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Abstract

The fully parabolic two-species chemotaxis system

uy = d1Au — 1V - (uVw) + pru(l — u — aqv), z€N, t>0,
vy = daAv — X2V - (vVw) + pgv(l — v — agu), zeQ, t>0, (%)
wy = d3Aw — yw + au + o, re, t>0,

is considered in a bounded domain 2 C R™ with smooth boundary.

It is shown that if n < 2 and all parameters in (x) are merely positive, then for all appropriately
regular nonnegative initial data ug, vy and wy the corresponding Neumann initial-boundary value
problem possesses a unique global bounded solution.

Moreover, by means of the construction of suitable energy functionals it is proved that whenever
n>1,

e if iy < 1 and as < 1 and both pu; and po are sufficiently large, then any global bounded
solution emanating from adequately regular initial data fulfilling ug # 0 # vy satisfies
(u, v, w)(+,t) = (Ux, Vs, wy) uniformly in Q as t — o0,
where (uy, vy, w,) denotes the unique positive spatially homogeneous equilibrium of (%), and
that

e if a; > 1 and ay < 1 and psy is large enough, then all global bounded solution with reasonably
smooth initial data satisfying vg Z 0 have the property that

(u,v,w)(-,t) — (O7 1, %) uniformly in Q as t — oo.

The respective rates of convergence are shown to be at least exponential when a; # 1, and algebraic
if [ 1.
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1 Introduction

We consider the initial-boundary value problem

up = d1Au — 1V - (uVw) + pu(l — u — ayv), zeN, t>0,

vy = doAv — x2V - (VVw) + pov(l — v — agu), reQ, t>0,

wy = dsAw — yw + au + [, ref, t>0, (1.1)
du_ 00w peon t>0,

u(z,0) =ugp(z), wv(z,0)=uwvo(x), w(z,0)=wy(x), x €,

in a bounded domain 2 C R" with smooth boundary, where dy,ds, ds, x1, X2, i1, pt2, &, 8 and ~ are
positive constants, and where ug, vg and wg are given nonnegative functions.

The problem (1.1) arises in mathematical biology as a model for the spatio-temporal evolution of two
populations which proliferate and compete according to a Lotka-Volterra-type kinetics, and in which
individuals are moreover able to move according to both random diffusion and chemotaxis toward
a signal jointly produced by themselves. In this setting, v = u(z,t) and v = v(z,t) represent the
respective densities of the two populations and w = w(x,t) denotes the concentration of the chemical
(see e.g. [32] for a discussion of chemotaxis-competition models and [9] for a broader survey).

The existing literature on two-species chemotaxis systems mainly concentrates on simplified models
obtained on describing the evolution of the signal by an elliptic rather than a parabolic equation.
Without kinetic terms, that is, when p; = po = 0, the resulting system then inherits some important
properties from the original Keller-Segel model for single-species chemotaxis; in particular, the striking
phenomenon of finite-time blow-up, known to occur in both parabolic-elliptic and fully parabolic
versions of the latter ([25], [40], [23]), has also been detected in parabolic-parabolic-elliptic two-species
systems ([1], [2], [3], [4], [6]).

On the other hand, well-known results from the analysis of one-species chemotaxis systems indicate
that such explosions might be ruled out by absorption terms as in (1.1), essentially quadratic with
regard to the respective unknown: Indeed, in the special case when v = 0 in (1.1), all solutions
emanating from reasonably regular initial data are global in time and remain bounded whenever
n < 2 and p; > 0 is arbitrary ([28]), or n > 3 and p; is sufficiently large ([38]), with the corresponding
condition on the size of p; being even explicit in the parabolic-elliptic counterpart ([34]). If n = 3 and
1 is merely positive, then at least certain global weak solutions can be constructed ([20]). Numerical
experiments suggest that despite possible absence of blow-up, such chemotaxis-growth systems may
exhibit quite rich dynamics, including even chaotic behavior ([10], [17]). This is partially supported
by results on structured steady states ([17]) and by recent analytical findings on transient growth
phenomena ([41], [19]). We mention that also subquadratic degradation may allow for global solvability
in certain modified variants of the systems, provided that its effect is suitably relative to the aggregative
mechanisms of cross-diffusion and signal production ([26], [27], [36]), but counterexamples show that
not any superlinear absorption is sufficient to rule out blow-up ([39]).

As for two-species models with logistic-type growth restrictions as in (1.1), a comprehensive theory
of global solvability is apparently lacking, and even much less is known about qualitative behavior of
bounded solutions. A fully parabolic variant of (1.1) is studied in [42], where global bounded solutions
are constructed under the assumptions that the chemotactic sensitivities, allowed to depend on the



signal concentration w in the considered model, decay sufficiently fast as w — oco. Beyond questions
of global existence, the large time behavior in the parabolic-elliptic counterpart of (1.1) has been
addressed in [35] for the case of weak competition when both a; < 1 and ag < 1, and in [32] for the
case a; > 1 and ae < 1. In this simplified situation, namely, the system actually reduces to merely two
parabolic equations with spatially nonlocal terms, and thereby becomes accessible to certain elaborate
comparison techniques. Based on this powerful tool, the results in [35] and [32] show that under
appropriate conditions on the size of 1 and us as related to the chemotactic sensitivities x; and xa,
essentially requiring suitable smallness assumptions on the latter, all reasonable solutions of the PDE
system are global and bounded, and that their large time behavior is determined by the asymptotics
in the ODE system

{ u = piu(l —u — ayv), t>0, (1.2)

vy = pv(l — v — agu), t>0,

associated with (1.1). In particular, this means that in the large time limit, (u,v) approaches the
constant vector (11—:1(112127 1:‘1132) when a; < 1 and ay < 1 ([35]), whereas (u,v) — (0,1) as t — oo if
a; > 1 and ag < 1 ([32]). Strong use of an elliptic simplification in the signal evolution is also made

in the analysis of a two-species chemotaxis model involving two chemicals in [33]).

Main results. In the currently considered fully parabolic system (1.1), such a reduction is appar-
ently impossible. The goal of this work is to develop an approach which despite this complification
provides insight into the dynamical properties of (1.1). In order to achieve this, let us complete the
problem setting by requiring that the initial data in (1.1) satisfy

up € C%(Q)  with ug > 0 in Q,
vp € C°(Q)  with ug > 0 in Q, and that (1.3)
wo € WH4(Q) for some ¢ > max{2,n} with w >0 in Q.

A fundamental and necessary first step then consists in establishing a satisfactory existence theory,
which will be accomplished by means of suitable a priori estimates to be derived in Section 2. Our
result in this direction does not require any condition on the size of p; and po, and hence in view
of the mentioned boundedness results for one-species systems the restriction n < 2 herein appears
to be natural and optimal, extending a corresponding statement on global existence in [13] to the
two-dimensional case.

