Proceedings of the Royal Society of Edinburgh: Submitted PaperXXXXXX 11 March 2015

Optimal rates of convergence to the singular
Barenblatt profile for the fast diffusion equation

Marek Fila
Department of Applied Mathematics and Statistics, Comenius
University, 84248 Bratislava, Slovakia (fila@fmph.uniba.sk)

Michael Winkler
Institut fiir Mathematik, Universitdt Paderborn, 33098 Paderborn,
Germany (michael.winkler@math.uni-paderborn.de)

(MS received ‘Received date’; Accepted date’)

We study the asymptotic behaviour of solutions of the fast diffusion equation near
extinction. For a class of initial data, the asymptotic behaviour is described by a
singular Barenblatt profile. We complete previous results on rates of convergence to
the singular Barenblatt profile by describing a new phenomenon concerning the
difference between the rates in time and space.

1. Introduction

We consider the Cauchy problem for the fast diffusion equation:
{ ur = V- (™1 V), yeR" 7€(0,7), (1)
u(yao) = UO(ZJ) > 07 Yy e Rna .

where m < 1, T > 0 and ug is continuous and bounded. It is known that for m
below the critical exponent m, := (n — 2)/n all solutions with initial data in some
suitable space, like LP(R™) with p := n(1—m)/2, vanish in finite time. We consider
such solutions and study the rates of their extinction in the range

n—4

—00 < m < My i= , > 2. 1.2
co<m<m 3 n (1.2)

The exponent m, plays an important role in the results on asymptotic behaviour
near extinction in [1, 2, 3, 6, 8, 9, 10].

The book [15] contains a general description of the phenomenon of extinction,
even for m < 0. It is explained there that the size of the initial data at infinity
(the tail of ug) is very important in determining both the extinction time and the
extinction rates. For 0 < m < 1, problem (1.1) is well-posed (see [5, 14, 15]) while
for m < 0 neither existence nor uniqueness hold, in general, but it is known (see
[5, 15]) that a solution exists if ug is “large enough”. We shall only consider such
initial data ug for m < 0. For more recent results on the fast diffusion equation
which include also the case m < 0 we refer to [4].
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For m < m, we have explicit self-similar solutions Up r called generalized Baren-
blatt solutions, given by the formula
2\ ~Tom
) , (1.3)

1 o
n(l—m)—2 n(m.—m)’

_ 1 pBAl-—m)| y
Tor TS R (D At

where
R(t):= (T -1)7", B =

Here T > 0 (extinction time) and D > 0 are free parameters. These solutions have
a decay rate near extinction of the form |u(-,7)||s = O(T — 7)"7).
A very interesting limit case occurs if we take D = 0 in formula (1.3), and we

find the singular solution
2
Uosrly,m) == ko (T = 7Pl 0, k= @ — )%, o=

whose attracting properties were studied in [9] where we obtained a continuum of
extinction rates for suitable bounded data ug. More precisely, the following was
shown in [9].

Theorem 1.1. Assume that

—4
n>5 and O<m<m*:—n 5 (1.4)
n—

and let the initial function ug be continuous, bounded, and satisfy the conditions:

0<wo(y) <Alyl™" forally#0

and
Al " —crlyl ™ <uoly) < Aly| ™" —coly|™"  for |yl >1

for some A,c1,c0 >0, and
p+2<Ii<L:=p++2(n—p). (1.5)

Then the solution u of problem (1.1) has complete extinction precisely at the time
T := (A/k)'™™ > 0, and the following holds:
(i) There are positive constants K1, Ko such that for 0 < 7 < T we have

K(T = 1) < [Ju(-, 7)o < Ko(T —7)°,

where

np—"m
2(n — p)

(it) For every ro > 0 there exist positive constants C1,Cy such that

> 0, = pre ap:=1—p—2)(n-1). (1.6)

0, .= =
l l_uv

—u

— R"(T)u(y,7) < Co(T — )%

QT - <4 } R?(JT)

for0 <71 <T, |yl >roR(T), where ¥; := Boy/p.
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One of the main aims of the present paper is to show that Theorem 1.1 (i) does not

hold for [ > L while Theorem 1.1 (ii) holds for a larger range of I. The meaning of

Theorem 1.1 (ii) becomes clear after a suitable reformulation (see Theorem 1.2 (ii)).

