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Abstract

The chemotaxis-Navier-Stokes system with signal production, as given by

ng+u-Vn=An—-V- (nS(x,n,c)~Vc),
ct+u-Ve=Ac—c+n,
ur + (u-Viu = Au— VP 4+ nVo, V-u=0,

is considered in bounded planar convex domains  with smooth boundary, where ¢ € W2 (Q)
and S € C?(Q x [0, 00)?; R?%2).

The main results assert that parallel to the case of the corresponding Keller-Segel system obtained
on neglecting u, any arbitrarily small algebraic saturation effect in the chemotactic sensitivity at
large densities is sufficient to rule out any blow-up phenomenon. Indeed, under the assumption
that there exist Sy > 0 and « > 0 such that

[S(z,m,c)] <Sp-(14+n)~“ forall z € Q, n >0 and ¢ > 0,
it is shown that for all suitably regular initial data an associated initial-boundary value problem

possesses a globally defined bounded classical solution.

The analysis is based on the consecutive identification of three energy-like functionals, the first
among which involves a certain sublinear LP seminorm of n.
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1 Introduction

In this paper, we will investigate an initial-boundary value problem for the chemotaxis-Navier-Stokes
system

nt+u-Vn:An—V-(nS(m,n,c%Vc), ze, t>0,
¢ +u-Ve=Ac—c+n, zeQ, t>0, (1.1)
u + (u-V)u = Au— VP +nVo, x€eN, t>0,
V-u=0, re, t>0,

in a bounded domain in RY, where our main focus will be on the planar case N = 2. Systems of this
type arise in the modeling of bacterial populations in which individuals, besides moving randomly,
partially adjust their movement according to concentration gradients of a chemical which they produce
themselves, where in generalization of the celebrated Keller-Segel chemotaxis system ([27]), the model
(1.1) furthermore accounts for the interaction of bacteria with the surrounding fluid, as indicated by
experimental findings to be of substantial relevance to the emergence of large-scale convection patterns
e.g. in populations of Bacillus subtilis suspended to sessile water drops ([20], [47], cf. also the related
setting addressed in [28], and [3] for a concise derivation of chemotaxis-fluid systems of the considered
type). Correspondingly, in (1.1) it is assumed that both cells and the chemical, at population density
and concentration denoted by n and ¢, respectively, are transported by the surrounding fluid with the
velocity field u, while the bacteria in turn exert a nontrivial influence on the fluid motion by means
of buoyant forces in an external gravitational field with potential ¢, as reflected in a corresponding
source term appearing in the Navier-Stokes subsystem of (1.1). In accordance with refined modeling
approaches accounting for additional rotational flux components especially near boundaries ([63]), the
chemotactic sensitivity S = S(z,n,c) in (1.1) will be assumed to be a general matrix-valued function
possibly containing nondiagonal elements and thus allowing for chemotactic motion not necessarily
parallel to the chemoattractive gradient ([63]).

Motivated by the particular experimental background from [20] and [47], most previous studies on
chemotaxis-fluid systems related to (1.1) focus on situations when a chemoattractant is consumed
by the bacteria, rather than produced as in (1.1). Accordingly, quite an elaborate theory has been
established for the corresponding system

ne+u-Vn=An—V-(nS(c)Ve), xeQ, t>0,
¢t +u-Ve=Ac—nf(c), zeN, t>0, (1.2)
ut + (u-V)u = Au— VP +nVe, z€eN, t>0,
V-u=0, e, t>0,

under various assumptions of the scalar chemotactic sensitivity S and the signal consumption rate
coefficient f. For instance, for a class of systems of type (1.2) including the prototypical choices

S = const. and fle)=¢, ¢>0, (1.3)

it is known that uniquely determined global-in-time smooth solutions exist for all suitably regular
initial data in smoothly bounded planar convex domains ([53]; cf. also [5] and [65] for recent results on
the whole space R?), whereas in the corresponding three-dimensional analogue at least certain global



weak solutions can be constructed ([59]). For the simplified system obtained from (1.2) on replacing
the Navier-Stokes equations therein by the respective Stokes system not containing the nonlinear
convection term (u - V)u, global existence results for the Cauchy problem in R? are available under
certain more restrictive assumptions on S and f and a smallness assumption e.g. on ¢ ([11]), and also
for a corresponding boundary-value problem in bounded convex three-dimensional domains without
imposing any such additional requirements ([53]). Although with few exceptions ([30], [49]) in three-
dimensional versions and further variants of (1.2) the solutions constructed so far are all weak only ([5],
[48], [32]) and may possibly develop singularities within finite time (see [6] for a detailed discussion
on refined extensibility criteria), after all the dissipative effect of the signal absorption mechanism
addressed in (1.2) has been identified to be sufficient for solutions to become eventually smooth and
to approach spatially homogeneous equilibria in several cases ([60], [32]). This partially generalizes the
quite comprehensive knowledge on global boundedness and smooth stabilization, even at exponential
rates, in the two-dimensional version of (1.2) ([54], [64]), and also extends known facts on regularity
and large time behavior in the associated fluid-free analogue of (1.2) ([42], [41]). Quite a number
of results on global existence and boundedness properties have also been obtained for the variant of
(1.2) obtained on replacing An by nonlinear diffusion operators generalizing the porous medium-type
choice An™ for several ranges of m > 1 ([10], [33], [12], [48], [26], [43], [44], [56]).

In contrast to such systems with consumption of chemoattractant, in problems of type (1.1) the
signal production mechanism may significantly enhance the destabilizing effects of chemotactic cross-
diffusion. Indeed, even in the classical Keller-Segel system without fluid interaction, as obtained on
letting S =1 in

(1.4)

ny = An —V - (nS(n)Ve), reQ, t>0,
g =Ac—c+n, reQ, t>0,

it is known that for large classes of initial data, solutions blow up with respect to the spatial L°° norm
of n when either N > 3 ([55]), or N = 2 and the total mass of cells is large ([23], [37]), while global
bounded solutions can be constructed under appropriate smallness conditions on the initial data ([52],
[38]). Only when the chemotactic flux is appropriately limited e.g. according to suitable saturation
effects at large cell densities, such explosion phenomena can entirely be ruled out. In fact, for the
Neumann problem associated with (1.4) in smoothly bounded domains © C R¥ it is known that if
N >2 and S € C%(]0,)) is nonnegative and such that

N-2

S(n)<Cn~ "~ ¢ for all n >0 (1.5)

with some C' > 0 and € > 0, then global bounded classical solutions can be found for all suitably
smooth initial data ([24], [29]), whereas if there exist C' > 0 and & > 0 fulfilling

N-2

S(n)>Cn~ "~ *¢ for all n > 0, (1.6)

then some solutions may become unbounded ([51], [24]), where in some particular cases and related
systems involving nonlinear diffusion, such unboundedness phenomena are even known to occur within
finite time ([8], [9]; cf. also the surveys [22] and [3]).

Main results. To the best of our knowledge, the literature on chemotaxis-fluid systems of the
form (1.1) with signal production mechanisms so far concentrates on either Stokes-type simplifications



([50]), or on the construction of small-data solutions ([30], [4]), or also on systems involving logisitic
growth restrictions as an additional dissipative mechanism ([13], [46]). The purpose of the present
work consists in examining the question how far relations of the form in (1.5) and (1.6) continue to
determine a critical asymptotic behavior of .S with regard to the emergence of singularities also in the
full chemotaxis-Navier-Stokes system (1.1) with any such further regularizing prerequisites. Our main
results in this direction will reveal that in two-dimensional convex domains €2 with smooth boundary;,
within the accuracy of algebraic rates, asymptotically constant S indeed will mark a borderline case in
this respect, even in the context of matrix-valued sensitivities, thereby extending a recent finding which
asserts a similar conclusion in the case when the fluid flow is governed by the linear Stokes system ([50]).
In view of the mentioned blow-up results for the fluid-free special case (1.4) of (1.1), this amounts
to deriving a corresponding statement on global existence and boundedness under an assumption
paralleling that in (1.5). To formulate this more precisely, let us suppose that S € C2(Qx[0, 00)?; R?*2)
has the property that there exist Sp > 0 and a > 0 fulfilling

|S(x,n,c)] < Sp-(1+n)“ forall z € Q,n >0 and ¢ > 0, (1.7)

where we evidently may assume without loss of generality that herein a < % Then moreover assuming
for simplicity that ¢ € W2°°(€), we will consider (1.1) along with the initial conditions

n(z,0) =no(x), c(x,0)=co(zr) and wu(z,0)=up(x), x e (1.8)
and the boundary conditions

(nS(a:,n,c)-Vc)-uzO, %:0 and u =0, e, t>0, (1.9)

with initial data which are such that

ng € C?(Q) with some 9 € (0,1), with ng > 0 and ng # 0,

co € WH(Q)  is nonnegative, and (1.10)
up € D(A)
Here and throughout the sequel, we let A := —PA denote the realization of the Stokes operator

in L2(Q;R?), defined on its domain D(A) := W22(Q;R2) N W2 (Q;R2) N L2(Q) with L2(Q) :=
C&U(Q,RQ)H'”LQ(Q) ={p e CF(LR2);V -p= 0}'|.HL2<Q), and with P representing the Helmholtz pro-
jection of L?(2;R?) onto L2().

In this framework, our main results read as follows.

Theorem 1.1 Let 2 C R? be a bounded convex domain with smooth boundary, and let ¢ € W°()
and S € C?( x [0,00)%;R**?) be such that (1.7) holds with some Sy > 0 and o € (0,3). Then for all
(no, co, up) satisfying (1.10), there exist functions

ne %N x [0,00)) NC2LQ x (0,00)),
¢ € CQ x [0,00)) N C*H(Q x (0,00)) N(,ny L2((0,00); WHP(Q)),

u € CO(Q x [0,00);R?) N CHH(Q x (0,00);R?) NNe(o.1) L((0,00); D(AP)),
P e CH(Q x (0,00)),

(1.11)



such that n and ¢ are nonnegative in Q2 x (0,00), and such that (n,c,u, P) solves (1.1), (1.9), (1.8) in
the classical sense in Q x (0,00). Moreover, this solution is bounded in the sense that for each p > 1
and any B € (0,1) there exists C(p, 3) > 0 with the property that

In(, )l 0) + lleC ) llwrm) + 1A ()l 120) < C(p, B)  for all t > 0. (1.12)

In comparison to the corresponding fluid-free case in (1.4), a major technical challenge originating
from the additional fluid interaction in (1.1) seems to consist in the circumstance that the evident
mass conservation property fQ n= fQ ng, as the only apparent a priori information available, seems
insufficient to warrant any useful knowledge on regularity in the Navier-Stokes subsystem of (1.1).
This substantially differs also from the correspondingly simplified chemotaxis-Stokes analogue studied
in [50], where this temporally uniform spatial L' bound on the respective forcing term could be used
as a starting point for an appropriate bootstrap procedure.

