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Abstract

A class of chemotaxis-Stokes systems generalizing the prototype

ng+u-Vn = V- (nm_1Vn) -V- (nVc),
¢ +u-Ve = Ac—ne,
u+ VP = Au+nVo, V-u=0,

is considered in bounded convex three-dimensional domains, where ¢ € W2°°(Q) is given.

The paper develops an analytical approach which consists in a combination of energy-based ar-
guments and maximal Sobolev regularity theory, and which allows for the construction of global
bounded weak solutions to an associated initial-boundary value problem under the assumption that
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Moreover, the obtained solutions are shown to approach the spatially homogeneous steady state
(ﬁ Jy10,0,0) in the large time limit.

This extends previous results which either relied on different and apparently less significant energy-
type structures, or on completely alternative approaches, and thereby exclusively achieved compa-
rable results under hypotheses stronger than (0.1).
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1 Introduction

We consider the chemotaxis-Stokes system

ne+u-Vn = V-(D(n)Vn)—V-(nVc), reQ, t>0,
c¢+u-Ve = Ac—ne, re, t>0, (1.2)
u + VP = Au+nVo, V-u=0, reQ, t>0,

which was proposed in [36] and [9] as a model for the spatio-temporal evolution in populations of
oxytactically moving bacteria that interact with a surrounding fluid through transport and buoyancy,
where n, c,u and P denote the density of cells, the oxygen concentration, the fluid velocity and its
associated pressure, respectively, and where the diffusivity D and the gravitational potential ¢ = ¢(x)
are given smooth parameter functions (cf. also [2] for a recent independent derivation of (1.2) on the
basis of fundamental principles from the kinetic theory of active particles). Indeed, as reported in
[10] and [36], even in such a simple setting lacking any reinforcement of chemotactic motion by signal
production through cells, quite a colorful collective behavior can be observed, including the formation
of aggregates and the emergence of large-scale convection patterns.

In modification of the original model from [36] in which D = 1, the authors in [9] suggested to
adequately account for the finite size of bacteria by assuming that the random movement of cells is
nonlinearly enhanced at large densities, leading to the choice

D(s) = ™1 for s >0 (1.3)

with some m > 1 in the prototypical case of porous medium type diffusion. In comparison to the
case D = 1, nonlinear diffusion mechanisms of this type may suppress the occurrence of blow-up
phenomena, as known to be enforced by chemotactic cross-diffusion e.g. in frameworks such as that
addressed by the classical Keller-Segel system ([19], [44]). In fact, in three-dimensional initial value
problems for (1.2) with D = 1, global smooth and bounded solutions could be shown to exist only
under appropriate smallness assumptions on the initial data ([11], [23], [7], [6]), while for arbitrarily
large data so far only certain global weak solutions have been constructed, which do become smooth
eventually but may develop singularities prior to such ultimate regularization ([43], [48]). Contrary
to this, assuming (1.3) to hold, recent analysis has revealed the condition
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m > 5 (1.4)
as sufficient for global existence and boundedness of weak solutions to an associated no-flux-no-flux-
Dirichlet initial-boundary value problem for all reasonably regular initial data in three-dimensional
bounded convex domains ([46], cf. also [27]). This partially extended a precedent result which asserted
global solvability within the larger range m > %, but only in a class of weak solutions locally bounded
in 2 x [0,00) ([34]). For smaller values of m > 1, up to now existence results are limited to classes of
possibly unbounded solutions ([12]).

In view of lacking complementary results on possibly occurring singularity formation phenomena, the
question of identifying an optimal condition on m > 1 ensuring global boundedness in the three-
dimensional version of (1.2) remains an open challenge, thus marking a substantial difference to the



two-dimensional situation in which global existence and boundedness results are available for several
variants of (1.2) already in presence of linear cell diffusion, and even when the fluid flow is governed
by the corresponding full nonlinear Navier-Stokes system ([11], [43], [45], [8], [49], see also [22]).

Main results. It is the purpose of this work to demonstrate how an adequate combination of
energy-based arguments and maximal Sobolev regularity theory can be used to further advance the
analysis of (1.2), with D essentially of the form in (1.3), even in previously unexplored ranges of m.
In fact, in the first step our approach we will make use of an observation to be stated in Lemma 3.1,
according to which the system (1.2) also for m > 1 continues to feature an energy-type structure known
to be present when m = 1 even in an associated chemotaxis-Navier-Stokes system ([47]; cf. also [11] and
[43] for precedent partial findings in this direction). By means of a first iterative bootstrap procedure,
the correspondingly obtained a priori estimates will be turned into some regularity information on
the solution component n (Section 4 and Section 5), which itself can be used as a starting point for
a second recursive argument: Namely, investigating how far regularity information of the latter type
influences integrability properties of u and Ve through maximal Sobolev regularity estimates (Section
6), we will be able to successively improve our knowledge on available integral bounds for all solution
components under the mild assumption that in the setup of (1.3) we merely have

9
m > — 1.5
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(Section 7 and Section 8). The estimates thereby obtained will provide appropriate compactness
properties which will firstly allow us to construct global bounded weak solutions to (1.2) via a suitable
approximation procedure (Section 9), and which thereafter secondly enable us to assert stabilization
toward spatially homogeneous equilibria (Section 10).

In order to formulate our results in these directions, let us specify the setup of our analysis by declaring
that throughout the sequel we shall assume D to generalize the choice in (1.3) in that

D e CP ([0,00)) NC?%((0,00)) is such that D(s) > kps™* forall s >0 (1.6)

with some ¥ € (0,1),kp > 0 and m > 1, and by considering the initial-boundary value problem for
(1.2) associated with the requirements that

n(x,0) =no(x), c(z,0)=co(x) and wu(z,0)=up(z), x €, (1.7)
as well as 5
(D(n)Vn - nVc) v =0, 6—5 =0 and u=0 on 052, (1.8)

in a bounded convex domain  C R? with smooth boundary. As for the initial data herein, we shall
suppose for convenience that

ng € C¥(Q2) for some w > 0 with ng > 0 in 2 and ng Z 0, that
co € WH™(Q)  satisfies ¢cg > 01in €2, and that (1.9)
up € D(A%)  for some a € (2,1),

where A = —PA denotes the Stokes operator in L2(2) := {¢ € L?(Q) | V- » = 0} with its domain
given by D(A) := W?22(Q) N Wol’Q(Q) N L2(9), and with P representing the Helmholtz projection on



L2(Q2) ([30)).

We shall then obtain the following result on global existence and large time behavior, where as in
several places below we make use of the abbreviation  := ﬁ fQ ¢ for ¢ € L1(Q).

Theorem 1.1 Let Q C R3 be a bounded convexr domain with smooth boundary and ¢ € W*(8), and
suppose that D is such that (1.6) holds with some
9
> —. 1.10
m> (110
Then for each ng, co and ug satisfying (1.9) there exist functions

n € L(Q x (0,00)) N CO([0, 00); (WE(Q))*),
¢ € Myay L=((0,00); WHP(2)) N CO(Q x [0,00)) N CLO(Q x (0,00)), (1.11)
ue L®( x (0,00)) N L2, ([0, 00); Wy *(2) N L2(2)) N CO(Q x [0, 00))

loc
such that the triple (n, c,u) forms a global weak solution of (1.2), (1.7), (1.8) in the sense of Definition
9.1 below.

Moreover, this solution has the property that for arbitrary p > 1 we have

[n(-,t) = Mol ey + e D llwroe @) + [u )l =0 ast — oo, (1.12)

As a by-product, this trivially extends previous results on blow-up suppression in the associated fluid-
free chemotaxis system with porous medium-type diffusion and signal consumption, as obtained on
letting w = 0 in (1.2). Even for the latter, apparently somewhat simpler system, only under the
assumption (1.4) global bounded solutions have been known to exist ([37]), with again no example of
blow-up available for any choice of D yet.

In order to further put these results in perspective, let us note that alternative modeling approaches
suggest to introduce as blow-up inhibiting mechanisms certain saturation effects in the cross-diffusive
term in (1.2) at large cell densities (cf. e.g. the survey [20]). Indeed, if in (1.2) the summand —V-(nVc)
is replaced by —V - (nS(n)Ve) with S suitably generalizing the prototype given by S(s) = (s +1)™¢
for all s > 0 and some « > 0, then known results assert global existence of bounded solutions to a
corresponding initial-boundary value problem when in the context of (1.6) we have m > 1 and m+a >
% ([41]), which in the particular case o = 0 considered here rediscovers (1.4) and is thereby stronger
than (1.10). An interesting open problem, partially addressed in [39] and [40], consists in determining
optimal conditions on the interplay between these two mechanisms which indeed prevent explosions.
This may be viewed as part of a more comprehensive ambition to understand the destabilizing potential
of chemotaxis-fluid interaction that has been in the focus also of studies including further relevant
processes such as logistic proliferation and death, or off-diagonal cross-diffusive migration ([28], [38],

[4], 6], [5], [3])-

2 Approximation by non-degenerate problems
In order to construct solutions of (1.2) through an appropriate approximation, following natural reg-
ularization procedures we fix a family (D¢).¢(o,1) of functions

