(t—to)AV(.,to)”LP(Q)

t
+c1 / e IV Q1= =DAT (L 5) || poyds  forallt >ty (5.6)

to

11



By (4.8),
cle*(lfA)(tfto) ”A’Ye*(tfto)AV(,, t())HLP(Q) < e K(p,7)(t— to)fvef(l—/\)(tfto)||v(.7 tO)”LP(Q)
— 0 as t — 00, (5.7)

whereas (4.8) combined with (5.5) shows that
t

1 [ UM A AT ds
to

t
— Cc1 / e_(l_A)(t_S) ||A’7_5€_(t_5)AAﬁU(.’ S) HLP(Q)dS

to

t

< aK(p,y- 5)/ (t = 5)" P ENEAPU (- 5)| 1oy ds

to
< aK(py—f) —22 . /t(t — ) B) (1N 9) g
o (1 - 0)2/’{/ to
2 K — oo
< cre (p,’; h) / o~ (1= Be=(1=No gy for all ¢t > to.
(1—-0)%u 0

Since here the rightmost integral is finite due to the fact that v — 8 < 1 by (5.2), together with (5.6)
and (5.7) this proves (5.1), because Av = AV. O

6 Refined pointwise inequalities for u

We are now in the position to show that after some suitable waiting time, u does not lie too far below
i if p is appropriately large. In viewing the following statement from this perspective, we note that
0= % — 0 as 1 — oo.
Lemma 6.1 Let pn > “X. Then there exists C > 0 with the property that any solution of (1.2)
emanating from some initial data (ug,vo) complying with (1.3) satisfies

1 Co

lim inf ( inf u(a:,t)) >

t—00 € M (1 — 9)2u (6.1)

with 0 = %.

PROOF. In accordance with Lemma 5.1, we fix ¢; > 0 such that for any such solution we have

. C1
limsup [|[Av(:, D) || po(a) < ———,
t_mop [Av(, 1)L Q) 1- 9)2'u
whence we can pick to = to(u,v) > 0 such that
1A0( ) oeien < —2— forall ¢ > ¢ (6.2)
) L>(Q) = (1 — Q)Q;L = 40- .

12



Therefore, in the first equation in (1.2) we can estimate

w = Au—xVu- Vv — xulv+u— pu?
2
> Au—xVu'Vv—Xu-ﬁ—i-u—mf
2c1x 2
> Au—xVu-Vv—i—(l—i)wt—;m for all x €  and t > .
- 0%

Thus, if we let y € C([to, 00)) denote the solution of

(1) = (1— 255 - y(t) —ny(t), > to,

. (6.3)
to) = co := inf t
y(to) = c2 == inf u(z,t),
then the comparison principle asserts that
u(x,t) > y(t) for all x € Q and t > . (6.4)

As u is striclty positive in Q x (0,00) by the strong maximum principle, ca must be positive, so that
e.g. explicitly solving the Bernoulli-type initial-value problem (6.3) shows that

(1 - (12_Cé)X2 )+
y(t) » ————2H as t — 00.
1
Therefore,
1— 201)(2
lim inf ( inf u(m,t)) > liminfy(t) > ﬂ,
t—o00 LISY) t—00 )
which upon substituting % = 49 establishes (6.1) with C = 8L, O

In conjunction with Lemma 3.1, this means that for large u, the component u of any solution eventually
enters a small neighborhood of the constant %

Corollary 6.2 Assume that > =X. Then one can find C > 0 with the property that if ug and vo
are such that (1.8) holds, for the solution of (1.2) we have
co
limsup ||U(-, t)|| o) < ——5—, 6.5
msup 1T )| oo () =0 (6.5)
_ 1 _
where U = u — - and@-%.
PrROOF.  Rewritten in terms of U, Lemma 6.1 states that there exists ¢; > 1 such that for any of
the solutions in question we know that

. 619
1 U_(-,0)|lporq) < ———.
13&31)\\ (5 D)l zee) < =0
On the other hand, Lemma 3.1 says that
1 1 0
li Ur( )| gy L ——— — — =
I?LS;WH () o) < A—0n n_ (-0
Thus, (6.5) holds if we let C' := ¢;. O
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7 Exponential decay of U. Proof of Theorem 1.1

With the latter estimate for U at hand, we can now prove that U actually must converge to zero,
uniformly with respect to z € €0, at an exponential rate.