Our approach will accordingly be based on an entirely alternative strategy, the core of which can be
found in Section 5, where a functional of the form

/n2a+0/02, t>0,
Q Q

will be seen to enjoy a certain energy-like property for solutions to a suitably regularized version of
(1.1), provided that C' > 0 is chosen appropriately (Lemma 5.1). We note that the use of functionals
of such a structure, yet convex according to our choice of signs but growing in a sublinear manner
with respect to the crucial quantity n due to our assumption a < %, seems quite unusual in the
context of chemotaxis systems; in the present setting, however, from our analysis of an associated
energy-dissipation inequality we shall obtain a favorable further regularity property of n (Lemma 5.2)
which will turn out to be sufficient for deriving a space-time L? estimate for Vu through the standard
energy inequality associated with the Navier-Stokes subsystem of (1.1) (Lemma 5.3). This will enable

us to adequately control the terms stemming from the fluid interaction in the analysis of the evolution

of
/nlnn+a/ |Ve|?, t>0,
Q Q
t+1

with suitable a > 0 so as to derive, inter alia, bounds for fQ |Ve|? and for ' fQ n?, and in consequence
also for [, |Vul* (Lemma 6.2 and Lemma 6.3). Section 7 will thereafter be devoted to an analysis of

1 2
/np+/\vc\2q, t>0,
PJa q.JQ

which by means of our previously gained estimates will be seen to also play the role of a quasi-energy
for suitably chosen but arbitrarily large p > 1 and ¢ > 1. The bounds on fQ n? and fQ |Vc|?? thereby
obtained will finally be used in a straightforward manner to assert higher order regularity properties
in Section 8 and Section 9, and to establish the claimed result on global existence and boundedness
through a limit procedure in the approximate problems in Section 10.



2 A family of regularized problems

In order to adequately approximate solutions of the original problem (1.1), (1.8), (1.9) involving a
nonlinear boundary condition for the quantity n, we follow an idea from [34] (cf. also [50], [4], [58],
[61]) and introduce an appropriate regularization in which S vanishes near the lateral boundary. More
precisely, let us fix (pc)-c(0,1) € C5°(2) and (xe)ec(0,1) € C*°([0,00)) such that

0<p-<1inQ with p. ~1in Q as e\ 0,
and that
0<xe<1lin[0,00) with x.=0in [} 00)and Xe /*11in [0,00) as € N\, 0. (2.1)
For € € (0,1), we then define
Se(x,n,c) = p(x) - xe(n) - S(x,n,c), (z,n,c¢) € Q x [0,00)?, (2.2)

and observe that S. € C?(2x [0, 00)?; R?*?), and that evidently (1.7) continues to hold for S., with the
values of Sy and o unchanged. Moreover, upon replacing S by S, we formally obtain that the nonlinear
boundary condition for n in (1.9) reduces to a homogeneous Neumann-type condition. Accordingly,
in order to construct a global solution to (1.1), (1.8), (1.9) through an appropriate limit procedure,
for e € (0,1) we consider the regularized problems

Net + Ue - Ve = An.—-V- <n€5’s(fn,n€, Ce) - Vc€>, xeQ, t>0,
Cet + Uz - Vg = Ace — ¢ + ne, re, t>0,
uet + (Yeue - V)ue = Aue — VP. +nVo, zeN, t>0, (2.3)
V-u:. =0, reQ, t>0, '
One = 9= =0, w. =0, z €, t>0,
[ ne(2,0) = ng(x), ceo(,0) =co(x), ue(z,0)=ug(x), x € Q,
where Y denotes the standard Yosida approximation of the Stokes operator defined by
Yep:= (14+eA) p for e € (0,1) and ¢ € LZ(Q). (2.4)

A well-known construction on the basis of the contraction mapping principle (see e.g. [53, Lemma
2.1] and also [1]) asserts local existence of classical solutions to these problems as well as a convenient
extensibility criterion.

Lemma 2.1 Assume that Q C R? is a bounded domain with smooth boundary, that ¢ € WhH>(Q),
that S € C?*(Q x [0,00)%; R?*%) satisfies (1.7) for some Sy > 0 and o > 0, and that ng,cy and ug
comply with (1.10). Then for each € € (0,1) there exist Tnaz e € (0,00] and functions

ne € CUQ x [0, Trnaze)) NC3H(Q x (0, Trnaze))s

ce € CUQ % [0, Tnaze)) N C*HQ % (0, Tnaze)) N Mp>1 CO([0, Trnaz.e); WHP(Q)),

ue € COQ % [0, Tnaae); R?) N C2HQ X (0, Trnaz.); R?) N Nse(0,1) CO0; Trnae); D(AP)),
P. € CY(Q x (0, Trnaze)),

X
- (2.5)



which are such that n. and c. are nonnegative in Q x (0,Tmaze), that (ne,ce, ue, P:) solve (2.3)
classically in Q x (0, Tynazc), and that

i Tz < 00, then lmmsup (|nclzia + et Olwsoiey + 4% Ol ) = o0
forallp > 2 and 5 € (%, 1). (2.6)

Two basic but important properties of these solutions are immediate.

Lemma 2.2 For each € € (0,1), we have

/ ne(-,t) = / no for allt € (0, Trazc) (2.7)
Q Q

/ch(',t) < max{/ﬂco, /Qno} for allt € (0, Thnaz,c)- (2.8)

PROOF.  The identity (2.7) directly results on integrating the first equation in (2.3). Thereupon,
from the second equation in (2.3) we obtain that

/ ce + / Ce = / Ne = / ng for all t € (0, Trnaze),

which implies (2.8) through an ODE comparison argument. g

and

As a preparation for both Lemma 3.2 and Lemma 6.1 below, let us also include in this preliminary
section the following elementary ODE lemma, a proof of which can be found in [62, Lemma 3.4].

Lemma 2.3 Let T >0 and y € C°([0,7)) N CY(0,T) be such that

J() +ayt) < g(t)  for allt € (0,7),
where g € L} (R) has the property that

1 t+1
/ g(s)ds <b for allt € (0,T)
t

T

with some 7 >0 and b > 0. Then

br

m fOT’ all t S [0, T)

y(t) <y(0) +

3 Estimates for solutions to a regularized Navier-Stokes system

In this section we plan to derive some estimates for the approximate Navier-Stokes subsystem of (2.3)
which will be used in several places below in order to firstly assert global existence of the solutions



to (2.3), and to secondly allow for the derivation of e-independent estimates for the latter afterwards.
Specifically, for € € (0,1) we consider the problem

U+ (Y- V)i = Ali—VP+ f(z,t), ze, t>0,

V-u=0 Q,t>0

A U , rell, t>0, (3'1)
u =0, €I, t>0,

u(z,0) = up(x), x €,

where f is a given suitably regular function on Q x (0,7') with some T' € (0, 00], and where g € L2((2).

For frequent later reference, let us first collect some basic properties of the Yosida approximation.

Lemma 3.1 Let e € (0,1). Then

IYepllz20) < l0lliz)  for all p € L3() (3.2)

and
IVYeplroy < IV@llz  for all o € Wy (4 R?) N LE(Q). (3.3)

Moreover, for all p > 1 there exists C(p) > 0 such that for all ¢ € (0,1) we have
IYepllzoy < COIIVPlLa@ — for all o € Wo(R?) N LE(9). (3.4)

PRrROOF.  Given ¢ € L2(Q), writing ¥ := Yz we have (1 4+ cA)y = ¢ in Q and hence, by self-
adjointness of A2 and the Cauchy-Schwarz inequality,

Jwe < [op e [1abop= [wpse [ v av= [ o v <lolalblo

for all e € (0,1). This clearly implies (3.2), whereupon observing that A? commutes with Y- on D(A%)
we obtain

1 1 1
IVYeollr2) = 1A2Yepll12(0) = [1YeAZ @l 20y < 1A20]12(0) = Vel 12(0)

for any such ¢ and ¢, because [|AZ 3| 2q) = ||V 2@ for all ¢ € D(A7) = Wy (2 R?) N LA(R).
To verify (3.4), we only need to note that since W12(Q) — LP(Q) and Y:(L2(Q)) C Wol’z(Q;RQ),
there exists C; > 0 such that

IYepllioi) < C1lIVYepllp2i)  for all p € Wy (4 R?) N L2(Q).

Therefore, namely, (3.4) results from (3.3). O

Now addressing (3.1), we first identify a mild boundedness property of the source term therein which
is sufficient to allow for the natural conclusions obtained from the standard Navier-Stokes energy
inequality in the presently considered two-dimensional setting. Here and below, the parameter 7 > 0
is included so as to ensure applicability also in cases when no a priori knowledge on the existence time
of solutions is available, such as in Lemma 3.4 and Lemma 4.2 below.



Lemma 3.2 Let T € (0,00] and 7 € (0,T), and let iy € C°(;R?) N WlZ(Q R2) N L2(Q). Then for
all p > 1 and each b > 0 there exists C(p,b,7) > 0 with the property that if f € C’O(Q x [0,T);R?),

U e CO%Q x [0,T); R?) N CO[0, T); Wy (% R2)) N C2H(Q x (0,T); R?) and P € CYO(Q x (0,T)) are
such that (3.1) holds for some ¢ € (0,1), and such that

1 t+1

T/t Hf(-,s)”%p(m <b forallt € (0,7 — 1), (3.5)

then
/ [u(-,t)|*> < C(p,b,7)  for allt € (0,T) (3.6)

Q
and
t+71
/ / Vii(z, )2 < C(p,bo7)  for allt € (0,T — 7). (3.7)
t Q

PROOF.  Since Wh2(Q) < = (), thanks to a corresponding Poincaré-Sobolev inequality we can
find C > 0 such that

19l 21 ) < CLllVellLagey  for all o € Wy (4 R?).

