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Abstract

We consider the system

{ u = (d(@)u),, = (d@)uwy),, (0.1)

wy = —Ug(W),

which arises as a simple model for haptotactic migration in heterogeneous environments, such as
typically occurring in the invasive dynamics of glioma. A particular focus is on situations when the
diffusion herein is degenerate in the sense that the zero set of d is not empty.

It is shown that if such possibly present degeneracies are sufficiently mild in the sense that

/Qé < 00, (0.2)

then under appropriate assumptions on the initial data a corresponding initial-boundary value
problem for (0.1), posed under no-flux boundary conditions in a bounded open interval Q@ C R,
possesses at least one globally defined generalized solution.

Moreover, despite such degeneracies the myopic diffusion mechanism in (0.1) is seen to asymptot-
ically determine the solution behavior in the sense that for some constant p~, > 0, the obtained
solution satisfies

u(- ) — %’O in LY(Q)  and  w(,t) =0 in Lo°(Q)  ast— oo, (0.3)

and that hence in the degenerate case the solution component u stabilizes toward a state involving
infinite densities, which is in good accordance with experimentally observed phenomena of cell ag-
gregation.
Finally, under slightly stronger hypotheses inter alia requiring that 5 belong to Llog L(f2), a sub-
stantial effect of diffusion is shown to appear already immediately by proving that for a.e. t > 0,
the quantity In(du(-,t)) is bounded in Q. In degenerate situations, this particularly implies that
the blow-up phenomena expressed in (0.3) in fact occur instantaneously.
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1 Introduction

In the theoretical description of collective cell behavior at macroscopic scales, taxis mechanisms have
been playing an increasingly substantial role ([20]). In the past two decades, an accordingly growing
literature on mathematical analysis of such processes has brought about quite a thorough knowl-
edge of various classes of corresponding PDE models, containing cross-diffusive parabolic equations
as their most characteristic ingredient, especially in situations when the attractive signal is a chem-
ical and hence diffusible (see [2] for a recent survey). Unlike such chemotaxis systems, considerably
less understood seem so-called haptotaxis systems which substantially differ from the former in that
they address cases of non-diffusible cues, as naturally involved when tumors invade healthy tissue.
Moreover, virtually all analytical studies on taxis systems assume that random movement of cells is
of Fickian diffusion type, either linear or nonlinear, with few exceptions considering fractional diffu-
sion chemotaxis models ([6], [7]). Recent modeling approaches, however, indicate that in situations
of significantly heterogeneous environments, adequate macroscopic limits of random walks based on
individually local sensing rather lead to certain non-Fickian diffusion operators ([4], [14]).

The main focus of the present work is on the question how far the latter concept, in the literature
also referred to as myopic diffusion ([4]), can rigorously be proved appropriate for the description
of spontaneous structure generation in the context of simple haptotaxis systems in heterogeneous
environments. We thereby intend to provide some analytical evidence for heuristic reasonings ([4])
suggesting that in contrast to those based on Fickian diffusion, this modeling framework may indeed
much more accurately describe the emergence of neighborhood-adapted structures in such populations
of myopic individuals, with aggregation phenomena of glioma near thin interfaces between white and
grey matter in mouse brains forming a corresponding experimental observation of particular impor-
tance ([8]).

To this end, we will consider a particular version of an evolution system recently proposed as a model
for the description of glioma spread in heterogeneous tissue ([14]), for mathematical purposes sim-
plified in that any proliferation effects are neglected and that the spatial setting is assumed to be
one-dimensional. Specifically, we shall be concerned with the initial-boundary value problem

w = (d(z)u),, — (d(z)uw,),, refl, t>0,
wy = —ug(w), x e, t>0, (1.4)
(d(z)u), — d(x)uw, =0, x e, t>0, .

u(z,0) =up(z), w(z,0)=wo(x), x€l,

for the unknown cell density u = u(x,t) and the density w = w(z,t) of tissue fibers acting as a
haptotactic cue in a bounded open interval 2 C R, with given nonnegative functions d, ug and wg on
Q and g generalizing the prototypical choice g(s) = s, s > 0, in a sense to be specified in (1.7) and (1.8)
below. The formal parabolic limit procedure performed in [14, Section 3.1}, adequately accounting for
the influence of the underlying tissue structure on tumor cell movement, led to the above concrete form
of the macroscopic equations featuring myopic diffusion and haptotaxis. Both these types of terms
in their respective coefficient functions, involve the so-called tumor diffusion tensor explicitly deduced
e.g. in [14, Formula (3.11)]. In the latter reference, the distribution of the tissue density is assessed
from medical data and plays the role of an input to the equation for the space-time evolution of the
tumor cell population. When the tissue dynamics is taken into account, as done through the second



equation in (1.4), then the mathematical analysis of the resulting system becomes challenging, the
more so in situations with possibly degenerate diffusion, which can indeed occur during the migration
of glioma through the tissue, either when the latter is locally too dense and isotropic, thus impairing
the spread of cells which have to overcome it, or too sparse, which in turn is hindering the spread
of cells, as they have to rely on it both for migration and proliferation. In this work we therefore
concentrate on the one-dimensional version of the system obtained in [14], which correspondingly uses
the same motility coefficient function d = d(z) in both the diffusive and the advective terms in (1.4)
and allow this function to degenerate.

We moreover note that as can readily be verified on substituting w = ¥(v) := [} ¢(£)d¢ and g(w) =
UL (w) - p(T~L(w)), for arbitrary smooth positive ¥ : [0,00) — R this thereby implicitly includes
solutions with sufficiently small component v of the respective initial-boundary value problem for

w = (d(z)u),, — (d(z)wp(v)vy),, reQ, t>0,
vy = —U, $€Q7t>0,
where the choice ¥ (v) = ﬁ corresponds to the particular tumor invasion model recently analyzed

in [51].

In the case d = 1 representing spatially homogeneous conditions for both diffusion and cross-diffusion,
(1.4) reduces to the apparently simplest reasonable model for haptotactic interaction ([26]), containing
the essential aspects of several more complex systems that have been discussed in the modeling litera-
ture ([31], [9], [10]; cf. also [3]) and also analyzed analytically. Beyond statements on global existence
in various functional frameworks (see [45], [13] and [28] for some classical and e.g. [37] as well as [34]
for more recent examples) and scattered results on boundedness ([29], [42], [18]), however, even in this
non-degenerate and homogeneous setting a detailed description of further qualitative facets such as the
large time behavior could be established only in very particular cases up to now; moreover, apparently
all available results in this direction are either restricted to solutions suitably close to equilibria ([16],
[18]), or to situations when a strongly dissipative action of additional logistic-type cell kinetic terms
can be shown to dominate on large time scales ([27], [46], [43], [42], [21]), meaning that in the latter
cases solutions exclusively stabilize toward spatially homogeneous and hence unstructured equilibria.
This lack of rigorous knowledge in situations of expectedly more colorful solution behavior may be
viewed as reflecting the circumstance that unless suitably compensated by further mechanisms, tac-
tic cross-diffusion of the form in (1.4) may substantially affect the regularity of solutions and hence
obstruct mathematical analysis at various stages. This strongly destabilizing potential is well-known
from various findings detecting unboundedness phenomena especially in self-reinforced taxis models,
even in apparently more regular settings determined by cross-diffusive interaction with a diffusible
quantity such as in the classical Keller-Segel chemotaxis system and derivates thereof ([19], [30], [48],
[24]), already in some spatially one-dimensional scenarios ([23], [49]), but also in some models for
tactic migration toward non-diffusible attractants ([25], [32]).

Main results. In the presently considered context of the model (1.4), our analysis will reveal that
under appropriate assumptions inter alia requiring mildness of possible degeneracies in diffusion, such
types of taxis-driven collapse do not occur, but that the solution behavior is rather essentially pre-
arranged by the environmental conditions. Indeed, our main results will show that for a large class
of initial data, certain global generalized solutions can be constructed which in the large time limit



approach a positive multiple of the reciprocal myopic diffusion coefficient é in their first component,
as predicted in [4]; in particular, this reflects asymptotic aggregation of cells in regions where d is
small, in presence of zeros of d even in the mathematically extreme sense of stabilization toward a
singular state. Beyond this asymptotic statement, we will identify a solution property that indicates
a certain predominance of the diffusion process in (1.4) already at intermediate and even small time
scales: Namely, we shall see that under slightly stronger assumptions, for a.e. t > 0 the quantity
du(-,t) is bounded from above and below in € by positive constants only depending on ¢. This firstly
ensures local boundedness of u(-,t) inside the positivity set of d and hence rules out any significant
taxis-forced aggregation; secondly, and more drastically, however, this implies that singularities near
points of degenerate diffusion, according to the above arising at least in the long-term limit, in fact
emerge instantaneously.

In order to formulate these results more precisely, let us specify the framework to be considered
henceforth by assuming d € C°(Q) to be nonnegative and such that

de Cc'({d > 0}), (1.5)

as well as

/{2(];1 < 00, (1.6)

where {d > 0} := {x € Q | d(z) > 0}, with this and similar notation frequently being used throughout
the sequel without further explicit definition. We observe that (1.6) in particular requires the set
of all zeros of d to be a null set of points, thus inter alia excluding situations when diffusion may
become degenerate throughout entire subintervals of £2. In application contexts, this corresponds to
limiting situations of small interfacial layers of inhibited diffusion, such as typically occurring in the
mentioned framework of glioma spread addressed in [4]. Mathematically, it may be noted that at least
formally, (1.4) would predict temporal constancy of u inside the interior of such degeneracy regions;
a partial rigorous justification thereof has recently been achieved in [35]. Thinking of the particular
problem setting of glioma invasion, let us recall that the tumor diffusion tensor obtained during the
macroscopic scaling process in [14] is proportional to the water diffusion tensor assessed by diffusion
tensor imaging (cf. also [11] and [36] for independently obtained similar links); accordingly, in the
one-dimensional framework at hand the corresponding scalar coefficient function d is also supposed
to be tightly related to the diffusivity of water molecules. Thereby, sharp intersections of the one-
dimensional diffusion direction of water molecules by tissue fibers which are very thin, single objects,
at those sites lead to essentially single-point degeneracies in the diffusion of water molecules and, the
more so, of tumor cells. In addition, (1.6) implicitly requires that d grows suitably fast near its zeros, in
the prototypical case when d(x) = |z — x0|? for all 2 € Q, some o €  and some 6 > 0 reducing to the
hypothesis that 0 < 1. Biologically, this corresponds to situations in which the diffusivity undergoes a
rapid enhancement in the immediate proximity of the sites of degeneration, e.g., where it was ’blocked’
by the fibers ([14]); further indications for the occurrence of such sudden increases in diffusivity at
interfaces is provided by experimental evidence reporting that the diffusivity in white brain matter is
much higher than in grey matter and leads to differences in cell motility 5-25 times higher in white
than in grey matter (see e.g. [4] and the references therein). Besides their biological plausibility,
these assumptions will also serve technical purposes that will become evident in the discussion below,
e.g. around the formulation of Theorem 1.2.



As for the signal absorption coefficient function in (1.4), we shall suppose that g € C?(]0, 00)) is such
that ¢(0) = 0 and that with some positive constants v and ¥ we have

y<4g(s) <y  foralls>0 (1.7)

and hence also
75 < g(s) <7s for all s >0, (1.8)

and the intial data are required to be such that

{ 0 < up € C°(Q) satisfies ug Z 0, and that (1.9)

0 < wp € C%Q) is such that /wy € WH2(9Q).

Within this setting, the first of our main results establishes global existence of a solution to (1.4)
under an appropriate additional condition requiring a certain smallness property of wg near zeros of
d. We emphasize already here that due to our mild assumptions on d, in view of the statement on
instantaneous blow-up formulated in Theorem 1.3 we can in general not expect boundedness of the
first solution component with respect to the norm in LP(Q2) for any p > 1, not even locally in time,
so that our notion of solution needs to be adequately adapted to this circumstance. After all, our
analysis will reveal that it is not necessary to resort to concepts involving measure-valued solutions,
but that it is rather possible to construct solutions with their first component belonging to the space
CY(]0,00); L' () of L'(2)-valued functions defined on [0, 00) which are continuous with respect to
the weak topology in L(Q).

Theorem 1.1 Let Q C R be a bounded interval, and suppose that d € C°(Q) is nonnegative and such
that (1.5) and (1.6) hold. Moreover, let g € C*([0,00)) be such that g(0) = 0 and that (1.7) is valid
with some v > 0 and 5 > 0. Then for all initial data uy and wo which satisfy (1.9) and which are
such that furthermore

d2
/ —wy < 00, (1.10)
q d

there exists at least one pair (u,w) of nonnegative functions

{ u € CY([0,00); L'(2)) N L*((0, 00); L1 (), (1.11)

w € CO(N x [0,00)) N L>®(Q x (0,00)) N L}

loc

([0, 00); WH(Q2)),

which form a global weak solution of (1.4) in the sense of Definition 2.1, and for which we have

/ u(-,t) = / uo for allt > 0. (1.12)
Q Q

Next, our main result concerning qualitative behavior in (1.4) asserts that in the large time limit, each
of these solutions approaches a steady state of (1.4). Here since the nonnegative equilibria of (1.4) are
precisely the pairs (4,0) with ¢ > 0, in light of the mass conservation property (1.12) this a posteriori
underlines the crucial role of our overall integrability assumption (1.6) for this central result.



Theorem 1.2 Suppose that the assumptions of Theorem 1.1 are fulfilled. Then the global generalized
solution (u,w) of (1.4) obtained in Theorem 1.1 satisfies

u(-,t) — ,u% in L*(Q) ast — oo (1.13)
and
w(-,t) =0 in L>(Q) ast — 0o (1.14)
with the positive number
U
Lo 1= Jo - (1.15)
Jo

We note that in presence of zeros of d, (1.13) actually asserts that the quantity u undergoes a certain
blow-up phenomenon at least in the large time limit. We finally make sure that this explosion actually
occurs immediately and persistently, provided that diffusion is slightly less degenerate than admitted
in Theorem 1.1, and that % is bounded. In fact, the following states that under these hypotheses,
the regularizing action of diffusion is strong enough, both relatively to haptotaxis and absolutely, so
as to allow for the conclusion that, at least in an appropriate weakened form, the quantity du enjoys

properties of instantaneous positivity and boundedness well-known for solutions of the heat equation.