Lemma 7.1 Let a € (0,1). Then there exists 8y = Og(a) € (0,1) such that for any choice of x > 0
and p > 0 such that 6 := % satisfies 0 < Oy, for each solution of (1.2) with initial data fulfilling (1.3)
one can find C' > 0 such that U = u — % satisfies

IU(, )| < Ce " forall t > 0. (7.1)

TA

PrROOF.  We fix an arbitrary p > n and then recall known smoothing estimates for (¢”=);>0, which

in conjunction with the Poincaré inequality yield positive constants cj, co and c3 such that

HVeTAgoHLp(Q) <l Vel ) for all 7 > 0 and any ¢ € WHP(Q) (7.2)
and )
||VeTAg0||Lp(Q) < e+ 772) el e (o) for all 7 > 0 and each ¢ € L*(Q) (7.3)
as well as
|e™AV - ollreo() < es(1+ 77%7%)|]¢\|Lp(9) for all 7> 0 and all ¢ € C'(;R")
fulfilling ¢ - v = 0 on 0N2 (7.4)

([19], [31], [7]). We furthermore note that since a < 1 and 3 -+ 35 < 1, the numbers

c4 ::/ (1+07%)67(17Q)0d0
0

and

1

cs = / (1+ 0’_5_%)6_(1_0‘)‘7(10
0

are finite. Next, applying Lemma 3.1, Lemma 4.1 and Corollary 6.2 we obtain cg > 0 and c¢7 > 0 such
that whenever % < 1 and (ug,vp) satisfies (1.3), then with 6 = % we have
timsup u(-, )| (@) < =
imsup [|u(-, o) < ————
t%oop L@ (1—0)u

and
limsup |[Vo(-, )| o) < —
tﬁoop ) LP(Q) —_ (1 _ H)IU,
as well as
. 076
limsup [|U(-, 1) || o) < —5—,
1t_mp H (Ol Q) (1 — H)QM

14



whence

()| pooro)y < ——n— for all £ > to(u,v 7.5
e Ollzmio) < =g (u,0) (75)
and
266
Vel Ol < gy, forall ¢ fo(u0) (7.6)
as well as 908
C7
U)o < —— forall t >t 7.7
H (7 )HL Q) = (1 _ e)guv or a = 0(u7 U) ( )
with some suitably large to(u,v) > 0.
We now fix 6§y € (0,1) small enough such that
2¢70 1
<= for all 6 < 6 7.8
(—ayi-gp =g rmo=w (78)
and )
Seacseacs| 6 o L o atl 6 < 0, (7.9)

n(l—0) — 12
and henceforth suppose that g > 0 and x > 0 are fixed numbers such that § = Z—l’f satisfies 6 < 6.
We then choose a large number B > 0 fulfilling

2¢70 B
— <= 7.10
T 0% = (7.10)

and 16 B
C1C3C5Cg § el (7‘11)

n(l—0)%u
and let (u,v) solve (1.2) with some (ug,vp) satisfying (
above and (U, V) as in (2.2), we consider the set

12’
1.3). Then with ¢y := to(u,v) as introduced

Si={To = to | 1UC,0)l1(@) < Be ) for all ¢ € [to, To]}

and note that S is not empty, because (7.7) and (7.10) imply that [|U(-,%0)| L) < % In particular,
T :=sup S € (tg, 0] is well-defined, and in order to prove the lemma it is sufficient to make sure that
actually

T = 0. (7.12)
To verify this, we first use (2.3) to represent VV according to
¢
VV(-,t) = Vel 0ADy () + [ Vel=DADU( s)ds  forall t > tg (7.13)
to

and use (7.2), (7.6) and the fact that o < 1 to estimate
Ve BV (- to) oy = e VeIV (1) ooy
e 0| WV (-, t0) | (o)

2c
_(t—t()) . Cl . 76
(1—0)p
2c1¢6 e—(t—to)

(L—=0)u

IN

IN

e

IN

for all t > tg.
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Furthermore, (7.3) along with the Holder inequality and the definitions of T and ¢4 entails that

t
H Vell=)A-D (. s)ds
to

Lr(Q) to

IN

to

IN

to

¢ 1
< o (14E-97) I s
t
1 —(t—s
ol [ (14 @ 9)7H) e CIUC ey

t
ol [ (1= 97) e pemeteog,

t—to
— CQ‘Q’%B . (/ <1 + 0.*%) e(la)0d0_> . efa(t*to)
0

02C4’Q|%B e—a(t—to) for all t € (t(), T),

IN

whence (7.13) shows that

26166

1
IVV (-, )l < {(1—9)H + CQC4’Q|1’B} - e—(t=to) for all t € (to,T).

We next write

¢
U, t) = et0ADT ¢) — X/ et=8)(A-1)y . (u(-,s)VV(-,s))ds

to

t
—u/ =)A=V 5)ds for all ¢ > to,

to

and thus obtain that

UG )o@ < e 002U (- o) oo )

t
+ e~ (=8| t=5)Ay . (4 ) VV (-, s ‘ ds
X/to ( SRARE )>‘L°°(Q)
t
+ e~ =)l (t=9)A2(. g H ds for all t > tg.
Iu/to ) L= ’