To study the behaviour of solutions near extinction one can rewrite (1.1) by
introducing the change of variables

t = ! —2m log <§E8> and x:= M Rz(/T) , (1.7)
with R as above, and the rescaled function
v(x,t) == R(T)" uly, 7). (1.8)
If u is a solution of (1.1) then v solves the equation
v =V - Vo) +uV-(zv), t>0, ze€R™, (1.9)

which is a nonlinear Fokker-Planck equation. The generalized Barenblatt solutions
Up,r are transformed into generalized Barenblatt profiles Vp which are stationary
solutions of (1.9):

Vp(z) = (D + |z>)=7T, zeR".
The singular Barenblatt solution becomes
Vo(z) = |z|7*, xeR™\{0}.
The main result from [9] can now be formulated as follows.

Theorem 1.2. Let (1.4) hold. Assume that vg > 0 is continuous, bounded and such
that

2|7 = erlz| 7! S wolw) < | —eolzH for |z > 1,

where 1 is as in (1.5) and ¢1,c2 > 0. Assume also that vo(z) < |z|™* for all x # 0.
Let v denote the solution of (1.9) with initial condition

v(x,0) = vo(z), x € R". (1.10)

Then:
(i) There exist Ky, Ko > 0 such that for t > 1 we have

1 " = ) oo > M2 ) .
K1 e < ol 6)]lae < Kz e (1.11)

here ~y; is as in (1.6).
(i) For every ro > 0 one can find C1,Cy > 0 such that for t > 1 and |x| > 1o the
following holds

Cre ™ <|z| ™" —v(z,t) < Cye™ ™, (1.12)

where oy is as in (1.6).
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The reason why we assume that [ > p + 2 is that the difference |z|7#* — Vp(x)
behaves like |z|~(#+2) as |2| — occ. In this paper we show that the condition p+2 <
[ < L is optimal for Theorem 1.2 (i) but not for Theorem 1.2 (ii) which holds for a
larger range

1
le(u+2l,), ly = §(n+/¢+2). (1.13)
More precisely, we prove the following:

Theorem 1.3. Let (1.2) hold and assume that vg > 0 is continuous.
(1) If
wle) <z, @ £0, (1.14)
and
vo() < |z —cla|™!, 2] > 1,

with some | as in (1.13) and ¢ > 0 then for any ro > 0 there exists C(ro) > 0 such
that the solution of (1.9), (1.10) satisfies

v(x,t) < |z|™F — C(ro)efo”t|x|7l, |x| > rg, t>0,

where oy is as in (1.6).
(i) Assume that vo(z) > 0 for x € R™ and

vo(@) > |o| ™" —clz™,  faf > 1,

with some [ as in (1.13) and ¢ > 0. Then one can find C' > 0 such that the solution
of (1.9), (1.10) satisfies

v(z,t) > |z|™* — Ce™ ||, x#0, t>0.

(iii) Set
92
PP Gt ) (1.15)
4
If (1.14) holds then for any o > oy and each ro > 0 there exists C(a,rg) > 0 such
that the solution of (1.9), (1.10) satisfies

sup (|a:|7” - v(x,t)) > Ce ™, t > 0.

|z|>70

Theorem 1.4. Let (1.2), (1.14) hold and assume that vy > 0 is continuous. Then
for any

(L —p—2)(n—1L)
L—p

v >y = :u(n+2—u—2 2(n—u)) (1.16)

there exists C() > 0 such that the solution of (1.9), (1.10) satisfies

v(x,t) < C(y)e, reR" t>0.
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We find the fact that the optimal condition on [ is different for (1.11) and (1.12)
remarkable. It is in contrast with corresponding results for the equation u; = Au+
uP, see [7, 11, 12].