Theorem 1.3 Assume that in addition to the hypotheses of Theorem 1.1,

11
“In- 1.16
/Qd b < oo (1.16)

and w
70 e L®(). (1.17)

Then the global generalized solution (u,w) of (1.4) from Theorem 1.1 has the property that
T 3
/T H In (du(-,t)) HLOO(Q)dt < 00 for allT >0 and 7 € (0,T). (1.18)

In particular, for a.e. t > 0 there exist C1(t) > 0 and Ca(t) > 0 such that

C C
dzg(ut)) <wu(z,t) < d?;t)) for a.e. x €9, (1.19)
and if 3 ¢ L*°(Q), then
(-, )| oo () = o0 for a.e. t > 0. (1.20)

The above results seem to go beyond previous knowledge even in cases when haptotactic interaction is
neglected e.g. by formally setting w = 0 in (1.4). In the non-degenerate version of the correspondingly
obtained linear diffusion problem, that is, when d > 0 in €, global existence of classical solutions,
smoothly approaching the steady state in (1.13), can readily be established by standard methods. As
for degenerate limit cases thereof, a result on global existence of certain very weak solutions, as well
as on their stabilization toward an associated singular equilibrium, can be found in [22]. A very early
caveat indicating criticality of the assumption (1.6) goes back to [15], where it is shown that if the



diffusion degeneracy is slightly stronger in that d(z) = x in © = (0, 00), then prescribing boundary
conditions at z = 0 in the resulting simple equation u; = (zu)., is meaningless in the sense that
solutions to the initial-value problem therefor are uniquely determined already by their prescribed
(reasonably regular) initial data.

Main ideas. Our analysis is rooted in the observation that in the context of non-degenerate and
suitably regular diffusion, a supposedly given smooth solution to (1.4) satisfies the energy inequality

d 1 w? v [ d? (du)? v w?
— In(d — [ d—"+—= | = Lt = [ du—2< 1.21
dt{/ﬂun(u)—FQ/Q g(w)+72/9dw}+/g Tu +47/Q uw_O ( )

where our hypothesis that fQ é be finite warrants that the Lyapunov functional therein is bounded from
below (cf. Lemma 3.5). Thus generalizing the corresponding identity for the special case d = const.,
as already observed in [13] and frequently adapted to various related cases involving spatially homo-
geneous diffusion (cf. [34] for a recent even quite complex example), (1.21) contains in its dissipated
part, as a main novel ingredient, the fraction % which our assumption (1.6) enforces to have infinite
integral around each zero of d (see Lemma 2.3). Mainly due to this circumstance, considerable efforts
will be undertaken in Section 2 to carefully design a sequence of regularized problems, indexed by a
small positive parameter e, that will involve nondegenerate diffusion in the respective first equation
as well as a parabolic approximation of the second equation in (1.4), and at the core of which the
construction of suitable approximations d. and wg. to d and wy, respectively, is guided by the intention
to remain basically consistent with the structure expressed in (1.21). In Section 3 this will enable us to
obtain an approximate counterpart of (1.21) and derive correspondingly implied a priori estimates for
the respective solutions (u.,w.) in the central Lemma 3.5, inter alia containing a regularized variant

of the global dissipation property
/00/ (@l _ (1.22)
0 [¢) du

formally resulting from (1.21). By means of standard testing procedures, in Section 4 these will be
seen to entail further regularity properties, now possibly e-dependent, which enable us to extend each
of these approximate solutions so as to exist globally.

Beyond some local-in-time estimates for u., and w., Section 5.1 will thereafter reveal two key reg-
ularity features, namely firstly uniform integrability of u. and of w., with respect to both the time
variable and the approximation parameter (Lemma 5.1 and Lemma 5.2), and secondly an approximate
analogue of the relaxation property

/o Hut('at)H%/Vl«OO(Q))*dt <0 (1.23)

formally implied by (1.21) (Lemma 5.4). Along with a crucial strong L? compactness property of
the first factor v/d.u. in the corresponding cross-diffusive flux (Lemma 6.3 and Lemma 6.4), these
will allow for constructing a solution to (1.4) through an appropriate extraction procedure based on
straightforward compactness arguments (Section 6), and thus for proving Theorem 1.1 (Section 7).

Section 8 will then be devoted to the derivation of the stabilization results in Theorem 1.2, where
first concentrating on the solution component u we will make essential use of the weak decay infor-
mation implicitly contained in (1.22) and (1.23), as well as a now evident equi-integrability feature



of (u(-,t))e>0 (Sections 8.1-8.3). Thereafter, the fact that thus u approaches a positive limit will be
combined with the equicontinuity of (w(-,t))¢>0, as implied by the above, to verify that the decreasing
quantity [[w(:,t)[| Lo () must actually decay (Section 8.4).

Finally, Section 9 provides a proof of Theorem 1.3, with a key step consisting in deriving an estimate
of the form .
/ / w2, <C(T), T>0, (1.24)
0 Q
(Lemma 9.3), used to control the right-hand side in the regularized analogue of

d [1 1 [ (dw? 1 [ ,

— [ =lnu> - - 1.25

dthn“—2/Q(du)2 2/9“’9” (1.25)
adequately (Lemma 9.8). For smooth solutions, (1.24) would trivially result as a by-product of (1.21)
due to the evident fact that as a consequence of (1.4) and the assumptions in Theorem 1.3, % would
have a positive lower bound, and hence would ﬁi) by (1.8). Due to positivity of w. enforced by artifi-

cial diffusion, however, a corresponding upper bound for ‘5—; seems available only in certain LP spaces,
with the integrability power p herein fortunately increasing with decreasing €, however (Lemma 9.2).
Therefore, (1.24) can be obtained by means of a subtle interpolation argument (Lemma 9.3) involving
an additional regularity information on w., which stems from the artificially introduced dissipation
and is thus of higher order, but singular with respect to £ (Lemma 9.1).

Before going into details, let us remark that due to the delicate coupling of diffusion and haptotactic
cross-diffusion in (1.4), in the general framework determined by our conditions and especially by (1.6)
we do not expect solutions to possess spatially global regularity properties substantially beyond those
obtained by our analysis, as already discussed above in the context of Theorem 1.1. An interesting
question going beyond the scope of the present work consists in describing possible further regularity
aspects inside the positivity region of d where in the purely diffusive case when w = 0, standard
parabolic theory essentially provides smoothness up to an extent determined by the smoothness of d
and ug. After all, a subsequent study in this direction will inter alia show that imposing the slightly
stronger assumption fQ d% < oo on the behavior of d near its zeros ensures that the quantity du
remains bounded in LP(Q) for any p € (1,00), that locally in {d > 0} x (0,00) the function u itself
is even Holder continuous, and that the convergence in (1.13) in fact is locally uniform in {d > 0} ([33]).

2 Approximation of (1.4) by a family of regularized problems

2.1 A weak solution concept

To begin with, let us specify our generalized solution concept in order to substantiate the goal to be
pursued in the context of our existence analysis.

Definition 2.1 A pair (u,w) of nonnegative functions

u e Llloc(ﬁ x [0, 00)),
w € L2 (2 x [0,00)) N L _([0,00); WELH(Q))

loc loc

(2.1)



satisfying
duw, € L},.(Q x [0,00)) (2.2)

will be called a global weak solution of (1.4) if

—/OOO/ngpt—/Quogo(-,O):/OOO/QCZUSOM-F/OOO/QOZUW:U%C (2.3)

for all p € C§(Q x [0,00)) such that p, =0 on IQ x (0,00) and

/Ooo/gw%+/ﬂwos0 / /Ug (2.4)

for all p € C§(Q x [0,00)).

2.2 Construction of energy-compatible sequences approximating d and wy

A natural first step in the construction of globally defined functions solving (1.4) in the above sense
consists in considering appropriately regularized problems. In order to allow for classical solvability,
the latter should in particular involving non-degenerate diffusion in the respective cruicial first equa-
tion; as smooth solvability furthermore seems to require second-order spatial differentiability of the
haptoattractant therein, apart from that a certain smoothness-enforcing regularization in the second
equation appears to be in order. In the context of the questions addressed here, however, nearby
approaches based e.g. on straightforward introduction of artificial non-degenerate diffusion in both
sub-problems of (1.4) apparently need to face two essential challenges: Firstly, our assumption (1.6)
of suitably weak degeneracy implicitly forces d to be non-smooth near possible zeros; in particular,
the function d, appearing as a coefficient in the divergence-like reformulation of the diffusion operator
(du)zy = (dug + dyu), need not belong to any of the spaces LP(2) for p > 1; accordingly, for guar-
anteeing the existence of suitably smooth solutions to our regularized problems it seems adequate to
approximate d by appropriate functions each of which, beyond being strictly positive, is sufficiently
regular. Secondly, and more drastically, in view of our goal to exploit the energy structure (1.21)
formally associated with (1.4), unlike in situations when only global solvability is strived for ([35]) our
design of regularization will be restricted to approximate problems Which are essentially consistent

with this structure. Here, in view of a considerably strong singularity of %= necessarlly appearlng near

any zero of d (Lemma 2.3), a particularly crucial role will be played by the last integral fQ Fw arising
in the Lyapunov functional in (1.21), especially at the initial time where it seems far from obvious how
far our mere assumptions in (1.9) and (1.10) may warrant boundedness of the respective expression
when d is replaced by approximate variants; accordingly, our regularization procedure will moreover
include a suitable modification of wgy near zeros of d.

In order to adequately cope with both these challenges, in this section we describe a possible con-
struction of a sequence of approximate versions of (1.4), indexed by a small parameter ¢ € (0,1)
which will eventually be restricted so as to run along an appropriately chosen decreasing sequence
(€j)jen C (0,1) (see Lemma 2.6). In order to avoid abundant technicalities at this stage, we postpone
details of the corresponding analysis to an appendix below.

As a first step within our procedure, we will make sure that d can monotonically be approximated by
a family of smooth positive functions d. with convenient further properties.



Lemma 2.2 Suppose that d € C°(Q) is such that (1.5) holds. Then there exists a family (de)ee(o,1) C

C>(Q) with the properties that as € \, 0 we have

d: — d in L*(Q) (2.5)

and
dey — dy in L2 ({d > 0} N Q) and in LY ({d > 0}) for all p € [1,00), (2.6)

that
de <do in Q whenever 0 < e <¢ <1, (2.7)

that for all € € (0,1) we have d- > 0 in Q,

deg =0 on 082 (2.8)
and
dg < Hd”Loo(Q) +1 m Q, (2.9)
and such that
2/ 02y <1 (2.10)
€ — < .
o d2
and
f/ dg 1 (2.11)
e | =2£< )
o d?
as well as
S S (2.12)
T infeod() '
and p
1
| pia <1 2.1
= ’ de L) — (2.13)

for all e € (5j)j€N'

In view of (2.5) and (2.6), taking e \, 0 in the expression [, Cg: wp will not go along with any difficulty
in the special case when wgy has compact support in {d > 0}. That it is reasonable to use such
functions for the approximation of a general wg, beyond the required regularity assumptions merely
satisfying (1.10), is indicated by the observation to be made in Lemma 2.4, which itself is prepared
by the following implication of our assumptions on d.

Lemma 2.3 Let d € C°(Q) be nonnegative and such that (1.5) and (1.6) are satisfied. Then for any
set Qo C Q which is relatively open in Q0 and such that QN {d = 0} # 0, we have

d2
2 = 0. 2.14
/Q E (2.14)

We can thereby easily assert that any wg compatible with the hypotheses of Theorem 1.1 indeed must
vanish at each zero of d.
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Lemma 2.4 Let d € C%(Q) be nonnegative and such that (1.5) and (1.6) are valid, and suppose that
wo € C%Q) is a nonnegative function fulfilling (1.10). Then

wo(z) =0 for all x € {d = 0}. (2.15)

We shall next use the above fact together with our overall regularity assumption that \/wg belongs to
W12(Q) to construct a monotone sequence of approximations to wq which are all compactly supported
in {d > 0}, and which moreover are compatible with the energy functional in (1.21) in the sense that
not only the third but also the second intergal therein remains bounded along this sequence.

Lemma 2.5 Assume that the nonnegative function d € C°(Y) satisfies (1.5) and (1.6), and that wo
complies with (1.9) and (1.10). Then there exists (wo;)jen C L*(2) such that for all j € N we have
wo; > 0 in Q and /wg; € WH2(Q) as well as

supp wo; C {d > 0}, (2.16)
and such that
wo; S wy  in Q as j — 0o (2.17)
and
w2,
0jz
Sup/ d < 0. (2.18)
jeNJQ Woy

We finally combine the outcomes of Lemma 2.2 and Lemma 2.5 to select a suitable decreasing sequence
(¢5)jen C (0,1) along which the interplay of the correspondingly defined function d.; with a slightly
shifted variant of wp; is favorable with regard to both relevant integrals appearing in the Lyapunov
functional in (1.21).

Lemma 2.6 Let d € C°(Q) be nonnegative and such that (1.5) and (1.6) hold, and let wo satisfy
(1.9) and (1.10). Then there exists (€j)jen C (0,1) such that €5 \, 0 as j — oo, and such that for
(de;)jen as determined by Lemma 2.2, and for

woe(z) 1= woj(az)—i—s%, e, e=¢;, jeEN, (2.19)

with (woj;)jen taken from Lemma 2.5, we can find C > 0 such that

2
w
/ d.—%% < C for all € € (€5)jen (2.20)
Q  Woe
and
dz,
. wos <C for all € € (gj)en. (2.21)
Q Ye

11



2.3 Regularized problems: local existence and extensibility

Upon the choices specified in Lemma 2.6, for € € (¢;)jen we henceforth consider the approximate
variants of (1.4) given by

Uet = (detle)zz — (deUeWer )z, reQ t>0,
et — ds fer ) - UWUe g)s GQat>Oa
Wet 5( ), ueg(we) T (2.22)
Uezx = Weg = 0, xr e, t>0,
ue(z,0) = up(z), we(x,0) = wpe(x), x €,

which are all solvable at least locally in time, and for which a convenient criterion for extensibility can
be obtained:

Lemma 2.7 For each € € (gj)jen, there exist Taee € (0,00] and functions

{ us € CO(Q % [0, Trnaa,2)) N CH1 (S % (0, Tinaa,e)), (2.23)

we € C[0, Thnaze); WE2(Q)) N C*HQ x (0, Tnaze)),

for which we have u. > 0 in Q x (0, Tryaze) and we > 0 in Q X [0, Tinaze), which solve (2.22) in the
classical sense in Q X (0, Tyaze), and which are such that

1
if Tvas , th Ii )| o ot ’ HiH = 00. 2.24
i T < 0, then. Timasp { et )l + e Ol + |5y} =20 229

ProOOF. Inlight of the positivity of both d. and wq. in Q, as asserted by Lemma 2.2 and Lemma 2.6,
this can be seen on adapting well-established arguments from the analysis of chemotaxis problems and

of parabolic problems involving nonlinear degenerate diffusion ([39], [1], [47]) to the present context.
(]

The following two properties of these solutions are almost trivial but important.

Lemma 2.8 Let € € (gj)jen. Then

/ ue (1) = / U for allt € (0, Thhaz.c) (2.25)
Q Q

and
we(z,t) < M = |lwol| gy + 1 for allz € Q@ and t € (0, Thnaze), (2.26)

and furthermore we have

/ we (1) < / we (-, 1) < / woe  whenever 0 < tg <t < Taze (2.27)
0 Q Q

as well as

¢ 1
/ / UWe < / Woe for allt € (0, Tinaz,e)- (2.28)
0 JQ Y Jo

12



PrROOF.  The identity (2.25) immediately results on integration of the first equation in (2.22) over
2 x (0,t). For the derivation of (2.26), we only need to observe that by the maximum principle,

We < HwO€HL°°(Q) in Q x (OaTma:v,e);

and that herein by definition (2.19) of wq., due to the fact that ¢; <1 for all j € N we have

1
wosj:woj—kefgwo—i—lgM in for all j € N,

because wp; < wp in €2 for all j € N by Lemma 2.5.
Finally, since from the second equation in (2.22) we obtain

d
— We = _/ usg(ws) < _/7/ UsWe for all t € (O,Tmax,s)v
dt 9] Q Y

after an integration in time we readily infer that also (2.27) and (2.28) hold. O

3 An approximate energy inequality

In order to derive some fundamental a priori information beyond that from Lemma 2.8, we shall next
make use of our particular construction of the functions d. and wy. to establish an approximate version
of the energy inequality (1.21). This will be achieved in Lemma 3.4, and thereafter further exploited in
Lemma 3.5, on the basis of three testing procedures performed in Lemma 3.1, Lemma 3.2 and Lemma
3.3.