Here the maximum principle together with (7.7) and (7.10) ensures that

e 710) || TR (- 10) || ooy < e TTONU t0) || oo

2c76
(1-0)2u
2e10 | —a(i-t0)
(1-0)%u
B _
-

< 6—(t—t0) .

< e—(t=to) for all t > tg,

again because o < 1. We next recall (7.4) and (7.5) and employ the estimate (7.14) to see that

ds

t
to

e(t—s)Av . (u(’ S)VV('a 5)) HL‘”(Q)
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(7.15)

(7.16)



(VAN
o
o

=

t
| (=755 ) Il )TV )1 ds
t

_1_n —(t—s
(14 = )72 5 ) e INful, )l L@ IVV () | ooy ds

IA

&

=
5*\“

IA
S
w
o4

_1l_n (4— 2 26166 1 (e
L4 (t—s)7272 ) e (79 { +CC4QPB}-60‘(S to)ds
(L -a75) —o \T—gu T

for all t € (to,T"). Since % = 47?, in view of the definition of cs, the restrictions (7.11) and (7.9) thus
imply that

t
N / o (t=9)
to

8c3f 2c1c4 1 t—to _1l_nN\ g —a(f—
< . Ql»BY . 1 272 (1=a)a 15 ) . e—(t—to)
S -9 {(1—9)H+C2C4| | } (/0 < +o P)e og)-e

1
{16010305060 8cacgeacs|Qr b -B} . o—alt—to)

ds

=)y . (U(-vs)vv('vsﬂ Hmo(ﬂ)

n(l—6)2u n(l—0)
B + L B} . e—alt=to)

= . g~ olt=to) for all t € (to,T). (7.17)

Finally, to treat the third summand on the right of (7.15) we combine (7.7) with the definition of T
to find that
2¢70

U3 (., )o@y = 1UC 8) oo ) - NU (5 8) [ Loe () < m -Be (sl for all s € (to,T).

Therefore, thanks to (7.8) and once more due to the comparison priciple, the integral in question can
be estimated according to

t
H/ o (t=3)
to

IN

t
(t—s)A772/. —(t=s)1772/(. o
O R GOl Y

2670 /t —(t— — —
< po— B. [ e tm8) . gmals—to)gg
(1 - 9)2:“ to
29 /t—to —(1-a)o g . g e—alt—to)
(1-20)? 0
2679 1 —a(t—tp)
< : : a
S a-ep 1-a P
1

< oB et forall ¢ € (to,T).
In conjunction with (7.15), (7.16) and (7.17), this yields

B B
NUC e <3 5 e~o(t—to) — 3 e—(t=to) for all t € (to,T),
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which by continuity of U implies that indeed T' cannot be finite. This shows (7.12) and hence proves
the lemma. O

Now our main result can be obtained by combining Lemma 7.1 with a straightforward consequence
thereof for the asymptotics of V.

PrROOF of Theorem 1.1.  We fix any a € (0,1) and let 8y = 6g(cr) be as thereupon provided by
Lemma 7.1. We then set M := & and suppose that x > 0 and g > 0 are such that £ > M. Then
given ug and vg fulfilling (1.3), we apply Lemma 7.1 to find ¢; > 0 such that with (U, V) as in (2.2)

we have

NUC, )|y < cre®  forall t > 0. (7.18)
Now writing V' in the form
1 t
V(. t) = e (vo — —) + / =)A=V 5)ds, t>0,
H 0

from the maximum principle we infer that

_ 1 b o
IV Olle@ < e tHetA<v0—u)HLoo(Q)+/0 =) DAY (. 6) | gy
1 t
< e tHog— = —(t=$) ||T7{(. _ .
= ° HUO MHLOO(Q) +/0 € U 8)l Lo (@) forallt >0

Abbreviating ¢ : |lvg — %H Leo(q), from (7.18) we therefore obtain

t
IV Olre@ < C2€t+01/0 e~ (t73) g3

AL (et et forallt> 0. (7.19)

_ —t
= e +1—a

In light of the definitions of U and V, (7.18) and (7.19) establish (1.5) and (1.6), respectively. O
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