Testing (3.1) by @ and using the Holder inequality and Young’s inequality, we accordingly obtain that

s Lt [wak = [

< ,

< sl 2,

< Cillflro IVl L2

< L vy Cppe for all T

< stk  raee
Q

As the standard Poincaré inequality in VVO1 2(Q) moreover provides Cy > 0 such that

lellza) < CallVellra@) — forall g € Wy (3 R?),

from this we infer that

d / ~12 1 / ~2 1/ ~2 201 112

— u|” 4+ —5 u|” + = Vul* < Ci|lf forall t € (0,7). 3.8

i [ 5 [ 5 [ 19 < GRS 0.7) (38)
In view of (3.5), employing Lemma 2.3 we firstly conclude that

/ [u(-,t)]? < Cy := / |20|? + 1)0717' for all t € (0,7), (3.9)
202

and thus, secondly, obtain on integrating (3.8) that

t+71 t+71
/ / VP < 2 / (L )2 + 202 / 1G9 ey
t Q Q t

< 203 +2C%br  forallte (0,T —7),



which together with (3.9) yields both claimed estimates. O

Next, using the latter result we can show that under a somewhat stronger assumption involving a
spatio-temporal L? bound for the force in (3.1), solutions even remain bounded in H!.

Lemma 3.3 Let T € (0,00] and 7 € (0,T), and let g € C°(Q;R?) N WOI’2(Q;R2) N L2(Q). Then
for all b > 0 there exists C(b,7) > 0 such that if f € C°(Q x [0,T);R?), u € C°(Q x [0,T);R?) N
Cco([o,T); Wol’z(Q;Rz)) NC2L(Q x (0,T);R2) and P € CHO(Q x (0,T)) solve (3.1) for some ¢ € (0,1)
and satisfy

1 t+1
/ / If(z,8)* <b  forallte (0, T —7), (3.10)
T Jt Q
then
/ V()| <C(b,7)  forallt e (0,T). (3.11)
Q
PROOF.  We first invoke Lemma 3.2 with p := 2 to fix C; > 0 and C5 > 0 such that
/ [u(-,t)* <Cy  forallte (0,T) (3.12)
Q
and .
/ / \Vi(z, s)|? < Cy for all t € (1, T). (3.13)
t—7 JQ

Then applying the Helmholtz projection to both sides of the first equation in (3.1), multiplying the
resulting identity by Au, integrating by parts and using Young’s inequality we find that

;CZ/Q\W”/QWV _ —/QAﬂ-P[(Yaﬂ-V)er/QAﬂ-Pf
1 [k [ |pova vl « 5 [ aak+ [ por
;/Q|Aﬂ|2+/g‘(Ygﬂ.v)ﬂ‘2+/9|f|2 for all t € (0,T),(3.14)

IN

IN

because of the orthogonal projection property of P. Here we employ the Cauchy-Schwarz inequality
and Young’s inequality together with (3.12) to see that with some C5 > 0 and Cy > 0 we have

2
/Q‘(Y;UV)H‘ < C3||Y5UH%4(Q)HVUH%4(Q)

< 0 {HvysaummHYEHHLQ(Q)} : {HAﬁHLm)HVUIIL%Q)}
1 - ~
< OF Cul| Al 20 IV 72

1 _ cC?
< 2/|Au12+124;ywuiz@ for all t € (0,7),
Q

making use of Lemma 3.1 and the well-known facts that ||V ()| z2(q) and [[A(")|[z2(q) constitute norms
equivalent to || - [lyy1.2(q) and [| - [[yy2.2(q), respectively, on D(A). Therefore, (3.14) shows that y(t) :=

10



[y IVa(-, 1), t € [0,7), as well as a(t) := C1CF [, |Va(-,t)[> and h(t) := 2 [, |f(-t)]% t € (0,T),
satisfy
Y (t) <a(t)y(t)+h(t)  forallte (0,T), (3.15)

where (3.13) and (3.10) ensure that
t
/ a(s)ds < Cs := C105,C3 forall t € (7,T) (3.16)
t—7
and that .
/ h(s)ds < Cg := 2bt for all t € (7,7). (3.17)
t

-7

Now given t € (0,7), again thanks to (3.13) we can pick ¢.(¢) > 0 such that t.(¢) € [t — 7,t) and

/ |Vﬂ(~,t*(1t))\2 < (C7:= max{/ |Vﬂo|2, 02}
Q Q T

so that by integration of (3.15) we infer that

t
y(t) < y(t*(t))efti(i)a(s)d%r/ o1 0@ ()
t(t)

IN

t
Cre®s —i—/ e“5h(s)ds
£ (1)
S 07605 + €CSC6,
and that hence (3.11) holds. O

Finally, if f even belongs to L°°((0,T); L?(2;R?)), then solutions to (3.1) enjoy certain boundedness
and temporal Holder continuity properties even in the spaces D(A?) for arbitrary 8 < 1:

Lemma 3.4 Let T € (0,00], and let ug € D(A). Then for all B € (3,1) and each b > 0 there exists
C(B,b) > 0 such that if f € COQ x [0,T);R?), u € C°[0,T); D(AP)) n C*>1(Q x (0,T);R?) and
P e CYO(Q x (0,T)) solve (3.1) for some ¢ € (0,1) and satisfy

1f (D)l 2y <b  for allt € (0,T), (3.18)

then
|APTG( )| o) < C(B,b)  for allt € (0,T) (3.19)

and
| AP, t) — Aﬁa(‘,tO)HLQ(Q) < C(B,b) - (t —to)t™" for allty € [0,T) and any t € (to,T). (3.20)
PROOF.  Since 8 < 1, it is possible to choose p € (1,2) such that

2

oYL (3.21)

p>
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Therefore, in the projected version of (3.1), that is, in the identity
U+ A= f = —P[(Yaﬂ- V)a] YPIf, zeQ te(0,T), (3.22)

using the Hélder inequality and the continuity of P in LP(€2;R?) ([15]) as well as (3.18), we see that
there exist C7 > 0 and Cy > 0 that

1FC D@ < G vw” + Cillf o)

17(2)
CollVail ao, Vil + C forallt € (0,7).

IN

IN

2
As WH2(Q) — L%(Q), thanks to Lemma 3.3, in view of (3.18) applicable to e.g. 7 := min{1, 2}, we
therefore obtain C3 > 0 and C4 > 0 such that

1)l C3|| VYt L2y IVl 2y + C2
C3||va||2L2(Q) +Cs

Cy for all t € (0,7), (3.23)

ININ A

again because ||[VY.ul[z2(q) < [[Vullp2(q) due to Lemma 3.1. Now well-known smoothing properties
of the Dirichlet-Stokes semigroup (e tA)tZO in Q ([17, p. 201], [21]) assert the existence of A > 0 and
C5 > 0 such that for all £ > 0 we have

4% gl 2y < Cst e Mpllioey o all o € L2(9) (3.24)

with k.= 8+ % — % Therefore, on the basis of a variation-of-constants representation of u associated

with (3.22), using that for each ¢t > 0, A% commutes with e=** on D(A?), and that e~*4 acts as a
contraction on L2(Q), we can estimate

t ~
1A%G(, D)l 20y < 1A% o]l 20 /0||A66_(t_s)Af(’aS)HLQ(Q)dS

t ~
< e A%l 2o +Cs/0(t—S)_“e_x(t_s)llf(vS)HLP(Q)dS

IN

t
| AP || 12() + C4Cs / (t — s) " M=) s
0
< HABﬂOHL%Q) + C4C5C% for all ¢t € (0, T),

with Cg := fooo o "e " do being finite due to the fact that as a consequence of (3.21) we have x < 1.
Similarly, following a standard argument ([14, p. 109]), for arbitrary to € [0,T) and t € (to,T) we may
use (3.24) to see that

”A/Bﬂ("t) — A*Bﬂ<'7t0)HL2(Q)

< [|APe My — APem 04| 120

to
/
0

~ t ~
AP = 0 IAF )| ds [ AP CIAT ) | ey ds
L2(Q) to

12



t
— H—/ APeTA ATpdr

to L2(Q)
to t _ t _
+ / — / AFBe=(T=9A (L §Ydr ds+ [ AP TDAF( 5)|| 2y ds
0 to L2(Q) to
t
< (Cs- {/ _BdT} ||A170”L2
to t
+C4C5/ / —(1+5) deS+C4C5/ (t—S)_*BdS
to to
Cs _ _
= 1o gl ATl - ¢~ 1)
C'405 . 1-5 1-8 _ ,1-8 0405 . 1-3
YaG—3) {(t to) Pt }+1—ﬁ (t — to)
C _
< gl - (t = t0)'
C'405 1-8 0405 1-73
(-t (e
and conclude. 0

4 Global existence in the approximate problems

With the above regularization properties of the fluid evolution in (2.3) at hand, we are now in the
position to make sure that all these approximate problems are in fact globally solvable. To see this, we
first combine two standard LP testing procedures, when applied to the first two equations in (2.3), to
obtain that under the assumption that Tp,q, ¢ is finite, both n. and c. belong to L*((0, Trnazc); LP(€2))
for any finite p.

Lemma 4.1 Assume that for some ¢ € (0,1) we have Tz < 00. Then for all p > 2 there exists
C(p,e) > 0 such that

/ nl(-,t) < C(p,e) for allt € (0, Thnaz.e) (4.1)

and

/ (-, t) < C(p,e) for allt € (0, Tinaz,c)- (4.2)

PROOF.  Since S(z,7,¢) = 0 for all (z,7,¢) € Q x [0,00)? with 7 > L by (2.1), on testing the first
equation in (2.3) by | using Young’s inequality and V - u, = 0, we see that

ng + (p - 1)/ n€_2|Vn€|2 = (p - 1)/ ng_IVnE : (Ss(mvnsace) ’ VCE)
Q Q Q
p—2 9, p—1 p 2 2
< (p—1) [ "2 Vne|* +—— [ nB|Sc(x,ne, )| - |Vee|
Q 4 Jo
0

_ p—2 s, (p—1)S8 2
o=1) [ v+ T2 [ e,

13
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that is,

d —1)5;
o Qné’ < p(p4€p)0 /Q Ve |? for all ¢ € (0, Trnaz.e)- (4.3)

Moreover, multiplying the second equation in (2.3) by (c. +1)P~! and integrating by parts, again using
Young’s inequality and noting that u. is solenoidal we obtain

1d
—— (c€+1)p+(p—1)/(c€+1)p_2]V052+/cs(ce—i—l)p_l = /na(cg—i—l)p_l
pdt Jo Q ) Q
1 -1
< o [Pl ey
pJa p Q
and hence
St d p, Pl —1)S7 o0 S8 [, (P—1)SE »
4767’% Q(C€+1) +T Q|V65’ §@ QnE—I_T Q(C€+1) for alltE(O,Tmax,E).