The threshold value [, appeared before in [10] where we studied the rates of
convergence to Barenblatt profiles Vp with D > 0. Rates of convergence to the
singular Barenblatt profile V were found in [8] for m = m,. The rates in [8] are
algebraic while in Theorems 1.3 and 1.4 they are exponential.

To prove our results we construct suitable radial sub- and supersolutions in a
spirit similar to [9, 10]. Radial barriers have also been used recently in [13] to
investigate the fast diffusion equation on hyperbolic space.

In Section 2 we prove Theorem 1.3 (i), (ii). Section 3 is devoted to the proof of
Theorem 1.3 (iii) and Section 4 to Theorem 1.4.

2. Convergence rate for l € (u+ 2,1)

Throughout the paper we shall assume that (1.2) holds. The radial version of the
nonlinear Fokker-Planck equation (1.9) reads

-1
vy = (vmflvr)r + i V™ Y, + v, 4 pno, r>0,t>0. (2.1)
r

In this section we shall construct sub- and supersolutions thereof with a particular
structure. The action of the operator P defined by
n—1

m—1

W™t w, — prw, — pnw, r>0,t>0, (2.2)

Pw :=w — (w ) —

r

on such functions is described by the following.

Lemma 2.1. Let 0 <719 <11 < 00, y: [0,00) = R and ¢ : (ro,r1) = (0,00) be
smooth functions. Then

3
2

w(r,t) = (7“2 + y(t)go(r)) , r € (ro,r1), t >0,
satisfies
Pw — I 2
w = §y(t) (7“ + y(t)go(r)) Aly(t)]e forr e (ro,r1) andt >0, (2.3)

where

y'(t)
y(t)

-1
Ay =1 (pre+ =gy ) —pirpy

n—1 I
w—y(t){—so(sowr . ¢T)+§¢?}

forr € (ro,m1) and t > 0.

Proof. The formula (2.3) can be derived by a straightforward computation (cf. [10,
Lemma 3.5] for details). O
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Our first choice of comparison functions will involve solutions ¢ of the linear
initial value problem

(r? + 1)(<prr + ”:1%) — prey +ap =0, r >0,
(0) =1, ¢.(0)=0,

(2.4)

where o > 0.
The following statements concerning (2.4) are contained in [10, Lemma 3.3].

Lemma 2.2. Let o € (0, o) with o, as in (1.15). Let I denote the smaller positive
root of the equation

a=Il-pu—-2)(n-1).
Then the solution ¢ of (2.4) is positive and decreasing on [0,00), and there exist
positive constants c1,co and cs such that

crr” TR < o(r) < eprm TR forall e > 1

as well as
or(r) S __ar
elr) = r2+1

for all v > 0.

These functions ¢ form the core of our upper estimate for v:

Lemma 2.3. Suppose that
vo(r) <r™# for all v > 0, (2.5)

and

—1

vo(r) <r H —ecr forallr >1 (2.6)

with some | € (u+2,1.) and ¢ > 0. Then for any ro > 0 there exists C(rg) > 0
such that the solution of (2.1) satisfies

o(rt) <7 H — C(rg)e”“tr™! for allr > 1o and t > 0. (2.7)
Proof. We may assume that o < 1. Since g + 2 < I < I, the number «; in (1.6)
satisfies 0 < «a; < a4 with «, as in (1.15), and hence Lemma 2.2 says that the
corresponding solution ¢ of (2.4) is positive and decreasing on [0, 00) and satisfies

crr~ 2 < o) < cor~(=1=2) for all » > rg (2.8)

as well as ,
—pr(r) < 0372—_H<p(r) forall 7 >0 (2.9)

with certain positive constants c1, co and c3. Moreover, due to the continuity of v
and (2.5) we can fix ¢4 > 0 such that

vo(r) < (r? +cq)"2 for all r € [0, 1]. (2.10)
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Taking ¢ > 0 as in (2.6), we now choose B > 0 satisfying