Theorem 1.1 Let n < 2, and let dy,do, ds, X1, X2, i1, ft2, 41, a2, ¢, B and v be arbitrary positive con-
stants. Then for any choice of functions ug, vy and wg satisfying (1.3) for some q¢ > max{2,n}, the
problem (1.1) possesses a globally defined classical solution (u,v,w) which is unique within the class
of functions fulfilling

u e C%Q x [0,00)) NCH(Q x (0,00)),
v e C%Q x [0,00)) NC*(Q x (0,00)) and
w € CQ % [0,00)) N C*H(Q x (0,00)) N L5 ([0, 00); WH(€2)).

Moreover, this solution is bounded in € x (0,00).



Next focusing on the asymptotic behavior of solutions, we will first consider the situation when both
competitive kinetic terms in (1.1) are weak in the sense that a; € (0,1) and ag € (0,1). In this
case, there exists precisely one positive spatially homogeneous steady state of (1.1), that is, a triple
(uy, vy, wy) of positive numbers solving the linear algebraic system

1 —uy —ajve =0,
1 — v, — agu, =0, (1.4)
— YWy + AUy + 5'0* = 07

in fact, this equilibrium is explicitly given by

1-— 1-— 1-— 1-—
“ Vy 1= %2 and Wy = o 76(111)_";?22) as)

Uy 1=

_ 1.5
T : (1.5)

N 1-— a1an
and it is known ([24]) to be attractive to all positive solutions of the corresponding ODE system

u = pu(l —u — ayv), t>0,
vy = pv(l — v — agu), t>0, (1.6)
wy = —yw + au + Po, t>0.

This property continues to hold when diffusion is involved, that is, in the Neumann problem for the
parabolic system
up = diAu+ pru(l —u — ajv), reN, t>0,
vy = doAv + pov(l — v — agu), re, t>0 (1.7)
wy = dsAw — yw + au + P, x € t>0,

with positive coefficients di, ds and ds, in which the first two equations are actually decoupled from
the third. Then, namely, the system possesses a Lyapunov functional of a form introduced in [8]
and [11], and in consequence allows for the conclusion that all nontrivial nonnegative solutions satisfy
(u(-,t),v(-,t),w(-,t)) = (U, vy, wy) with respect to the norm in L°(Q) as t — oo (see e.g. [12] for
more details on the construction of Lyapunov functionals, and [5, 29, 43] for an independent proof
based on comparison arguments).

Section 3.1 will reveal that this global attractivity property of (us, v, wy) is actually inherited by
the chemotaxis system (1.1) despite the considerably more complex cross-diffusive coupling, provided
that the overall effect of the Lotka-Volterra kinetics, as measured by the size of the coefficients 11; and
1o, is sufficiently strong. In that case, namely, we shall see that the system still admits an energy-
type inequality (cf. (3.1) and (3.4)), and an analysis thereof will show that any nontrivial solution
approaches (uy, vy, wy) exponentially fast with respect to the topology in L>°(Q):

Theorem 1.2 Let ay € (0,1) and ay € (0,1), and suppose that the positive numbers dy,da, ds, X1, X2,
1, 2, o, B and vy satisfy the relations

2
> d2X1u* (1 8)
m 4da1y(1—araz)didads  diaix3vs '
(a1a?+a2B%—2aja2ap) 4poaz



and ) ) )
X50x(a10” + az8” — 2a1a2a3)

16d2d3a27(1 - alag)

2 > (1.9)
Then whenever n > 1 and (u,v,w) is a global bounded classical solution of (1.1) with initial data
(up, vy, wo) which satisfy (1.3) and uy #Z 0 Z vy, one can find A > 0 and C > 0 such that

u(-,t) = uxl| oo () + [[V(5 ) = Vsl Loo () + Jw (-, 1) — Wil oo () < Ce™ M for allt >0, (1.10)
where (uy, vy, wy) 18 given by (1.5).

In the strongly asymmetric case when a; > 1 but still as < 1, an appropriate largeness assumption on
the kinetic influence once more warrants the existence of a Lyapunov functional (see (3.11) and (3.14),
again implying that the behavior in (1.1) will essentially be determined by the asymptotics in (1.6);
as known to occur in the latter ([24]), we shall see in Section 3.2 that also in this case any nontrivial
choice of vy will imply that the second species eventually outcompetes the first, the corresponding
convergence rate being again at least exponential when a; > 1, but only, and necessarily (cf. the
remark following Lemma 3.7), algebraic in the borderline case a; = 1.

Theorem 1.3 Let dy,do, ds, X1, X2, l41, 42, ., 5 and vy be positive constants.
i) Leta; > 1 and az € (0,1), and suppose that for some o} € (1,a1] such that ajas <1 we have

iy > Xus(a10 + asp” - %allam/@). (1.11)
16dadsazy(1 — ajaz)

Then for any global bounded classical solution (u,v,w) of (1.1) emanating from initial data satisfying
(1.3) as well as vg Z 0, one can fir A >0 and C > 0 fulfilling

-, )|y + 100 ) = 1| oo + Hw(-,t Ce™  forallt>0. (1.12)

=3

yHL=@)
i) Suppose that ay =1 and ay € (0,1), and that (1.11) holds with o} = 1. Then if (1.3) holds with
vo #Z 0, any global bounded classical solution (u,v,w) of (1.1) satisfies

s Dl @) + 100 1) = Ul + |-, SCU+)™  forallt>0  (1.13)

_ QH
v llLee(@)

with some k>0 and C' > 0.

1+min{a;, -}
Remark. i) In Theorem 1.3 one may always choose a} := ———5—"2~, for instance, and thereby
reduce (1.11) to a requirement on g only.
ii) We do not expect the conditions (1.8), (1.9) and (1.11) to be optimal. However, the results in
[13] indicate that even in the spatially one-dimensional case, spatially inhomogeneous positive steady
states may exist when the sensitivities x1 and xs are appropriately large.

This paper does not address the situation when both competitive effects in (1.1) are strong in the
sense that a; > 1 and as > 1, in which we expect the dynamics to be rather complicated. In fact, even
in the associated ODE system (1.6) the solution behavior is then more involved due to the presence



of a separatrix h : (0,00) — (0, 00) with the property that if v(0) < h(w(0)) then (u(t),v(t)) — (1,0)
as t — oo, whereas whenever v(0) > h(u(0)), we have (u(t),v(t)) — (0,1) as t — oco. The picture
even becomes significantly more sophisticated in the corresponding system with diffusion, obtained
on dropping the third equation in (1.7): For this, namely, it is easy to show that e.g. in the topology
of L*>(2), both semitrivial steady states (1,0) and (0,1) are locally stable and the trivial solution
(0,0) as well as the unique positive constant equilibrium (a?é;lp a‘llfl;ll) are unstable. Moreover, it
is known that if  is convex, then besides (1,0) and (0,1) there are no further stable steady states
([16]). In nonconvex domains €2, however, there may exist other stable nonconstant equilibria ([21],
[22], [15]). Correspondingly, the knowledge on the large time behavior, especially in general domains,
is comparatively rudimentary already in the system (1.7) without cross-diffusion (see [14] and the
references therein for some results). Describing stability properties of spatially homogeneous equilibria
for the full system (1.1) in the case when a; > 1 and ag > 1 accordingly remains a challenging open
topic; even establishing the mere existence of non-constant steady states seems far from trivial.