Adding this to (4.3) shows that writing x. := max{fg—(i ,p— 1} we have

d 52 52
dt{/{;ng"f' 41;)/(2(CE+ 1)p} < Kg - {/Qng—i— ﬁ Q(cs + l)p} for all t € (Omiax,g)

and thus, on integration,

S2 S2
/Qn’é + ﬁ Q(cs +1)P < { /Qng + ﬁ Q(co + 1)?} cefeTmare  for all t € (0, Thaze),

which yields both (4.1) and (4.2). O
In light of Lemma 3.4, this particularly implies two convenient boundedness properties of u..

Lemma 4.2 Suppose that Treee < 0o for some e € (0,1), and let B € (3,1). Then there eists
C(B,e) > 0 such that

AP uc (-, )l 2y < C(B,e)  for all t € (0, Tinaa.z)- (4.4)

In particular, there exists C'(g) > 0 with the property that

lue (-, )| oo () < Ce) for allt € (0, Tinag,c)- (4.5)
PROOF.  Since Lemma 4.1 in particular warrants that n. belongs to L ((0, Tynax.c); L2()), (4.4)
directly results from Lemma 3.4. Noting that for any such 8 we have D(A?) < L>(Q) ([16], [21]),
from this we immediately obtain (4.5). O

Now in conjunction with the LP bound for n. asserted by Lemma 4.1, the latter L estimate for u.
rules out finite-time blow-up of Ve, in any Lebesgue space with finite summability power.

Lemma 4.3 Assume that Tipaqe < 00 for somee € (0,1). Then for any p > 2 one can find C(p,e) >
0 such that
||VCE('7t)HLP(Q) < C(pv 6) fOT all t € (OvaaI,E)' (46)
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PrROOF.  We fix any 8 € (3,1) and By € (3, 8) and then obtain from known results for the associated
fractional powers (—A +1)7 and (—A 4 1)% of the sectorial realization of —A + 1 under homogeneous
Neumann boundary conditions in LP(2) ([21], [14]) that there exist positive constants Cy,Cy and C3
such that with a := % € (0,1) we have

IVellro) < Crll(=A + 1)B°g0||Lp(Q) for all ¢ € C?(€2) such that g—f =0 on OS2 (4.7)
and

1A+ D50 ey < Coll (A + 1%y el for all o € C2(S) such that 22 =0 on 00
(4.8)

as well as
I(=A+ 12D ) < CstPllgllim@  for all g € L(Q), (4.9)
tA)

where (e'2);>0 denotes the correspondingly generated analytic semigroup.

Tmaac,e
2

Therefore, if for arbitrary T € (7, Tinag,e) with 7:= we introduce the finite number

M(T):= sup [(-A+ 1)Bce('vt)”Lp(Q)7
te(r,T)

then by means of a variation-of-constants representation of c.(-,t) for t € (7, Tiaz,c) and using that
e!A=1 commutes with (—A+1)% on D((—A+1)?) and acts as a contraction on LP(£2) we can estimate

M(T) = ts(upT)
e(r,

_/t<_A+1)Be(t—S)(A—1) (us(-,s)-V05(~,8)>ds

t
(=A +1)Pet=ADe (. 7) 4+ / (—A +1)Pelt=)B=Dp (. s)ds

Lr(Q)
< N(=A+ 1), ) e
t
+Ca sup [t 9) e, 9)liends
te(r,T)Jr
t
_ s B AW )
+Cs swp [0 u0) Vet )], a5
t
< C4+Cs sup /(t—S)BHVCE(',S)HLp(Q)dS for all T € (7, Tinaz,e)  (4.10)
te(r,T) Jr
with
Traze — T 1-8
Cu = (=8 + D86l + Callne et oy - 22T
and

05 = ||'LL€||LOO(Q><(’T7TnLaw,E))
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both being finite due to Lemma 4.1, Lemma 4.2 and the fact that c.(-,7) belongs to C?(Q) according
to Lemma 2.1. Now since also Cg := SUpPsc(7,13,.,., .) llc= (s )| Lp (@) < 0o thanks to Lemma 4.1, by (4.7)
and (4.8) we have

IN

Cill(=A + 1)ca (-, 8)| Loy
< CiOI(=A + 1), 8)|F ey lle (- 8) 1 a e
< G100 *MA(T)  forall s € (1,7),

3

[Vee (s s)ll e

A

so that (4.10) yields the inequality
M.(T) < Cy+ CrMI(T) for all T' € (7, Tinaz.c)
with C7 := ﬁ(Tmm,6 — 7)1_5016'2050%_“. As a < 1, this entails that
1

M.(T) < Cs = max { (%) . (207)12} for all T € (7, Trnaz.e),
7

and that hence, again by (4.7) and (4.8),
HVCE(',t)HLp(Q) < 010205061_& for all t € (7’, Tmaw,s),

which in view of the inclusion Ve, € L*((0,7); LP(2;R?)), as asserted by Lemma 2.1, completes the
proof. O

This inter alia allows us to pass to the limit p — oo in the former statement from Lemma 4.1 by means
of a standard recursive argument of Moser type.

Lemma 4.4 If T4z < 00 for some e € (0,1), then there exists C(e) > 0 such that
[ne(t) Lo () < Cle)  for allt € (0, Thnaz.e)- (4.11)
PrROOF.  Writing the first equation in (2.3) in the form
Net = Ang + V- fo(z, 1), z e, te (0, Tmae),
with
fe(x,t) == —ne(x,t)Se(z,ne (2, 1), ce(x,t)) - Vee(x,t) — ne(x, t)ue(x,t), x e, te (0, Thare)

we observe that according to the local smoothness properties provided by Lemma 2.1 and the esti-
mates provided by Lemma 4.1, Lemma 4.2 and Lemma 4.3, under the hypothesis that T},,qz ¢ is finite
we know that n. € L®((0, Tyaze); LP(Q)) and f. € L¥((0, Tiaw,e); LP(;R?)) for all p € (1,00).
Therefore, (4.11) readily results upon a straightforward application of a Moser-type iteration proce-
dure (cf. e.g. [45, Lemma A.1] for a general result in this direction which precisely covers the present
situation). O

We have now gathered all ingredients necessary for our proof of global existence in (2.3).

Lemma 4.5 For each e € (0, 1), the solution of (2.3) is global in time; that is, in Lemma 2.1 we have
Tmax,a = o0.

PRroor. Due to the extensibility criterion (2.6), this is an evident consequence of Lemma 4.4,
Lemma 4.3 and Lemma 4.2. O
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5 A space-time L? bound for Vu.

In order to prepare an appropriate passage to the limit ¢ — 0 to be performed in Lemma 10.1, a
natural next goal consists in establishing suitable e-independent bounds for the solutions of (2.3).
Here unlike in the fluid-free situation obtained on letting u. = 0, where previous studies have shown
that estimates for both n. and V¢, in high-power spatial LP spaces can be obtained in a rather
straightforward manner ([45], [24]), in the present context involving fluid interaction such a direct
approach seems inadequate due to the lack of sufficient a priori knowledge on regularity properties of
ue. We will thus firstly be concerned with the derivation of some basic e-independent information on
ue, for which in accordance with the results from Section 3, and in particular from Lemma 3.2, it is
sufficient to provide integral estimate for the factor n. in the forcing term of the fluid equation which
involve the integrability power 2 with respect to time, but which fortunately may refer to spatial LP
spaces with an arbitrarily small exponent p > 1.

To see that a property of this type indeed is enforced by our subcriticality assumption that o > 0 in
(1.7), in the following lemma we will track the time evolution of a certain sublinear functional of n.,
for which (1.7) entails a favorable quasi-energy property when appropriately combined with fQ c2. The
use of such functionals with sublinear growth with respect to the unknown seems rather unusual in
the context of cross-diffusive systems of the considered class, especially when intended to be a starting
point of a series of arguments finally resulting in boundedness and smoothness of solutions; after all,
in constructing certain weak solutions to chemotaxis and also to some chemotaxis-fluid systems some
precedent studies rely on the analysis of functionals with even only logarithmic growth, but in most
cases the correspondingly obtained estimates could not be used for the derivation of substantial further
properties beyond ([58], [57], [61]).

Lemma 5.1 There exists C > 0 such that for all € € (0,1) we have

t+1
/ / Va2 < C forallt >0 (5.1)
t Q
and
t+1
/ / Ve > < C for allt > 0. (5.2)
t Q
PRrROOF.  Noting that n. is positive in € x (0, 00) by the strong maximum principle, we may multiply
2a—1

the first equation in (2.3) by nZ and integrate by parts to see by means of Young’s inequality and
(1.7) that
1 d

T Qn§a+(1—2a)/gnga_2]Vn€\2

= (1- 204)/ n21vn, - (Ss(x,ns, Ce) - VCE)
Q

1 -2« 1 -2« 2
< 5 /n§a2|Vna\2+ 5 /nga S.(z,me,c0)| - |Ve|
Q Q
1 -2« 1 -2«
< [t onf? + 2208 [ w2 1) Vel
2 0 2 )
1 -2« 20—2 2 2
< 5 nZ* 74|\ Vne|* + C1 | |V for all t > 0 (5.3)
Q Q

17



with C := 17220‘ S’g, where we also have used that V - u. = 0. In order to compensate the rightmost

summand herein appropriately, we test the second equation in (2.3) by ¢. to obtain, again, due to the
solenoidality of u., that

Zdt/c +/ Ve |2 + /c —/nsce for all ¢ > 0. (5.4)

Here we fix any 6 > 1 satisfying

1
0 5.5
<1 4 (5.5)
and apply the Holder inequality to find that
1 6—1
AU
NeCe < n. : Ce
Q Q Q
1
_ o
= ||ng HL%(Q)”CEHL%(Q) for all t > 0. (5.6)