2 2
Bgmin{—,—c,c4} (2.11)
c3+ 2 pcy
and define
_ K
v(r,t) = (7“2 + y(t)go(r)) ’ , y(t) := Be™ ™, r>0,t>0.
We claim that then
Pv >0 forr>0and ¢ >0, (2.12)

which in view of Lemma 2.1 is equivalent to the inequality A[y(t)]e > 0 for r > 0
and t > 0 with A as defined in Lemma 2.1.
Using (2.4) and the fact that y'/y = —«;, we compute

n—1
A[y(t)]<p = TQ (‘Prr + T‘pr) — urer +oqp

n—1 I
—y(t){sa(saw + T%) + 590?}

n—1 n—1 I
= —(aprr + —wr) - y(t){w(w + —%) + 5@?}
T T

= —(wrr+n7_1¢r){1—y(t)[s0 uwf?” (2.13)

20, + 21,
for r > 0 and ¢t > 0. Here we note that, again by (2.4),

n—1 QP — ey Hrer
_(aprr + gor) =i > T for all » > 0, (2.14)
hence invoking (2.9) we obtain
2 2
D(—¢r) e
B SDT_l < (" + D(=¢r) < C—Sga(r) for all r > 0.
2 Prr + WTSDT 2r 2

Since (2.14) also implies that — (¢ + "T_lgor) > 0 on (0,00) by monotonicity of ¢,
(2.13) yields that for all » > 0 and t > 0 we have

Ale > (o + o) 1002 20}
~(ow+ ") 1B 50,

because y(t) < y(0) = B, ¢(r) < ¢(0) =1 and B < 2/(cs + 2) by (2.11).
Having thus proved (2.12), we proceed to check that

vV

o(r,0) > vo(r) for all » > 0. (2.15)

To this end, we first consider the case when r € [0,1], in which we use (2.10) and
the restriction B < ¢4 asserted by (2.11) to estimate

L u

o(r,0) = <7«2 + Bap(r)) > (r*+ B) 2 >w(r) for all r € [0, 1],
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again due to the fact that ¢ < 1. Conversely, if » > 1 then r > ry and hence from
the convexity of 0 < z + (14 2)~7 and (2.8) we infer that

B
o(r,0) > r H — %r*“”gp(r) >rH

- @r*l for all r > 1.

In view of (2.6), this easily yields T(r,0) > vo(r) for such r, because (2.11) ensures
that uBeca/2 < c.

As a consequence of (2.12) and (2.15), the comparison principle states that
o(r,t) > v(r,t) for all * > 0 and ¢ > 0, which can be turned into (2.7) as follows. We
let 29 := Brg 2p(ro) and take c5 > 0 small enough such that (1 +2)7#/2 <1 —c52
for all z € [0, z0]. Then, since ¢(r) < (rg) for r > 1o, we have Be~“tr=2p(r) < 2o
for r > rg and ¢t > 0, so that indeed

o=

o(rt) < T t) = (14 Bem ot 2(r))

< pTH (1 — c;,Befa"tr*?(p(r)) <7y H — ¢icsBe ity

for all # > ro and t > 0, according to the first inequality in (2.8). O

Upon a different — actually more explicit — choice of ¢, we next establish a
corresponding lower bound for the solution of (2.1).

Lemma 2.4. Assume that vo > 0 on [0,00), and that

—1

vo(r) >r~H* —ecr forallr>1 (2.16)

with some l € (u+2,1,) and ¢ > 0. Then one can find C > 0 such that the solution
of (2.1) satisfies

v(r,t) > r~* — Ce~ %ty forallr >0 andt > 0. (2.17)

Proof. We define
ky = (2% - 1)7ﬁ, 71 1= max {1, (20)7ﬁ}

with ¢ as in (2.16), and fix ¢; > 0 such that

wlE

(I+2)72<1-¢12 for all z € [O,kf(l*”)} . (2.18)