We first consider the part containing the logarithmic entropy functional.

Lemma 3.1 For all € € (¢j)jen and arbitrary 6 > 0,

d (de ug)m gx d2
— < — — .
7 /QUE In(d.ue) + /Q T / AeUpepWeg + 5/ U + 45 . L ugw, (3.1)

for allt € (0, Tinage)-

PrOOF. ~ We multiply the first equation in (2.22) by the function In(d-u.) which by Lemma 2.2 and
the strong maximum principle is positive in © x (0, Tj,42,). On integrating by parts and using (2.25)
we thereby obtain the identity

2
d/ Uge ln(dEU5)+/ M = /(dsus)stm
dt Q Q detie Q

= / AUz Wey —i—/ AegUeWey for all t € (0, Trnaz.c)s
Q Q

in which by Young’s inequality, for each > 0 we have

2
/ AepUeWey < 5/ dguawm / —L uw, for all t € (0, Trnaz,e),
Q Q

We

13



so that (3.1) directly follows. O

As already observed in [13] and essentially used in numerous further precedent works on haptotaxis
systems (see e.g. [28], [41]), the interaction term in (3.1) containing the gradients of both the population
density and the attractant, precisely appears during an appropriate testing process applied to the
second equation in (2.22). Thanks to the dissipative character of the signal consumption mechanism
n (2.22), this furthermore provides an absorptive term that can be used to compensate the second
summand on the right of (3.1). The next lemma will moreover reveal the fortunate circumstance that
the particular diffusive regularization chosen in the second equation in (2.22) is in favorable accordance
with these stuctural properties.

Lemma 3.2 Let € € (¢j)jen. Then with v and % taken from (1.7), we have

1d w2 w 2
-—— [ d /du ”—1—5/ EI < - /duxwm 3.2
2dt/§) Eg( ) 2,}/ € \/g ws \/g wE ) o g We. 3 ( )

for allt € (0, Tinagc)-

PROOF.  Using that we > 0in Q x [0, T0z,c) by Lemma 2.7, and that hence (1.8) warrants that also
g(we) is positive in Q x [0, T)naq.), on the basis of the second equation in (2.22) and an integration by
parts we compute

i i = 2 gt (e ) (vate).
U)2 w

- /Q de gg(jja)g%wa)-{a(dagf;e))x—uag(wg)}

AN Gy

2

2/ dsusazwsx 2/ dsueg,(wa) Wea
Q Q g(we)

w2
+/ d:u-g (ws) =
Q g(w:)
= —2 ! (d Wea )2
- €
a v/ g(we) g(we)/ =
_2/ AeUerWey
Q
2
/ deteg () 025 for all L€ (0. Ty (3.3)
=
where we have used the pointwise identity
2
w w
2(d — ) +d.g'(w S
ey )a T

14



2

w
+ dg wE ET
> g )92(1115)

1
s s

_ _g/(wa)wax_d Weg _ (g e e
Vit V) m (e ) 0
1 Wey X
= 2 - de in Q x (0, Traz.e)-
g(we) ( g(w€)>:c X ( ) )

Since (1.7) and (1.8) entail that
g (we) > 7 and  g(w:) < Fw in Q x (0, Thnaz,e)

from (3.3) we obtain (3.2). O

Finally, in order to absorb the rightmost summand in (3.1) appropriately, we shall add a suitable
multiple of the inequality contained in the following.

Lemma 3.3 Let € € (¢5)jen and 6 > 0. Then for allt € (0, Taz,e),

d dgw VyMe

+ / ey < de / L (d Wex )2 +
’)/ UsWe >~ . 5
dt Jo . o e o Volws) N Vglwe) w49

where 7,75 and M are as in (1.7) and (2.26), respectively.

(3.4)

PrOOF. By means of (2.22), for € € (&) en we calculate

d [ d / 2 Wey / dz
Iw —¢ _€r | dsi — ﬂ’U/E We fOT all t e O,Tmaz g)s 3.5
dt Jo d. o d- ( g(wa))x q de g(we) ( c) (3.5)

where thanks to (1.8),

/ugg we) < fy/ Ly w, for all t € (0, Tnazc)- (3.6)

In order to estimate the first term on the right of (3.5), we first invoke Young’s inequality to see that
for each § > 0 we have

d? Wey / /
_Ex | dei (5 g fi I1te OvaaIE )
5/9 0 ( r £ r — + 15 —2/g(w or a ( )

(3.7)

and here in the rightmost summand we recall (1.8) and (2.26) to find that

Valwe) < /M in Q x (0, Traz,e)-

Since in Lemma 2.2 we have asserted that

/dgm<1 for all € € (g5);
o 2 = Ve e
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this entails that

d? M
E/ ﬂ\/m < m for all t € (O,Tmazs)7
46 Jo &2 46 ’

so that combining (3.6) and (3.7) with (3.5) yields (3.4). O

In summary, on adequately joining the above three lemmata we obtain the desired approximate ana-
logue of the energy inequality (1.21).

Lemma 3.4 Let y,75 and M denote the constants from (1.7) and (2.26). Then whenever € € (£5)jen,

d 1 w? 5 d?
- n(dous) + 5 [ do—mizo 4 T [ e
dt{ /QU@ H( sua) + 9 /g; ag(wa) + 12 /Q d5 UJE}

+/ <d5u5>§+W/dau€w§$+e/ ! ,(daﬁf
Q deUg 47 Jq We 2 Ja g(ws) g(wt?) z

< 277 for allt € (0, Taz,)- (3.8)
2
PrROOF. We choose the free parameters 6 in Lemma 3.1 and Lemma 3.3 to equal % and %,

respectively, to see on linearly combining (3.1), (3.2) and (3.4) that for all ¢t € (0, Tyaz.c),

d 1 w? v [ d? (deus)? v w?

_ In(d ) g—c=x 4 L | &z Arereir 4 = . —EE

dt{ /Qua n( 8u€) * 2 /Q gg(wa) * 12 /ﬂ d. wa} +/Q deu N 27/(2 etie We
2

1 Weg 2 gl d
+5/ - de +— - ﬂusws
o \/g(we) ( g(wa))w 7 o de

2 = d2
< /deuswwsx“‘f}// dsuswax‘i'ﬁy/ ﬂusws
Q 47 Jo we v Jao de

which can readily be simplified so as to yield (3.8). O

We now use Lemma 2.6 to make sure that the respective energy values at the initial time are bounded
from above uniformly with respect to € € (¢j)jen. Therefore, an integration of (3.8) yields the
following.

Lemma 3.5 There exists C > 0 with the property that whenever € € (¢;) en, we have

/ u5(~,t)‘ In(deus(-,t))] < C - (1+ /et) for allt € (0, Tinaz.c) (3.9)
Q
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and

2
-t
/ dawex( ,t) < C- (14 yet) for allt € (0, Thnaz.c) (3.10)
Q wE('vt)
as well as
/ / Cil?{: L<C-(14++et)  forallt e (0, Thae,e) (3.11)
€
and
t U)2
/ / dsus == < C- (1 + \/Et) f07’ allt € (OaTmaw,s) (3'12)
0 JQ We
and

1+ et) for allt € (0, Thnaz,e)- (3.13)

¢ 1 ( Wep 2
e (e ) =
/0 /Q vV g(we) Vg(we)/ =
PROOF.  For ¢ € (gj)jen we obtain from Lemma 3.4 that if we let v > 0,5 > 0 and M > 0 be as
specified in (1.7) and (2.26), then

(1) = [ uelot)in(d, /d Wea(18) /de(t) € [0, Tonaae)
= U n{asu : max,e)»
Ye Qsa Ev (ws,t ngsva ) €
and
(deue (- 1))y us )3« gl / ,t)
he(t) = = [ d
Weg\ "y 2
d ) o (0, T
/WE <€1/7 o 0T
satisfy
yL(t) + he(t) < cive  forall t € (0, Trmaze), (3.14)
where ¢ := V;; M To conclude (3.9)-(3.12) from this, we observe that at the initial time we can use

(2.9) to estimate

/ uog ln(d&‘uo) <cy = ||’LL0”LOO(Q) In {(Hd”Loo + 1)HUO||L00 } for all € € (5j)j€N7 (3.15)
Q

whereas Lemma 2.6 ensures the existence of ¢3 > 0 and ¢4 > 0 such that

2
/ de U{i?ax <c3 for all € € (Ej)jeN (3.16)
Q Oe
and
dz,
. woe <y for all € € (&) jen. (3.17)
Q de

Since e < 1Mee i O by (1.8), (3.15)-(3.17) show that

g(woe) = 7 wo

c
Y (0) < c5:=co+ % + P;ify for all € € (g)jen,
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by (3.14) implying that for all € € (¢)jen,
t
ye(t) + / he(s)ds < c5 + c1/et for all t € (0, Tnaz.c)- (3.18)
0

Here we note that since £In¢ > —% for all £ > 0 and d. > d in €2 for all € € (¢;) ey thanks to Lemma
2.2, with cg := %fQ é being finite according to (1.6), we have

1
— ue In(deue) = —/ deue - In(deu,
/{d5u5<1} ( ) {deu-<1} d { ( )}

1 / L
€ J{dous<1} de

< cg for all € € (Ej)jeN and t € (07Tma:c,e)a

which along with (1.8) in particular entails that

Yye(t) > / n(dzue)

1 2
= / —|—2/ ugln(dgug)—I—/dgww
{dau5<1} 2y Jo = we

o a4

Therefore, (3.18) implies that for all € € (&) jen we have

Q

which in view of the definition of h. yields all claimed inequalities. O

for all e € <€j)jeN and ¢ € (Omiax,e)'

In(d.u.)

1 2 t
+ / d. Wez +/ he(s)ds < 2cg + c5 + c1/et for all t € (0, Tnaze),
2y Jo o we 0

4 Global existence in the approximate problems

With the above information at hand, we can now make sure that in fact all our approximate solutions
are global in time. To achieve this in Lemma 4.5 on the basis of the extensibility criterion in Lemma
2.7, for each individual ¢ € (g;)jen we will derive further estimates which may depend on . We
begin with a pointwise lower estimate for w. that we obtain by a comparison argument combined with
Lemma 3.5, and that will be used in Lemma 4.2.

Lemma 4.1 Assume that Typeze < 00 for some € € (g5)jen. Then there exists C(e) > 0 such that
we(z,t) > C(e) forallz € Q and t € (0, Thape)- (4.1)

Proor.  We first observe that under the current hypothesis, Lemma 3.5 says that

/Tm(w,s/ ’(@) ‘2 < (4.2)
0 Q v
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and we claim that along with (2.25) this provides sufficient regularity information on the absorption
coefficient function u. in the second equation in (2.22) to rule out finite-time formation of zeros of w.
in the sense of (4.1). To verify this, we use the continuity of the embedding W2?(Q) < L>(Q) as
well as (2.25) and (2.9) to fix ¢; > 0 and co > 0 fulfilling
b
2 Q)

Trmaz,e Tmax,e 2
[ Wty = o [ (V) L,

2 /OT”““”’E {H( dgus("t))xH;(Q) + 1}dt’

2
\/d5u5(~,t)HLoo(Q)dt < 00.

daua("t)

L°°(Q)

IN

and to see that thus (4.2) entails that

/Tmaz,s
0

hence, by positivity of d. in Q, also the number

Tmaz,e
e = /O RS I

is finite, which in particular implies that the solution y € C1([0, Tjnaz.c)) of the initial-value problem

{ y/(t) = _WHua('vt)HL“’(Q) : y(t), te (Ovaax,s)a

1 4.3
y(O) =1, ( )

satisfies L L
y(t) = ere Vo luebollle@ds > o= caes  for all t € (0, Tap.e)- (4.4)

It can now readily be verified that Q x [0, Tpazc) D (2,t) = y(t) is a classical subsolution to the
initial-boundary problem solved by w. in Q x (0, T4z, ), so that by (4.4), we(x,t) > ¢4 for all z € Q
and t € (0, Tinqaz,c), which yields (4.1). O

This lower bound enables us to suitably estimate singular denominators appearing in the following
lemma which, apart from that and the positivity of d., again only relies on Lemma 3.5 only.