%
Now since in the present two-dimensional setting we have W12(Q) — L7-1(Q), there exists Cy > 0
fulfilling

Hcs“i%(m < C2HVCSHL2 + CQHCa”Ll(Q) for all £ >0,

so that in view of (2.8) we infer that
HCEHQL SCQ/ |ch|2+C'3 forallt >0
LE=1(Q) 0
with some C3 > 0. By means of Young’s inequality, in (5.6) we can therefore proceed to estimate

1
/n < el o, + g
0 0

2
() L%

()

2
< /|v ot gt PleeNE, o foralle>o (5.7)
We finally make sure that here the last summand can essentially be absorbed by the dissipated quantity
n (5.3). Indeed, invoking the Gagliardo-Nirenberg inequality and recalling (2.7) we find Cy > 0 and
C5 > 0 such that

2(0-1) 2
6

2( 2
CullVn iy ImE N5, + Callnglzy

m
_Qw
A

2(0—1)

C’5||Vng‘||L2‘z?2) + Cs for all t > 0,

IN

so that due to (5.7), from (5.4) we obtain the inequality

d 2(0-1)
dt C +/ |VC5|2+2/ Ca < 2C5||Vna||L2 ) +C6 fOr aH t> 0
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with Cg := % + 2C5. By taking an appropriate linear combination of this with (5.3), we thus infer
that

d 1
- —/n§“+201/c§ +(1—2a)/ng°‘_2|Vns|2+2Cl/ |Vc€]2+401/c§
da (2o jq Q Q 0 Q

1-2 2(0-1)
« /Qnga—2|vn€|2 +O /Q IVee|? + 40105||Vn?||L2°E?)) +2C1Cs for all t > 0,

- 2
a/ |Vn?]2+C'1/ ]Vc€|2+4C1/c§
Q 0 Q

that is,

ﬁ{_MAnE +2C1AC€}+
< 4C1C5]|Vng ”L2 —i— 2C1Cs for all t > 0. (5.8)

Here since our restriction (5.5) warrants that

W:i.(1—;><i-(l—(l—a))=2a

we may once again employ Young’s inequality to find C7 > 0 such that

20D 1 -2« o2
4G, Cs||Vng || 74, SW/QVM +C;  forallt > 0. (5.9)
Thus, if we write
1
W)= —5a [0+ [ Een =0,
2@ QO
and
2 2
o) = g [ V2P O [ Vet >0,

then since 4C} [, ¢2 > 2y(t) for all ¢ > 0, from (5.8) and (5.9) we obtain that
Y (t) +2y(t) +g(t) <2C1Cs + C;  for all t > 0. (5.10)

As ¢ is nonnegative, by an ODE comparison this firstly implies that

1 2C1Cg + C
y(t) < Cg := maxq — / n2® + 201/ 2, e for all ¢ > 0, (5.11)
20 0 0 2

and thereafter we secondly conclude from (5.10) on integration that
t+1 t+1
/ g(s)ds < y(t) —y(t+1) — 2/ y(s)ds + 2C1Cs + Cy for all ¢t > 0.
t t

Since our overall assumption a < % ensures that by the Holder inequality and (2.7) we have

(t) _ 1 / 2@( t) _ ’9‘17204 / ( t) 2a . ’Q‘172a / 20 ‘ Li=0
—_ —_— . —_— . fr— :_ —_— I‘
Yy =94 0 n. 5 =~ % 0 N, 9 % 0 Uun) or a -~ U,
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together with (5.11) this implies that

1 -2«
402

and thereby establishes both (5.1) and (5.2). O

t41 t+1 t+1
/ / |Vn2? + C’l/ / Ve |? = / g(s)ds < Cg + 3Cqy + 2C1Cs + C for allt >0
t ) t Q t

Upon interpolation with the mass conservation property (2.7), the estimate (5.1) entails the following.

Lemma 5.2 For all p > 1, there exists C'(p) > 0 with the property that for all € € (0, 1),

t+1 2pa
[ Iyt < ) for aitt >0
t

In particular, one can find C > 0 such that
t+1 ,
/t ||n€(.,s)||Lﬁ(Q)ds <C forallt >0 (5.12)

whenever € € (0,1).

PROOF.  Since the Gagliardo-Nirenberg inequality in conjunction with (2.7) shows that there exist
Cq1 > 0 and Cy > 0 such that

t+1 2pa t+1 2p
[ Inoliinds = [ Itz ds
t t La
t+1 ) 2 t+1 2p_
< C . o, p—1 d C . p—1 d
< [ IVt n T s+ O [ Gl ds
t+1
< C’g/ ||Vn?(-,s)\|%2(9)ds + Cy for all ¢t > 0,
t

the claim directly results from Lemma 5.1. U
Now thanks to Lemma 5.2, we thereby obtain a basic regularity property of u. in the following form.

Lemma 5.3 There exists C > 0 such that
t+1
/ / \Vus\z <C forallt >0
t Q

whenever € € (0,1).

PRrROOF. In view of (5.12), we only need to apply Lemma 3.2 to 7 := 1 and p := . O

11—«

6 A time-independent spatial L? bound for Vu.

Based on the above information, we proceed to derive further regularity properties of the solution to
(2.3), and in particular of u.. In this direction, the main outcome of this section will improve Lemma
5.3 in Lemma 6.3 by providing a bound for Vu. in L?(2;R?) which is independent of ¢ > 0. In view of
Lemma 3.3, for this it will be sufficient to achieve a bound for ttH fQ ng, which will be accomplished
in Lemma 6.2 on the basis of the following a priori information on c¢. that is widely independent of

any regularity property of u. but strongly relies on Lemma 5.2.
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Lemma 6.1 For each p > 2 one can find C(p) > 0 such that for any choice of € € (0,1),
/ ct(,t) < C(p) for all t > 0. (6.1)
Q

PRrROOF.  Once more using #~! as a test function in the second equation of (2.3), this time we estimate
the term on the right by using the Holder inequality with the exponent g:—ig which is positive since

a < % and p > 2. Accordingly, we obtain

1d e
g [ [avers [ o
= /nsc’g_l
Q
(-D(p-20) | 7255
< |Inell p—22 - ce @ for all t > 0. 6.2
Lp=ie(Q) Q

Here by means of the Gagliardo-Nirenberg inequality and (2.8) we can find C; > 0 and Cy > 0 such

that
2a
(=1)(p—20) | p—2a P 2(p—1)
2 — 2 p
/Ce ’ = e (p=1)(p=20)
@ L (@)

2(p—2a—1) P 2(p 1)

< vl IG5 el
2(p—2a—1)
< CQHVC Hsz )2a + Cs

p—2a—1

< 2CQ{HVC HLz )—i-l} e for all ¢ > 0,

so that Young’s inequality provides C3 > 0 fulfilling

2a
(p=D)(p=20) | p—2a 4(17 — 1)
T A e Ui Uh) S

Li=ia (@)

4(p —1

= -1 [ VP ol )]
Q LpP=3a(Q) p

for all t > 0. Therefore, (6.2) shows that

4(p—1
/cp+/cp<()3\na||pp3‘§a +# for all ¢ > 0,
pdt Lr—1a (Q) p

where observing that
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we may invoke Lemma 5.2 to find Cy > 0 such that

t+1 4(p —1
/t {cguns(, P2 +(p2)}ds§04 for all £ > 0.

p—2a

Lp—ae () p

This enables us to apply Lemma 2.3 to conclude that

/cp</ pC4 for all £ > 0

whenever € € (0,1). O

We are now prepared to trace the evolution of the superlinear functional fQ ne Inn,. which has turned
out to be fruitful in numerous previous works on chemotaxis systems especially, but not exclusively,
in two-dimensional situations ([38], [7], [3]). In the present context, we shall see that when suitably
combined with fQ |Vee|?, this functional indeed plays the role of a quasi-energy, where in estimating
the respective destabilizing contributions of the taxis and the fluid interaction terms arising during
the corresponding testing procedure, substantial use will be made of both Lemma 6.1 and Lemma 5.3.

Lemma 6.2 There exists C > 0 such that for any € € (0,1) we have

t+1
/ / n?<C forallt >0 (6.3)
t Q

and

/ Ve (-, 1)) < C for allt > 0. (6.4)
Q

PROOF.  Again using that n. is positive in Q x (0, 00), we may multiply the first equation in (2.3)
by Inn. to see on integrating by parts and employing Young’s inequality as well as (1.7) that

d Vn.|?
dt/ﬂnalnna—#—/g| n:| = /Vna- (T, ne, ce) - ch>
< \Vnelz /

2
< / w+%/na(1+na)2a‘V05|2 forall t >0
2 Jo 2 Jo

2
:;t/nglmnE /|Vng| <5 /n;2a|V05]2 for all ¢ > 0. (6.5)
Q

In order to control the term on the right-hand side herein from above and to estimate the second
summand on the left from below, we use the Gagliardo-Nirenberg inequality together with (2.7) to
find Cy > 0 and Cy > 0 such that

/Q 2= VAl
< VYR Vs + CillvE s
2
02/ [Vne| + Cy for all ¢t > 0.
Q

us

Se(x, ne,cs)] -|Vcs\2

and hence

IN
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Therefore, we firstly have

1 [ |Vn|? 1 / , 1
- > — 2 forallt>0
2/Q I Torl L B

and by means of Young’s inequality we secondly obtain C'5 > 0 such that

S2 1 4
O/ng—2a|vc€|2 < /n§+03/ Ve 725 forall t >0,
2 Q 402 9] Q

whence (6.5) implies that

d 1 1 _4
Clt/ﬂnglnng—i—llcz/gngg 2+03/Q|V65]1+2a for all ¢ > 0. (6.6)

Now the summand on the right can essentially be absorbed by making use of Lemma 6.1 and the
dissipative properties of the second equation in (2.3): Indeed, testing the latter by —Ac. shows that

/|Vc€]2 /|Acg\2+/ Ve = —/neAce+/(us'Vc€)Ac€
th Q Q Q Q
= /TLEACE/VCE-V(UE'VCE)
Q Q

= —/ neAce — / Vee - (Vue - Vee) forall t >0, (6.7)
Q Q
because
/ Ve - ( D?c. - Ue) = / Ug V|Vc€|2 forallt >0
Q

due to the fact that V - u. = 0. Here since combining the Gagliardo-Nirenberg inequality with well-
known elliptic regularity theory ([19]) we can pick C'5 > 0 such that