Then choosing B > 0 satisfying

u “(172“72) c

B < min w(r), B>— and B2>c, (2.19)

r€(0,r1] C1

we for r > 0 and ¢ > 0 set

u(rt) = (1P ye) T, ) =TTy = Bem,
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Then it can be easily verified that

n—1
r2(<pm,—|— T(pr) — ure, + o =0, r >0,

and that ¢, + 2Ly, < 0 on (0, 00). Accordingly, using Lemma 2.1 we see that

T

©

Po = Ly +yem) {2 (o + r) = e+ g

—y(t) [ - QO(QOTT + nT—l%) + Hwﬂ}

2
ptz
= L0 (P +y0em) T [ e(em+ =) + 54
< 0 for r > 0 and ¢t > 0.
In order to check that
v(r,0) < wvo(r) for all r > 0, (2.20)

we first consider the case when r < r1. Then we obtain

3
'5 u ml=p=2)

v(r,0) < (Br7(17”72))7 <B 7 r; 2 <w(r) forallr <r;  (2.21)

due to the first requirement in (2.19).
Next, if  is large such that both > ky BY/(=#) and > 71 hold, then Br—(¢—#) <
kl_(l_“), so that (2.18) applies to ensure that

"

2

v(r,0) =r—# (1 + Br_(l_")) B <r H—eBr .

On the other hand, since r > 71 entails that » > 1, we may invoke (2.16) to achieve

vo(r) >r~H — ert>pr7F —cBr~t > v(r, 0), r > max{leﬁ,rl}, (2.22)

in view of the second condition in (2.19).
Finally, if » > ry is such that r < k‘lBﬁ, then k := Biﬁr satisfies k < k.
Moreover, by definition of 7 and (2.16) we know that r > r; entails the inequality

1
vo(r) > 7"_“(1 — cr_(l_“)) > 3

n
m

1
-0 _ Zp—hpTTE
" T
Since k < k1 and the definition of k; imply that

(1 + k*(l*"))

n
5 -5 1

< (1) =3,

we obtain that

o

_ K . 1 .
o(r,0) = (1 n k*”*“)) RTMBTTE < SRTMBTTR < ulr)
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whenever r; < r < k;BY(=#_ In conjunction with (2.21) and (2.22) this proves
(2.20), so that the comparison principle becomes applicable to guarantee that
v(r,t) < v(r,t) for all » > 0 and ¢ > 0. In particular, by convexity of 0 < z —
(1+ 2)~% this shows that

ofE
=
Sy
[

_ K
’U(’I“, t) > Q(ﬁ t) =r # (1 + Befa"trf(l*/i)) >ph 22

for all 7,¢ > 0, and thereby establishes (2.17). O

Proof of Theorem 1.3 (i). For radial solutions, Lemma 2.3 yields the claim. If vy
is not radial then we choose a radial function v(')" satisfying the assumptions of
Lemma 2.3 such that

w(@) <vi(lel), ek,

and argue by comparison. O

Proof of Theorem 1.3 (ii). Analogously, for radial solutions the conclusion is a con-
sequence of Lemma 2.4 and in the non-radial case we compare with a radial solution
emanating from vy (|z]) satisfying the assumptions of Lemma 2.4 such that

vy (|z]) < vo(z), rz € R"™.

3. Universal lower bound for the convergence rate

In this section we prove Theorem 1.3 (iii). As a first preliminary, an important
observation is contained in the following lemma which asserts oscillatory behaviour
in a linear Euler-type ODE, provided that a certain parameter is supercrtical.

Lemma 3.1. Let i € (0,n —2) and & > &y := W. Then

p(r) = r~ " cos (\/07 — 1nr), r >0,

satisfies
n—1

r? (SZTT + sﬁr) —jrgy +ap =0 forallr > 0. (3.1)

Proof. Writing ¢ := —(n — 2 — ji)/2 4+ iv/& — &, and ®(r) := 7¢ for r > 0, we have
@(r) = Re®(r) for r > 0. Since it can easily be computed that
9 n—1 N N ¢
r (CI%T + —@T) — a®, +a® =p(Q)r forallr >0
r
with p(¢) := (2 + (n — 2 — 1) + @&, the validity of (3.1) follows from the observation
that according to our choice of ¢ we actually have p(¢) = 0. O

Functions of the above type play a key role in the construction of supersolutions
of (2.1), the initial data of which are compact perturbations of the singular steady
state.