D. € C*([0,00)) such that D.(s) >¢ foralls>0ande € (0,1) and
D(s) < D.(s) < D(s)+2¢ foralls>0andee(0,1), (2.1)



and we moreover regularize the cross-diffusive term in (1.2) by introducing a family (xe)-c(,1) C
C5°(]0,00)) fulfilling

0<xe<1lin[0,00), xe=1in[0,1] and x.=0in [2 00), (2.2)
and by letting
S
F.(s) = / X:(0)do, s >0, (2.3)
0
for € € (0,1). Then F. € C*°([0,00)) satisfies
0<F.(s)<s and 0<F.(s)<1 foralls>0 (2.4)
as well as
F.(s) /'s foralls>0 and F.(s) "1 foralls>0 as € \( 0. (2.5)

These choices in particular guarantee that each of the approximate variants of (1.2), (1.7), (1.8) given
by

one +u. - Vn. =V - (Dg(ne)Vna) -V (ngﬂf(na)VcE)7 re, t>0,

Oce + ue - Vee = Ace — Fo(ne)ce, reQ, t>0,

Osue + VP: = Au. +n.Vo, zeQ, t>0, (2.6)
V. u. =0, reQ, t>0,

One — 9ee =0, w. =0, z €N, t>0,

ne(z,0) =no(z), co(z,0) =co(x), ue(z,0)=np(z), x € Q,

for e € (0,1), possesses globally defined classical solutions:

Lemma 2.1 Assume (1.9), and let € € (0,1). Then there exist functions

ne € C%(Q x [0,00)) N C#L(Q x (0,00)),
c. € CO(SI x [0, 00)) M C1(Q x (0, 00)),
ue € CO(Q x [0,00)) NC*LHQ x (0,00)),
P. € CY9(Q x (0,00)),

such that (ne, ce, ue, Pe) solves (2.6) classically in 2 x (0,00), and such that ne and c. are nonnegative
in Q x (0,00).

PROOF. By means of standard arguments from the local existence theories of taxis-type cross
diffusive parabolic systems and the Stokes evolution equation ([1], [30], [25], [43]), it follows that there
exist Tinaze € (0,00] and at least one classical solution (ng,ce,ue, Pr) € (C’O(ﬁ X [0, Tynaz.c); R?) N
C*H Q% (0, Thnaze); R5)> x C1O(Qx (0, Tynax,c)) which is such that n. > 0 and ¢ > 0in Qx (0, Traz.e),
that c. € C([0, Thax.c); WHP(Q)) for all p > 1 and that if Tp,0, - < o0 then

timsup (Jlne, 0l + llee( oz + e Dl oagey ) = oo (2.7)

max,e



For each T > 0, however, using that for any fixed € € (0, 1) the function F! has its support located in
[0, %] according to (2.3) and (2.2), successive application of well-established LP estimation techniques
and methods from higher order regularity theories for scalar parabolic equations and the Stokes system
yields C1(g,T) > 0 such that

IneC)lenqay + e Dlloagy + el Dll ey < Ca(e ) for all ¢ € (72, Trnare),

where 7, := min{%T, %Tmax’e} and T, maz,e = min{T, T4z }. This shows that (2.7) cannot hold when
Tinaz,e is finite, whence we actually must have 15,4, . = 00. O

In order to simplify presentation, throughout the sequel we shall tacitly assume that (ng, co, ug) satisfies
(1.9), and that for € € (0,1), (n., ¢, us, P-) denotes the corresponding solution to (2.6) obtained in
Lemma 2.1.

The following two basic properties thereof are immediate consequences of an integration in the first
equation in (2.6), as well as an application of the maximum principle to the second.

Lemma 2.2 We have
e )l = /Qno forallt>0 (2.8)

as well as
||C€(',t)HLOO(Q) < HC()HLoo(Q) fOT’ allt > 0. (29)

3 Directly exploiting the natural quasi-energy structure of (2.6)

Some first regularity properties beyond those from Lemma 2.2 can be obtained by making use of a
quasi-energy structure which the approximate problems (2.6) inherit from (1.2) thanks to the particular
link between the dependence on n. of the interaction terms —V - (n.F.(ne)Vee) and — F.(n.)c. therein.
Similar energy-like properties have been used in previous studies on related problems ([11], [34], [43]),
but only in few cases the fluid velocity has been included ([24], [47], [48]).

Lemma 3.1 There exist k > 0 and C' > 0 such that

d Ve.|?
dt{/nslnne / ’ E‘ /| 5|2}
+f /nlnn—i—/w—ﬂi/]u!Q
C Q € € 2 Q CE Q €

1 m—2 2 Wca‘zl 2
+— n'AVne|* 4+ | ——+ [ |[Vu|*p <C for all t > 0. (3.1)
ClJa o ¢ 0

PrOOF.  The derivation of (3.1) follows a standard reasoning combining ideas from [11], [43] and
[47]: By means of straightforward computation using the first two equations in (2.6) (cf. [43, Lemma
3.2] for details), we obtain the identity

2 D.(
Ccllt{/nslmn8 / |Vc€| } / (ne) ——|Vn 5|2 /ci.;\D21nc€|2



B 1 Ve |? /Acs
= 2/ 2 (UE VC5)+ o (Us VCE)

5 Ce
1 Ve 1 1 9|Ve|?
F. [ = for all t > 0 2
2/ )~y [ ST forane>o, (32)
where D.(
/ nel? > kp /n€m2|Vna|2 for all t > 0 (3.3)
Q

by (2.1) and (1.6), and where the two last summands on the right are nonpositive by nonnegativity

of F. and due to the fact that O\ch\ < 0 on 09 x (0,00) thanks to the convexity of Q2 ([26, Lemme
2.1.1]). We next recall from [43, Lemma 3.3] that

4
/ |VC3€’ §01/68’D21n05|2 for all t > 0
c 0

with C7 := (2 + v/3)2, and, after two integrations by parts in (3.2), combine (2.9) with Young’s
inequality to estimate

L [ |Ve] /Aca B 1/ Ve |? 1 2
_2/;2 Cg (Ue VC€)+ q Ce (us VCE) - 2 o Cg (Uz-: VCe)_ chvcg (D Ce Vus)

1

—Vee - (Vug - Veg)
Q Ce
1

= — | —Ve- (Vue - V)
Q Ce

1 |Vee|* 9
201/9 3 + CQ/Q |Vu| for all ¢t > ((3.4)

with Cy := 3 HCOHLOO . Now testing the third equatlon in (2.6) by u., thanks to the continuity of the

embeddings WO 2(Q) = L5(Q) and W2(Q) — Lom (©2) we independently see using the Gagliardo-
Nirenberg inequality, Young’s inequality and (2.8) that there exist positive constants C3, Cy, C5 and
Cg such that

2dt/|u€|2 /‘VUEP = /Qnsus'vﬁb

< IVelmlelsoinelg g
< CsHVuaHLz(mHna || .
m 4
= /|V 5’2‘}_73””2”"112
m

9 m m 10m 4 m 4
< 2 3'm 1 2 |13m2—m 2 l'm
< 5 [1vul+o- (1o IBgInE 175 17 )

1 m

< /]Vuglz—f-Cg)HVnQ 1726+ C
< /|vugy2 e +1)/ n" 2 Vn.|* +Cs  forallt>0.



In combination with (3.2), (3.3) and (3.4), this shows that

d Vee|?
4 [ [ oo 1)

k Ve |*
_|_7D i m 2|vna‘2+20 | €| /|vu€|2

< 2(02 + 1)06 for all t > 0.

Since finally from the Gagliardo-Nirenberg inequality along with Young’s inequality and (2.9) we
readily obtain C7 > 0 such that

1 Ve |? Ve |t
/nslnng—i—/‘ cel +(CQ—|—1)/\u5\2§07-{/n?_2|Vn5|2+/’ c;' +/|Vug|2+1}
Q 2 Jg e Q Q o ¢ Q

for all ¢t > 0, this readily establishes (3.1) upon evident choices of x and C. O

In the sequel we shall make use of the latter exclusively through the following direct consequences.

Lemma 3.2 There exists C > 0 such that for all ¢ € (0,1),

t+1 "
/ / Vn2 2 <C  forallt >0 (3.5)
t Q
and
t+1
/ / Ve <O forallt >0 (3.6)
t Q
as well as
t+1
/ / \Vu|? <C  forallt>0. (3.7)
t Q

Proor.  All inequalities immediately result from an integration of (3.1) because of (2.9) and the
fact that [,neInne > —% for all t > 0. O

4 Preparing an inductive argument

We next address the question how far an informational background such as the one provided by Lemma
3.2 and Lemma 2.2 can be exploited so as to derive further regularity features of solutions to (2.6).
More precisely, we shall be concerned with the problem of finding appropriate conditions on m and
the numbers p, > 1 and p* > p, such that bounds of the form

t+1 p+m—1
/np( t) <C and / /Vns 2

assumed to be present for p = p,, can be shown to imply the same estimates for the corresponding
quantities for p = p*.

<C for all t > 0, (4.1)

Our first result in this direction actually requires a bound for n. in the single space L>((0, co); LP*(£2))
only, but additionally relies on a space-time regularity property of Ve, in asserting the following.