2 Global existence for n < 2. Uniform regularity of bounded solu-
tions

2.1 Preliminaries
To begin with, let us state a result on local existence and uniqueness of classical solutions.

Lemma 2.1 Letn > 1, let dy,da,ds, x1, X2, pi1, p2, a1, az, a, B and vy be positive, and let ¢ > max{2,n}.
Then for each nonnegative ug € C°(Q),vy € C°(Q) and wy € WH4(Q), there exists Tnan € (0,00] and
a uniquely determined triple (u,v,w) of functions

u € CVQ % [0, Trnaz)) N CFHQ x (0, Trnax)),

v € CUQ % [0, Tnaz)) NC*H(Q % (0, Trnaz))  and

w € OO % [0, Tynaa)) N CHL(E X (0, Tonaa) (1 LEE([0, T s WH9(92),

which solves (1.1) classically in Q x (0, Tynaz), and which is such that

if Trnaz < 00 then iimsup (Hu<'7t)HL°°(Q) + HU(',t)HLw(m) = o0. (2.1)

max

ProoF.  This can be seen using well-established methods in the local existence theory for chemotaxis
problems (cf. e.g. [38]). O

The following basic boundedness properties are immediate but important consequences of the presence
of logistic-type dampening in the first two equations in (1.1).

Lemma 2.2 Let n > 1. Then the solution of (1.1) satisfies

/ u(z, t)de < mq = max{/ uo, \Q]} for all t € (0, Thnaz) (2.2)
Q Q

and

/ v(z, t)de < mg = Inax{ / v, |Q]} for allt € (0, Traz) (2.3)
Q Q



as well as

t+1 , m
/ / u”(x,s)dzds < Ky :=mj + — forallt € [0, Taz — 1) (2.4)
t Q H1
and
t+1 , e
/ / v (z, s)drds < Ko 1= mgy + ™ for allt € [0, Thaz — 1). (2.5)
t Q 2

PROOF.  We integrate the first equation in (1.1) over z €  and use the Cauchy-Schwarz inequality

to estimate
Ry Ry K
v = kU= U
dt Jo Q Q

1 2
- — for all ¢ Traz)- 2.
ul/ﬂu Q,(/Qu) or all t € (0, ) (2.6)

The latter inequality implies (2.2) by a stratightforward ODE comparison argument, whereupon a
time integration in the first identity in (2.6) yields

t+1 t+1
/u(m,t+1)dm+u1/ /u2(a:,3)dmds = /u(x,t)dw—i—/ /u(x,s)d:cds
Q t Q Q t Q

< mq+ prmy for all t € [O,Tm(w — 1)

and hence proves (2.4). The inequalities (2.3) and (2.5) can be derived similarly. O

2.2 An L? bound for (u,v) in the case n = 2

In order to prepare the derivation of further a priori estimates from the properties asserted by from
Lemma 2.2, let us cite the following auxiliary statement from [31, Lemma 3.4].

Lemma 2.3 Let T > 0, and suppose that y is a nonnegative absolutely continuous function on [0,T)
satisfying
Y (1) + ay(t) < f(t) for a.e. t € (0,7T) (2.7)

with some a > 0 and a nonnegative function f € L} ([0,T)) for which there exists b > 0 such that

loc

t+1
(s)ds<b  forallte[0,T—1).
t
Then

y(t) < max {y(O) +0b, g + 2b} for allt € (0,T). (2.8)

Using this, we can apply a standard testing procedure to the third equation in (1.1) to derive the
following consequence of Lemma 2.2 on the regularity of w.

Lemma 2.4 Let n > 1. Then there exists C > 0 such that the solution of (1.1) satisfies

t+1
/ / |Aw(z, s)[*deds < C for allt € [0, Tynaz — 1). (2.9)
t Q



PRrROOF.  Testing the third equation in (1.1) by —Aw and using Young’s inequality, we see that

1d
/ ]Vw\2+d3/ \Aw[2+7/ Vwl> = —a/qu—ﬁ/vAw
2dt Jo Q Q Q Q

d3/ 2 042/ 2 52/ 2
— [ [Aw|"+ — [ v+ — [ v
2 Q| | ds Jo d3 Jo

for all ¢ € (0, Tyaz). Thus, y(t) == [, |Vw(z,t)|*dz, t € [0, Thas), satisfies

IN

V' (8) + 29y (t) + ds / (Aw(z, 8)2dz < f(t)  for all £ € (0, Tyas), (2.10)
Q
where
202 232
f(t) = o u?(x, t)dx + '6/ v?(x,t)dx for t € (0, Thnaz)s
ds Jo ds Jo

whence from Lemma 2.2 we know that

t+1 202K 282 K.
(s)ds < ¢ := o Ky + 207K,
¢ ds

for all t € (0, Tyax — 1).
Accordingly, Lemma 2.3 ensures that

y(t) = / |Vw(z,t)|?de < ¢y := max{/ |Vwo(z)|> + ¢, 2% + 201} for all t € (0, Thnaz)-
Q Q

Thereupon, an integration of (2.10) over (¢,¢ + 1) yields
t+1

t+1 t+1
y(t—i—l)—i—?’y/tJr y(s)als%—dg/tJr /Q]Vw(x,sﬂzdxds < yt)+ t f(s)ds

< e+ for all t € [0, Trpae — 1),

which in view of the nonnegativity of y implies (2.9). O

Now in the particular case n = 2, by means of two more testing procedures and an interpolation
argument the latter bound can be turned into estimates for u and v in L>((0, Trnaz); L2(€2)).