Optimal rates of convergence 11

Lemma 3.2. Suppose that (2.5) holds. Then for any o > oy and each ro > 0 there
exists C(a,mg) > 0 such that the solution of (2.1) satisfies

sup (7‘_“ —o(r, t)) > Ce for all t > 0. (3.2)

r>70

Proof. Recalling the notation from Lemma 3.1, from the fact that a > ay, = a,(p)
we obtain that there exists i € (0, u) close enough to g such that still a > ., (ft).
We can then fix any & € (a.(ft),@) and let ¢ denote the corresponding function
defined in Lemma 3.1. Since ry > 0, the oscillatory behaviour of ¢ allows us to find
two zeros r— and r4 of ¢ such that ro <r_ <7y and ¢ > 0in (r—,r4). It is then
clear that for some r1 € (r_,r;+) we have @, (r1) = 0 and @, < 0 on (r1,r4]. As
evidently @ > 0 on [r1,7y), along with the facts that o > & and p > fi this entails
that

eri= min {(a—@)@(r) = (1= iré ()}

re[ry,ry]

is positive, and since ¢ is smooth,

rim s { = 60) (00 + ) + 0

rery,r4) 2

is finite. Next, using that vg is continuous and satisfies (2.5), we easily obtain ¢z > 0
fulfilling
vo(r) < (R? +¢3)” 2 for all » € [0,74]. (3.3)

We then fix B > 0 small enough such that

B < min{z—;, ()5(0:1)} (3.4)

and write
y(t) := Be ™, t>0.
We finally define a continuous function ¢ : [0,00) — [0, 00) by setting

95(7"1)7 re [0,7”1],
90(70) = 95(70)7 re (rlerr]v
0, r>ry,

and let

n

B(r, 1) = (7”2 n y(t)gp(r)) P r>0,t>0.
Then clearly PT = 0 for all » > ry and ¢ > 0, because (r,t) — r~# solves (2.1).
Furthermore, since for small r we have ¢, (r) = 0, Lemma 2.1 says that

_pt2
2

Py = gy(t) (r2 + y(t)go(r)) ap(r) >0 for all r < r; and ¢ > 0.
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Finally, in the intermediate range where r € (r1,r4) we recall Lemma 3.1 to see
that with A as defined in Lemma 2.1 we have

n—1
A®le = (o +mpr) = e +ag
n—1
_Be_at{ - SD(SDTT + —SDT) + H@i}
r 2
~ - a n—1 I
= (a—a)p—(u—p)ror — Be t{_@<@rr+7@r)+§@z}

for all » € (ry,74+) and ¢ > 0, so that from the definition of ¢1, c2 and (3.4) we
infer that Aly(t)]p > ¢; — Be ¢y > 0 for all r € (ry,r4) and ¢ > 0. In light of
Lemma 2.1, this shows that Pv > 0 for r € (r1,74) and ¢ > 0, so that since

lim ¢, (r) = lim @.(r) =0 and lim ¢,.(r) <0= lim @.(r),
T/ﬁsﬂ() r\n*”() Muw() T\ﬂsﬁ()

it follows that T is a supersolution of (2.1).
In order to check that

v(r,0) > vo(r) for all » > 0, (3.5)

we go back to (3.3) and use the second restriction in (3.4) to observe that indeed

— K K

5(r,0) = <r2+B<p(r)) P> (7"2 +B¢(r1)) P> tey)TE > wo(r)

for r € [0, 4], because evidently ¢(r) < @(r1) for all » > 0. As for large r, however,
from (2.5) and the definition of ¢ we immediately obtain the estimate

o(r,0) =r"" > vo(r) for r > ry.