Lemma 4.1 Let m > 1,p, > 1,p > 1 and q¢ > 2 be such that

2(¢—1)
3

Then for all K > 0 there exists C = C(px,p,q, K) > 0 such that if for some ¢ € (0,1) we have

p< P+ (2¢ = 1)(m = 1). (4.2)

/ nl(,t) <K for allt >0 (4.3)
Q
and
t+1
/ / Ve <K forallt >0, (4.4)
t Q
then
/ nl(-,t) <C forallt >0 (4.5)
Q
and

<C for allt > 0. (4.6)

t+1 p+m—1
/ / Vne 2

PROOF. In view of (2.8) and Lemma 3.2, since @pﬁ—@q—l)(m—l) > (2¢—1)(m—1) > 3(m—1)
we may assume without loss of generality that p > m — 1 and p > p,. We then test the first equation
in (2.6) by n?~! and use Young’s inequality along with (2.1), (1.6) and (2.4) to see that for all ¢ > 0,

1d 1d
Pt (p—1)k Prm=3|yn 2 < P / P=2D.(n.)|Vne|?
L o=k [ wng < 8w =1) [ 022D Ve
= (p— 1)/Qn§1FE’(n5)Vn5 -Vee
(p — 1)kD m— p— 1 -m
< LB [t B [ g
so that J R )
brm— —
/np+C'1/ Vne 2 < p(p)/ nP~" Ve |? for allt >0 (4.7)
dt Q 2kp  Jo
with C := M. Now in order to further estimate the right-hand side herein, we invoke the

(p+m—1)
Holder inequality to obtain

/n§m+1|vcg\2§ {/n(p mt1)g } {/ \V06]2q} forallt >0 (4.8)
Q Q

with ¢/ := q_il, where we firstly note that in the case when (p —m+1)q¢’ < py, (4.3) together with the
Holder inquatlity yield C5 > 0 such that

1
7

{/ngp—mﬂ)q’}q <Cy forallt>0. (4.9)
Q



If, conversely, (p —m + 1)¢’ > p, then due to our assumption ¢ > 2 we have

2(p — 1)d’
=—m+ a5y g
p+m—1

2(p—m+1)q’ 2px
and thus W12(Q) — L~ »pFm—1 (Q) — LotmT (€2), whence in particular the number

3(p+m—1)[(p—m+1)¢ —p,]
(p—m+1)[B(p+m—1)—pld

satisfies a € [0, 1], and accordingly the Gagliardo-Nirenberg inequality provides C5 > 0 such that

L 2(p—m+1)
/ ptm—1 | =—
p—m+1)¢ |4 _ 3 pFm—1
{/ng )q} = ||ne 2(p—m+1)q’
Q L ptm=1 (Q)

1, 8[(p=m+1)q’ —ps] 2(p—m+1) 2(p—m+1)

ptm—1 || —— 2 X p+m—1 (l—a) p+m—1

3(ptm—1)— / s +m—1 —a +m—1
< Gyf|vne 7 |[P i | +Cylfne | T
L2(2) LpFm=T(Q) Lptm=1(Q)
for all t > 0. As
p+m—1 pfi*ﬁl
’ Ne 2 2p = [ nr <K forallt >0
Lrtm=1(Q) Q

by (4.3), together with (4.9), (4.8) and Young’s inequality this shows that regardless of the sign of
(p—m+1)¢ — px we can find Cy > 0 and C5 > 0 fulfilling

_ [(p—m+1)q’ —p«]
plp—1) p—m—+1 2 et [63(p+m—1>fp*1q’ 2
el ) L LR |-/ 1 A Y O A
p+m—1 ??Egp—m-kigql—}?*] q )
—q . —a p+m—1)—pxlq’ q
< 277(C, {)Vns @ +1} +C5||VC€HL2¢I(Q)
C pipo ) Sl 2
< 2.{an€ o +1¢p+Cs)|Veellfhyg  (4.10)

for all ¢ > 0, the latter inequality being valid because (£ + n)? < 2¢-1(¢7 4+ 5?7 for all £ > 0 and
n = 0.
Now our assumption (4.2) enters by ensuring that

6[(p —m+1)q — pi] 6(¢' —1)p —4p, —6(m —1)(¢' + 1)

3(p+m—1)_p* -2 = 3(p+m_1)_p*
- Bptm-1)-pll@-1) '{p_ Tp*_(QQ—l)(m—l)}
< 0,

whence another application of Young’s inequality yields

/
C ptm—1 GI(P—mnj_l)Q_—I:*] C ptm—1
L Hwe 2 || sETmehe g gl/(vm 2
2 L2(Q) 2 Ja

2
+ C4 for all t > 0.
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Together with (4.10) this shows that (4.7) implies that

p+m—1
p+/‘Vn 2

where a linear absorptlve term can be generated again by interpolation in a straightforward manner:
2p 2px
As according to our restriction p > p, we know that W12(Q) — Lrtm=1(Q) — Lrtm=1(Q), the

number b := W satisfies b € [0,1] and from the Gagliardo-Nirenberg inequality, (4.3) and

Young’s inequality we obtain Cg > 0 and C7 > 0 such that

Q
ptm—1

< C6HVTL 2

< C’5/ Ve |1+ Cy for all t > 0, (4.11)
Q

p+m—1

2p
P} pt+m—1
e

2p
Lptm=1(Q)

pt+m—1
ne 2

2p
1-b) PTmT

2px
[ ptm—1 (Q)

P+m 1(
Lp+m71 ()

6(p—px) —
3(p+m*1§*p* p+2 !
L2(Q)
ptm—1 6(p—px)

S 07’ vna 2 3(p+m—1)—px +C7
L2(9)

ptm—1 2
< 07/ Vne 2
Q

+C’6‘

£

+ 2C% for all t > 0,

because 3( i(:l 7191*)) < éﬁ z ) <2 by nonnegativity of m — 1 and p,. Therefore, (4.11) shows that if
we let y(t) :== [,nE(,t), t >0, and h(t) := C5 [ |Ve=(-,t)[?7 + 2Cy, t > 0, than
C C ptm—1,2
Y (1) + ——y(t) + 1/ Vn. ? < h(t) for all ¢ > 0, (4.12)
4C5 4
where in view of our assumption (4.4) we have
t+1 3
/ h(s)ds < Cg := C5K + 501 for all ¢t > 0. (4.13)
t

In view of an elementary lemma on decay in linear first-order ODEs with suitably decaying inho-
mogeneities (see e.g. [31, Lemma 3.4]), (4.12) thus firstly implies that with some Cy > 0 we have
y(t) < Cq for all ¢ > 0, whereupon (4.12) and (4.13) secondly entail that

Cl t+1 ptm—1
‘Vng 2

so that indeed both (4.5) and (4.6) hold with some conveniently large C' = C'(K) > 0. O

2

t+1
ds < y(t) + / h(s)ds < Cs+ Cy for all t > 0,
t

5 Uniform L? bounds on n. for p < 9(m — 1) by a first iteration

In a first series of applications of Lemma 4.1, with regard to the regularity assumptions on Ve, we
shall exclusively rely on the corresponding estimate provided by Lemma 3.2 and intend to repeatedly
increase the integrability parameter in (4.5) and (4.6), thus keeping the number ¢ := 2 in Lemma
4.1 fixed while successively choosing larger values of p, and p. We shall see that this indeed leads to
improved information whenever m > 1@0, and thereby we partially re-discover a similar observation
that was already made in [34], with an important difference consisting in the fact that unlike in the

latter reference, here the achieved bounds are global in time.
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Lemma 5.1 Let m > . Then for all p € [1,9(m — 1)) there exists C(p) > 0 such that for all
e €(0,1),

/ nf(-,t) < C(p) forallt >0 (5.1)
Q

t+1 p+m—1
/ / ‘Vns 2
t Q

Proor.  We define (pg)ren, C R by letting po := 1 and

and
2

< C(p) for allt > 0. (5.2)

2
Prt1 = 3Pk +3(m—1) for k > 0. (5.3)

It can the readily be verified that due to our assumption m > 10 the sequence (pg)ren, is strictly
increasing with py * 9(m — 1) as k — oo, so that by means of an interpolation argument it is clear
that we only need to prove (5.1) and (5.2) for p = p; and each k € Ny. To this end, we note that
the case k = 0 can be covered by combining Lemma 3.2 with (2.8), so that in view of an inductive
reasoning we are left with the verification of the property that whenever k € N is such that

t+1 pptm—1
/nig"( t) < Ci(k) and / / Vne 2
Q

with some C;(k) > 0, we can find Cy(k) > 0 satisfying
< Cy(k) for all t > 0 and any € € (0,1).

t+1 Ppy1tm—1
/ngk“(-,t) < Cy(k) and / / Vne 2
Q
(5.5)

To achieve this, we observe that according to the first inequality in (5.4) and (3.6), the requirements
(4.3) and (4.5) from Lemma 4.1 are fulfilled for p, := p;, and ¢ := 2. In light of (5.3), both inequalities
in (5.5) therefore result from an application of Lemma 4.1 to p := pg41. O

< Ci(k) for all t > 0 and each € € (0,1) (5.4)

2

6 Improving estimates for Vc. via maximal Sobolev regularity

We next plan to apply Lemma 4.1 by using the outcome of Lemma 5.1 as a starting point with respect
to the regularity assumptions on n., but with regard to the hypothesis (4.4) no longer going back to
Lemma 3.2 but rather using suitably improved integrability information on Ve.. Within a range of
m which is smaller than that in Lemma 5.1 but yet larger than the interval (%, o0) we shall finally
focus on, such further properties can indeed be gained under the assumptions provided by the result
of Lemma 5.1 by means of the key Lemma 6.3 below which in turn relies on the following statement
on time-independent bounds for u. in appropriate Lebesgue spaces.