Lemma 2.5 Let n = 2. Then there exists C > 0 such that for the solution of (1.1) we have
/ u?(x,t)de < C for allt € (0, Tmaz) (2.11)
Q

and
/ v (x,t)de < C for allt € (0, Thaz)- (2.12)
Q



PrOOF.  We multiply the first equation in (1.1) by u and integrate by parts over € to obtain

1d
u2 +di / Vul|® = x1 / uVu - Vw + / (1 —u — ayv) for all t € (0, Trnaz), (2.13)
where using the pointwise inequality £2(1 — ¢) < 247, valid for all £ > 0, we see that
4111]2
,ul/ w (1 —u — ayv) < M21”7 | for all t € (0, Trnaz)- (2.14)
Q
Once more integrating by parts, by the Cauchy-Schwarz inequality we moreover find that
X1 X1
X1 /quu -Vw = 2/QU2AU) < ?HUH%HQ)”AU}HLQ(Q) for all t € (O,Tmaa:)- (215)

Here we invoke the Gagliardo-Nirenberg inequality and recall (2.2) to find ¢; > 0 such that

1
Mulagy < allVulzollulsz) + ellul? g
2 (@) ()
< el Vullzzllull 2@ +c1m% for all t € (0, Thnaz)-

By Young’s inequality, (2.15) thus implies that

Xl/QuVu-Vw §d1/ |Vu|2—|—02(/9u2) . </ \Aw|2) —|—02</ |Aw[2—|—1) for all t € (0, Thax)

with some ¢ > 0. In conjunction with (2.14) and (2.13), this warrants the existence of ¢s > 0 fulfilling

d
7 u < 2¢ / /\Aw[ +c3 /\Aw[Q for all t € [0, Trnaz)- (2.16)

In order to 1ntegrate this appropriately, we first note that by Lemma 2.4 we can find ¢4 > 0 such that
to+1
/ / |Aw(z, s)|*drds < ¢4 for all tg € (0, Thnaz — 1). (2.17)

We next fix t € (0,T}q,) and then obtain from Lemma 2.2 that there exist ¢ty € [0, Tinae) such that
t—1<ty<tand

/QuQ(ac,to)dx < 5= maX{Kl,/ng(@dm}. (2.18)

Now an integration of (2.16) over (to,t) shows that

/ u(z,t)de < (/ U2(a:,to)d$>'chthtofﬂmw(m’S)'Qdfﬂds
Q Q

+CS/ 202f Jo|Aw(z,0)[*dzdo / |Aw(zx, s)] d$+1>d )

to
which in light of (2.17) and (2.18) implies that

t
/ w(z,t)de < c5-e*2% ey / eZezcs . (/ |Aw(z, s)|*dx + 21>ds
Q Q

to
< ey €22 4oy e®2% . (oq + 1),

because t <ty + 1. The proof of (2.12) can be carried out in much the same manner. O



2.3 Smoothness implied by L? bounds. Proof of Theorem 1.1

The following lemma, containing a general statement on extensibility and regularity of solutions known
to be bounded in L*((0, Tz ); LP(§2)) for some p > %, will be used to prove global existence and
boundedness in the case n < 2, but beyond this the higher order information (2.21) therein will
moreover allow us to deal with arbitrary global bounded solutions for general n > 1 in the sequel.

Lemma 2.6 Let n > 1, and suppose that there exists p > 1 such that p > 5 and

sup (l[uC Dllzee) + 00Dl r(e) ) < oo (2.19)
te(O,Tmaz)
Then Typar = 00 and
up (J[uC, )Ly + 00 )@y + I, Dll (@) < oo (2.20)

Moreover, there exist € (0,1) and C > 0 such that

<C forallt>1. (2.21)

Hu||02+9’1+%(§_2><[t,t+1]) + ||v||02+9’1+%(§_2><[t,t+1]) + ||wHCQ+6’1+%(Q><[t,t+1]) <

Proor.  Without loss of generality we may assume that p < n. Then since p > 3, we have % > n,
so that we can fix r > n such that r < % and r < ¢, and then choose # > 1 such that
n
2<r<—2  and r<q. (2.22)
n—p

Now for each T' € (0, T}4z), the number

M(T) = sup ([[uCDllzec@) + o )llz(o )
te(0,T)

evidently is finite. In order to estimate M (T') adequately, we fix an arbitrary ¢ € (0,7), let tp := (t—1)+
and use the variation-of-constants formula and the order preserving property of the Neumann heat
semigroup (eTA)TZO in Q, as asserted by the parabolic comparison principle, to derive the inequality

eit=5)Ay . (u(, s)Vw(-, s)) H ds

t
. - < di(t=to)A,, (. - /
[uC, Ol < e u(, o) (o) +x1 o)

to
t
+p1 /
to

Here if ¢ < 1 and hence tg = 0, we once more use the comparison principle to see that

ds. (2.23)

edt=9)8 (. S)<1 —u(-,s) — ayv(-, 8))+HLOO(Q)

[eP =t By (- 10)]| ooy < Iluoll oo (), (2.24)

whereas in the case ¢ > 1 we invoke (2.2) and known smoothing properties of (e72),>0 ([30], [37]) to

find ¢; > 0, as all constants cs, c3, ... appearing below independent of ¢ and T', such that

DRy (- b)) < e1(t —to) ™ 2[|ul-, to) | L1(ey

< cimy, (2.25)

e

10



because then we have t — tg = 1.
Next, once again by the maximum principle, the validity of the pointwise one-sided inequality

u(l —u—av) < in Q x (0, Thnaz)

| =

implies that

t
M1 /
to

ds

e t=)8 (., s) (1 —u(-,s) —ajv(-, s))

t
251 /
to

M1
2.26
1, (2:26)

+HLO°(Q)

ds

IN

u(-, ) (1 —u(-,8) —av(, s))

+HL°°(Q)

A
|

again since t < tg + 1.
Finally, in treating the second integral on the right of (2.23) we recall ([7, Lemma 3.3]) that there
exists co > 0 fulfilling

|e™2V - ol pee() < 0277%*2717\\@”“(9) for all 7 > 0 and each ¢ € C1(;R")
such that ¢ - v =0 on 0,

to estimate the term in question according to

t
Xl/
to

ehit=s)Ay . <u(-,s)Vw(-,s)> ds

’LN(Q)

< o / (drt=9) * 7 - Jul )Vl )l @ ds. (2.27)

to

Here, twice applying the Holder inequality and writing 6’ := eiil’ from Lemma 2.2 we obtain that

[u( s)Vw(, s)ller@) < llulss)llpro g - IVw(s s)lizro
<l )9y - uC )l gy - IVw ()l Loy
< MYT)-my~ - [[Vw(,s)| o) forall s € (to,1) (2.28)

with 6 :=1— = € (0,1). Now by (1.1), Vw can be represented according to

V'LU(', S) — G_WSVGdSSAwo +/ e—’Y(S—U)edS(S—U)A <au(-,0) + BU(‘, O'))dO' for all s € (Omiax)a
0
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so that in light of our assumption (2.19), again employing standard LP-L? estimates for (e72),>0 ([30],
[37, Lemma 1.3]) we can find positive constants c3 and ¢4 such that

do
ro (Q)