This proves (3.5). Since ¥ is a supersolution, the comparison principle ensures that
(r,t) > v(r,t) for all > 0 and ¢ > 0. If we take ¢4 > 0 small enough satisfying

(14275 <1—c42 for all z € [0, Bry 2p(r1)],

then evaluating the inequality obtained above at r = ry we conclude that

=3
2

v

o " = w(ro,t) ro " =(ro,t) = g —rg" (1 + y(t)7“62¢(7“1))

cay(t)rg*2@(r)  forall t >0,

v

which implies (3.2). O

Proof of Theorem 1.3 (iii). The statement follows from Lemma 3.2 and a simple
comparison argument as at the end of the previous section. O
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4. Universal upper bound for the grow-up rate

In order to describe the behaviour of solutions near the spatial origin in more detail,
we shall use a comparison function with a slightly different structure (cf. (4.1)
below). The following lemma provides a formula which shows how the parabolic
operator P introduced in (2.2) acts on a function of this form. Its proof is based on
straightforward computations, and details can be found in [9, Lemma 3.2].

Lemma 4.1. Let k > 0 and o9 > 0, and set
o(t) := og el &(ryt) = Ui(t)r, rt > 0.

Suppose that ¢ : [0,00) — [0, 00) is twice continuously differentiable in (&y,&1) with
some & and & satisfying 0 < &y < &1. Then for

N

o(r,t) = o) (E0.0) + v ) T, nt>0, (4.1)
we have the identity

=

Purt) = Lo () (€00 + w(Er 1) Bu(EwnD)

for all (r,t) € S == {(p,7) € (0,00)* | &(p, T) € (€0,&1)}, where
~1

Bu(e) = (& +v) (vee + “g— ) = (4 mwe + 200 = Do, €€ (0. 60)

The next lemma again describes oscillatory behaviour in a linear ODE of Euler
type, and may be viewed as a counterpart of Lemma 3.1.

Lemma 4.2. Let m < my. Then Kk, := n+ 2 — p — 24/2(n — p) satisfies k1, <
n—2—u, and for each k € (K,n —2 — u) the numbers

a(k) == % and b)Y _22 —HZR )
are real and positive. Moreover, 1 : (0,00) — R defined by
W(€) = ¢ cos (b(m)Ing),  €>0, (4.3)
is a solution of
& (Ve + g e — (u+ e + 260 =0, €0, (4.4)

Proof. Since m < m, implies that p + 2 < n, we have \/2(n — ) > 2 and hence
indeed

n—2—p—rp=—4+22(n—p)>0.
We rewrite the radicand in the definition of b(k) according to

R(k) =8k —(n—2—pu—k)?2=—r>+2n+2— )k — (n—2—p)?
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and thereby see that its roots are precisely the numbers k4 and x_ with

ke=n+2—pt/n+2—p)2—n—-2—p2=n+2—pu++/8(n—p).

Thus, k- = k1, and ky > n — 2 — p. It follows that whenever k € (kr,n — 2 — ),
the function 1 defined by (4.3) satisfies (£) = Re¥ (&), where ¥ (€) := £7¢,€ > 0,
with ¢ := a(k) + ib(k). Now it can easily be verified that

-1
52(\1/& + nT\I’g) (i R)EVe + 260 = Q(O)ECT2 forall € >0
with Q(¢) := ¢% — (n — 2 — u — k)¢ + 2k. Since actually Q(¢) = 0 by definition of
¢, we conclude that (4.4) holds. O

We are now in the position to derive an upper bound for the grow-up rate of
solutions to (2.1) by constructing appropriate supersolutions, again emanating from
compact perturbations of the singular equilibrium.