Lemma 6.1 Let m > %. Then there exists d1(m) > 0 such that for all p > 1 fulfilling p >
9(m —1) —61(m) and K > 0 one can find C(p, K) > 0 with the property that if for some ¢ € (0,1) we
have

/ nl(,t) < K for all t >0, (6.1)
Q

12



then
2(5p+3m 3)
/ lue (-, t 3 <C(p,K) for all t > 0. (6.2)

Proor. We let

p(p) ==20p* — (33 — 12m)p — 18(m — 1),  peR.

215

193 brecisely warrants that

Then our assumption m >

p(9(m — 1)) = 1620(m — 1) — 9+ (33 — 12m)(m — 1) — 18(m — 1) = 9(m — 1)(192m — 215) > 0,
while since il)g > g}l we moreover have
o' (p) =40p — 33 + 12m > 360(m — 1) — 33+ 12m = 3 - (124m — 131) > 0 for all p > 9(m — 1).
We can therefore pick §; = d1(m) > 0 such that

p(p) >0 for all p > 9(m — 1) — 61(m),

and given p > 1 such that p > 9(m — 1) — §1(m) we thus obtain that ¢ :=

w satisfies ¢ > 1

and
3p B
3(3 —2p) - (q— 3_2p> = —pp) <0
and hence 3,1 1
5(]; - 5) <1 (6.3)

Now assuming (6.1) for some ¢ € (0,1) and K > 0, on the basis of a variation-of-constants represen-
tation of u. we can estimate

ds, t>0, (6.4)

t
e lzne) < e Hunllzney + [ [Pl 5) v
0 La(€)

and recall known regularization properties of the Dirichlet Stokes semigroup (e =)o ([16, p.201]) to
find C7 > 0,C5 > 0 and A > 0 such that

le | ooy < Chilluollpay ~ forallt >0 (6.5)

P[ng(-,s)V(;S]H ds (6.6)

Lr(Q)

/Ot He_(t_s)AP[na(',s)Véf?]HLq(Q)ds < Cy /Ot <1 T (t— 5)—%(%—§))6—A(t_s)

for all t > 0. Here by boundedness of V¢ on 2 and the continuity of the Helmholtz projection when
acting as an operator in LP(£; R3) ([14]), we see that with some C3 > 0 we have

HP[nE(-,s)Vcb]HLp(Q) < Cylne( 8)llpoy < CsK> forall 5> 0

13



according to (6.1). Therefore, (6.6) entails that

[l

1 [t 3
! _Gh) s
Lq(Q)dS < CgCgKi”/O (1—|—(t S) 2\p g >€ ds

< CyC3C4K»  forallt >0

with Cy .= [[F(1+0 2(%_7)) ~Ado being finite thanks to (6.3). When combined with (6.5) and
(6.4), in view of our choice of ¢ this establishes (6.2). O

As a second preliminary for Lemma 6.3, let us note how a pair of hypotheses in the flavor of (4.1)
influences space-time integrability of n. by means of straighforward interpolation.

Lemma 6.2 Let m > 1. Then for allp > 1 and any K > 0 there exists C'(p, K) > 0 such that if for
some € € (0,1) we have

/ nl(t) <K forallt >0 (6.7)
and
t+1 p+m—1
/ / Vne 2 § K for all t > 0, (6.8)
then
t+1 5p+3m—3
/ / 3 < C(p,K) for allt > 0. (6.9)

Proor.  Using that p > 0 and m > 1 imply that
2p <2(5p+3m—3)<6
p+m—1~" 3p+m-1) —

2(5p+3m—3)

2
and hence W12(Q) «— L 30+m-1 (Q) < LP+"I:—1(Q), from the Gagliardo-Nirenberg inequality we
obtain C7 > 0 such that

ptm—1 2(5p+3m—3)

5p+3m—3 poon
/ Ne 3 = ’ Ne 2 32(3)5—;+3wll>73>
) LD ()
ptm—1 2 pm—1 22 prm—1 ) 2Bp+3m—3)
< Cl‘ Vne 2 ‘ e 2 3(p+;;_1) + Cl) ne 2 3(p¥,:rl_1) for all t > 0.
L2(Q) LPFm=T () LFm=T(Q)
p+m—1 2p
Noting that ||ne 2 |77, < K for all t > 0 by (6.7), on integrating in time we thus infer that
Lrtm=1(Q)
t+1 5p+3m—3 t+1 ptm—1 5p+3m—3
ne 3 < ClKS Vne 2 —i—ClK
t Q
op+3m 3
< ClKS -+ ClK
for all ¢t > 0. O

We can now proceed to the main result of this section which, on the basis of a maximal regularity
property of scalar parabolic equations, asserts that bounds of the flavor in (4.1) entail an estimate
for Ve, in a spatio-temporal L?¢ space with some positive ¢ which indeed satisfies ¢ > 2 if p > 1 is
suitably large.
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Lemma 6.3 Let m > 212, and let §;(m) > 0 be as in Lemma 6.1. Then for all p > 9(m — 1) — &;(m)

and each K > 0 one can find C(p, K) > 0 with the property that if for some ¢ € (0, 1),

/ nf(,t) < K for all >0 (6.10)
Q
and
t"l‘l p+m—1
/ / Vne 2 <K for all t >0, (6.11)
then
t+1 2(5p+3m 3)
] Ce| C(p,K) forallt > 0. (6.12)
Proor. We abbreviate q := M and apply a standard result on maximal Sobolev regularity

in scalar parabolic equations ([17]) to find C; > 0, as all subsequently appearing constants Cs,Cs, ...
possibly depending on p, with the property that whenever ¢, € R, z € C*Y(Q x [ty,t, + 2]) and
f € C%Q x [ty,ts + 2]) are such that

2t = Az + f(x,t), x €Q, tE (ty, i +2),
gg—o €00, tE (Lt +2),
z(x,ty) =0, x € Q,
then fio fio
L e < € [y (6.13)

Furthermore, let us fix Cy > 0 and C5 > 0 such that in accordance with a well-known regularization
feature of the Neumann heat semigroup ([42]) and the Gagliardo-Nirenberg inequality we have

HVetAapHqu(Q) < Callpllwr.200) for all o € W124(Q) and any t > 0 (6.14)

as well as
1900280 < Callellynay oty for all p € W29(Q), (6.15)

where in establishing the latter we note that W29(Q) — W124(Q) — L>(Q) due to the fact that
q>32>3

As a final preparation, let us observe that according to Lemma 6.2 and Lemma 6.1, our assumptions
(6.10) and (6.11) ensure that we can choose Cy(K) > 0 and C5(K) > 0 such that

t+2
/ 2 8) % ydls < Ca(K)  forall £> 0 (6.16)
t

and
e ()|l 20y < O5(K) for all ¢t > 0, (6.17)
the latter conclusion relying on our hypothesis on p.

In order to make appropriate use of these preliminaries in the present context, we pick a nondecreasing
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o € C*®(R) such that {; = 0 in (—oo,—1] and (p = 1 in [1,00), and for fixed tg > 0 we let
() = ¢M)(t) == Go(t —tg), t > 0, and

258 =0 - {ecl ) = Beof, 12 (to— 1)
Then by (2.6) and the identity diet®co = AePey,

2 = ) {Ac = Fe(ne)es —ue - Ve | = (Ao + ¢'(1) - {e: = eeo }
= Az—((t)F:(ne)ee —ue - Vz

—C(t)ue - VePeg + ¢ (t)ee — C'(t)eP e in Qx ((tp—1)4,00), (6.18)
and clearly
% =0 on 092 X ((to — 1)4,00). (6.19)
Moreover, at the respective initial time we have
z(-, (to — 1)+) =0 inQ (6.20)

because if ty > 1 then ((t9p — 1) = 0 and hence
z(-, (to — 1)+) =z(to—1)=¢(to—1)- {Cs(',to -1)- e(to_l)ACO} =0 in©Q
whereas if tg € [0,1) then
2t = 1)4) = 2(,0) =¢(0) - {eel.0) — o} =0 @

by (2.6).