IVeell7ay < CsllAce]l 2yl Veel o) for all ¢ >0,

using the Cauchy-Schwarz inequality and Young’s inequality we can estimate

_/cha.(vug.vcg) < (Ve 2 Vel
< G3l|Vue|lp2yllAcel 20 [V eell 220
< 1/‘A05|2+C§{/\VUE\2}~{/Vca|2} for all t > 0.
4 o 0

As the Cauchy-Schwarz inequality furthermore warrants that

/ neAce < / |Ac.|* + / n? for all t > 0,
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from (6.7) we thus infer that

d/ |ch|2+/ |ACE|2—|—2/ |Vc€|2§2/n§—|—20§{/ |Vu€|2}-{/ \V05|2} forall t >0
dt Jo Q Q Q Q Q

and that hence, by (6.6), writing a := ﬁ we have

d
{/nelnns—i—a/ ]V05\2}+2a/ng+a/ ]Ac€\2+2a/ Ve |?
dt { Jo Q Q Q Q

1
< 2+03/ V.| +2a0§{/ \quF}-{/ |V05|2} for all ¢ > 0. (6.8)
Q Q Q

We now once more apply the Gagliardo-Nirenberg inequality together with elliptic regularity estimates
and Young’s inequality to see that in view of Lemma 6.1 applied to p := é we can find positive constants

C4,C5 and Cg fulfilling

1 4 1 A
—|—C'3/|ch|1+2a = L ve T
2 Q 2 LT#7a (Q)
< AT e T+ Calee| T
- 2 L2 N3 (@) R AA(e)!
2
< Csl|Ace| ;528 + Cs

L2(9)

< a/ |Ac.|? + C for all ¢ > 0.
Q

In light of this, from (6.8) we thus infer that

y(t) = /Q ne( ) lnne(- 1) +a /Q Ve(n0)2, 20,

as well as
g(t) == 2a/ n2(-,t) and h(t) := 203?/ Ve (- )% t >0,
Q Q
satisfy
/ 192
y' () + g(t) < h(t)y(t) + . + Cs for all ¢ > 0 (6.9)
because for all t > 0 we have 0
—/ nelnn, < 1 (6.10)
QO e

due to the fact that £In& > —% for all £ > 0. In order to integrate this appropriately, we recall that
according to Lemma 5.3, Lemma 5.2 and Lemma 5.1 we can find C7 > 0 and Cs > 0 such that

t t
/ h(s)ds = 2C§/ {/ \vuﬁ} <C; forallt>1 (6.11)
t—1 t—1 Q
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and

t
2 2
e\’ va', dSC f th]_,
| Aol o+ 19 8) Bag fas < G fora
so that for each fixed ¢t > 0 we can find ¢,(t) = t.(t;¢) > 0 such that t,(¢) € (¢t — 1,¢) and

Ine DI ) IV D g < Co = max (G, inol o, o+ Vol }-

By validity of the elementary inequality £In & < 1;—5‘6 & for all & > 0, this in particular implies that

1 _ 1 1— 1
/ Ne(+, (1) Inna (-t () < a / ne (4 t(t)) < Cio := @ -C’;(l_a)
Q Q

ae

and that hence
y(t*(t)) < 011 = 010 + CLCg.

As g is nonnegative, integrating (6.9) and using (6.11) we therefore see that

Q s)as t
y(t) < {y(t*(t)) + u} e P / eJs h@)o . O s
e 14 (1)
Q t
< o+ 2o [ e cuds
€ ta(t)
Q
< (9 := {Cﬁ + Ch1 + ‘6’} - eCT for all ¢ > 0, (6.12)
and that thus, again by (6.9) and (6.11),
t+1 t+1 |Q|
/ g(s)ds < y(t)—ylt+1)+ / h(s){y(s) + 7}d$ + Cs
t t
Q Q
< C12+|6’+C7{C12+’6|} + Cg for all t > 0, (6.13)

because for all t > 0 we have —y(t) < — [y ne(-,t) Inn.(-,¢) < |Qe”! due to (6.10). Whereas (6.12) in
conjunction with (6.10) entails (6.4), from (6.13) we directly obtain (6.3). O

In consequence of the space-time L? estimate for n. contained in the latter, recalling Lemma 3.3 we
directly obtain the following.

Lemma 6.3 There exists C > 0 such that

/ |Vue(-,t)> < C forallt >0 (6.14)
Q

whenever € € (0,1).
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PROOF.  According to the boundedness of V¢ in €2, the spatio-temporal estimate (6.3) for n. from

Lemma 6.2 ensures that
t+1
sup sup/ / \n6V¢\2 < 00.
e€(0,1) t>0 Jt Q

Therefore, an application of Lemma 3.3 to 7 := 1 directly yields (6.14). O

We also note an evident by-product thereof, becoming useful in the derivation of an L* bound for n.
in Lemma 8.1.

Lemma 6.4 For all p > 1 one can find C(p) > 0 fulfilling

Jue( )l r) < Cp)  forallt >0 (6.15)
and each € € (0,1).
PROOF.  Since W12(Q) — LP(Q), this is an immediate consequence of Poincaré’s inequality and
Lemma 6.3. O

7 Bounds for n. and Ve, in LP(Q)

Now our knowledge on regularity of u. is sufficient to allow for the derivation of LP bounds for both
ne and Vee by means of an analysis of a functional combining fQ n? with fQ Ve |? with arbitrarily
large p and suitably chosen ¢ = ¢(p), thus following an approach well-established in the context of
semilinear and also quasilinear chemotaxis systems ([45], [25]).

Lemma 7.1 For all p > 1 there exists C(p) > 0 such that for all € € (0,1) we have

/ nf(-,t) < C(p) forallt >0 (7.1)
Q

and
/ Ve (-, 1) P < C(p) for allt > 0. (7.2)
Q

Moreover, there exists C' > 0 such that

t+1
/ / |Vn?> <C  forallt>0 (7.3)
t Q

whenever € € (0,1).
PrROOF.  Without loss of generality assuming that p > 2, since o > 0 it is possible to choose ¢ > %
such that ¢ > § and

p
. 7.4
1+4a<Q<p (7.4)

Now using the first two equations in (2.3) we compute

w2+ p-1) |

Q

—— nP2|Vn.|? = (p — 1)/ nP~1Vn, - (Ss(m,ns,cg) : VCE) forallt >0 (7.5)
pdt Jo 0
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and

/’ €|2q = /|V05|2q_2VCE-VAc€—/ ’Vc€|2q+/ ‘Vce|2q_2vcs'vns
2q dt Q 0 Q

/ |Vee|?72Ve, - V(ue - V)
Q

1 _ _
= 5 [verrramer - [ [wepripi - [ (v
Q Q Q
—/n€|VcE|2q_2ACE—/nEVc€~V|ch|2q_2
Q Q

—/ Ve |72V, - (Vue - Vee)
Q

2(g—1 2
< _((]2)/ ‘v‘vcerl’ —/‘Vce|2q_2\D205]2—/ |V05‘2q
q Q Q Q

—/ ne| Ve 272 Ac. — 2(q — 1)/ ne|Vee***Ve. - (D?c. - Ve.)

Q Q

—/ Ve |7 2Ve, - (Vu, - V) for all t > 0, (7.6)
Q

where we have used that Ve, - VAc, = %A|Vcs|2 —|D?c.|? and V|Ve.|? = 2D?c. - Ve in Q x (0, 00),

that 8'797542 < 0 on 992 x (0,00) by convexity of 2 and the identity % =0 on 99 x (0,00) ([36]), and
that V - u. = 0, which namely implies that

- / Ve 22V, - V(ue - Vo) + / Ve [22Ve. - (Vu, - Ve)
Q Q
- _/|VC€|2q_2VCE-(D2CE-u€)
Q

1

= —/ug~V|V05]2q
2q Jo

=0 for all ¢ > 0.

Now on the right-hand side of (7.5), we recall (1.7) and employ Young’s inequality to see that for all
t>0,

_ —1 B —1)8?2 _
o1 [0 Ve (Setenese) - Veo) < 24 [ wa + LD [ g o
Q Q Q

where invoking the Cauchy-Schwarz inequality and the Gagliardo-Nirenberg inequality, thanks to (2.7)
and the outcome of Lemma 6.2 we obtain that with some positive constants C7 and Cs we have

o v < SB[

( )S P 2(p— 20‘)
S L chqu

N

Li ()
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P 2(p—20c) (1 12 1 P 2(p— 2a)
< cl-{uwupg S A
P (Q
2
et oot 15l
L2(Q) La(Q) La(Q)
2(p—2a) 1
(1= =)
< {Hwa lpegy = +1}-{vac51q o

for all t > 0. Here since

9

2(p — 2c) 1 _ 2p—da—1
D .(1_2(p—2a)>_ P

2
again by Young’s inequality we see that with some C5 > 0 and Cy := 2%7317103 we have

2(p—2a) (1 o 12 )) %
p—2a . q
{yvm 2oy + 1} { (vwcgy vy 1}
_ 2q
< a7t 1 9120 . {HV,V cel?||” +1}
q* L2(Q)
) 2p—4a—1 2;31
g. H a|?
S 2 { VI|Ve]| @) +1

p 2p—da—l,  2q
+Cy - {ané 2y ™+ 1} for all t > 0,

and since the left inequality in (7.4) warrants that

2q 1 1 2p

e < —=
2¢ — 1 1—2%1 1—% 2 — 4o — 1

and that thus
2p —4a —1 2q
p 2 -1

< 2,

Young’s inequality again becomes applicable so as to provide C5 > 0 fulfilling

e Pt
Cy - an€ HLZ(Q) +1 < p2 ”LQ(Q) + C5

—1
_ Iu/ng%vmyucg) for all ¢ > 0,
Q

which combined with (7.5), (7.7), (7.8) and (7.9) shows that

1d —1
K Jo2vnp <
Q

2
pdt ’ + Cg forallt >0

28

y

1} (7.8)

(7.9)

(7.10)



with G := 5t 4 Cs.