Lemma 4.2 Let € € (&) jen, and suppose that Tyape < 00. Then there exists C(g) > 0 such that

/ wh () <CE) for allt € (0, Thass). (4.5)
Q

PrROOF.  According to Lemma 3.5 and Lemma 4.1, our hypothesis that T}, < 00 again warrants

that -
mazx,e d UE
4.
/ / deue o ( 6)

and that moreover with some ¢; > 0 and ¢y > 0 we have

2
/ de Ler <c for all t € (0, Thnaz,) (47)
Q

We
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as well as
We > Co in Q x (0, Traz,e)- (4.8)

Since combining the Gagliardo-Nirenberg inequality with (2.25) yields positive constants c3 and ¢y
such that

Tmax,e Tmam,e 6
/ / (dews)® = / d€u5(~,t)‘ dt
0 Q 0 L8(Q)
Tmaw,e 6
< 63/0 {H(\/d Ue (- ) H\/d ue (- H deug (-, 1) 2(Q)}alt
T’maz,e 2
< .
< 04/0 {H( deue( ,t))x @) + 1}dt,
it follows from (4.6) that also
Tmaz,s
/ /(daua)?’ < 00.
0 Q
As
c5 := inf d.(x) (4.9)

zeQ
is positive thanks to Lemma 2.2, this implies that

Tmaa:,a
C6 ::/ /ug (4.10)
0 Q

is finite, whereas (4.7) and (2.26) show that with some ¢; > 0 we have

/ngx <ecr  forallt € (0, Thare) (4.11)
We now use the second equation in (2.22) to compute
1d
Z% Qwéx = _3Aw§zwaxxwat

= —3£/w2 w -(d Wea >
- EXTT €
0 ex /79 wa
1 3
= —35/ d. w? w2, 4 =
o og(we) 2

_|_
4
3 wgzwexx

1
—35/ deyp——— ( wmwEm +3 wmwsm for all ¢ € (0, Tynazc)(4.12)
Q W,

where by Young’s inequality, (4.8), (4.9), (1.7

), (1.8) and (2.26), for all t € (0, Tynqez,c) We can estimate

/2

35 d (wg) wh < 5/d 1 2 2 ge d 9" (we) wg
Q

Werxy > € WeypW + €
\/TE Eif g(wa) EX TTEXTT 16 Q \/m5
1
< 6/ de wzxw?m—{—CB/ w, (4.13)
Q g(we) Q



and

—35/d ! w2 w < ¢ d*wzw2 +9€/d§x ! wt
Q ET g( E) ex VETX — Q € /79(108) exVexx 4 Q . g(wg) ET
1
< ¢ d€ w?xw?xac+09/ ’ng
Q g(we) Q
1
< e do——wtw —|—Cg/’w6 + 9|02 4.14
Q E\/‘m ex exx O Ex | ‘ ( )
as well as
9 e 1 9 9 9 1, 5 o
3/Qu€g(w€)waxw€$$ < 2/Qd€\/mwarwsxx+2€/ﬂdgua g('LUg) Weg
e 1
< S 2 2 / 2 9
ST vl
e 1
< 2 lua _w? w? / 3 / 6 4.15
= 2/{2 Emwestxx+clo Qu5+010 Qwam ( )
. 9e72||d. || 100 9€||dEzH200 JEM? .
with cg := %\/%(9)7 Cg 1= 4057;172(9) and ¢y := 92gcj\54 . Since (4.9), (1.8) and (2.26) moreover
entail that writing ¢11 := 2\‘5/% we obtain

2 C11

e 1 2 2 2
2 o Vgt e 2 Oy M Ty

(wZ,)2  forallt € (0, Tinarye),

and since the Gagliardo-Nirenberg inequality and Young’s inequality together with (4.11) show that
with some positive constants ci2, c13 and c14 we have

(cs + co + c10) /ngx = (es+co + cr0) w750

4
3

5

< 012H(w;;)x

4
< C13H(w§x)x 4o

L2(9)

C
< % / (ng)i + Ci4 for all t € (07 Tmaz,€)7
Q

on combining (4.12)-(4.15) we therefore see that
1d 4 3
—— | wo, <ol +cio [ ul+cia for all t € (0, Thaz.e),
4dt Jq Q ’
and that hence

/ngx(-, t) < /Qwéax + 4crpce + 4(cg|QY + c14) - for all t € (0, Trnaz,e)
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because of (4.10). Again since T4z, Was assumed to be finite, this entails (4.5). O

The above regularity information on the haptotactic gradient is now sufficient to warrant an e-
dependent bound for u. in LP(Q2) for arbitrarily large p.

Lemma 4.3 Assume that Tinaee < 00 for some ¢ € (¢)jen. Then for all p € (1,00) there exists
C(e,p) > 0 such that

/ ul(-,t) < Cle,p) for allt € (0, Tinaz,c)- (4.16)
Q

PROOF.  We test the first equation in (2.22) against uw2™" and use Young’s inequality to see that

1d _
5@ Quﬁ’ = /ng 1‘{(d‘gug)ﬂ;—deltgu)m}:ﬂ

- 1) / deu? a2, — (p— 1) / dert® s + (p— 1) / dod? g
Q Q

-1

< _pT d-ul™ 2u2 +(p-1) /up )/daugwgz for all t € (0, Trnax,e),
Q Q

so that since d. is smooth and positive throughout Q, we can find ¢; > 0 and ¢y > 0 fulfilling
d L 2
— [ W+ /( 2)2 < 02/ ul + 02/ uPw?, for all t € (0, Tnaz.c)- (4.17)
dt Jo Q Q Q ’

Here using the Cauchy-Schwarz inequality, the Gagliardo-Nirenberg inequality and Young’s inequality
along with (2.25) and the estimate from Lemma 4.2, we obtain positive constants cs, ¢4, c5 and cg such

that
1 1
2 2
02/u§w§x < 02-{/ugp} {/w?x}
Q Q Q
22
< asllul[[fag)
2p—1 3
pF1
< alh Iy valdi?,
P 2p—1
b} 1
< colld)al i + o

p
< ¢ / (ug)i + cg for all t € (0, Trnaz,c),
Q

because 1 < 2. Therefore, (4.17) entails that

d

— [ ul < 02/ uP + cg for all ¢ € (0, Trnaz.c)

and thus, upon integration, that

/ ul < { / ug} et 4 6—6(602'5 -1) for all t € (0, Tnaze),
Q Q c2
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which implies (4.16). O

By means of a standard result based on a Moser-type iteration, along with Lemma 4.2 this readily
yields boundedness of u. whenever T4, . < 00.

Lemma 4.4 If Tyyq0c < 00 for some € € (€5)jen, then there exists C(e) > 0 such that
[ue(- D)oo < Cle)  forallt € (0, Tnar,e)- (4.18)
PrOOF.  We rewrite the first equation in (2.22) in the form
Uet = (delley)r + Peg, z €, te (0, Tmae),
with
he(x,t) := dey(z)uc(z,t) — de(x)uc(z, t)wey (x, t), z e, te (0, Tmae),

and note that for any fixed ¢ € (3,4), by the Holder inequality we have

[ vt

IN

99-1 / |d.|9ud + 2971 / 94| wey |7
Q Q
4—q q

4 4—q q
2q—1|d Hq /Uq—|-2q_1Hd Hq .{/uéqu} 4 .{/w4 }4
EX oo(Q) € £ oo(Q) € ET
Q Q Q

for all t € (0, Thngz,e). As Lemma 4.2 and Lemma 4.3 guarantee that

IN

sup / wi (1) < 0o and sup / ub(-,t) < oo for all p € (1,00), (4.19)
tE(Omiaac,s) Q tE(O,Tmaac,e) Q

this implies that h. belongs to L>°((0, Tinae.c); L9(£2)), so that using that ¢ > 3 we may apply a known
Moser-type result on boundedness in scalar parabolic equations ([40, Lemma A.1]) to see that along
with the identities

Uee =0 and h, =0 on 9 x (0, Traz,c),

the latter being asserted by the fact that d., = 0 on 9 by (2.8), the second property in (4.19) is
sufficient to warrant (4.18). O

In conclusion, finite-time blow-up cannot occur in any of the approximate problems.
Lemma 4.5 For all € € (¢j) en, the solution of (2.22) is global in time.

PROOF. In view of the extensibility criterion (2.24), we only need to collect the outcomes of Lemma
4.1, Lemma 4.2 and Lemma 4.4. O
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5 Further e-independent regularity properties of (2.22)

5.1 Equi-integrability properties

Now a key to both our existence proof and our stabilization results consists in the observation that
due to Lemma 3.5, and again due to the assumed integrability of é, the solution component u. enjoys
a certain doubly uniform integrability property. In order to prepare this and also our subsequent
analysis, let us introduce

1
wq(0) :=sup {/ p ‘ E C Q is measurable with |E| < 5} for 6 > 0, (5.1)
E

and observe that then our integrability assumption (1.6) warrants that
wq(0) =0 as 6 N\ 0. (5.2)
Along with Lemma 3.5, this will entail the following.

Lemma 5.1 For all n > 0 there exists 6 > 0 such that whenever € € (£5)jen,
1
/ ue(-,t) <n for allt e (0, 7) and any measurable E C Q such that |E| < 0. (5.3)
E 9

PROOF.  According to Lemma 3.5 we can fix ¢; > 0 such that for all € € (¢j),en we have

Jo
[ =)
2c n

We then let 7 > 0 be given and pick L > 1 large enough fulfilling 75 < 3, and thereafter make use
of (5.2) in choosing some § > 0 such that wy(d) < 5+. Then for any measurable £ C Q with |[E| < §
and each € € (&) ;en, again using the fact that d. > d we find that

/ua = / u5+/ Ug
E En{deuc>L} En{deus<L}

In(dous)| < cp - (1++/et) for all ¢ > 0,

whence in particular

1
In(doue)| < 261 brw¢e<Q—— (5.4)

/ In(deue) / L
< Ug + ——F + -
En{deu:>L} InL En{d.us<L} de
1 1
< . / ue | In(doug)| + L/ —
InL En{d.ue>L} En{d.u-<L} de
1 1
< —. In(d L[| —
= L /Q“ {dee)| + /E 0.
1
< —2 L
T/ c1 + Lwq(9)

1
< Q+g=n mﬁmté@f*

< ] )
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as claimed. OJ

Likewise, the weighted L? estimate for w., in Lemma 3.5 can be turned into a corresponding equi-
integrability statement for we,, and apart from that it implies an additional boundedness property of
we in a space compactly embedded into C°((Q).

Lemma 5.2 For all n > 0 there exists 6 > 0 with the property that for arbitrary € € (;) en,

1
/ |Wez ()| <7 forallt e (0, \ﬁ> whenever E C Q is measurable with |E| < 0. (5.5)
E

Moreover, there exists C > 0 such that for arbitrary € € (j)jen,

1
Jw( Dy <C - Joraltt e (o, %), (5.6)
where the Banach space Y is defined by
o ) — ey
V= eCO@) | llolly = gl + sup PP 5.7
2yeQ, oy /wa(lr = yl)
with wg as in (5.1).
ProOF. From Lemma 3.5 and (2.26) we obtain ¢; > 0 such that for all € € (&;)jen,
/ dow?, <1 - (1+et) for all t >0
Q
and hence )
dow?, < 2¢; for all t € (0, —) 5.8
| a. N (53)

Therefore, an application of the Cauchy-Schwarz inequality shows that for arbitrary measurable F' C )
we can estimate

/F!wax\g{/}?dgwé}é-{/lp;e}% <2\ /wa([F|)  forallte (0,\}5).

In particular, if given n > 0 we let 6 > 0 be such that wy(d) < %, then for each measurable £ C 2
fulfilling |E| < § we conclude from (5.9) that

/ ’wsz‘ S vV 201\/wd(5) S n for all t € (O, L)
B NE

and that thus (5.5) holds. Furthermore, for x € Q and y € Q with y < x, a second application of

(5.9), now to F := (y,z), shows that
X xr 1
/ Weg(2,t)dz| < / |wer (2, t)|dz < V2e1v/wy(|lz —y|) forall t e (O, %)’
Y y

which together with a similar estimate in the case y > x establishes (5.6). g

(5.9)

|we (z,t) — we(y,t)| =
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5.2 A local estimate for u,.,

In order to ultimately achieve pointwise convergence of u. along a subsequence of (¢;);jen through a
compactness argument based on the Aubin-Lions lemma in Lemma 6.1, let us combine the weighted
estimate for (v/dzu. ), from Lemma 3.5 with (2.25) and the boundedness properties of d. inside {d > 0}
to derive the following local but unweighted integral estimate for wu, itself.

Lemma 5.3 Let K C {d > 0} N Q be compact. Then there exists C(K) > 0 such that for all
S (gj)jEN;

/OT { /K \um(x,t)|d:r}2dt <C(K)-(14T)  for allT > 0. (5.10)
PrROOF.  According to Lemma 2.2, our assumption on K ensures that with some ¢; > 0 we have
de > ¢y in K forall € € (g)jen, (5.11)
and that moreover d., — d, in L*°(K), whence there exists co > 0 fulfilling
|dex| < co in K for all € € (gf)en. (5.12)

We now make use of the fact that Lemma 3.5 yields ¢3 > 0 satisfying

(de
/ / dqu : <ec3-(1417) for all "> 0 and € € (g;)jen,
€

which namely implies that for any such £ we have

T 2
s (1+T) > / / (dsusszrudexus)
> / / 10@ gxidgz Ug
- deUg
_ / /de ex / /ua for all T > 0,
2 0 K Ue

because ({ +n)? > 262 —n? for all £ € R and n € R. In view of (5.11), (5.12) and (2.25), this shows

that
T
- £
2 Jo Jr ue
< / /u8+c3 (1+7)
<

/ /u5+63 (1+71)

- T/u0+03 1+T) for all T > 0,
C1 Q
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which readily implies (5.10) upon the observation that

[l = L2} )
ALLEH L) e

according to the Cauchy-Schwarz inequality and (2.25). O

5.3 Time regularity

As a final preparation for our subsequence extraction, let us derive some regularity features of the
respective time derivatives. The first of these, again resulting from Lemma 3.5, is actually asymptot-
ically independent of the length of the time interval appearing therein, and hence can serve below as
a first information on decay of temporal oscillations.

Lemma 5.4 There exists C > 0 such that for all € € () en,

T
/ ter s ) 2ne et < C (1 +VET)  for all T > 0. (5.13)
0

PrOOF.  We fix t > 0 and ¢ € W'>°(Q) such that [[¢)||y1.0() < 1, and then obtain on testing the
first equation in (2.22) by ¢ and using the Cauchy-Schwarz inequality and (2.9) as well as (2.25) and
(2.26) that

‘/Quat("t)w‘ = ‘—/(d Ue)o e + /d UeWegthy
[ ware] + [ deuctoes

) (o) o)
: {/Q(djjfjg} I(HdHLOO +1)§.{/QUO}2 |
+{/ngue1:f:}2~(HdHL°°(Q)—|—1)é.{/QuO}2.\/M

for all € € (g)jen. Writing ¢1 := (||d| o) + 1) - [, w0, we thus infer that for any such e,

IN

IN

ds - 2 2
HUat(‘at)H%Wl,oo(Q))* < 2¢y /Q (dt;)m + 201M/Qd€u5 Wex for all t > 0,

We

which in view of Lemma 3.5 implies (5.13) on integration in time. u

Next, the estimates from Lemma 3.5 imply the following temporally local estimate for w,; in a straight-
forward manner.
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Lemma 5.5 Let T' > 0. Then there exists C(T) > 0 such that

T
KA e D2t < C(T)  for all e € (5)jen.

PRrROOF. By directly using the second equation in (2.22) we can estimate

(L) <2 {e [ (o) [} oz { frawo}” wrareso

where due to the Cauchy-Schwarz inequality, (1.8) and (2.26),

(gl = <dfﬁ BRVACE)

IN

\/Ta  Vatun)

because (g5)en C (0,1). As (1.8) and (2.26) together with (2.25) assert that

2 2 2
{/uag(wg)} §72M2-{/u5} 272M2'{/u0} for all t > 0,
Q Q Q

in view of Lemma 3.5 we thus obtain (5.14) from (5.15).