As a consequence of (6.18)-(6.20), we may now invoke (6.13) which along with (6.15) and (2.9) shows
that abbreviating t, := (to — 1)4 and noting that (& 4 & + &3 + &4+ &5)7 < 59(E] + &5 + &5 + &1 +&5)
for all nonnegative &1, &, &3, &4 and &5, we have

tet2 9 ti+2
| I gt < Gl [ 1Ol

ti+2

IN

5quC3HCOHQLoo(Q)/ {HC(t)Fsms)CeH%q(Q) + [Jue - VZHqu(Q)

ty
+[C(t)ue - VetACOH%q(Q) + HC/<t)CEHqu(Q)
—i—HC'(t)etAc()Hqu(Q)} dt. (6.21)

Here we use that by (2.4) we have 0 < F.(s) < s for all s > 0 and that 0 < ((¢) <1 for all t € R to
see, again by means of (2.9), that

ti+2 te+2
| KOGyt < ol [ IneC )
< G eolltm o (6.22)
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according to (6.16), while the Cauchy-Schwarz inequality together with (6.17) and (6.14) shows that

te+2 A
| et Vet g

IN

te+2
| el Ol | T ol gy

205C5(K) oIy 1.4

A

@ (6.23)

Next, by (2.9) and the contractivity of the semigroup (e/2);>¢ on L9(Q), writing Cg := 1ol oo (m) We
obtain

te+2
| IOyt < 208090 ol (6.24)
and
tet2 A
| IOl gyt < 20l (6.25)

so that it remains to estimate the corresponding integral associated with the second summand in
brackets on the right of (6.21). For this purpose, after employing the Cauchy-Schwarz inequality we
additionally make use of Young’s inequality to see, again by means of (6.17), that

tet2 te+2
SO Callollmqey [ e Velllugydt < 5CiChlalle o / el 20y 120 20

1 t*+2
5[ Ve
tx

5qu C3HCO||LOO O t*+2 9
¥ @ / ]2 g

IN

2
1 [tet2 a5 2
< 5| IVE gyt + 2 CRCRC I ol
In conjunction with (6.22)-(6.25), this shows that (6.21) leads to the inequality
1 [t G2 2 2q
2/t* IV2(, )| oyt < C7(K) = 259CTC3C5 () |eol 7%

+59C1Csleo 1y - {04(K)H00HqLoo(g) T+ 205CL(E) ol 12000

+2C8 o]} ) + 2CE ol e -

so that since (tg,to + 1) C <(t0 — Dy, (to— 1)+ + 2) and thus ¢ = 1 in (tp,to + 1), in particular we
infer that

to+1 2q
/ HVCE , VemcoH dt < 2C7(K) for all tg > 0.
L24(Q)

Once more recalling (6.14) and using that (¢ + )24 < 22071(£29 4 529) for all € > 0 and 1 > 0, we
therefore obtain that

fo ag1 [T A |2 g1 [T o
[ Vet 0l gt < 20 / [ Vet vedal L arr 2t [T g g di
to Lq(Q) to

220 (K) + 2%~ 1CQQ||CO||W12q() for all ¢0,

IN
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which in view of our definition of ¢ precisely yields (6.12). O

7 Arbitrary L? bounds for n. by a second iteration

Now in light of Lemma 6.3, our general regularity statement from Lemma 4.1 can readily be developed
to the following basis for a second iterative reasoning.

Lemma 7.1 Let m > il)g and p, > 9(m — 1) — 61(m) with §;(m) > 0 taken from Lemma 6.1. Then
for all p > 1 fulfilling
_ 10 + (36m — 42)p, + (m — 1)(18m — 27)

7.1
9 ) ( )
and any choice of K > 0 one can pick C(p, K) > 0 such that if for some ¢ € (0,1) we have
/ nl(,t) <K  forallt>0 (7.2)
Q
and
t-‘rl p*+m 1
/ / Vn: 2 § K for allt >0, (7.3)
then
/ nf(-,t) < C(p, K) forallt>0 (7.4)
Q
and
t+1 ptm—1
/ / Vne 2 < C(p, K) for all t > 0. (7.5)
PROOF.  Since p, > 9(m — 1) — 61(m), we may invoke Lemma 6.3 to see that writing ¢ := W
we can find Cj(K) > 0 such that
t+1
/ / Ve[ < Cy(K)  forallt>0. (7.6)
t Q

Now observing that in our situation the right-hand side of (4.2) can be rewritten according to

_10p2 + (36m — 42)p, + (m — 1)(18m — 27)
= 5 ’

given any p > 1 fulfilling (7.1) we may apply Lemma 4.1 to infer that due to (7.2) and (7.6) both
inequalities in (7.4) and (7.5) hold if we fix C'(p, K) > 0 suitably large. O

With regard to the question how far the above lemma through its condition (7.1) indeed allows for an
improvement in knowledge, let us briefly prove the following elementary observations which highlight
the role of the restriction m > % made in Theorem 1.1.
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Lemma 7.2 For m > 1, let
10p? + (36m — 42)p + (m — 1)(18m — 27)

¥(p) == 9 ,  peR (7.7)
Then
1/}(9(m - 1)) >9(m—1) if and only if m > g (7.8)
and there exist 62(m) >0 and I' > 1 such that
Y(p) =2Tp  forallp>9(m —1) — dz(m). (7.9)
Proor. Computing
Y(O(m—1)) —9(m—1) _ 810(m — 1)* +9(36m — 42)(m — 1) + (m — 1)(18m — 27) 0
m— 1 9(m — 1)
= 16(8m —9)
> 0,

we directly obtain (7.8). To verify (7.9), we let
Y(p) = ——= for p > 0,

so that since (7.8) asserts that Cy := $(9(m — 1)) — 1 is positive, by continuity we can pick 6y =
d2(m) > 0 such that 9(m — 1) — d2 > 0 and

dp)>Ti=1+ 2  forallpe (9(m—1)—52,9(m—1)] (7.10)

~ 10 (m—1)(2m — 3)
=5 2
it thus immediately follows that if m < % then W > 10 > 0 throughout (0,00). If m > %, then for
p > 9(m — 1) we can use (7.11) to estimate
- 10 (m—1)(2m—3)  88m — 87

Vi) >3 Slim—12  8l(m—1)

for all p > 0, (7.11)

>0,

because m > 1. In both cases, we thus obtain that {/;’ > 0 on [9(m — 1),00) and hence {/; > T on
(9(m — 1) — d2,00) by (7.10). O

We are thereby prepared for our second recursive argument, with its outcome being as follows.

Lemma 7.3 Let m > % Then for all p > 1 there exists C(p) > 0 such that

/ nf(-,t) < C(p) forallt >0 (7.12)
Q

t-‘r]. p+m 1
/ / Vne 2

and

< C(p) for allt > 0. (7.13)
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PROOF. Asm > 2 > 23 taking 6;(m) > 0 and d2(m) > 0 as given by Lemma 6.1 and Lemma 7.2,
respectively, we may pick pg € (1,9(m — 1)) such that

po > 9(m — 1) — min{d1(m), d2(m)}, (7.14)
and thereupon recursively define

PE = w(pkfl), keN= {1, 2,3, }, (715)

with ¢ : R — R taken from Lemma 7.2. Then since pg > 9(m — 1) — d2(m) by (7.14), according to
(7.8) an inductive argument shows that

pe >TFpy  forallkeN (7.16)

with I' > 1 as provided by Lemma 7.2, whence in particular py — oo as k — oo. Now due to the
boundedness of €2, in order to verify the lemma it is sufficient to show that for all £ > 0 there exists
Ci(k) > 0 such that for all € € (0,1),

t+1 pk+m 1
/ngk(-,t)gcl and / / Vne 2
Q

which will again result from an iterative reasonlng' Namely, for k£ = 0 the claimed inequality is a direct
consequence of Lemma 5.1, because m > 3 > 1 and py € (1,9(m—1)). If (7.17) holds for some ko > 0
and some C1(kg) > 0, however, then since (7 16) and (7.14) warrant that px > pgp > 9(m —1) —d1(m),

and again since m > %, Lemma 7.1 provides Cy > 0 such that

t+1 p+m—1
/np( t) <Cy and / /Vn6 2

"CCik) forallt>0, (7.17)

<02 forallt >0

with
10p3, + (36m — 42)py, + (m — 1)(18m — 27)
9
As thus p = ¥(pr,) = Pry+1 by (7.15), this asserts (7.17) also for k = ko + 1 and thereby completes
the proof. .

8 Further regularity properties

With Lemma 7.3 at hand, further regularity properties can now be obtained by essentially straight-
forward arguments: We firstly recall Lemma 6.1 and a standard regularization feature of the heat
semigroup to obtain the following.

9

Lemma 8.1 Assume that m > g,

€ (0,1),

and let p > 1. Then there exists C(p) > 0 such that whenever

/ Ve ()P < C(p) forallt>0 (8.1)
Q

and

[etop<co)  oratezo. 5.2)
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PrROOF.  In view of Lemma 7.3, (8.2) is an evident consequence of Lemma 6.1. Thereafter, (8.1) can
be derived from (8.2) and again Lemma 7.3 by well-known results on gradient regularity in semilinear
heat equations ([21]). O

By means of a Moser iteration, the latter together with Lemma 7.3 entails an e-independent L*>° bound
for n..

Lemma 8.2 Ifm > %, then there exists C > 0 such that for arbitrary € € (0,1) we have
Ine( )L < C for allt > 0. (8.3)

PrROOF. In view of Lemma 8.1 and Lemma 7.3 when applied to suitably large p > 1, this directly
follows from a Moser-type iterative procedure (see [32, Lemma A.1] for a version precisely covering
the present case). O

Again by means of maximal Sobolev regularity properties combined with an appropriate embedding
result, the estimates collected above imply Holder bounds for ¢, u. and Ve.. This will be achieved in
Lemma 8.4 on the basis of the following lemma in which any influence of the respective initial data is
faded out.