IN

s
e'Ys”VedssAwO||Lre(Q)+/ e*'Y(st)
0

Vels(s—o)A (au(~, o)+ pou(, O')) ‘

[Vw(-, )|l Loy

IN

cze” ¥V HLTQ(Q)
§ 1_nl_ 1
ver [0 (1 (5= ) I - (a0l + 1000y do
0
< a3l Vwol| oo +C4/ e~ V(5=0). (1 + (s —a)_%_%(%_%))da
0

S C5 fOr aH S € (0, Tmaaj),

where we have used that rf > 2 in applying [37, Lemma 1.3 (iii)], and where c5 := c3||Vwol| o) +

e [y e (14 €2 2(%_#))% is finite thanks to the fact that rf < g and r0 < n”—fp by (2.22). As a
consequence, (2.28) yields

lu(-, s)Vw(-, )| 1) < Csm%%M‘;(T} for all s € (to,1),

so that since 1 4 & < 1 due to the fact that r > n, (2.27) shows that

t
Xl/
to

with ¢ := cacsximi - fol(dlf)_%_%dﬁ < oo. Combining this with (2.24), (2.25) and (2.26), from
(2.23) we infer that

ds < cgM°(T)

AT ()Tl 9)|

||u(, t)HLoo(Q) < maX{HU()HLoo(Q), clml} + CGMé(T) for all t € (O, T).
Along with an analogous estimate for v, this implies that there exist ¢y > 0 and cg > 0 such that
M(T) < ¢y +csM*(T)  for all T € (0, Tynaz),

which by an elementary argument entails that

1

M(T) < max { (ﬁ) ’ (268)115} for all T € (0, Thnaz)
cs

and thereby establishes (2.20), because ¢7,cg and § are independent of T' € (0, Tjqz). By means of

(2.20), the additional properties in (2.21) can be derived through a straightforward reasoning involving

standard parabolic regularity theory ([18]). O

Combining Lemma 2.6 with the estimates gained above, we readily arrive at our main result on global
solvability and boundedness in the case n < 2.

PROOF of Theorem 1.1.  In the case n = 2, the statement results from Lemma 2.1 upon applying
Lemma 2.6 to p := 2 and employing Lemma 2.5. When n = 1, we instead use Lemma 2.6 with p :=1
and then only need to recall (2.2) and (2.3). O

12



3 Stabilization

The goal of this section will be to establish the convergence properties stated in Theorem 1.2 and
Theorem 1.3. The key idea of our approach is to use an energy functional, the form of which is
inspired by [11].

Let us first provide the following tool from elementary analysis.

Lemma 3.1 Suppose that f : (1,00) is a uniformly continuous nonnegative function such that
[ f(t)dt < oo, Then f(t) — 0 as t — oo.

PROOF.  We only need to combine the assumed integrability property with the uniform continuity
of f to see that limsup,_,., f(¢) cannot be positive. O

3.1 Convergence in the co-existence case when a; <1 and ay; < 1

Let us first concentrate on the case when both competition parameters are small in the sense that
a1 < 1 and as < 1. The key step toward the corresponding convergence statement in Theorem 1.2
will consist in the construction of the energy functional E; in the following lemma. Its definition (3.1)
involves a positive parameter 0 which under the assumptions (1.8) and (1.9) can be adjusted in such
a way that indeed F; decreases along trajectories.

Lemma 3.2 Let a; € (0,1), az € (0,1) and (uy, vs,wy) be as in (1.5), and assume that (1.8) and
(1.9) hold. Assume that (ug,vo,wo) satisfies (1.3), and that (u,v,w) is a global bounded classical
solution of (1.1). Then there exist 6 > 0 and & > 0 such that the functions Ey and Fy defined by

Eq(t) ::/Q(u(-,t)—u*—u*lnlﬁ;t»—i—z;z/ﬂ(v(-,t)—m—man)—i-g/Q(w(-,t)—w*)2, t>0,

(3.1)
and
Fi(t) = / ‘V“ / ( / V(- )
+/Q (1) — ) / ) w) +/Q (we)—w). >0, (32)
sty Ei(t) >0 for allt >0 (3.3)
as well as
%El( t) < —eFi(t) for all t > 0. (3.4)

PROOF.  Let us first note that by straightforward computation it can be checked that as a conse-
quence of (2.11) and (2.12) we have

1 dix3vpma n de%U*> da1y(1 — ara2)m
didads 4psas 4 (a1a2 + ag,@Q — 2a1a2a6) ’

13



which enables us to fix some § > 0 which simultaneously fulfils

da1y(1 — araz)m
(a1a? + az8? — 2a1a2a3)

0 < (3.5)

and

]

- 1 dix3uguan +d2X%U*)
d1d2d3 4#2@2 4 '

With this value of § fixed henceforth, we let £ be as defined in (3.1) and decompose E; according to

(3.6)

Bilt) = A) + OB+ Cu(t), 1> 0,
where
Adlt) = /Q (1) —u*-u*ln“gj))
Bu(t) = /Q (v(.8) ~ v~ n ”(q;’*t)) and
cilt) =3 [ (w6t —w.)
for t > 0.

To prove the nonnegativity of F1, we let H () := @ — uy In@ for « > 0 and use Taylor’s formula to see
that for all 2 € Q and each ¢ > 0 we can find 7 = 7(z,t) € (0,1) such that

H(u(a, 1)~ H(w) = H'(w)- (ule,t) —w) + %H” (rute.t) + (1 ) - (ulet) —u)’

Uy 2
= u(x,t) — uy
Z(Tu(az,t) +(1— T)u*>2 ( )

> 0.

From this we immediately obtain that Ai(t) = [, (H(u(,t)) - H(u*)> > 0, and and by a similar
argument it follows that also By (t) > 0 for all ¢ > 0. Since clearly also C is nonnegative by positivity
of ¢, this implies (3.3).

In order to prove that (3.5) and (3.6) ensure the validity of (3.4) for some € > 0, we first use (1.1) in
computing

d Uy
&Al(t) = /Q(Ut—uut)
2
= /Ml(u—u*)(l—u—alv)—dlu*/Wu' +x1u*/vu-Vw
Q QO u Q u

9 Vul|? Vu
= —p1 [ (uw—u)” —prar [ (u—u)(v—vy) — drug — +X1Ux — - Vuw
Q Q Q u Q u

14



and

d vo|? Vo
%Bl (t) = —p2 / (v — v,)? — pgag / (u—uy) (v —vy) — dgv*/ Vel + xgv*/ — - Vuw
Q Q Q v Qv

as well as
%C’l(t) = —(5d3/Q ]Vw|2 — 75/9(11} — ”w*)Z + a&/ﬂ(w —wy) (U — uy) + ﬂé/ﬂ(w — wy) (v — vy)

for all £ > 0. Combining these three equalities, we obtain the identity

thl(t):—/QX-(PX)—/QY-(S-Y) for all t > 0, (3.7)

with the vector functions X and Y defined through

[Vu(z,t)| |[Vo(zx,t)
u(z,t) T wv(z,t)