6 Global existence in the degenerate problem

6.1 Construction of limit functions

1 2
VAMIQ] - s/ Lew ) for all t > 0,
x

(5.14)

(5.15)

By means of a straightforward extraction procedure based on our estimates collected so far as well
as standard compactness arguments, we can now construct a limit object that will finally turn out to

solve (1.4) in the considered generalized sense.
Lemma 6.1 There exist a subsequence (g5, )ren of (€j)jen and nonnegative functions

u e L (2% [0,00)) NCO[0,00); (WH(Q))*) and
w € L=(2 x (0,00)) N CY([0, 00); LH(€2)) N Lo ([0, 00); WHH(R2))

such that
Us —> U a.e. in Q x (0,00),
Us = U in L},.(Q x [0,00)),
Us = U in Cloe([0,00); (WH>(Q))"),
We = w in CP.( x [0,00)),
Weg — Wy, in L},.(Q x [0, 00)) and
Vdowe, — Vduw, in L3,.(Q x [0, 00))
as e =¢j 0.
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Proor. We first combine Lemma 5.3 with (2.25) to see that for any open Qy C 2 satisfying
Qo C {d > 0} N Q,

(ue,)jen is bounded in L*((0,7); Wh(p)) for all T > 0,
whereas Lemma 5.4, asserting that

(te,1)jen  is bounded in L2<(O, T); (WLOO(Q))*) for all T > 0, (6.8)
entails that

. . 2 1,00 *
eit)g ) )
(te;t)jen is bounded in L ((0 T); (Wy ™ (Q0)) > forall T >0

due to the observation that the trivial extension v of any vy € I/VO1 ?(Q) to all of  satisfies 1) €
Wheo(Q) with [[¢h[l e () < ||w0||W1,oo(QO). For any such g, in view of the compactness of the first
0

of the embeddings W1(Q) < L?(Q) — (VVOI’oo (©0))* the Aubin-Lions lemma ([44]) thus guarantees
that

(ue;)jen is relatively compact in L*(Q x (0,7)),

so that since d is continuous in €2, and since our assumption that ¥ € L'(Q) especially ensures that
d > 0 a.e. in €, by means of a straightforward successive extraction procedure we obtain a decreasing
subsequence (g5, )xen of (€);jen and a nonnegative measurable function u : Q x (0,00) — R such that
(6.2) holds. As from Lemma 5.1 we particularly know that

(ue;)jen is equi-integrable in € x (0,T) for all T' > 0,

due to (6.2) we may invoke the Vitali convergence theorem to see that also (6.3) holds along this
sequence. Moreover, combining (6.8) with the fact that

(ue,)jen is bounded in L>((0,7); L'(2)) for all T > 0

due to (2.25), we may make use of the compactness of the embedding L'(Q2) — (WH*°(Q))* in
employing the Arzela-Ascoli theorem to conclude that

(ue,;)jen is relatively compact in (o ([0, T]; (WI’OO(Q))*> for all T' > 0,

and that hence on modification of v on a null set of times we can also achieve (6.4).

As for the second solution component, we first note that as a consequence of Lemma 5.2, with Y as
introduced in (5.7) we have that

(we;)jen is bounded in L>((0,7);Y) for all T > 0,
so that since due to Lemma 5.5,

(we¢)jen  is bounded in L*((0,7); LY(Q)) for all T > 0,
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and since Y is compactly emdedded into C°(Q) according to the Arzela-Acsoli theorem, another
application of an Aubin-Lions lemma shows that

(we,)jen  is relatively compact in C°([0,77];C°(€)) for all T > 0. (6.9)
As combining Lemma 5.2 with the Dunford-Pettis theorem apart from that warrants that
(we,;z)jen s relatively compact with respect to the weak topology in LY x (0,T))

for all T > 0, we may assume on passing to a further subsequence if necessary that also (6.5) and
(6.6) hold, and since furthermore Lemma 3.5 implies that

( dangjx) . is bounded in L((0,7); L*(%2)) for all T >0,
jE
upon a final extraction process we can also achieve (6.7). O

6.2 Strong convergence of \/d.u. in L2

In view of (6.7), for appropriate passing to the limit in the regularized counterpart of the haptotactic
integral in (2.3) it seems in order to assert strong convergence of the expression v/d.u. with respect
to the norm in L2(Q2 x (0, 7)) for fixed T > 0. In achieving this on the basis of the Vitali convergence
theorem, we will make use of the following generalization of the Gagliardo-Nirenberg inequality that
can be obtained by straighforward adaptation of the argument in [5] (cf. also [41, Lemma A.5]).

Lemma 6.2 There exists C > 0 such that for any choice of n € (0,1) one can find C(n) > 0 with the
property that

2

1
lelteiy < nllgalifay el mlel [, , + Cllelitam +C0)  for allo e W2(@).  (6.10)

We can thereby once more exploit the estimates for u. from Lemma 3.5 to infer the following spatio-
temporal equi-integrability property of d.u?.

Lemma 6.3 Let T > 0. Then for alln > 0 one can find § > 0 such that for any choice of € € (&) jen,

// dou? <n for all measurable E C Q x (0,T) fulfilling |E| <. (6.11)
E
Proor.  In conclusion of Lemma 3.5, we can fix ¢; > 0 and ¢z > 0 such that for all € € (¢;),en we
have
/ te | In(deug)| < g for all t € (0,T) (6.12)
Q
and

T (d5u5)2
T e 6.13
/0 /&’2 deue ( )
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Then for arbitrary n > 0, applying Lemma 6.2 and using that c3 := fﬂ é is finite, we may pick ¢4 > 0
such that

4n
)= ereaes(|d] (o) +

+ 4”80||L2 + ¢4 for all p € Wl’Z(Q)
(6.14)

and abbreviate c5 := c4(||d|[q) + 1) { Jo uo} + ¢4. Now once more since & € L() and hence also
3 € LY(Q x (0,T)), we can find § > 0 such that

1
Il o 1y el 1010

// 2i for each measurable E C Q2 x (0,7 satisfying |E| < 4. (6.15)

In order to derive (6.11) from this, we observe that by (6.14),

d:-u
2 elUe
deu; =

4n
crcaca(||d|| Loy + 1)de

II\/d el 720 + -

( E E

L2(Q HF Ve

” d%}{/d }

= . ue | In(dzu

2c1c2¢3([|d| poe (o) + 1)de {/Q d=ue : :
2
ey { / deua} + & for all x € Q and t > 0, (6.16)
da Q da
where according to (6.12), (2.9) and (2.25),
/daua In(deue)| < (||d][ o) +1) - /Qua In(deue)| < (|d][ o) +1) - c for all € (0,7
Q

and

2 2
Cq C4 Cq Cy Cs

Therefore, given any measurable E C (0,7) with |E| < d, we infer on integrating (6.16) that due to
(6.13) and (6.15), indeed we have

[t = st [ AL ey

A

< o | ULt (e e L
— 2cac3 Jy Qd deue d
< g + g =1 for all € € (&5)jen,
again because d. > d. O

In consequence, the Vitali convergence theorem entails the desired strong convergence feature.
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Lemma 6.4 With (¢, )xen taken from Lemma 6.1, we have

Vdeue — Vdu in L2 (Q x [0,00)) ase=c¢c5 \0.

PROOF. In view of the Vitali convergence theorem, this is a direct consequence of Lemma 6.3
when combined with the fact that due to Lemma 2.2 and Lemma 6.1 we have v/d.u. — v du a.e. in
Q2 x (0,00) as € = g5, \(0. O

6.3 Global existence in (1.4)

We are now prepared for appropriate limit procedures in each of the integrals related to (2.3) and
(2.4).

Lemma 6.5 The pair (u,w) obtained in Lemma 6.1 is a global generalized solution of (1.4) in the
sense of Definition 2.1.

PROOF. The regularity properties in (2.1) are implied by (6.1), whereas if we take (g, )ren as

provided by Lemma 6.1, then the strong L? convergence property of (,/d.. ugjk)keN asserted by

€k
Lemma 6.4 along with the weak L? approximation feature of ( dgjk We;, 2)ken gained in Lemma 6.1

warrants that
deucwey = (VVdeug) - (Vdewey) — duwy in L},.(Q x [0,00)) (6.17)

as € = €5, \, 0, and that hence also (2.2) holds.
The verification of the integral identity (2.3) is now straightofrward: Fixing an arbitrary ¢ € C§°(€2 x
[0,00)) such that ¢, = 0 on 9Q x (0,00), we obtain from the first equation in (2.22) that for each

€ € (&j)jen, .
—/ /nggat—/u()(p / /dUsSOa:ac / /duawszSDam (6'18>
0

where (6.17) ensures that

oo o
/ / AU Wez Py — / / duwgpy as e =c¢j5, 0,
0o Ja 0o Jao

whereas using that d. — d in L*°(2) as € = ¢; \, 0 we infer from (6.3) that

—/ / Us Py — —/ / up; and / / deUe P —>/ / APy ase=¢cj 0,
0 Q 0 Q

so that (6.18) entails (2.3).
Likewise, for fixed p € C§°(Q2 x [0,00)) the second equation in (2.22) yields

—/OOO/QwsSOt_/wOs‘P =—6/ / \/Tg /Ooo/ﬂusg(wa)sﬂ (6.19)
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for all € € (g;) en, where according to our construction of (woe;)jen in Lemma 2.6 and Lemma 2.5 we

know that
1
Jwneyet0) = = [unyp0)=ef [ ol0
Q Q Q
— —/ wo(+, 0) as k — oo,
Q

and where according to the uniform convergence statement in (6.5), the L' approximation property
(6.3) and the continuity of g on [0, 00),

o0 o0
/ /wggotﬁ/ /wgpt ase=r¢j, 0
0 Q 0 Q
o o
[ [ugtwae - [ [ugtwre ase=z; N0
0 Q 0 Q

Since the Cauchy-Schwarz inequality together with (1.8) implies that

and

[ o] e ) (L)
SR VA e ey S o

for all € € (&) jen, and that hence

o Wex
—€ de———p, — 0 ase=-¢; \ O
/0 /Q " Volwe) ’

thanks to Lemma 3.5, on taking ¢ = ¢, \, 0 in (6.19) we also obtain (2.4). O

7 Further regularity properties of (u,w). Proof of Theorem 1.1

In order to complete the proof of Theorem 1.1, but also to further prepare our subsequent asymptotic
analysis, let us use the equi-integrability and equicontinuity properties contained in Section 5.1 to
firstly derive corresponding conclusions for the respective limit functions, and to secondly assert the
continuity and mass conservation properties claimed in Theorem 1.1.

Lemma 7.1 Let (g, )ren be as in Lemma 6.1. The solution component u belongs to CL,([0, 00); L*(Q)),
and with (¢j, )gen taken from Lemma 6.1, we have

us(-t) = u(-,t) in L'(Q) as € = €5, \( 0. (7.1)
Moreover,
(u(+,t))i=0 s equi-integrable over §) (7.2)
and
(w(-,t))e>0 is equicontinuous in €. (7.3)
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PROOF.  Once more using that with Y as in (5.7), the family (w,);en is bounded in L>°((0,00);Y),

we directly see from (6.5) that (w(-,t));=0 is bounded in Y and hence equicontinuous in 2 according
to (5.7).

Next, fixing an arbitrary ¢ > 0 we know from (6.4) that u.(-,t) — u(-,t) in (Wh®(Q))* as ¢ =
€5, 0, whereas Lemma 5.1 shows that (ue,(:,t))jen is relatively compact with respect to the weak
topology in L!'(Q) due to the Dunford-Pettis theorem. Combining these two properties implies that
any accumulation point of (ue;, (-, t))ken in the weak topology of L' () must coincide with u(-, ), hence
implying that u(-,t) € L'(Q) and u(-,t) = u(-,t) in L}(Q) along the entire sequence ¢ = ¢, \, 0.
Having thus verified (7.1), in view of the fact that this entails [, uc(-,t) = [pu(-,t) as e =g, \ 0
for each measurable E C 2, we immediately also obtain (7.2) as a consequence of Lemma 5.1. Finally,
the inclusion u € C2([0,00); L'(Q)) can be seen by quite a similar argument: Given t; > 0 and
(tk)ken C (0,00) such that t — to as k — oo, again relying on (6.4) we note that u(-,t;) — u(-,t) in
(Whee(Q))* as k — oo, whereas (7.2) in conjunction with the Dunford-Pettis theorem warrants that
(u(-,tx))ren is relatively compact with respect to the weak topology in L'(£2). As thus u(-,#) is the
only cluster point of (u(-,t;))ren in the latter space, we infer that indeed (-, ) — u(-,to) in L'(£2)
as k — oo. 0

Thus particularly knowing that not only w(-,t) but also u(-,t) is a well-defined element of L!(Q) for
all t > 0, we can proceed to formulate corresponding dissipation and conservation properties in this
space, both of which being of great importance for our stabilization proof below.

Lemma 7.2 We have

/ u(-,t) = / ug forallt >0 (7.4)
Q Q

and
lw(, Oz < [wlto)llzr@) < llwollpie)  for allto >0 and any t > to (7.5)
as well as - )
/ / uw < / wo. (7.6)
0 JQ 7 Ja
PROOF.  The conservation property (7.4) is an immediate consequence of (2.25) and Lemma 7.1.
For the derivation of (7.5) and (7.6) we integrate the second equation in (2.22) to see that
d/ we = —/ ueg(we) for all t > 0, (7.7)

whence in particular

/ we(+t) < / we(+,t0) < / Woe for all tg > 0 and any ¢ € (o, 00). (7.8)
Q Q Q

Recalling that by Lemma 2.6 and Lemma 2.5,

1
/wosj :/QUQ]'—I-S;‘(“ —>/w0 as j — oo, (7.9)
Q Q Q

in view of (6.5) we thus obtain (7.5) from (7.8).
Finally, further integration of (7.7) shows that due to (1.8),

34



¢ ¢
'y/ /ugwag/ /ugg(wg):/wog—/wg(-,t) S/wo€ for all ¢ > 0,
—Jo JQ 0 JQ Q Q Q

so that (7.9) along with (6.2) and (6.5) establishes (7.6) by means of Fatou’s lemma. O
The proof of our main result on global existence, regularity and mass conservation is thereby complete:

PROOF of Theorem 1.1. In Lemma 6.5 we have seen that (u,w) is a global generalized solution of
(1.4) in the desired sense. The additional boundedness and continuity properties in (1.11) as well as
the mass conservation law (1.12) readily result from Lemma 7.1, Lemma 6.1 and Lemma 7.2. O

8 Stabilization. Proof of Theorem 1.2

We next intend to properly exploit the global dissipative properties expressed in Lemma 3.5, Lemma
5.4 and Lemma 7.2 so as to derive the convergence results claimed in Theorem 1.2. We will first con-
centrate on the respective statement concerning u and thereafter consider the decay of the component
w.

8.1 An averaged stabilization property of u

Let us first state a conseqence of Lemma 5.4 for the limit v in a form which does no longer involve
time derivatives but rather concentrates on the quantity w itself, but which still reflects an appropriate
relaxation property in the large time limit. The argument underlying the following lemma was kindly
pointed out to us by one of the reviewers.