Lemma 8.3 Let m > % Then there exist 6 € (0,1) and C > 0 such that for all € € (0,1),

HCE — /C\HCH‘H»H(QX [t,t-‘rl]) S C fO’l" (le t Z 0 (84)
and
HUg — aHCH@’@(ﬁx [t,t+1]) S C fO?“ all t Z 0, (85)
where
e, t) = ePey and U(-,t) = e Mg fort>0. (8.6)

PROOF.  Since ¢; = Ag, it follows from (2.6) that
O(ce —¢) = Ace —¢) — Fo(ng)ce — ue - Ve, zeN, t>0,

where given p > 1 we may invoke Lemma 8.1, Lemma 8.2 and (2.9) and recall (2.4) to find C; > 0
fulfilling

t+2
/ / ‘ —Fa(ng)ca—ua-Vcengl for allt > 0 and € € (0,1).
t Q

Therefore, by means of maximal Sobolev regularity estimates along with an appropriate time local-
ization in the style of the argument from Lemma 6.3, we infer the existence of Co > 0 such that

t+2
/t {||c€(., 8) = 8, ) Byaq) + 19e(e<(,5) _5(.,5))y\§p(9)}ds <C, forallt>0andce(0,1).

In view of a known embedding property ([1]), an application thereof to suitably large p > 1 establishes
(8.4).
Likewise, using that

O(us — 1) = —A(ue — u) + P[nVal, x€eQ, t>0,
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and that herein for p > 1 we can use the boundedness of P on LP(; R?) ([14]) together with Lemma
8.2 to find C5 > 0 such that

t+2 »
/ / ‘P[ng(-,s)VqS] < (s for all ¢ > 0 and € € (0,1),
t Q
we obtain (8.5) from corresponding maximal Sobolev regularity estimates for the Stokes evolution

equation ([17]). O

Indeed, the latter inter alia implies the following Holder estimates, which with regard to the gra-
dient bound in (8.9) must remain local in time due to possibly lacking appropriate regularity and
compatibility properties of ¢y.

Lemma 8.4 Let m > %. Then there exists 6 € (0,1) with the property that one can find C > 0 such
that for all € € (0,1),
lellco@xepigy <C - forallt >0 (8.7)

and
HUEHCQ(QX[t,t—FI]) S C fO’r’ all t Z O7 (88)

and that for all T > 0 it is possible to choose C(1) > 0 fulfilling
”VCEHCG(ﬁx[t,Hl]) < C(7) forallt>T1 (8.9)

whenever € € (0,1).

PROOF.  We take ¢ and 4 from (8.6) and note that since cg € WH(Q) Noc(o,1) C?(Q) and
ug € D(AY) — ﬂee(o,%ﬁ%) C?(Q) ([15], [18]), known smoothing properties of the heat equation and

the Stokes evolution system ensure that there exist 67 € (0,1),602 € (0,1),C7 > 0 and Co > 0 such
that

el o @xftir1) < C1 for all t >0
and
HﬂHCeQ (@ [44+1]) < (9 for all t > 0,
and that for all 7 > 0 we can find C3(7) > 0 such that
”V/C\Hcl(ﬁx[t,Hl]) < Cs(7) for all t > 7.

Therefore, (8.7)-(8.9) result from Lemma 8.3. O

For strongly degenerate cell diffusion present when e.g. D(s) = s™~!, s > 0, with large values of m, we
do not know whether n. enjoys equicontinuity properties in the classical pointwise sense, which may
indeed suffer from a possible dominance of the transport terms in the first equation of (2.6) at small
densities. In order to nevertheless provide some compactness and equicontinuity properties of this
solution component, let us finally derive two statements on time regularity of n. in a straightforward
manner.
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Lemma 8.5 Suppose that m > %, and let T > 0. Then there exists C(T) > 0 such that for all
e€(0,1),

T
/0 Hatn?(»t)H(Wolm(Q))*dt < C(T) (8.10)

and
Hngt(-,t)H(WOzz(Q))* <C(T) for all t € (0,T). (8.11)

Proor.  Wefixt € (0,7) and ¢ € C5°(€) such that |[([[yy1.00(0) < 1, and then obtain from the first
equation in (2.6) by straightforward manipulations that writing C1 := sup.¢(o.1) |7 | Lo (2% (0,00)) and
Ca := || D| po((0,e1)) + 2, according to (1.6) we have

1 m
\m [ ou <~,t>c'
= ‘ / n™ 1y . {Dg(ne)Vn6 —nFl(n:)Ve. — ngug}(‘
Q
_ \ ~m=1) [ D Ona e~ [ 2 a9

1
+(m — 1)/ n™ 1 E (n.)(Vne - Ve )¢ +/ n'Fl(n:)Vee -V + m/ nl U, - VC‘
Q Q Q

IN

(m—1)Cg/n75"_2|Vn€\2+(m—1)Cg/ng‘_l\VnE]
Q Q
— m 1 m
+m=1) [ Vn Vel + [ 02V + - [
Q Q m Jo

m—1 m—1
(m—l)Cg/ngL_2|Vn5|2+ Cg/né”_2|Vna|2+ Cg/ngb
Q 2 Q 2 Q

m—1 m—1
P e S [ v
Q Q

1
—i—/n?‘]VcJ—i—/ng”]ue]
Q m.Jja

3C; 1 m—2 2, (m—1)CT"Co|Q (m—l)C{”/ 2
(m=1)(52+3) [ nrvn + . e A

IN

IN

—l—Cin/ |Vee| + Cl/ || for all e € (0,1).
Q m Jo

In view of the estimates provided by Lemma 3.2 and Lemma 8.1, (8.10) therefore readily results upon
integration.
The inequality in (8.11) can similarly be derived from Lemma 8.1 and Lemma 8.2. O

9 Existence of a global bounded weak solution

In the sequel, we shall refer to the following natural concept of weak solvability in (1.2), (1.7), (1.8):
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Definition 9.1 Let

n € Lipe(Q x [0, 00)),
¢ € Lige(2 % [0,00)) N Lip([0,00); WH () and

u € Liye([0, 00); WHH (2 R?)), (9-1)

be such thatn >0 and ¢ > 0 in Q x (0,T) and
Do(n), n|Ve| and nlu| belong to L},.(Q x [0,00)), (9.2)
where Dy(s) := [ D(o)do for s > 0. Then (n,c,u) will be called a global weak solution of (1.2),

(1.7), (1.8) sz u= 0 in the distributional sense, if

_/Oo/mpt—/nogo(-,O):/OO/Do(n)Acp—i-/oo/nVc-VLp—i-/oo/nu-V(P (9.3)

for all p € C§(Q x [0,00)) fulfilling g“” =0 on 99 x (0,00)

[ e~ [ ast0 //Vcho//ncgp—i—/ [ewve o)

for all p € C§°(Q x [0,00)), and if moreover

—/Ooo/ﬂuwpt—/uogo / /VU V(P-f—/ /nV¢cp (9.5)

for all o € C( x [0,00); R3) such that V- =0 in Q x (0, 00).

In this context, a series of standard extraction procedures on the basis of our estimates collected above
indeed yields global solvability.

Lemma 9.1 Let m > 2. Then there ezist (¢;)jen C (0,1), a null set N C (0,00) and a triple (n, c,u)
of functions n : Q x (0,00) — [0,00), ¢ : Q x (0,00) = [0,00) and u : Q x (0,00) — R? such that
€; 0 as j — oo and

ne(-,t) = n(-,t) a.e. in Q for allt € (0,00) \ N, (9.6)
ne =n in L (92 x (0, 00)), (9.7)
ne—nin C.([0,00); (Wi (2))"), (9.8)
c. —c in CP.(Q x [0,00)), (9.9)
. >e in L°°((0, 00); WP () for all p € (1,00), (9.10)
Vee = Ve in CP.(Q x [0,00)), (9.11)
Ue — U in CP (2 x [0,00)), (9.12)
U = u in (2 x (0,00)) and (9.13)
Vu. — Vu  in L, (Q x [0,00)) (9.14)

as € = ¢j \y 0. Moreover, (n,c,u) forms a global weak solution of (1.2), (1.7), (1.8) in the sense of
Definition 9.1, and we have

/ n(-,t) = / no for allt € (0,00) \ N. (9.15)
Q Q
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PROOF.  Since Lemma 3.2, Lemma 8.2 and Lemma 8.5 guarantee that (n{').c(,1) is bounded in
L} .([0,00; WH2(Q2)) and that (0;n!").c(0,1) is bounded in L7, ([0, 00); (W(‘?Q(Q))*) due to the continuity

loc loc
of the embedding Wg*(Q) < W, (), an Aubin-Lions lemma ([35]) yields (;)jen C (0,1) such that
€j \¢ 0 as j — oo and that n* — n™ holds a.e. in Q2 x (0,00) as € = ¢; \, 0 with some nonnegative
function n defined on € x (0, 00), whence using the Fubini-Tonelli theorem we readily obtain (9.6). In
view of Lemma 8.2, Lemma 3.2 and (8.11), on further extraction we may also achieve (9.7) and (9.8),
whereas the bounds provided by Lemma 3.2, Lemma 8.1 and Lemma 8.4 ensure that we can moreover
easily achieve (9.9)-(9.14) upon two applications of the Arzela-Ascoli theorem.

The regularity properties in (9.1) and (9.2) as well as the claimed solenoidality of u are evident from
(9.6)-(9.14), while the verification of (9.3), (9.4) and (9.5) is thereafter straightforward. O

10 Large time behavior

10.1 Basic decay information

Next addressing the large time asymptotics of our solutions, as in several previous studies on qualitative
behavior in related chemotaxis-fluid systems with signal absorption ([45], [24], [48], [46]) we shall rely
on the following elementary information indicating a certain decay of the quantities nc and Ve. Here
and throughout the sequel, without further mentioning we shall assume that m > % and that (n,c,u)
denotes the global weak solution constructed in Lemma 9.1.