X(z,t) := (u(w,t) — U, (2, 1) — Vg, w(, t) — w*> and Y(x,t) := < ’, ]Vw(x,t)|>

for x € Q and ¢t > 0, and the constant matrices P and S given by

)
P opar —%
. pial Bé
P:= piar = T
ad 5o
-2 2
and
dlu* 0 X12u*
._ dovsp1al  X2Vxp101
S:= 0 p2as 2u2a2
X1Ux  X2Uxp101
2 2p12az d3d

Now the key step in establishing (3.4) consists in proving that both P and S are positive definite. Once
this has been shown, namely, it will follow that for some £ > 0 we have

X (z,)-(P-X (z,t)) > &| X (,1)]? and Y (z,t)-(SY (z,t)) > €|V (x,1)]? for all z € Q and ¢ > 0,
(3.8)

whereupon (3.4) will become an evident consequence of (3.7).

Thus concentrating on the desired definiteness properties, we first compute the first two principal

M1 p1a1

a; | of P to obtain that
Hiar  f1,,

minors M := |p1| and My :=

My =pu >0 and My =(1—- alag)uf el > 0,
a2

15



because a; € (0,1) and as € (0,1). Since moreover M3 := |P| satisfies

s
po par =% 5 5
a ar B8 | Moy -5 o, | P -2 +0475 par pgh
_ad B g 2 7 2 7 2 2
2 2
paryd %62 5 a6 L ad (pra1B6  praiad
= — — — | —a a1y — — —
H1 s 4 pray | prary 1 B 5 25
5 al n aafs B2 a1a?s 9
= — -—— — — —a
o { iy 5 1 day 1Y

> 0

thanks to (3.5), Sylvester’s criterion guarantees that indeed PP is positive definite.
Likewise, for the matrix S we use the observations that

dius 0 did
102UV [l a1
diuy >0 and 0 T >0,
s H2a2

and that our restriction (3.6) on § ensures that

X1Ux
dius 0 2 piaidovs  p1a1X2Vs 0 p1aidavy
0 p1a1dovy 11a1 X2V« — d U Hnaa2 2u2a2 X1Ux Ha2a2
H2a2 2u2a2 T p1axovs d=d 9 X1Ux  H1G1X2Ux
X1Ux  H1G1X2V« ) 2u2a2 3 2 2u2a2
2 2p2a2

_ 107 Uk Ve (d1d2d35 _ d1v*/11a1X§ . d2M1U*X%)
a2 dpzaz 4

> 0,
to conclude again by the Sylvester criterion that also S is positive definite. The proof is thereby
complete. n

A first use of the energy inequality (3.4) in conjunction with Lemma 3.1 and the global regularity
properties asserted by Lemma 2.6 now yields stabilization as claimed in Theorem 1.2, but yet without
any information on the rate of convergence. That this is actually exponential will be proved by means
of a second application of (3.14) in Lemma 3.7 below.

Lemma 3.3 Let a; € (0,1) and az € (0,1) and let py and pa be such that (1.8) and (1.9) are valid.
Suppose that ug,vo and wgy are such that (1.3) holds as well as ug Z 0 # vy, and that (u,v,w) is a
global bounded classical solution of (1.1). Then

u(-,t) — wel| oo () + [[V(5 ) = Vil Loo @) + lw (- 1) — willpoo() = 0 ast — oo, (3.9)

where uy, v, and wy are as given by (1.5).
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ProoF.  Welet f(t) := [o(u(-,t) —u)? + [o(v(,t) —v0)? + [o(w(-,t) —w,)? for t > 0 and choose §
as in Lemma 3.2. Then with E; and Fj as given by (3.1) and (3.2), we clearly have f(t) < Fy(t) for
all t > 0, so that (3.4) implies the inequality

%El (t) < —eFi(t) < —ef(t) for all ¢ > 0.
Since Fj(t) is nonnegative by Lemma 3.3, it follows that
e 1 Fq(1
/ f(t)dt < E(El(l) — El(t)) < 16( ) < 0.
1

Since from Lemma 2.6 we know that u, v and w are Holder continuous in Q x [t, ¢ 4 1], uniformly with
respect to t > 1, we infer that f(¢) is uniformly continuous in (1, 00), whence an application of Lemma
3.1 shows that

wet) =) + [ (o) —u) + [ (wet)—w) = f#) >0 ast—oo.  (3.10)
Q Q Q

In order to turn this into a respective convergence statement with respect to the norm in L>°(Q2), we
invoke the Gagliardo-Nirenberg inequality to find ¢; > 0 fulfilling

n 2
n+2

lollzee) < ctllellyiellelfaig, — for all o € WH(Q).

Applying this to u(-,t) — uy for t > 0 and using that (u(-,t))s>1 is bounded in W°°(Q) according to
Lemma 2.6, we conclude from (3.10) that indeed u(-,t) — u, in L*°(Q2) as t — oo. Repeating this
argument for v and w yields (3.9). O

3.2 Convergence in the extinction case when a; > 1 > ay

In the case when still ax < 1 but the competitive effect of v on u is strong in that as > 1, we will see
that u will become extinct asymptotically whenever vy Z 0 and pus is large fulfilling (1.11). Our proof
of this follows a strategy similar to that in Section 3.1, a slight difference consisting in an adaptation of
the Lyapunov functional to the present setting in which u no longer approaches a positive equilibrium
but rather decays to zero.

Lemma 3.4 Assume that a; > 1 and az € (0,1), and that (1.11) holds. Let (ug,vo, wo) satisfy (1.3),
and suppose that (u,v,w) is a global bounded classical solution of (1.1). Then there exist § > 0 and
€ > 0 such that if we let

Es(t) ::/Qu(-,t)—}—Z;ZLL/;/Q<U(-,7§)—1—U*IH ”(1'}’*’5)) +§/Q(w(-,t)—w*>2, t>0, (3.11)

and
o) = [ o [ [TEO 4 [ vucn
#[wens [(pen-1) "+ [ (eeo-w), >0 @
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then
Ey(t) >0  forallt >0
and
d
dt Q
ProoF. We fix § > 0 such that
4ay(1 — ajag)
(a}a? + axB? — 2d aza)’

and that ) )
X2Ux 107

o> ,
ddadspzas

—Ey(t) < —eFy(t) — pi(al) — 1)/ u(-,t) for all t > 0.