Lemma 8.1 For each ¢ € L*>(Q2), we have

sup
7€[0,1]

/Q (u(-,t+7)—u(',t)) cQ ‘ — 0 as t — oo. (8.1)

PrROOF.  Given n > 0, thanks to the equi-integrability property (7.2) we can fix § > 0 such that
whenever E C ) is measurable with |E| < 4, we have

2. <2y\¢||Loo(Q) + 1) /Eu(-,t) < Z for all ¢ > 0. (8.2)

Next, employing a standard regularization procedure we can find (g )reny C X 1= WH°(2) such that
ekl < llpllpe@) +1 forall k€ N and v — ¢ a.e. in Qas k — oo. (8.3)

Due to Egorov’s theorem, the latter approximation property in particular enables us to pick ky € N
and a measurable ' C Q such that |E| < ¢ and

n
2 [uab - lo—nllimons < 2 (8.4)
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Finally, Lemma 5.4 asserts the existence of ¢; > 0 such that

T
/ et Ol %edt < 1 - (14 VET),  for all T> 0 and any & € (2;)jen,
0

from which it readily follows by means of Lemma 6.1 and a lower semicontinuity argument that
J6° Nlue (-, ) |15+ dt < 0o and that hence we can choose to > 0 large enough fulfilling

°° n
lowoll- [l 0ledt < 3. (85)
0

Now decomposing the expression under consideration according to

| (ueten —ut0) o= [ (utt+m)=u60) - on+ [ (ult+7) =) - (o= )

for t > 0 and 7 € [0, 1], by using the Cauchy-Schwarz inequality and (8.5) we may estimate

‘/ Gt 7)) —ul, t)) * Pko /tt+T<Ut(wS),<pko>d8

t+1
< lonollx / (-, )1 x+ds
tOO
< lgnollx / e, )%~ ds
< g for all t > tp and any 7 € [0, 1],

where < ,) denotes the duality pairing between X* and X. Since furthermore from (7.4), (8.3), (8.4)

and (8.2) we know that
< { / (u(-,t +7)— U(-,t))} [l = Proll Lo (\B)
O\E

Hio = pualmiy | [uten+ [t}

[ (st m) = un) (o - )

< 2. {/Quo} Nl = ko ll Lo (\B)
# (2l +1) - [uttn+ [t}
E E
< 2—1—%:3 for all ¢ > 0 and each 7 € [0, 1],

we thus infer that
‘ / (u(-,t+7) - u(-,t)) -@' <n for all t >ty and 7 € [0, 1],
Q

as intended. OJ
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8.2 Decaying deviation of du from its spatial average

Next aiming at a direct exploitation of (3.11), in view of the fact that through a Poincaré inequality
the spatial gradients appearing therein control appropriate LP norms of deviations from respective
spatial means, let us briefly address the spatial averages relevant to our approach in the following.

Lemma 8.2 The function p defined on [0,00) by letting

w(t) :== |(12| /Q d(x)u(z,t)dz, t >0, (8.6)

is bounded and continuous on [0,00), and with (€, )ken as provided by Lemma 6.1 we have

pe(t) = wu(t)  for allt >0 as € = €5, \ 0, (8.7)
where we have set
pe(t) == 9] / x)ue(z,t)d t>0, € € (g)jen.
Moreover,
sup ’,u(t +7)—p(t) =0 ast — oo. (8.8)
7€[0,1]

PROOF.  As d is bounded, the continuity of p is an immediate consequence of Lemma 7.1, whereas
its boundedness is evident from (7.4). The approximation property (8.7) results upon observing that
Lemma 7.1 asserts that as ¢ = ¢, \, 0, for all t > 0 we have u:(-,t) — u(-,t) in L'(Q) and hence
also deug(-,t) — du(-,t) in L}(Q)) due to the fact that d. — d in L°°(2) by Lemma 2.2. Finally, (8.8)
directly results on applying Lemma 8.1 to ¢ :=d. U

In terms of the function p thus defined, (3.11) implies the following.
Lemma 8.3 With u as defined in (8.6), we have

o0
| 10 = w01 oy < . (8.9
PrROOF.  According to a Poincaré inequality we can find ¢; > 0 such that

le =Bl < alleellpi — forall p € WHH(Q),

so that for arbitrary 7' > 0 we may once more combine the Cauchy-Schwarz inequality with (2.9) and
(2.25) to see that with . as introduced in Lemma 8.2 we have
} dt

Aﬁ¢%mw—%w@wwts t/{/ﬂd%

af {[ ) (o]
o deue Q

< //du& for all € € (&)

< ¢ du or all € jEN
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with ¢z := cf(||d|| o) + 1) fQ up. Since Lemma 3.5 provides c3 > 0 such that

(d
// ey (L VET) forall T 0 and < € (2

deug

from this we infer that for all 7" > 0,

T
1
/ |deue (-, t) — pe(t )HL1 ydt < 2cac3 whenever € € (g5)en is such that e < < 79
0
We now use that as a particular consequence of Lemma 6.1 we have d.u. — du in L2 ([0,00); L' ())
as € = €5, \y 0, which together with Lemma 8.2 guarantees that for all 7" > 0 and any 7 € (0,7,

T T
/ [ deue (-, t) = pe(8) |21 gy dt — / ldu(,t) = p(t)l|710ydt  as e =ej, \,0.

Therefore, (8.10) implies that
T
/ ldu(-,t) — ,u(t)”%l(mdt < 2c9c3 forall T > 0 and 7 € (0,7,
-

from which (8.9) results on taking 7\, 0 and 7" — oo. O
Once again relying on Lemma 8.1, we thereby indeed arrive at the main result of this section.
Lemma 8.4 With p as defined in (8.6), we have

du(-,t) — p(t) =0 in LY(Q) as t — o0. (8.11)

Proor.  We fix ¢ € L*°(Q2) and n > 0 and then obtain from Lemma 8.1 that there exists t; > 0
such that

sup

T7€[0,1] 3

/ dp - (u(-,t +7)— u(,t))‘ <2 for all ¢ > t1, (8.12)
Q

whereas (8.8) says that with some t9 > t; we have

lell ey . ’u(t ) — p,(t)) < g for all £ > o, (8.13)
7€|0,

and finally invoking Lemma 8.3 we can pick ty > to satisfying

ol - / (-, 8) — ()21 gt <
0

/O 1 /Q (d@yute.t) - u)) - pla)dads

_ / 1 / d(x) u(:v,t)—u(x,t—i—T)) - o(z)dzdr
/ / u(z,t+71) — u(t+7‘)) - p(x)dxdT

+/0 (u(

t+7)— ,u(t)) : /Qgp(x)dxdT for t > 0, (8.15)

w3

(8.14)

We now write

| (aut.0 - ) -
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and use (8.12) to see that herein for all ¢t > tg > ¢4,

’ / / —u(z, t+ 7‘)) - p(x)dxdT

Moreover, (8.13) entails that

[ (e = uto)) - [ otarisar

while combining the Cauchy-Schwarz inequality with (8.14) shows that

< sup
€[0,1]

w3

[ o (a4 - ut0)| <

<|lellpi(q) - sup ’,u(t +7)— ,u(t)‘ < g for all t > tg > to,
T€(0,1]

1
e, t+7) =t +7)) - pla)dadr| < Dl | IduCot+7) = )l e

t+1
= Yol - / ldu(-s) — u(s)] ey ds

< Nellimo - / ldu(-,5) — p(s)]121 s
< g for all t > .

In summary, (8.15) implies that

‘/Q (du(',t) —M(t)) 'w‘ <n forallt>tg

and thereby yields (8.11). O

8.3 Weak L' convergence of u

We are now in the position to address the claimed convergence statement concerning the quantity u
itself. As a last preparation, let us use Lemma 8.4 and again the uniform integrability of (u(-,t))¢>0
to derive the following.

Lemma 8.5 Let p be as in (8.6). Then for each ¢ € L>°(Q),

/Qu(-,t)cp—u(t)/QZ—>0 as t — oo. (8.16)

PROOF.  Observing that |[{d < v}| — 0 as v 0, for fixed p € L>®(Q) and n > 0 we first employ
(7.2) to pick v > 0 small enough such that

el oo () / u(-,t) < U for allt >0 (8.17)
{d<v} 3

and such that moreover

n
<= 8.18
3 (5.15)

SHN

c1llell Lo ) - /
{d<v}
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with ¢ := sup;~q u(t) being finite according to Lemma 8.2. As % - x(4>,) belongs to L>(Q), we may
now rely on Lemma 8.4 in choosing ¢y > 0 suitably large such that

‘/ (du(~,t) - M(t)) : 3’ < g for all ¢ > to. (8.19)
d>v}

Then in the identity

Leve—n [ F= [ weoer | (auto-pw) Gopo [ 5 es0 620

we may use (8.17) to estimate

’/ ‘ < llellre) - / g for all ¢ > 0,
d< 1/}

and apply (8.18) to see that

© I _n
— u(t oo - < = for all ¢ > 0.
(o) I 2l < utolzmcor J i<

In view of (8.19), from (8.20) we thus infer that

‘/ /90‘97 for all t > tg
qd

and conclude. 0

Two applications thereof now yield the claimed stabilization property of w.

Lemma 8.6 Let ps be as specified in Theorem 1.2. Then
u(-,t) = ’%"3 in LNQ)  ast— oo (8.21)
ProoOF. A first application of Lemma 8.5 shows that due to (7.4), with p as in (8.6) we have

/uo— / / ,u(t)~/chi—>0 as t — oo

and that hence by definition of s,
w(t) = proo as t — 00.

Therefore, once more employing Lemma 8.5, now with arbitrary ¢ € L>(Q2), shows that for any such

,
/QU(nt)w—{/QU(nt)w u()/ }+u / —>uoo/ as t — oo,

and that thus (8.21) holds. O
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8.4 Uniform decay of w. Proof of Theorem 1.2

Now since we already know that u(-,t) stabilizes with respect to the weak topology in L'(2) to a
positive limit function as ¢ — oo, thanks to the equicontinuity feature of w expressed in Lemma 7.1
the integral decay property (7.6) can be used to derive the following.

Lemma 8.7 We have

t+1
/ / w— 0 as t — oo. (8.22)
t Q
PrOOF.  Given n > 0, relying on the fact that ug # 0 and that hence the number po in Theorem
1.2 is positive, we can fix 6 > 0 small enough such that with ¢; := HdHlZZZm) we have
5- / ug < @ (8.23)

We thereafter once again make use of Lemma 7.1 which in conjunction with the Arzela-Ascoli theorem
ensures that the set gw(-, t))>0 is relatively compact in C°(€2), implying that there exist kg € N and
(Wk)kef1,... oy C C°(€) with the property that for all ¢ > 0 one can choose k(t) € {1, ..., ko} fulfilling

[w(t) = wie |l oo (@) < 6 (8.24)

Since {1,...,ko} is finite, thanks to the fact that u(-,¢) — #5= in L'(Q) as t — oo, as asserted by
Lemma 8.6, it is then possible to pick 1 > 0 such that

[t [ e <

Finally, the integrability property (7.6) enables us to find ¢y > ¢; such that

oo
/ /uw < 4n (8.26)
to Q 6

and we claim that these choices guarantee that

t+1
/ / w<n for all ¢ > tg. (8.27)
t Q

1?77 for all k € {1, ..., ko} and each ¢ > t;. (8.25)

To verify this, we split

t+1 t+1
/ / u(zx, s)w(x, s)dzds / / (z,s)dxds



and use (7.4) together with (8.24) and (8.23) to see that

< [ { [ a9} hutes) = wo s
= { Lo [ )~ wniollmords
RO,

an for all t > 0,

1 t+1
< : . o )
S Moo {/Qd} /t |we(sy — w(, 8)| Loo () ds

1
< oo Il
< o { [}

< % for all ¢ > 0.

t+1
;8) — W(s) () }da:ds

IITS

IN

IN

and that, similarly, by definition of j, we have

t+1

ks (@) — w(z, 8)}dmds

As moreover (8.25) along with our restriction ¢y > t; ensures that

t+1 " t+1
w(x, s)wygy (x)de — | Twy g (2)de pds| < / max
/t {/n (&, s)wigs) (@) /Qd(ﬂﬂ) k(o) () } t ke{l...ko}

o oan
from (8.28) we altogether obtain that

t+1 t+1 t+1
//uw>/ / _Cm_cm_cmz/ /Moow_cm for all £ > £,
6 6 . o d 2

Since apart from that

ds

/u(',s)wk—/ 'uﬁwk
0 o d

for all £ > to,

'uoowz'uoo/w:cl/w for all t > 0,
o d ]l Lo (0) Jo Q

combined with (8.26) this shows that

t+1 t+1
cl/ /wﬁ/ uw+@§%+%:cm for all t > tg

and thereby establishes (8.27). O

Together with the monotonicity information (7.5), this entails decay of w(+, t) with respect to the norm

in L1(Q).

Lemma 8.8 We have
Jw(- D)) — 0 as t — o0. (8.29)

42



PROOF.  Since from (7.5) we know that

t
lwoC Bz g/t ) oyds forall 21

this is a direct consequence of Lemma 8.7. O

Again by Lemma 7.1, the topological information herein can be improved.

Lemma 8.9 We have
lw(; )| ooy — 0 as t — oo. (8.30)

PROOF.  If this was false, there would exist (t)reny C (0,00), (21)reny C Q and ¢; > 0 such that
w(zg, ty) > 1 for all k € N,

which due to the equicontinuity of (w(-,tx))ren asserted by Lemma 7.1 would entail that with some
0 > 0 we would have

w(:n,tk)z%l for all z € (z, — 0,z +0) N Q and each k € N.
This, however, would be incompatible with the outcome of Lemma 8.8. O

We have thereby actually already completed the derivation of our main results concerning the large
time behavior in (1.4).

PROOF of Theorem 1.2.  We only need to combine Lemma 8.6 with Lemma 8.9. U

9 Instantaneous blow-up. Proof of Theorem 1.3

Finally concerned with the verification of Theorem 1.3, we will pursue a strategy based on the addi-
tional dissipative structure expressed in the identity

d 1 (du)? / (du)q

— | Zlhu= T _ - 9.1

it Jod /Q(du)2 0 du " (9.1)
formally associated with (1.4). In order to appropriately cope with the latter summand herein, even

at the level of approximate solutions the preparation of a spatio-temporal estimate for w, seems in
order. In the limit problem (1.4), this could formally be obtained in a trivial manner under our

assumption that %2 and hence % be bounded, together with the boundedness of fQ d%’% implied by
(1.21). At the level of approximate solutions, however, in view of diffusion-induced positivity of
w, considerable additional efforts seem necessary to guarantee appropriate boundedness properties
of 15—5. Our approach toward this will therefore be restricted to the derivation of corresponding LP
bounds for large but finite p only (Lemma 9.2), thereby requiring to involve additional higher-order
regularity features of we,, possibly depending on ¢ in a singular manner (Lemma 9.1), to achieve the
desired L? estimate through an interpolation argument (Lemma 9.3). Thereafter, on the basis of a
regularized counterpart of (9.1) we will see in Section 9.2 that our hypothesis that fQ élné be finite,
by guaranteeing boundedness of the functional fQ é Inwu in (9.1) from above (Lemma 9.6), allows for

deducing space-time L? bounds on (In(d.u.)), (Lemma 9.8) and hence for deriving Theorem 1.3.
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9.1 An L? estimate for w., implied by boundedness of o

Let us first interpolate between two regularity estimates for w., from Lemma 3.5 to achieve the
following bound involving a high integrability power but a singular dependence on e.