Lemma 4.3. Assume (2.5). Then for any v satisfying (1.16) there exists C(vy) > 0
such that the solution of (2.1) satisfies

v(r,t) < C(y)e forallr >0 and t > 0. (4.5)

Proof. Since v > ~r, the number k := ~/u satisfies K > Kk, so that in view of
Lemma 4.2 we may pick some Kk < x such that K <n —2 — p and &£ > kr. We let

B(€) = £74P cos (b(/%) In 5), £€>0,

with a(%) > 0 and b(%) > 0 as defined in (4.2). Then ) has infinitely many zeros,

which makes it possible to fix £, and £_ such that 0 < £_ < &4, ¥(§4+) = 9(E-) =0

and 1 > 0 on (€—,&4). Next, taking & € (€—,&4) to be the unique zero of ¥ in
(€—,&4+), we obtain that ¢ > 0 in [£1,£4) and ¢¢ < 0 in (&1, &4 ], so that

—Ee(E) +2() > er forall € € (&1,84) (4.6)

holds with some ¢; > 0. Moreover, since 1; is smooth, we can find ¢y > 0 with the
property
n—1

3

Finally, in view of (2.5) we can fix ¢z > 0 such that

—h(6) (Dec(&) + () T EVEO S 2 forall €€ (61,64).  (4T)

vo(r) < (PP 4c3)"%  forallre[0,&,] (4.8)

and then pick n > 0 small fulfilling

ngmin{m, & } (4.9)
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Upon these choices,

(&), £€10,&],
V(&) =13 mb(€), ¢ € (&1,64),
Oa £>£+a

defines a nonnegative continuous function ) on [0, c0) which satisfies

lim ¢ (£) = Jim e (§) =0 and A Pe(§) <0 = M Pe(€) (4.10)

§/6
as well as R
(&) <my(&)  forall £ >0. (4.11)
In particular, if we set
B(rt) = o) (E0r0) 4 0lE 1)) T r20, 120

with o(t) := e and £(r, t) := o'/#(t)r, then T is continuous in [0, 0c0)?. Obviously,
Po=0 whenever £(r,t) > &4, (4.12)
for at such points we have (r, t) = r~#. Next, if (r,t) € (0, 00)? is such that £(r,t) <
&1 then with B as defined in Lemma 4.1 we have By (£(r,t)) = 2x¢(€(r,t)) > 0,
which by Lemma 4.1 implies that
PT>0  if&(rt) <& (4.13)

Finally, in the intermediate region where &; < ¢ < &4 we use Lemma 4.2 to compute,
partially dropping the argument (r,t) of £ for simplicity,

By (&(r, 1))

(& +900) (vee + = 0e(©))

—(n+ ©)€e() + 2mp(€) — SvE(E)
=~k = R)Ee(S) + 200k — RYD(E)

D) (VeelO) + g 0e(©) = RO el € (6,64,
Recalling (4.6), (4.7) and the first requirement contained in (4.9), we deduce that
Bi(&(r,t)) > n(k — &)er — n?ca > 0if £(r,t) € (€&1,£4), which together with (4.12),
(4.13) and (4.10) shows that ¥ is a supersolution of (2.1).

Furthermore, at ¢ = 0 we have o(t) = 1 and thus B(r,0) = (r? +(r))~*/2 for all
r > 0, so that for small r we obtain from (4.11), (4.9) and (4.8) that

n

=3
2

o(r,0) > (7“2 + 771;(51)> > +es) 7 > p(r) for all r € [0,&4].

Since (2.5) implies that vo(r) < r~* =7v(r,0) if r > 4, we see that T(r,0) > vo(r)
for all » > 0. Therefore, T(r,t) > v(r,t) for all r > 0 and ¢ > 0 by comparison. In
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particular, using that £2 4+ v(£) > ¢4 := min {£7, mﬁ(ﬁl)} for all £ > 0, we conclude
that

.
.y "

v(r,t) < o(t) (52(7“, t) + (&(r, t))) <c¢, 20(t) for all > 0 and ¢t > 0.

This shows that (4.5) holds if we set C(y) := c; */2. O
Proof of Theorem 1.4. Lemma 4.3 and comparison with radial solutions yield the
claim. O
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