(3.13)

(3.14)

(3.15)

(3.16)

and then define Fy and F as in (3.11) and (3.12). Then copying the repsective arguments from the
proof of Lemma 3.2, we easily obtain nonnegativity of Fs, and on the basis of Sylvester’s criterion we

can verify in a straightforward manner that

p pdy —%
/7

]P)/ = Hlafa u;gl _%
5 5

-7 —27

is positive definite thanks to (3.15), and that (3.16) warrants that also

davepnal  xovxp1a)
S = p2az 2p2a2
: X2Ux {1 a7 :

5203 dsd

is positive definite.
We now rewrite Es according to

/

Bo(t) = As(t) + XU By (1) + o (1),
H2a2

with
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for t > 0, and use (1.1) in computing

%Ag() = /Q,u,lu(l—u—alv)

< / pru(l —u — ajv)
Q

= e =) [ [ e [ o=
= e =) [ [0 - [ @)oo

d Vo|? Vo
d—Bg( ) :—,ug/(v—v*)Q—,u2a2/(u—u*)(v—v*)—dgv*/ [Vel +X2v*/ — - Vuw
t Q Q Q v Qv

as well as

d
dtC’g():—5d3/Q|Vw|2—75/9(11}—w*)2+oz5/9(w—w*)(u—u*)—i—ﬂé/ﬂ(w—w*)(v—v*)

and

for t > 0. We thus obtain that

—Eg / X -(P-X / (S Z) — pi(a) — 1) /Qu for all ¢ > 0, (3.17)
where
X(x,t) = (u(x,t) — Uy, (2, t) — vy, w(x, t) — w*) and Z(z,t):= <|VU1()Z;;§)|’ |Vw(x,t)\>

forz € Q and t > 0. As P’ and S’ are positive definite, it can be seen as in Lemma 3.2 that (3.17)
implies (3.14). O

By a reasoning almost identical to that in Lemma 3.3, we thereby immediately obtain the following
qualitative convergence result.

Lemma 3.5 Let ap > 1 and az € (0,1), and let uy be such that (1.11) holds. Then for any choice of
ug, vo and woy which satisfy (1.8) and are such that vy # 0 and that (1.1) possesses a global bounded
classical solution (u,v,w), we have

e, )o@ + 1o ) = Ul + |-, S0 ast— . (3.18)

B ;HLOO(Q)

3.3 Convergence rates

In order to complete the proofs of Theorem 1.2 and Theorem 1.3, it remains to describe the rates of
convergence in (1.10), (1.12) and (1.13). Let us prepare our argument therefor by the following.
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Lemma 3.6 Let (uy, vy, wy) € R3 be any solution of (1.4), and suppose that (u,v,w) is a global
bounded classical solution of (1.1) emanating from initial data fulfilling (1.3). Moreover, assume that
there exist two decreasing functions hy and hy on (0,00) with the properties that

[ul ) = uell (@) + l0( 1) = villp2nie) + [[w(5 1) = willpanie) < (@) forallt >0 (3.19)

t pre)
</ / \VwP) < ha(t) for all t > 1. (3.20)
t—1JQ

Then there exists C > 0 such that

JuCes ) =ty + 10, 8) = el oo 10, 8) = wall gy < €+ (mt=1)+ha(t))  for allt > 2.
(3.21)

and

PROOF. By the variation-of-constants formula associated with the first equation in (1.1), for each
t > 2 we can estimate u — u, according to

' di(t—s)A
e 0 [ (v ), s
+u1 /til Hedl(t—S)Au(-, s) (1 —u(-,5) — ayv(, 3)>

= Il =+ 12 + 13, (322)

Julst) = el ey < e A ulto) = )

[

where known smoothing properties of the heat semigroup yield ¢; > 0 such that

1

L<e(t=t=1)) "fulto) = ey < crhi(t—1) (3.23)

because of (3.19). Likewise, invoking LP — L4 estimates for (™)

along with (3.20) provide positive constants ¢y and c3 fulfilling

>0 and applying the Holder inequality

ds
L2n+2(Q)

u(-, s)Vw(-, s)‘

t _1l_n_1
I, < 02/ (t—s) 2 2242
t—1

t 3n+42 % t ﬁ
< el [ a-o78Ha) ([ s vut, g l)
t—1 t—1

n_ t inﬁ
el oo V0l gy ([ [ V0 Pas)
< caha(t), (3.24)

IN

where ¢4 = c3|u| oo (0 (0,00)) va”lnf(ﬁx(l,oo)) is finite thanks to the boundedness properties asserted
by Theorem 1.1 and Lemma 2.6.

To estimate I3, we first note that as a consequence of the equilibrium property of (uy, vy, wy) implied
by (1.4) we have the pointwise identity

(u—uy)(l —u+ ayv) if a; > 1,

u(l—u+alv)={ u-((u*—u)+al(v*—v)) if ay <1,
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which in view of (3.19) and the downward monotonicity of h; readily ensures the existence of ¢5 > 0
such that

Hu(, s) (1 —u(-,8) + ajv(, s)) ’

Hence, IP — L2 estimates entail that for some c¢g > 0 we have

L) < cshi(t—1) for all s € (t —1,1).

t n, 1
I3 < 06/ (t—s) 22
t

-1

u(, s)(l —u(-,8) + av(-, s)) ‘

LZn(Q)

+

< 0665h1(t—1)/ (t—s)fids
t—1

= C7h1(t — 1) (3.25)

with ¢7 1= §csc6. On substituting (3.23), (3.24) and (3.25) into (3.22), we infer that there exists cg > 0
such that

Ju(,t) — sl Lo (@) < cs - (h1(t —1)+ h2(1§)> for all t > 2.

Now an analogous estimate for |[v — v.[[ 1 (q) can be obtained in precisely the same manner, whereas
a similar inequality for ||w —w,| () can be derived using simplified variant of the above arguments,
based on the representation

t
w(-,t) —w, = eBA D (w( t—1) —w,) + /

e(t—5)(dsA—~I) (a(u(-, s) — uy) + B(v(-, s) — w))ds,
t—1

which is valid for all ¢ > 1 again due to the fact that (u.,v,,w,) is a steady state of (1.1). O

Building on the uniform convergence properties asserted by Lemma 3.3 and Lemma 3.5, with Lemma
3.6 at hand we can now perform a refined analysis of the energy inequalities (3.4) and (3.14) to
establish the desired quantitative statements on stabilization.