Lemma 9.1 There exists C > 0 with the property that for any choice of € € (¢j)jen,

T
|l
0

Proor. From Lemma 3.5 we obtain ¢; > 0 and ¢y > 0 such that

wsx('a t) !

dt < c. (1+T)-(1+eT)*>  forall T > 0. (9.2)
we(+, t)

L= (%) <

£

2
<c-(14+eT) forall T >0

L ),

and

2
/dewm <cg- (14 et) for all t > 0,
Q

We

which in view of (1.8), (2.26) and (2.9) entails that

[ ety < v [ o ()’
- 0 Jo/glw) N Vglwe)/s
< c3- (14 eT) forall T> 0 (9.3)
and
/(d Wey )2 - /dawa.dng
€ - €
Q g(ws) Q g(ws) We
HdHLoo(Q)Jrl/d w,
= - e
b Q We
< cq- (14 4/et) for allt >0 (9.4)

with obvious choices of ¢3 > 0 and ¢4 > 0. Now since the Gagliardo-Nirenberg inequality provides
cs > 0 fulfilling

el 700y < esllealfollelZo) + esllelza — for all p € WH2(9),
combining (9.3) with (9.4) we infer that

2 2

T _ 4 T _ )
/ d€ wex( Jt) dt S 05/ (da sz’( 7t)) ) i w€$( Jt) dt
0 g(we (1)) ll L (a) 0 g(we(+, 1))’ =l 2() g(we (1)) llL2 ()
T . 4
tes / g LeelsD) dt
0 g(we (1)) ll22(0)
< 65—3(1 +VET) - ea(1 +VET) + ¢5 - A(1 + VeT)*T for all T' > 0,
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which readily implies (9.2) due to the fact that
1 1
> —=
g (we) ﬁ\/ We
by (1.8). O

in Q x (0,00)

Next, and independently from essentially all our previous analysis, a testing procedure applied to the
second equation in (2.22) yields the following weighted LP estimate for ’C‘;—j for asymptotically large
but yet finite p.

Lemma 9.2 Assume that % € L>(Q2). Then there exists C > 0 such that whenever ¢ € (g5)jen,

p
wg(',t) 2p 2
/Q 2 < (C (14 t)) for allt >0 and any p € [2, %] (9.5)

PROOF.  We integrate by parts in the second equation in (2.22) and use the nonnegativity of u.g(w;)
as well as Young’s inequality to obtain

1 d/ w? /wg‘l
la [ we _ We e
pdt Jo dPTt q d?tt :

= —(;0—1)6/1' i w? +(p+1)8/ T We
ng g(ws) - QdéH_l g(we)

(p+1)2€/ dg:r ) We
T A1) Jodt? Jg(w.)

Here since according to (2.13) we have

for all t > 0. (9.6)

d? 1
== < — in €,
a2 — /e

due to (1.8) and our restriction p > 2 we can estimate

(p+1)28/ dey _we (%)% / dey . p=4
Q 7 Ja

4(p—1) drr? g(w;) 4-8. 7 art
2p—1
_ e / dey we >
A Jed2 &
2p—1
2 2
pVE / e for all ¢ > 0. (9.7)
VI oJao o de

Since from (2.9) we know that

2p—1

2 —1 y4 2p—1
We o szp ( We ) 2p
g — He - 1
dz et
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yu 2p—1

p—1 w
(oo + 0% - (557)

IN

o 2p—1

w .
c1 <d§j1> 2p in © x (0,00)

with ¢ := ([|d| oo () + 1)%, in view of the Holder inequality we see that (9.7) entails the inequality
(p+1)26/ d, _wg 26119\/5/ ( wt )2’%;1
Ap—1) Jadt*? fy(w) — A Jo &
2p-1
s { [
Vai o dit

2p—1

P 2
< CQp\/g.{/Qc;:;} ! for all ¢t > 0,
€

IN

where ¢ := % . max{|Q|i, 1}. Therefore, (9.6) shows that
p
We ('7 t)
Ye(t) := / — T t >0,
«() o ditt
satisfies

2p—1

P
YL (t) < cop® ey (1) for all t > 0,

which on integration implies that

1 2
ye(t) < {yﬁp (0) + cjp\@t} . for all t > 0,

w? wa_: i Co 2
) < L + Epﬁt for all ¢ > 0. (9.8)
€ 3

Here thanks to the fact that from (2.12) we know that

that is,

=

iltél in Q,

according to (2.7) and the definition of wq. in Lemma 2.6 we can use Lemma 2.5 as well as our

assumption that %2 be bounded in €2 to see that writing c3 := max {1 , (g %)%} we have

wb i wWo % 1 i
Ut < 1w { L]
o d? de 1L (Q) o de

Woe

de

1
2

L>(9)

IN

o
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< Hw0+54 3
de Lo ()
1

< o)., el
= g s de 1L ()
< H“’O + for all € € (¢;)

Cq :— C C or all € Ei)j y
S ¢ 3 Lo(@Q) 3 JJjeEN

because wg: < wp + e1 for any such . As moreover py/e < 2 due to our hypothesis, from (9.8) we
thus infer that

wg 2p
o < {04 + CQt} forallt >0
and that hence (9.5) holds with C' := max{cg, c4}. O

Fortunately, the largest admissible p in (9.5) is such that in the course of an interpolation argument,
an estimation of the L? norm in question only involves powers of the inequality in (9.2) which are
such that the singular dependence on e therein disappears in the limit € = ¢; 0.

Lemma 9.3 Assume that ©3 € L>(Q2). Then for all T > 0 one can find C(T) > 0 such that

/ / w?, < C(T for all € € (gj)jen.

PrROOF.  Let us first apply Lemma 3.5, Lemma 9.1 and Lemma 9.2 to fix constants ¢; > 1,¢c0 > 0
and c3 > 0 such that for all € € (g)jen C (0,1) we have

2
/ LY <o (141) forall £ >0 (9.9)
Q We
and . .
b
/ g, Lez(st) <. 1473  forallT>0 (9.10)
0 we (-, 1) ll oo (@) €
as well as ,
NG 4
/ e < (CS (1 t)> o forallt > 0. (9.11)
€
Then invoking the Holder inequality we see that
/w2 = /d wer |VE | wEy ST
Q ET Q € '[UE € ’LU€ d1+§
€
2=y 2 e
< a2 f [
- c a0 ,=tl
d:
27 e 9 NG
< ¢ (14655, (cg‘(1+t)) . d% o
& o0
Ve
< acdd(1+1)?° \1/”;1 Li(m for all ¢ > 0,
g
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because ¢; > 1. In order to make use of (9.10) here, we integrate with respect to the time variable
and once more employ the Holder inequality to find that again since (g;)jen C (0,1),

T T Ve
-t
/ / w?, < clcg/ (1+1)? dgm dt
o Jo 0 we (-, 1) [ oo ()
T Ve
ot
< acd(l+ T)3/ g, Lzt dt
0 we (- 1) [l oo ()
T 4 £
-t —\/E
< ad(1+1)3 / dEM dt T o
0 we (-, 1) |l Lo ()
ﬁ —\/E
< ad(1+T)3- {Cﬁ 1+ T)3} Tt~
€
12 4_—YE
< aeses(1+T)e 1 for all T > 0.
Consequently, the proof can be completed by the observation that
NG NG
7T =g IMVEL e for all € € (&) jen
due to the fact that £In& > —% for all £ > 0. O

9.2 A bound for |In(d.u.)|. Proof of Theorem 1.3

In order to prepare our estimates for the absolute value of In(d.uc), let us first make sure that this
quantity cannot attain large negative values throughout 2.

Lemma 9.4 There exists C > 0 such that for each ¢ € (g)jen,

1
deug(-,t) > C It (0,—). 9.12
[autozc poraee (0. (912)
PrOOF.  From Lemma 5.1 we obtain 0 > 0 such that for all € € (&;);en,
1 1
/ u, < / ug forall t € (O, —) and each measurable E C 2 such that |E| <,
E 2 Jo Ve
so that since by integrability of 2 we can find v > 0 fulfilling |{d < v}| < 4, we infer that
1 / 1
us < = | ug for all t € <0, —)
/{d<u} T2 g Ve
Again using that d. > d and (7.4), we obtain that indeed
/dEUEZ/dUEZI/'/ ue—v-{/us—/ ug}zl//ue—y/uo
Q Q (d>v) Q {d<v} 2 Ja 2 Ja
for any such ¢ and ¢. 0

In view of (2.25), this entails an upper bound for the spatial minimum of |In(d.u.)|.
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Lemma 9.5 Let T' > 0. Then there exists C > 1 with the property that for all e € (€j)jen and any
t € (0,T) one can find xo(t,e) € Q such that

% < d(zo(t, &))ue(wo(t, €), £) < C. (9.13)

ProoOF.  Since Lemma 9.4 along with (2.25) and (2.9) ensures the existence of ¢; > 0 and ¢z > 0
such that for all € € (&) jen we have

c < / dous < ¢y for all t € (0,7),
Q

by a mean-value theorem we can pick some z¢ = z¢(t,¢) € Q fulfilling

Cl Cc2
de t)
(mpetont) =y o) € [y, 31

so that the claim results on taking C' > 1 suitably large. U

Now a straightforward application of Young’s inequality yields the following inequality which inter
alia entails an upper bound for the functional on the right of (9.1) at the approximate level.

Lemma 9.6 Suppose that

/ ,]n, < 00. (9.14)
Then there exists C > 0 such that for each € € (&) jen,
1
/ Inu.(-,t) <C for allt > 0. (9.15)
fus(t)21 d=
PROOF. As &np < €Iné + e ! for all € > 0 and n € R, we may use (2.25) to see that for all
[SS (Ej)jEN7
1 1 1 1
—Inu(-,t) < /ln+/u -t
~/{u5( 2)>1} de 8( ) Q de de € Ja 8( )
= /1ln1+1/ for allt >0 (9.16)
- Jodode e ng ' ' '

Since by monotonicity of (1,00) 3 £ +— {In¢ and Lemma 2.2 we have

1 1 1 1 1 1
lng/ —In— <c¢ ::/ —In— for all € € (¢;)jen,
/Q ds ds {d-<1} dE ds ! {d<1} d d ( ])JGN

and since ¢y is finite according to our assumption (9.14) and the boundedness of d, this already yields
(9.15). O

In exploiting the regularized variant of (9.1), we shall moreover make use of the following elementary
lemma concerned with an ODE comparison.
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Lemma 9.7 Let T > 0, and suppose that y € C°([0,T)) N C*((0,T)) is such that
y'(t) + ay? (t) < h(t) for allt € (0,T) (9.17)
with some a > 0 and some nonnegative h € L'((0,T)) N CY((0,T)). Then

y(t) < % + /Ot h(s)ds for allt € (0,7T). (9.18)

PROOF.  Since the expression on the right-hand side of (9.18) defines a supersolution of the problem
in (9.17) which diverges to +o00 as t N\ 0, this readily results from an ODE comparison argument. [

We are now prepared for our analysis of the quasi-dissipative structure suggested by (9.1), relying on
the assumption that é belong to Llog L(€2) through Lemma 9.6.

Lemma 9.8 Suppose that

1 1
—1n — 1
/and<oo (9.19)

and that < € L*(2). Then for all T >0 and any 7 € (0,T) there evists C(T,7) > 0 such that

/ —Inwu.(-,t) > —-C(T, 1) forallt € (1,7) (9.20)

(deue)?
< C(T, 9.21
[ [ ek < o (9.21)
PrOOF.  We multiply the first equation in (2.22) by ﬁ and integrate by parts over 2 to see that

d 1 _/1
dt Jodo T T ) deue

2
_ / (deue)y . / (deus)stm for all t > 0,
Q

Q (dsue>2 deue

and

whenever € € (¢j)eN.

where by Young’s inequality,

(detie) 1 / (deus)? 1 / 9
Wep < = 24+ — [ wz, for all t > 0,
/Q deue : 2 Ja (dau5)2 2 Jo

so that
1
——/ — Inwu(,t), t>0,
Q de
satisfies ( )2
1 d-u 1

")+ = ”x</ 2 for all ¢ > 0. 9.22
2+ Gy [wt fora (922



Now given T' > 0, we apply Lemma 9.5 to gain ¢; > 1 such that for all € € (g;);en and each t € (0,7)
we can pick zg = xg(t,e) € Q such that

1
. < d:(zo)us(zo,t) < e,
1

which implies that

‘ In (dg(azo)ug(xg,t)> ‘ <c¢y:i=Inc.

Since by means of the Cauchy-Schwarz inequality we obtain that

2y 3
} for all z € Q,

‘m (da(x)ug(az,t)> I (dg(xo)ug(:zo,t))‘ <Vl {/Q‘(ln (dgus(',t)))

this entails that

xT

‘ln (dg(a:)ua(a:,t)ﬂ <e+/]9 {/Q (dee); }é forall z € Q and t € (0,7)

(dau€)2
2
() +

— for all T 2
. 3 orallt € (0,7) (9.23)

and that hence

v

ue)?
% /Q EZLE; 4\191 ' {Hln(deu&) L
‘hl(dgus) i

1
> gl
— 8|9

2
with c3 := %, because (§ — n)%r > %52 —n? for all £ > 0 and > 0. Now since again using that
&Iné > —% for all £ > 0 we can estimate

1 1
(t) = — | —In(deue —Ind.
) = - [ gwiaads [
1 Q
< —/ln(dgu5)+| for all t > 0,
ng (&

1 1
- —1 ds € < 1 da € : e
/stn( w) < ")me)/gds

< C4H In(d-u.) for all t >0

and since Lemma 2.2 warrants that

L(Q)

with ¢4 := [ é < 00, from (9.23) we thus infer that

1 (dgua)2 1 |Q2] 2
— z > . t) — — — fi 11¢ 0,7).
i > gy (=00} me manee @
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Consequently, writing c5 := we see that (9.22) entails the inequality

_1
s

Q2 1 [ (dewe)? 1
z;(t)+65-{z€(t)—’e‘}++4/g < 2/Qw§$(-,t)—|—03 forall £ € (0,T),  (9.24)

from which in view of Lemma 9.7 we firstly conclude that

|Q!
B C5t

ze(t) — / / w?, 4+ cst  for all t € (0,T).

Since Lemma 9.3 provides cg > 0 such that

T
/ / ng < ¢ for all € € (g5)jen, (9.25)
0 Q

for arbitrary 7 € (0,7") and each € € (&) ;jen this entails the one-sided inequality

Q
2e(t) < e := |e + 05—7_ +5 5 S 4T for all t € [1,T), (9.26)

thus particularly establishing (9.20).

In order to achieve a corresponding upper bound, we now make use of our assumption (9.19), which
allows us to invoke Lemma 9.6 to find cg > 0 fulfilling

1
—2z:(t) < / Inuc(-,t) <cs for all ¢ > 0. (9.27)
fue)21) e

Therefore, namely, on integrating (9.24) and relying on (9.26) and again (9.25) we see that

(deue)
/ / dui < ze(1) — 2 (T / /w5m+03 —7)

< C7—|—Cg—|—§+63(T—T) for all € € (&;)jen,

and that thus also (9.21) is valid. O

In order to turn this into a two-sided estimate for the quantity In(d.u.) itself, we once more rely on
Lemma 9.6 to assert a spatial L' bound therefor.

Lemma 9.9 Assume that [o:Ind < oo and “ € L°°(Q). Then for all T > 0 and 7 € (0,T) there
exists C(T,7) > 0 such that for all € € (¢)jen we have

/Q I (dewe(0))| €@ Jorattte (1) (9.28)

PrROOF. In the inequality

/Q ‘ In(d-u.)