Lemma 10.1 There ezist ¢, € (0,1) and C > 0 such that

/ / nece < C  foralle € (0,e,) (10.1)
o Ja

and

/ / Ve > <C for all e € (0,e,). (10.2)
o Ja

PRrROOF.  Using Lemma 8.2, we can fix C; > 0 such that n. < C} in  x (0,00) for all € € (0, 1), and
let e, € (0,1) be small enough such that é > (1. Then (2.3) implies that F.(n.) = n. throughout
Q x (0,00) whenever ¢ € (0,&,), whence integrating the second equation in (2.6) we obtain

t
/ ce(+t) +/ / NeCe = / co for all € € (0,&,) and each t > 0,
Q 0 JQ Q

from which (10.1) follows. Moreover, testing the same equation by c¢. and recalling (2.4) yields

1 t 1 t 1
/c?(-,t)—i—/ / ]ch|2:/cg—/ /Fg(ng)cgg /cg for alle € (0,1) and ¢ > 0
2 Jo 0o Jo 2 Jo 0 Jo 2 Ja

and thereby verifies (10.2). O
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10.2 Decay of ¢

A first application of Lemma 10.1 shows that thanks to the uniform Hoélder estimates from Lemma
8.4 the second solution component indeed decays in the sense claimed in Theorem 1.1.

Lemma 10.2 We have
c(-t) =0 in WHe(Q) as t — oo. (10.3)

PrOOF.  Following a variant of an approach pursued in [45], we first use (9.15) and the Poincaré
inequality to see that for all € € (0,1),

ng'/ca:
Q

IN

-

2
{ / yvc5|2} for all t > 0
Q

with C1 1= sup.¢(o,1) |7l Lo (@x(0,00)) < 00 by Lemma 8.2, and with some Cy > 0. Thus, by (2.9),

2
2{/71505} +2022/ |Ve.|?
Q Q

201||CO||L00(Q)/ NeCe + 2C22/ Ve |? for all ¢ > 0,
Q Q

A
:3\
&
$
_|_
S

5
o
)
—N
S~
&
——
)
A

IN

so that according to Lemma 10.1 we infer that with some ¢, € (0,1) and C3 > 0 we have
o0
/ les( 2yt < G5 for all € € (0,,)
0
and hence
> 2
| e 01 oy < 4
thanks to Lemma 9.1 and Fatou’s lemma. Since the spatio-temporal Holder continuity property

expressed by (8.7) warrants that 0 <t~ |lc(-,)[|11(q) is uniformly continuous, through a standard
argument this entails that necessarily

c(-,t) = 0 in LY(Q) as t — 00. (10.4)
Since Lemma 8.4 moreover guarantees that with some 6 € (0,1) and Cy > 0 we have

HC('at)HCH@(ﬁ) <(Cy for all t > 1, (10.5)
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a straightforward reasoning based on interpolation and the compactness of the first among the contin-
uous embeddings C11(Q) — WHe(Q) < L'(Q) shows that (10.4) and (10.5) entail (10.3): In fact,
given n > 0 we may employ an Ehrling—type lemma to pick C5 > 0 fulfilling

[ellwroo() < 20 lelrro + Csllelli — forall p € CM(Q), (10.6)
and then use (10.4) to choose ty > 1 satisfying
m4¢mﬂm)g§%r for all t > to.
Then by (10.6) and (10.5),
() llwree@) < f Cy+Cs - 205 =n  forall t > t,
as desired. O

10.3 Stabilization of n

Next concerned with the large time behavior of n, in order to circumvent obstacles stemming from
possibly strong degeneracies of diffusion when m is large, we rely on another quasi-energy structure
in deriving the following result which can be viewed as asserting a certain short-time conservation
of smallness of the quantity fQ(nE —Mp)?, and which, remarkably, beyond the above properties and
in particular (10.2) does not explicitly require the presence of any diffusion mechanism in the first
equation in (2.6).

Lemma 10.3 There exists C > 0 such that for each € € (0,1) and any choice of t, > 0 we have

2
[ (etn=m)” < o [ (o -m)"+ [1vetitdPs swfeto)le
Q Q SE(txstx+1)

for allt € (tu,ts + 1). (10.7)
PROOF.  We start by multiplying the first equation in (2.6) by n. — g to obtain
1d
—— [ (ne — n—o)z = —/ Da(ns)\VnE\Q + / neFl(n:)Vn. - Vee

< / neFL(n:)Vne - Vee for all t > 0. (10.8)
Q

Here in order to appropriately estimate the right-hand side, we introduce

Ge(s) := /0 oF.(o)do, s >0,

and once more integrate by parts to rewrite

/nEFE’(nE)VnE-Vca = /VG (ne) - Ve
Q

= /G ne) Ace

:_A@M@—QW»A% for all £ > 0, (10.9)
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because [, Ace(-,t) = 0 for all £ > 0. Now since we know from Lemma 8.2 that with some C; > 0 we

have
ne < Cp in Q x (0, 00) for all € € (0, 1), (10.10)

and since 0 < GL(s) < s thanks to (2.4), by the mean value theorem we can estimate
’Ge(na(x,t)) - GE(TTO)‘ < ”G;HLOO((O,Cl))‘ne@"vt) — 7|
< Cilne(x,t) — no| forallz € Q,t >0 and € € (0,1).

By means of Young’s inequality, (10.9) therefore implies that

/n‘EFE’(ng)VnE-Vc‘E < Cl/ |ne — ol - |Ace]
Q Q

L 2, CF 2
< — [ (ne—7mo)*+ — | |Ac] for all t > 0,
2 Ja 2 Jo
and that in view of (10.8) we thus have
d
— | (ne —mg)* < /(ng —Mp)? + C%/ |Ace|*>  forall t > 0. (10.11)
dt Jo Q Q

Here an adequate compensation of the rightmost integral can be achieved by using the second equation
n (2.6), which when tested against —Ac. yields

1
d/ ]ch|2+/ \Acg|2 = /FE(HE)CEACE+/(UE-VCE)ACE
2dt Jg Q Q Q
1
< / \Aca|2+/n§c§
4 Jo Q

1
—l—/ ]Acs\g—i-/ ]ug-Vcs\Q
4 Jo Q

1
< / |Acc|? + 012/ 2+ 022/ Ve | for all t > 0, (10.12)
2 Ja Q Q
where in accordance with Lemma 8.4 we have chosen Cy > 0 large enough fulfilling |u.| < Cy in

Q2 x (0,00) for all € € (0,1).
In combination, (10.11) and (10.12) now show that

d{ / (ne —mo)? + 012/ |V65]2} < /(n8 — ) + 20%/ 2+ 2012022/ Ve |? for all t > 0,
dt { Jo Q Q Q Q
implying that y(t) := [ (ne(-,t) —10)? + CT [ [Ve=(, )|, t > 0, satisfies
J (1) < Cay() + C / 2 forallt>0
Q

with C3 := max{1,2C%} and Cy := 2C{. By an ODE comparison, this entails that

t
iy + o [ L e bas
tx

Cye®s
eSy(ty) + 46? - sup / (-, s) for all t € (ty,t4 + 1)
3 SE(tx,tx+1) JQ

IN

y(t)

IN
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and thereby establishes (10.7). O

By means of another LP testing procedure applied to the first equation in (2.6), again relying on the
estimate (10.2) from Lemma 10.1, the latter implies stabilization of n toward its average, at least
when yet considered in L?(Q2) and outside a null set of times.

Lemma 10.4 Let N C (0,00) be as provided by Lemma 9.1. Then
n(-,t) = mo in L*(Q) as (0,00) \ N ot — oc. (10.13)

ProOOF.  We first invoke Lemma 10.3 to find C; > 0 such that for any ¢, > 0 and € € (0,1) we have

_\? —\? 2 2
/ (neC-0)-m) < 1 / (ne(,t) = m0) "+ / Veelot)P+ sup lee( )32
Q Q Q SE(twytxt+1)

for all t € (ty,ts +1).