Next, in quite a similar manner we estimate the summands on the right of (7.6) which contain n.:
Indeed, using that |Ac.| < v2|D?%c.| in Q x (0, 00), we first employ Young’s inequality to separate the
highest-order contributions according to

_/ ne’vcs‘zq_gACE - 2((] - 1)/ ns|vcs‘2q_4vce : (DQCs : VCE)
Q Q

1
/ ’VCE|2q2ACe|2+/”§|VCa|2q2
4 Jo Q

1
—l—/ Ve |72 D%c.|* + 2(q — 1)2/ nZ|Vee|?42
2 9 Q
< / Ve [272| D2 |* + (1 +2(q — 1)2) / n?|Ve. |22 for all t > 0, (7.11)
Q Q

and thereafter we use the Cauchy-Schwarz inequality and the Gagliardo-Nirenberg inequality along
with (2.7) and Lemma 6.2 to infer the existence of C7 > 0 and Cs > 0 such that

(1+2(q—1)2>/9n§\Vc5|2q‘2 < (1+2(q—1)2){/ } {/ Ve ‘4q 4}

2q—
= (1+2g-1)?)|n? ”Zm |iveal?| s

(Q)

p 3 4
< o {Ivndifagnfir, +mdiry

2
LP(©)

X{HV|ch|q

29-3
N
L2()

2q—2
LS
La(Q)

2q—3

q
ey T 1} (7.12)

IN

p 3
Cs - {ang 12200y + 1} : {vacgy;

for all ¢ > 0, where we rely on our assumption that ¢ > % which guarantees that indeed % > %.
Now since also p > 2, we may invoke Young’s inequality to find Cy > 0 satisfying

o 8 2g—3
. 2P . a !
Cs {HVne ||L2(Q)+1} {HVWCE‘ ‘L?(Q)Jrl}

. 2p 2¢—3 _2p
p—1 2 2.z ’ q|| e
= P '{”WE oy +1) +Cor|VIVee ‘LQ(mJrl
p—1 2oy Sl
p 3. 2p
< o .{||Vn§||L2(Q)+1}+cw.{Hv|vc€|q . +1} forallt >0 (7.13)

(@)

2
with Cg := 2T€37109, and since moreover the right inequality in (7.4) asserts that

29— 3 2p
q 2p—3

<2,
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another application of Young’s inequality shows that there exists C7; > 0 fulfilling

29q—3 _2p q
- | IR
010 {HV‘VCA LQ(Q) + } >~

2
H + Cq1 for all ¢ > 0.
L2(Q)

Therefore, (7.11), (7.12) and (7.13) imply that for all £ > 0,
—/ ne| Ve 272 Ac. — 2(q — 1)/ ne| Ve * Ve, - (D?c. - Ve,)
Q Q
2-2112,, 12, P~ 1 52 q
< [weprinter - Lot dvad g +1}+
_ p—1 _ qg—1
= [ IVePrptap+ T [ e+ L

with Cg = 2p2 + Cq1.
Finally, in the rightmost summand in (7.6) we apply the Cauchy-Schwarz inequality and make use of

Lemma 6.3 to find Cy3 > 0 such that
1 1
2 2
Q Q

1
3
013{/ \Vc€|4q} for all t > 0,
Q

where again by the Gagliardo-Nirenberg inequality, Lemma 6.2 and Young’s inequality, we see that
with some C14 > 0, Ci5 > 0 and Ci6 > 0 we have

3 :
013{/ Vel Q} = Oy|Ive.l]
Q

L4(Q)

H;(Q) +C11

2
‘ + C12 (7.14)

IN

—/Q |Vc\€]2q’_2Vc6 - (Vue - Vee)

IN

1 2
< gl q H q
< (4 V|ch‘ 12 H|ch| g(Q)—FCM |VCE| L%(Q)
2q—1
< Cis V|V05\q ! )+015
q—l
‘ +Cig forallt>0. (7.15)

We now collect (7.14) and (7.15) to see that (7.6) combined with (7.10) entails that

d
{‘/p+/W@W} /ﬁﬁwmﬁﬁ/wq%s%+@w%%
dt Q Q

for all t > 0, so that since a Poincaré-type inequality together with (2.7) provides C17y > 0 and C1g > 0

such that
» p
/n§ < 017/|Vn§!2+017'{/”£}
Q Q “
2C
< PO [ tvaf e toralle>o
0
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it follows that
1 1 9
y(t) = ng(vt)—i_i ‘vca(at)’ q) t207
0 2q Jo
and

—1
gt) =2 = [ a2 )| Vna (L) >0,
16 Jq

satisfy
y'(t) + Croy(t) + g(t) < Cyp for all t >0 (7.16)

with Cig := min {41;;7 , Zq} and Cy := Cg+ C12+ Cig + %. Since Lemma 2.1 warrants that y

is continuous at ¢t = 0, an ODE comparison argument becomes applicable so as to assert that (7.16)
entails the inequality

1 1 Cao
t) < (91 := max /np—l—/ Ve 2q,} forall¢t >0
y(®) 2 {p a0 ' 2 Q| o Chg

and thereby proves both (7.1) and (7.2), because 2¢ > p according to our choice of ¢q. Furthermore,
restricting ourselves to the particular case p = 2 and integrating (7.16), we see that

t+1
/ g(s)ds < y(t) + Cao < Ca1 + Oy for all t > 0,
t

and that hence also (7.3) holds. O

8 Holder estimates for n. and u,

We next aim at the derivation of bounds for the components n. and u. in spaces of Hélder continuous
functions. Firstly, (n:)ce(o,1) is bounded in L>(£2 x (0,00)) thanks to Lemma 7.1 and Lemma 6.4:

Lemma 8.1 There exists C > 0 such that for all ¢ € (0,1) we have
[ne(-st) |y <€ forallt > 0. (8.1)

PROOF.  Since Lemma 7.1 together with Lemma 6.4 warrants that the family (n.).¢(o,1) is bounded
in L>((0, 00); LP(£2)) and that (—nS: (-, ne, ¢2) - Ve —netie) . 1y is bounded in L*((0, 00); LP(£2; R2))
for any finite p > 1, similar to the claim from Lemma 4.4 this can be seen by means of an LP iteration
of Moser-type ([45, Lemma A.1]). O

Again due to the regularity properties asserted by Lemma 7.1 and Lemma 6.4, and due to the assumed
Holder continuity of ng, it follows from standard parabolic theory that n. even satisfies estimates in
appropriate Holder spaces:

Lemma 8.2 There exist 6 € (0,1) and C > 0 such that for any € € (0,1),

<C for all t > 0. (8.2)

17ell 0.8 ey
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PrOOF.  We interpret the first equation in (2.3) as saying that

nee = V- as(x,t,Vn,), zeQ, t>0,
with
as(x,t,€) ==&+ fo(x,t), reQ, t>0, £ €R?
where as in Lemma 4.4, f. := —n.Sc(x,ne, ¢c) - Vee — naue. Since by Young’s inequality,
ac(e,t,€) - €= |eP 4 fo €2 L6~ SIP forall (3,1,6) € 0 x (0,00) x B
and

lac(z,t,8)| < [&] + | fe] for all (x,t,€) € Q x (0,00) x R?,

again using that Lemma 7.1 and Lemma 6.4 guarantee boundedness of ( fg)ae(oyl) in any space
L>®((0,00); LP(Q;R?)) for arbitrary p > 1, we obtain from a standard result on Holder regularity
in scalar parabolic equations ([39, Theorem 1.3, Remark 1.4]), relying on the boundedness property
asserted by Lemma 8.1, that (8.2) holds with some 6 € (0,79] and C > 0, with ¢ € (0,1) taken from
(1.10). O

Independently of the latter two lemmata, the following estimates for the fluid velocity field directly
result on applying Lemma 3.4 on the basis of Lemma 7.1.

Lemma 8.3 Given any 8 € (3,1), one can find 6(8) € (0,1) and C(8) > 0 such that whenever
e€(0,1),
HABue(-,t)HLQ(Q) < C(p) for allt >0 (8.3)
and
|APuc(-,t) — APuc (- t0) | oy < Cilt —to)?  for allty > 0 and t > to. (8.4)

PROOF.  As a particular consequence of Lemma 7.1 and the boundedness of V¢ in 2, we know that
(neV)ee(0,1) is bounded in L>((0, 00); L?(2;R?)). Therefore, Lemma 3.4 applies so as to yield both
(8.3) and (8.4). O

This inter alia implies an e-independent space-time Holder continuity property also of w.. For later
reference in Lemma 9.1, we also note a consequence of Lemma 8.3 on integrability of Vu. in higher-
power LP spaces.

Lemma 8.4 There exist 6 € (0,1) and C > 0 with the property that for each ¢ € (0,1) we have

<C for all t > 0. (8.5)

||ue||ce,%(m[t,t+1]) -

Moreover, for all p > 1 there exists C'(p) > 0 satisfying
IVuelOllsey < C) for all £ >0 (5.6
and arbitrary € € (0,1).

PrROOF.  The estimate (8.5) directly results upon an application of (8.3) and (8.4) to an arbitrary
b€ (%, 1), because a known embedding property of the domain of the corresponding fractional power
of the Stokes operator says that for any such § we have D(A?) < C% (Q;R?) whenever 6; € (0,28 —1)
([16], [21]). To verify (8.6), given p > 1 we fix 8 € (3, 1) suitably large fulfilling 8 > 1 — %. Then since

D(AP) — WP(Q;R?) ([16], [21]), (8.6) becomes a consequence of (8.3). O
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9 Estimates in C2t%*% for u. and c.. Hélder continuity of c.

In order to complete our preparations for passing to the limit ¢ — 0 in Lemma 10.1, we finally derive
Hoélder estimates for the quantities u. and ¢. and their derivatives up to the respective order relevant
to (1.1), possibly local in time due to a lack of corresponding regularity at the initial time. As for the
component u., we firstly make use of Lemma 8.4 in applying a well-known result on maximal Sobolev
regularity in the Stokes system to obtain the following.

Lemma 9.1 For allp > 1 and 7 > 0 there exist C(p,7) > 0 fulfilling
[uello(ter1)w2e@)) + luetllo@x 1)) < Clp, 7)) forallt =7 (9.1)
whenever € € (0,1).

PrOOF.  Given p > 1, by using Lemma 7.1 along with the boundedness of V¢, we can find C; > 0
such that for all € € (0,1) we have

[ne(, )Vl Lria) < C1 for all ¢t > 0.