Lemma 3.7 i) Assume that a; € (0,1) and az € (0,1), and that (1.8) and (1.9) hold. Then for each
global bounded classical solution (u,v,w) of (1.1) evolving from initial data fulfilling (1.3), there exist
C >0 and XA > 0 such that

u(+,t) — uxl| oo () + [[0(5 ) = Vsl Loo () + Jw (-, 1) — Wil oo () < Ce for allt >0, (3.26)

where (uy, vy, wy) 18 given by (1.5).

ii) Let a; > 1 and az € (0,1), and suppose that o has the property (1.11).

ii.1) If ap > 1 and (u,v,w) is a global bounded classical solution of (1.1) with initial data complying
with (1.3), then for some C' >0 and A > 0 we have

< CeM for all t > 0. (3.27)

(6
ooy + 0 8) = ooy + o) = 5] <

ii.11) In the case a1 =1, for any choice of (ug, vy, wo) satisfying (1.3) and admitting a global bounded
classical solution (u,v,w) of (1.1), one can find C >0 and k > 0 such that

e, )o@ + 100 1) = Loy + ||l <SCOA+1)"  Jorallt>0. (3.28)

)~ %HLW(Q)
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PRrROOF. i) We again use the function H given by H(u) := @ — uys Ina for w > 0, which according
to L’Hopital’s rule has the property that

H(u)—H H'(u 1

1im M — lim 77(“) - (3.29)
a—ue (U — uy)? a—u, 2(0 — uy)  2uy

Since we already know from Lemma 3.3 that ||u(-,t) — us||rc — 0 as ¢ — oo, we can thus choose
tp > 0 such that

u(-t)\
/Q(u(-j)_u*—u*ln w ) = \/§2<H(u(7t))_H(U*))

! ((t) )2 for all ¢ > ¢ (3.30)
— ) — Uy r .
o o u(-, u or a 0
and
u(-,t 1 2
/Q <u(-,t) — Uy — Uy In (u* )) > T /Q (u(',t) — u*> for all t > to. (3.31)

By a similar argument, upon enlarging ¢y if necessary we can clearly achieve that also

=N ; (v(-,t)—v*>2 < /Q <v(-,t)—v*—v*lnM> < 1/9 (fu(',t)—v*)Q for all t > tg. (3.32)

4u, Vg Vy

In view of the definitions (3.1) and (3.2) of E; and Fi, (3.30) and the right inequality in (3.32) imply
that for some ¢; > 0 we have E;(t) < ¢ Fi(t) for all t > ty. Substituting this into the energy inequality
(3.4), we obtain

d
%El(t) < —EFl(t) < —EClEl(t) for all ¢t > to, (3.33)

which on integration shows that there exist c; > 0 and [ > 0 fulfilling

Ei(t) < e forall t > 0.

Now thanks to (3.31) and the left inequality in (3.32), this entails the existence of positive constants
c3, ¢4 and c5 satisfying

/Q (u(.,t) —u*)z—l—/Q (U(-’t) —’()*)2 —1—/9 (w(-,t) —w*)z < 3B (t) < cqe™ for all t >ty (3.34)

and

t t 1 t d 1
/ / Vw|? < / Fi(s)ds < —/ —FEi(s)ds < —Ey(t—1) < cse™ for all t > to + 1.
—1JQ -1 € Ji_1 ds €
(3.35)
n—1 1
Now since the Holder inequality ensures that ||¢[[z2n ) < HLpHLQO(Q)HgoHEQ(Q) for all p € L>®(§2), and
since (u,v,w) is bounded in 2 x (0,00) by Theorem 1.1, (3.34) warrants that

n

l
(-, ) = well p2n () + [[0(- 1) = vell p2n(q) + [l (-, ) — will p2n(0) < coe™ 20" for all ¢ > t
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with some c¢g > 0. Together with (3.35), this allows for an application of Lemma 3.6 which upon

evident choices of h; and hy shows (3.26) with A := 2n1+2.

ii.i) This part can be proved by a discussion similar to that in i).

ii.ii) In the critical case a; = 1, we note that the definitions (3.11) and (3.12) of the functionals E»
and Fy actually reduce to the identities

E2<t>:/Qu(-,t)+Z;Zi/g(v(-,t)—1—1nv<-,t>)+§/Q(w(-,t)—w*)2, £ 0,

and

FQ(t):/Q‘v;()i';;)rJr/ﬂ\vw(.,t)\2+/gu2(.,t)+/g(u(-,t)—1>2+/ﬂ(w(-,t)—w*>2, t>0,

with w, = %, and that Lemma 3.4 says that there exists ¢ > 0 such that

d
%EQ(t) < —eFy(t) for all t > 0. (3.36)

Here we use an evident analogue of the right inequality in (3.32) and then apply the Cauchy-Schwarz
inequality to see that since (u,v,w) is bounded in © x (0, 00), there exist t; > 0, ¢z > 0,cg > 0 and

c9 > 0 such that
/Qu(-,t)—1—67/9<v(-,t)—1>2+/9(w(-,t)—w*)2

c8</gu2(.,1t)>é +CS</Q (v(.’t)_1>2>é+C8(/Q<w(-,t)_w*)2>2

1
< coFF(t) for all t > t;.

Es(t)

IN

IN

Thus, (3.36) implies that for some ¢j9 > 0 we have

d
S Ba(t) < —c1oE5(t)  for all t > ty,

and that we can hence find c¢;; > 0 satisfying

C11
By(t) <
2()—1t+1

for all ¢ > 0. (3.37)

Thanks to an adapted version of the left inequality in (3.32), this guarantees the existence of to > t1+1
and c12 > 0 such that

2 2 C12C11
. . _ . _ < < .
/ ’LL( ,t) —|—/ <U( ,t) 1) + / (’U}( ,t) 'U)*> 012E2(t) n 1 for all ¢t > t2

and

t t 1 / d C
=) d<_/ ——E(s)ds <CEy(t —1) < ——  forallt >t
/tl/Q\Vw| _/tl b(s)ds < : ) s 2(s)ds < C'Es )_t+1 or all t > to
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Another application of Lemma 3.6 thereupon yields (3.28). O

Remark. In the critical case a; = 1, exponential decay as in (3.27) cannot be expected in general.
Indeed, if all the initial data ug, vo, wo are positive constants with vy < 1, then clearly also u(-,t), v(-,t)
and w(-,t) are spatially homogeneous for all ¢ > 0, whence the PDE system in (1.1) actually reduces
to the ODE system (1.6), that is, to

ug = pu(l — u — aqv), reN, t>0,
vy = pov(l — v — agu), z e, t>0,
wy = —yw + au + P, r e, t>0,

Here the second equation implies that v; < pov(1 — ) for all z € Q and ¢ > 0, which in view of our
restriction vy < 1 shows that v < 1 in Q x (0,00). Since a; < 1, the first equation herein now yields
the inequality u; > —puju? in Q x (0, 00), which upon integration entails that with some ¢ > 0 we have

C

t) >
u(z, )—t+1

for all x € Q and ¢t > 0,
in particular meaning that in fact the largest possible constant x in Lemma 3.7 ii.ii) is k = 1.

Finally, our main results on equilibration immediately result from Lemma 3.7.
PROOF of Theorem 1.2.  We only need to apply Lemma 3.7 i). O

PROOF of Theorem 1.3.  Both statements are precisely asserted by Lemma 3.7 ii.i) and ii.ii). O
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