Here since ¢. — ¢ in C}) (9 x [0,00)) and Ve — Ve in Cp (Q x [1,00))as € = &; N\, 0 according to
Lemma 9.1, and since (ne — 7g).¢(0,1) is bounded in L>(Q x (0,00)) by Lemma 8.2, on the basis of
(9.6) and the dominated convergence theorem we may let € = ¢; \, 0 to obtain that

/Q(n(.7t)—7m)2 < Cl'{/Q(”("t*)_"O>2+/Q|VC("t*)’2+s€(§f+1)HC("S)”%Q(“’}

for all t, € (1,00) \ N and any ¢ € (t.,t, +1)\ N.  (10.14)

In order to prepare an appropriate control of the right-hand side herein, we fix some v > 1 satisfying

~ > m—1, and noting that then 2y —m is positive we use n2? "™ as a test function in the first equation

from (2.6) to see that for all € € (0, 1),
1 d 2y—m+1 2y—m—1 2
o T @rm) [ D )V
= (2v— m)/ n2 "M F! (n.)Vn, - Vee for all ¢t > 0,
Q

which in light of (2.1), (1.6), (2.4) and Young’s inequality implies that

1 2y—m+1 (2’7_7’”)]@ /t/ 2v—2 2
- - -t 7 Y \V4
2’}/—771—1—1/()”5 (7)+ Ng ’ 77,5’
< 1 / 2y—m+1 (2’}/ m kD/ / 27— 2‘vn ‘2
- 2y—m+1
2y —m / / 2, |- Ve

2 m
2y— m+1 '7 2y— 2m+2v 2
2v—m+1/9" 2% // ‘ cel

1 2y-mtl | 2’Y m 2y—2m+2 5
i el [ [V toranes o,
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because 2y — 2m + 2 > 0. Due to the boundedness properties asserted by Lemma 8.2 and Lemma
10.1, we therefore conclude that there exist £, € (0,1) and Cy > 0 such that

/OO/‘VTLZQ
0o Ja

and that hence according to the Poincaré inequality we can find C3 > 0 fulfilling
(o]
/|

1
where we have set p.(t) := {ﬁ Jond(, t)}ﬂ’ fort > 0and e € (0,1). Again using (9.6) along with the

< Oy for all € € (0,¢4),

2

n2(1) = u2(0)|

dt < Cj for all € € (0,&4),

L2(Q)

dominated convergence theorem, from this we readily infer on invoking Fatou’s lemma on the time
interval (0,00) that

00 2
W) =), de< 10.1
| et =], g < (10.15
1
is valid with pu(t {IQ\ Jon (st }W, t € (0,00) \ N, the latter satisfying u(t) > ng for all ¢t €

(0,00) \ N due to the fact that by (9.15) and the Hélder inequality we can estimate

7519 :/Qn(-,t) < {/Qm(-,t)}i-yml—i for € (0,00) \ N.

As [€7Y — 7| > Y=L € —p| for all € > 0 and 1 > 0, this implies that
2
= ) ) - o)

> w2 n(-,t) — p(t)]* ae. in Q for all t € (0,00) \ N,

[0, 8) = 1 (0)

so that from (10.15) we obtain that

| It = O oy < 4 (10.16)

with Cy := C3 -2~ > 0.
Now to derive the desired conclusion from this and (10.14), given n > 0 we use (10.16) to find some
large ty > 1 such that

°° n
| ) = Oyt < - (10.17)
.

and such that in accordance with Lemma 10.2 we moreover have

c(x,t) < % forallz € Qand t > tp— 1 (10.18)
1

and well as

/ |Ve(., 301 for all ¢ > tp — 1. (10.19)
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Then for arbitrary ¢ > ¢y we may use (10.17) to pick t, = t.(t) € (t — 1,¢) \ N such that

2
n
S te) — wu(t . 10.20
[t =nte| < (10.20)
Again by (9.15) and the Cauchy-Schwarz inequality, this firstly entails that
el 190 = | [ (a6t - n(e)
0y 3
1
< { [ (ot u)'} ot
Q
iy
- 12C4
and hence
2
n
nog — t* ) g )
so that, secondly, from (10.20) we obtain that
2 2 2
/ (n('7t*) _TTO> < 2/ <n('7t*) - M(t*)> +2/ <n70_/14<t*))
Q Q Q
/
3¢
In conjunction with (10.18), (10.19) and (10.14), this means that
—\? n N n
o) <o | -
/Q<”( J=m) <3G, Tae tag s T
because t € (t.,t« + 1) \ N. Since n > 0 was arbitrary, this completes the proof. O

By interpolation and approximation, in view of the generalized continuity property of n gained in
Lemma 9.1 this readily implies convergence in the style claimed in Theorem 1.1.

Corollary 10.5 For allp > 1,
n(-,t) = ng in LP(Q) as t — oc. (10.21)

PrROOF. By boundedness of €2, we only need to consider the case p > 2, in which due to the Holder
inequality,

p—2 2 2

In(-,t) = ol ooy < (-, t) = Toll 2o g I, 1) = 012 < Culln(-,t) = TWllaqy  forallé >0

—2
with C1 := {[|n]| Lo (0% (0,00)) +7To}p7. Therefore, given 1 > 0 we may invoke Lemma 10.4 to fix tg > 0
such that

In(-,t) = MollLr) <1 for all ¢ € (tp,00) \ N, (10.22)
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and for the proof of (10.21) it will be sufficient to make sure that the inequality herein actually remains
valid for all ¢t > to. To verify this, for any such ¢ we can use the density of (¢9,00)\ N in (¢g, 00) to find
(tk)ken C (to,00) \ N such that t;, — t as k — oo. Then (10.22) shows that ||n(-,tx) — 7ol r) < 1
for all k& € N, whence we may extract a subsequence (ty,)ien of (t;)ren such that n(-,t,) — g — z in
LP(Q2) as | — oco. But since this trivially entails that also n(-,t;,) — g — 2 in (W02’2(Q))*, from the
continuity property implied by (9.8) we infer that z must coincide with n(-,¢) — g and that thus

In(-,t) = Toll Loy < liminf {[n(-, ty,) = 7o)l (o) < n,

as claimed. O

10.4 Decay of u

Finally, uniform decay of u can be achieved on the basis of the following straightforward application
of standard regularity theory in the forced Stokes evolution system.

Lemma 10.6 There exist A > 0 and C > 0 such that for any choice of u € R and arbitrary € € (0,1)
we have

t
us(-, )| () < C + c/ (t—5)"% 2 Ine(-,8) = pll p2qyds  for all t >0, (10.23)
0

where o € (3,1) is taken from (1.9).

PROOF.  As gradients of functions from W1 (Q) belong to the kernel of the Helmholtz projection
P, for arbitrary pu € R the third equation in (2.6) can be rewritten according to

Uet + Aue = P |(n(-,t) — M)w)], reQ, t>0. (10.24)

Now since @ > 2, from a known embedding result ([15], [18]) we obtain that D(A%) < L*°(), so
that invoking well-known smoothing properties of the analytic semigroup (e~*4);>¢ ([30], [13]) we infer
from (10.24) that with some C; > 0, C2 > 0 and A > 0 we have

Jue(, )l ooy < CillA%ue(, 8l L2

t
= Cl‘ A% g + / A%~ (t=9Ap [(ng(-, s) — N)qu} ds
0

L2(Q)

Pl(ne( ) = Vo]

IA

ds

t
@ —a —A(t—s
C1l|A u0||Lz(Q)+C'2/0(t—S) e M) .

for all ¢ > 0. Since P is an orthogonal projector and hence

P |(ne5) = v |

priy = || 12C9) = V6| < IVl iy Ine(o5) — gy for all s >0,

in view of our regularity assumption ug € D(A®) we thereby obtain (10.23). O

Here the integral on the right-hand side can be estimated by using the following elementary decay
property.
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Lemma 10.7 Let f € (0,1), A > 0 and h: (0,00) — R be measurable and bounded with h(t) — 0 as
t — 0o. Then

t
/ (t —s)Pe I n(s)ds — 0 as t — oo. (10.25)
0
ProoOF.  Given n > 0, we pick ¢; > 0 large such that [h(t)] < & for all ¢ > ¢1, where Cy =

1
. . . - 2||h|| 1,00 B .
fooo o Pe 2do is finite since B < 1. Then writing t = t; + (%W) ﬁ, for arbitrary ¢ > ty we

can estimate

t t1 t
/ (t— s) P Nt-p(e)ds| < / (1 — 8)Pe=2=9) 1 (s)|ds + / (t — 5)Be =9 (s)|ds
0 0

t1
< (t—t)|h P9 gs 4 L [ gy Peat-ag
< (=) Rl o0y [ € STac ), i
0 1Jt
-8 LeMe) =y 1 [T s emhe
— (t—t) HhHLOO((O,OO))'X(e 1) _e )+2CI/0 o e o
_ B P Bl 1 n B_—Ao
< (to —t1) " "[Ihll e ((0,00)) )\+201/0 o e do
_nyn
R
and thereby see that indeed (10.25) is valid. -

In view of the stabilization property from Corollary 10.5, Lemma 10.6 thus entails the desired decay
feature of w.

Lemma 10.8 We have
u(-,t) =0 in L>(Q) as t — oo. (10.26)

PrOOF.  With the null set N C (0,00) taken from Lemma 9.1, on combining Lemma 8.2 with the
dominated convergence theorem we obtain that n.(-,t) — g — n(-,t) —ng in L*(Q) as € = ¢; \ 0.
Therefore, using the convergence property (9.12) we infer from Lemma 10.6 that there exist A > 0
and C7 > 0 fulfilling

t
Ju(-, )] (o) < C1+ 01/ (t —s)" % M= |n(, s) — Mol L2 0y ds for all t > 0,
0

where a € (3, 1) is as in (1.9). Since ||n(-,t) —nollr2() — 0 as t — oo by Corollary 10.5, Lemma 10.7
therefore yields (10.26). O

10.5 Proof of Theorem 1.1

We finally only need to collect our previous findings to arrive at our main result.

PROOF of Theorem 1.1.  The statement on global existence of a weak solution with the regularity
features in (1.11) has been asserted by Lemma 9.1. The convergence properties in (1.12) are precisely
established by Corollary 10.5, Lemma 10.2 and Lemma 10.8. U
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