Moreover, according to the Cauchy-Schwarz inequality and Lemma 3.1, the outcome of Lemma 8.4
ensures that with some positive constants Cy, C3 and C4 we have

| (Ve - e

< Gof[Yeue ()| ov () I Ve (-5 1) [ 2r ()

< G3l|[Vue (-, )l 20 [Vue (- O] L2r )
< Oy forall ¢t >0

Lr(Q)

whenever € € (0,1). Therefore, (9.1) is a straightforward consequence of maximal Sobolev regularity
estimates for the Stokes evolution equation ([18]). O

As the latter warrants a favorable Holder continuity property of the convective term in the third
equation in (2.3), in view of Lemma 8.2 now classical Schauder theory for the Stokes system becomes

applicable to establish the desired C¥H0145 estimate for Ueg.

Lemma 9.2 Let 7 > 0. Then exist 0 = 0(7) € (0,1) and C(7) such that for any choice of € € (0,1).

HusHC2+9‘1+%(Qx[t,t—i-l]) < C(r) for allt > 7. (9.2)
PrROOF.  From Lemma 8.2 and our regularity assumptions on ¢ we know that there exist 6; € (0,1)
and C > 0 such that

|n-V ol < for all t > 0, (9.3)

01,00 A
C71 2 (Qx[t,t+2])

whereas applying Lemma 9.1 to some suitably large p > 1, in view of a known embedding result ([2])
we can find 6y € (0,1) with the property that for all 7 > 0 there exists Co > 0 fulfilling

(9.4)

(R

HusH01+92,92(Q><[t7t+2}) < (s for all t >
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Moreover, fixing an arbitrary 8 € (%, 1), from Lemma 8.3 we obtain 65 € (0,1) and C5 > 0 satisfying
[APuc(-,t) = APuc (- t0)l| 2y < Ca(t —to)®  for all tg > 0 and ¢ > tq,

which in view of the embedding D(A”) < C%(Q;R?) for arbitrary fixed 6, € (0,28 — 1) implies that
[Yeue (-, ) = Yeue (o)l coagmy < Cal APYeue(-8) — APYoue (-, o) | 120

_ 04‘ Y. AP {ug(.,t) - ug(-,to)] ‘ £2(9)
< C4HAﬁ [“5("t) - “E("tO)] ‘ 2(9)
< O3Cy(t — to)% for all o > 0 and ¢ > tg (9:5)

with some Cy > 0, once more due to Lemma 3.1 and the fact that Y. commutes with A% on D(A”).
Now combining (9.4) with (9.5) shows that there exists 05 € (0,1) such that for each 7 > 0 one can
find C5 > 0 satisfying

H(Ysua - V)ue

-
< for all t > —
O3 F (Oxftar2)) ratt=g

which together with (9.3) yields (9.2) according to classical Schauder estimates for the Stokes evolution
problem ([40]). O

Similarly, the regularity properties of n., c. and u. collected so far imply the following.

Lemma 9.3 There exists 0 € (0,1) with the property that one can find C > 0 such that for any
e€(0,1),

||ca||ce’g@x[t7t+m <C forallt >0, (9.6)

and that for arbitrary T > 0 one can pick C(1) > 0 fulfilling
HCEHCH‘“*%(Qx[t,t+1]) < C(7) forallt > (9.7)
whenever € € (0,1).
PROOF. Interpreting the second equation in (2.3) as the inhomogeneous linear heat equation
cet = Ace + fo(x,t), z e, t>0, (9.8)

with f. := —c. + n. — u. - Ve, collecting the estimates from Lemma 7.1, Lemma 6.1 and Lemma 8.3
we first obtain that for all p > 1 there exists C'y > 0 such that

[fe(5 ) r) < C for all ¢ > 0. (9.9)

Accordingly, (9.6) follows from well-known results from parabolic Holder regularity theory ([39, The-
orem 1.3, Remark 1.4]). Moreover, (9.9) together with maximal Sobolev regularity estimates for the
Neumann problem associated with the heat equation implies that for any p > 1 and 7 > 0 there exists
C5 > 0 such that

.
lecllo(eer2ywer@) + et r@xir) < G2 forallt > 2.
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Again by means of a corresponding embedding property ([2]), an application thereof to appropriately
large p > 1 shows that there exists 61 € (0,1) such that for each 7 > 0 we can pick C3 > 0 fulfilling

llcell grver.0, (Qx[t,t+2)) < (s for all ¢t >

|

Together with the results of Lemma 8.2 and Lemma 8.4, this warrants the existence of 6 € (0, 1) with
the property that for any 7 > 0 one can pick C4 > 0 such that

<C for all t >
”feHCeg F (O [t,44+2]) ! B

[

whereby (9.7) becomes a consequence of well-known Schauder theory for scalar parabolic equations
([31)). O

10 Global existence in the original problem. Proof of Theorem 1.1

By means of a straightforward extraction procedure on the basis of the Arzela-Ascoli theorem, the
above estimates now enable us to construct a limit which, according to a well-known additional
regularity argument for the limit component n, in fact can be seen to enjoy the desired smoothness
properties and to solve (1.1), (1.8), (1.9) in the classical sense in Q x (0, c0).

Lemma 10.1 There ezist 0 € (0,1), (ex)ken C (0,1) and functions

neCloc( % [0,00)) N f;“( x (0, 00)),

ceclo’g Q) x [0,00)) N if“”( x (0, 00)), (10.1)
we CP3 (0 x 0,00 R N (0 % (0,00):R2)  and

Pe C{(ico( Q ( :oo)’) loc

such that n >0 and ¢ > 0 in Q x (0,00), that e \ 0 as k — oo and

Ne =N in CP (€2 x [0,00)),
e = ¢ in CP (2 x [0,00)) and (10.2)
Ue — U in CP (2 x [0,00); R?)

as € = ¢ \( 0, and that (n,c,u, P) solve (1.1), (1.8), (1.9) in the classical sense in £ x (0, 00).

Proor. Collecting Lemma 8.2, Lemma 7.1, Lemma 9.3, Lemma 8.4 and Lemma 9.2, in view of the
Arzela-Ascoli theorem we obtain 6, € (0,1), (ex)reny C (0,1) and

n€ Czolé : (Q % [0,00)) N L, ([0, 00); WH2(92)),
01,5 2+91,1+071 ~ (10.3)
ceC (2 x[0,0))NC (Q x (0,00)) and -
01,% 5 24011+ % 5
ueCh 2 (2 x[0,0);RHNC 2 (2 x (0,00); R?)

loc loc
loc loc
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such that e, \, 0 as k — oo, and such that (10.2) as well as

Vn. = Vn in L? (9 x [0,00); R?),
Ve. — Ve in L2

loc(Q X [07 OO); R2)7
Ce = ¢ in C21(Q x (0,00)) and

loc

Ue = U in Cfo’cl(Q x (0,00))

(10.4)

hold as € = g \( 0. Therefore, from the nonnegativity of n. and c. and from (2.3) it can readily be
deduced by means of well-known arguments that n > 0 and ¢ > 0 in Q x (0,00) and that with some
P e CH0(Q x (0,00)), the respective second and third equations in (1.1), (1.8), (1.9) are satisfied in
the claimed classical pointwise sense (cf. e.g. [59] for a detailed reasoning concerning a limit procedure
in approximate Navier-Stokes systems involving the presently used regularization of the nonlinear
convective term therein).

As for the first sub-problem in (1.1), (1.8), (1.9), in view of the comparatively poor approximation
properties of the component n., as expressed in (10.3) and appearing rather natural in view of our
cut-off procedure applied to S near 0F, following e.g. [34] and [4] we first verify a respective weak
solution property by showing that

—/OOO/Qmpt—/Qnggo(-,O)—/OOO/Qnu‘Vgo = —/OOO/QVTL'VQD
—i—/ooo/gln(S(x,n,c)-Vc) Ve  (10.5)

for all p € C§°( x [0,00)). To this end, we fix any such ¢ and then obtain from (10.3) that in the
identity

—/ /nsgot—/nogo(',O)—/ /nEUE-Vgo = —/ /Vng-Vgo
0 Q Q 0 Q 0 Q

—|—/ / N (Sa(x, Ne,y Ce) - VCE) -V, (10.6)
0 Q

valid for all € € (0,1) according to (2.3), we may let € = £, ~\, 0 in each of the term on the left-hand
side to find that

—/ /negot—/nogo(-,())—/ /nEUE-Vgp—>—/ /ngot—/nogp(-,O)—/ /nu~Vg0
0o Ja Q 0o Ja 0o Ja Q 0o Ja

as € = g\, 0. Moreover, the first property in (10.4) warrants that

—/ /Vn6~Vg0—>—/ /Vn-Vgo as e = ¢ (0,
0 Q 0 Q

whereas the uniform convergence features of n. and c. asserted in (10.3), in conjunction with the
continuity of S, ensure that by the dominated convergence theorem

S.(-,me,¢c) = S(-,n,c) in L2 (Q x [0, 00)) as e =¢p \(0,
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and that hence

/ /nE(SE(x,ng,ca)-V%) 'Vg0—>/ /n(S(x,n,c)-Vc) -V ase=¢; (0
0 Q 0 Q

due to the second convergence property in (10.4). Therefore, (10.5) follows from (10.6), meaning
that n is a generalized solution, in the natural weak sense consistent with those e.g. in [31] and
[35], of the respective initial-boundary value sub-problem of (1.1),(1.8),(1.9). Since n, V¢ and u are
already known to be Hélder continuous in € x (0,00) by (10.3), a well-known result on gradient
Holder regularity in scalar parabolic equations ([35]) thus warrants that for some 62 € (0,1) we have
n € Citox02 (2 x (0,00)). Thereupon, standard parabolic Schauder theory applies so as to yield

loc
24+05,1+%
03 € (0,1) with the property that n € C’lot a3 (€2 x (0,00)), and that hence also the first equations

in (1.1) and (1.9) are satisfied in the classical sense. O
This in fact already contains the major part of our announced main result:

PROOF of Theorem 1.1.  The statement on global solvability actually is a by-product of Lemma
10.1. In view of the approximation properties in (10.2) and a standard argument based e.g. on lower
semicontinuity of norms in reflexive spaces with respect to weak convergence therein, the estimate in
(1.12) is an evident consequence of the corresponding bounds provided by Lemma 8.1, Lemma 7.1 and
Lemma 8.3. U
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