§/\1nd€|+/|lnu€|, t>0, (9.29)
Q Q

52



we may first use that the validity of In& < £ for all £ > 0 entails that |In§| < & + % for all £ > 0, so

that according to Lemma 2.2, writing ¢; := ||d|| () + 1 we have
1 1
|Ind.| < [ de+ | — <ca|Q+ | =5 <o (9.30)
Q Q o de ad
Likewise, in
/ | In u| :/ In u, —/ In w., t>0, (9.31)
Q {ue>1} fue<1}
we have
/ Inu, < / U < / U = / ug forall t >0 (9.32)
{us>1} {uc>1} Q 0
by (2.25), whereas
1
—/ Inu., = —/ d: - — Inu,
{ue<1} {ue<1} de
1
< _Cl/ — Inw,
{ue<1} de
1 1
= —cl/ — Inwue + cl/ — Inw, for all ¢ > 0. (9.33)
o de {ue>1} Ye

Since Lemma 9.6 provides ¢ > 0 such that

1
/ — Inu: < ¢ for all t > 0,
{uc>1} %e

and since Lemma 9.8 says that given any 7" > 0 and 7 € (0,7) we can find ¢3(7,7) > 0 fulfilling
1
R Inu. > —c3(T,7) for all t € (7,7,
Q Ye
from (9.31), (9.32) and (9.33) we conclude that

‘/ In u,
Q

which together with (9.29) and (9.30) verifies (9.28). O

< / ug + c1e3(T,7) + c1c0 for all t € (1,7,
Q

Now by interpolation, the latter in conjunction with Lemma 9.8 entails (1.18).

Lemma 9.10 Assume that [, éln% < oo and %P € L*>(Q). Then

T 3
/ H In (du(-,t)) HLOO(Q)dt < 0o for allT >0 and 7 € (0,T). (9.34)
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Proor. Given T >0 and 7 € (0,7, from Lemma 9.8 and Lemma 9.9 we obtain ¢; > 0 and ¢z > 0

such that for all € € (gj)jen,
T 2
/ / <ln(d6u5)> < (9.35)
T Q T

/Q ‘ In(deu.)

As a Gagliardo-Nirenberg inequality says that with some c3 > 0 we have

and

) for all t € (7,T). (9.36)

o113 () < eslleallZolleliig +esllelliig — forallp e WH2(9),

from this we infer that

/TT H n (daus("t)> Hioo(a)dt S /TT H (m (dsus("t)))x ;(Q)H n (daue(-,t)ﬂ Ll(Q)dt
e /TT H In (deug(-,t)ﬂ il(mdt
< ey = creges + EesT (9.37)

for all € € (gj)jen. Now since Lemma 6.1 along with Lemma 2.2 warrants that with (g, Jren as
introduced in Lemma 6.1, for a.e. t > 0 we have d.u.(-,t) = du(-,t) a.e. in © and hence

H In (du )HLOO(Q < aliggifo H In (d e, )H for ae. >0,

using Fatou’s lemma we thus obtain from (9.37) that

[ (o)) e < [ smint i (dtn)])
= 81;12;{{-‘0/7 Hln (dsus(-,t))H;(Q)dt
< o
and conclude. N

We thereby readily arrive at our main result on diffusive effects at intermediate time scales.

PROOF of Theorem 1.3.  The integrability property (1.18) has precisely been asserted by Lemma
9.10. As a consequence, we may choose a null set Ny C (0, 00) such that In(du(-,t)) € L>(f) for all
t € (0,00) \ No, whence if for such ¢ we abbreviate c1(t) := || In(du(-,t))|| (), then

—e(t) <In (d(az)u(:c,t)) <e(t)  forae zeQ,

that is,
e—C1 () - ct(t) ; 0
() u(z,t) < or a.e. x €

d(z)
whenever t € (0,00) \ Ny. This yields (1.19), whereupon (1.20) becomes obvious. O

54



10 Appendix

This appendix is devoted to the details of the approximation procedures underlying Section 2.2.
Let us first construct a family of smooth positive approximations to d with the properties listed in
Lemma 2.2.

PROOF of Lemma 2.2.  Without loss of generality we may assume that = (—R, R) with some
R >0, and fix a sequence (Kj);jen of compact subsets of {d > 0} such that K; C Kj, for all j € N
and {J;en K = {d > 0}, whence for KJ = K;N|[- R—l— , R — ] j € N, we have K C KJH for all

J € Nand U;ey f(j = {d > 0} N Q. We first observe that then by continuity of d in Q and of d, in
{d > 0}, for each ¢ € (0, 1),

d(—R), z < -,
ds(x) =1 a((1+9)e), — e <a < B (10.1)
d(R), T >,

defines a function ¢5 € C°(R) fulfilling vs € C* ({5 > 0} N (=125, 125)) AW,5% ({15 > 0}), for which
s — d in L®(Q) and ¥5, — dy in L2 ({d > 0} N Q) and in Lfgc({d 0}) for all p € [1,00) as § \, 0,

so that for each j € N we can pick §; € (0,1) such that @;(x) := s, (x), = € €, satisfies

1

19; = dllze@) < 577 1Bja = dall oo (i) <

5 (10.2)

S5 ad 1B ddog < 5
Next, for n € (0,1) letting p, € C5°(R) denote an arbitrary mollifier having the properties that
supp py C [—n,7] and [, p, = 1, we immediately see that if 7 < fi—?j, then p, * ¢; = ¢; = d(—R) in
(—o0, —% —n) and p, * p; = ¢; = d(R) in (% +1,00) and hence, in particular, (p, x ¢;), =0
on 02 for any such 7). Since standard arguments ([17]) moreover show that p,*@; — @; in L>() as
well as (pn * @j)z — @jo In L°°(I~(j) and in LP(K;) for all p € [1,00) as n \, 0, it follows that for any
J € N we may fix n; € (0,1) suitably small such that for ¢; := p;; x p; we have @;, = 0 on I as well
as

1 . 1

—~ ~ 1
9.37" ||<ij - SDJwHLoo Ky = Z and ||90j:v - Sojz”LJ'(Kj) < Z (10.3)

1P — @jllLee (@) <

Writing ¢; == @; + %, j € N, we thus obtain (p;)jen C C™(2) such that ¢, = §j, in Q and thus
still

@iz =0 on 00 for all j € N, (10.4)
that, by (10.2) and (10.3),
e = el < 1830 = Biall iy + 180 — iy < g5+ 55 =5 forall jEN (105)
23 257
and similarly
H‘Pﬁ: dy HLJ < H%z — (ijHLJ'(Kj) + H(ﬁgm — deLj(K < 2lj+ 21] = ; for all j € N, (10.6)
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and that moreover ) 5
d—|——<<p] d+— in for all j € N, (10.7)

which in particular ensures that
0it1 < @; inQ for all j € N. (10.8)

Now in order to construct (de).¢(o,1), we recursively define (¢;);en, C [0,1] by letting g := 1 and

. , 2\ -3 N2y
€j := min %73‘4],{/%} {/%;} ,‘@ . iz (10.9)
2 Q ¥ Q ¥j @j L= ()

and observe that this especially guarantees that (¢;) ]ENO is strictly decreasing, and that for each j € N
we have ¢; > 0 due to (10.7) and the inclusion ¢; € C1(£2). As a consequence, introducing

de := pj whenever € € (¢41,¢;] for some j € Ny

indeed yields a well-defined family (d:).c(o,1) € C*°(Q2) which thanks to (10.7), (10.5), (10.6), (10.8),
(10.4) and the monotonicity of (¢;);en satisfies (2.5), (2.9), (2.6), (2.7) and (2.8), and for which due
to the second restriction expressed in (10.9) we know from the left inequality in (10.7) that for all
JE N07

1

1
de >d+372372

“ SIS
»M»—t

>e1>0 inQ  foralleé€ (gj41,54]

Furthermore, the third, fourth and fifth requirements in (10.9) warrant that for any j € Ny and each
€ € (€j41,€4] we have

i 2 2
QO )

and, similarly,

2 03
as well as
1| dea 1| @iz <
de =) = 7 Ly o) = 7
and that thus also (2.10), (2.11) and (2.13) are valid. O

We next verify that our assumptions on d and wg indeed entail the consequences specified in Lemma
2.3 and Lemma 2.4.

PROOF of Lemma 2.3.  Assuming on the contrary that ¢ := fQ 2 be finite, by hypothesis we can
find zg € Qp and & > 0 such that d(z¢) = 0 and either (zg,zo + 5) C Qo or (xg — d,x0) C Qo, and
concentrating on the former case we know from the continuity of d that for each z7 € Q; = {z €
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(xo, 0 + 6) | d(z) > 0}, the point Z¢ := max{z € [zg,z1] | d(z) = 0} belongs to [zg,x1). As d is
positive and hence continuously differentiable on (Zg, 1], using elementary calculus we can estimate

de) = V) + [ (Vi

x1
_ 1 () 4

5 Zo \/d(y)
1 mdiy) 7 Ip—
2{/550 d(y) dy} P
< gvxl—io
< g\/ﬂﬂl—mo-

Since z1 € ; was arbitrary and (xg,zo +96) \ Q1 C {d = 0} is a null set by (1.6), this entails that

1 1 4 o+0 4
- > - > - dz = ——dx = 0,
qd o, d o, c1(r — o) 20 c1(x — xo)

which in turn is incompatible with (1.6) and thereby establishes the claim. O

IN

PROOF of Lemma 2.4.  Let us assume for contradiction that there exists zq € € such that d(zg) = 0
but wg(xg) > 0. Then by continuity of wy we can find § > 0 and an interval Qy C €, relatively open
in Q, such that wg > ¢ throughout Q. As d > 0 a.e. in Q as a consequence of (1.6), using Lemma 2.3

we therefore obtain
d? d?
/ —ZLawg >0 £ = o0,
0, d 0, d

which contradicts (1.10). O

We are now in the position to provide an approximation of wg in the flavor of Lemma 2.5.

PROOF of Lemma 2.5. Without loss of generality we may assume that {d = 0} is not empty.
Then since d is continuous in 2, there exist a countable set I C N and a family (J;);es of relatively
open proper subintervals J; of € such that J; NJ; = 0 if i € I and j € I are such that i # j,
and that (J;c; Ji = {d > 0}. Accordingly, for each i € I there exist a; € Q and b; € Q such that
(a;, b)) C J; C lag, b, where a; € J; (resp., b; € J;) if and only if a; € 9Q (resp., b; € Q).

Now for fixed i € I, in the case a; ¢ J; we know from the defining properties of J; that d(a;) = 0,
whence again by continuity of d we have ||d|re((q;,0,45)) — 0 as 0 \ 0; likewise, if b; & J; then

Al oo ((bi—5,6:)) — 0 as 0 0. Therefore, we can recursively define ((557))]-61\; C (0,1) such that

(@) _ bi—a .
6;" < 1 for all j e N (10.10)
and ‘ o
64, < min {5)@ 7 3} for all j € N, (10.11)
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and such that if a; € J;, then

1 .
12 oo (g, 0,200y S 57 Forall e N, (10.12)

and that if b; & J; then

]| for all 7 € N. (10.13)

1
Lo (6260 b)) = 30

For i € I and j € N, we then introduce the piecewise linear functions ¢ ]@ € WH>(Q) by letting

0 if ¢ < a; + 0,
T—a;— @ 7 7
50)63 ifai+(5](-)<:c<ai+25](-),
. J . .
=41 if a; + 260 < @ < b; — 260", (10.14)
i~ i i
i — if b; — 204 < & < b; — 61,
5! J J
0 if « > b; — 0"
whenever J; = (a;,b;) and
1 if & < b; — 281",
(0 ._ ) b= - (i) (i)
Cj = 6§i) if b; — 2(% <x<b — 5]- s (1015>
0 if & > b; — 6
in the case J; = [a;,b;) and
0 if:L‘Sai—i—(S](-i),
i T—a;— (@ i 7
C]( )= 75“)5] if a; + (5](. ) <z <a;+ 25; ), (10.16)
j .
1 if > a; + 28"
when J; = (a4, b;], and for j € N we let
Glw) = CJ@ (z), =zeq, (10.17)
icli<j
as well as B
woj(x) = Cf(:v)wg(a:), x € Q. (10.18)

Then since (10.11) in particular asserts that (5](-i) N0 as j — oo for each ¢ € I, from the definition of
¢j it follows that
0 < () < Gjgi(a) forall z € Q and j € N (10.19)

and
G(z) /1 asj— o0 for all z € {d > 0}, (10.20)
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implying that 0 < wg; < wg j4+1 in Q for all j € N, and that both (2.16) and (2.17) hold. Moreover,
it is clear from (10.18) and the inclusion wg € WH2(Q2) implied by our assumptions on wg that
wo; € WH(Q) with

w(Z)jx = (C]?U]Ox + 2Cjijwo)2
< 20jwg, +8CC,wi  ae. in Q,
so that 22
Hoje 2¢2 = Wy +8Chwy  ae. in Q. (10.21)
Y wo

wz-
Since ww—gg“ € LY(Q) by hypothesis, this firstly implies that for each fixed j € N we have % € LY(Q)
and hence ,/wg; € WH2(Q), and according to (10.19) and (10.17), from (10.21) we furthermore obtain

that
w2,
/ 42T / dC2 G, +8 / d¢2,wo
Q w()j

/ w0x+82/ 2wy forall j €N. (10.22)

el

IA

IN

In order to estimate the rightmost summand herein, we first note that according to our choice of
(Ji)ier, for all i € I we have

d(a;) = 0 whenever a; & J; and d(b;) = 0 when b; & J;,
and that thus, as a consequence of (1.6) and (1.10) when combined with Lemma 2.4,
’LUo(CLi) =0if 473 Q JZ' and ’wo(bi) =0if bz Q Ji.

Again since 1/ 0 € WH2(Q), by means of the Cauchy-Schwarz inequality this implies that writing
c1 = Jo(y/wo); we have

wo(x) < cplz —a;] for all z € Q if a; & J;
and
wo(z) < ci|lx —b;| for all z € itb; & Ji,

so that whenever i € I is such that J; = (a;,b;), in view of (10.14) we can use (10.12) and (10.13) to

estimate
: 1 a¢+25;i> 1 bi,(;;i)
/ d(CJ('f))QwO 5002 / o ot Gy / o W
Q (6;7)% Jai+o; (6;7)% Jbi—25;

1
(5J(Z))2 || ||Loo a a+251 ||w0||Loo a ai+25§i)))

IN
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1

.5 i w g
(5](2))2 j H ‘|L°°((bi*25§),bi))” 0”[/00(({;11725;.)71;2‘))
< 201l e 25y + 201N 3,250 1)
1 1
< 2¢- 5"{_261 21
B 4cq
pr— F-

Along with a similar reasoning in the cases J; = [a;,b;) and J; = (a4, b;], this allows us to conclude
that

82/ w0<32012—<32012—<oo for all j € N,

el el

because I C N. In light of our assumption (1.9), from (10.22) we thus obtain (2.18). O

Our final selection of the sequence (g;)jen C (0,1), as used throughout our analysis, can be accom-
plished as follows.

PROOF of Lemma 2.6. For fixed j € N we estimate

) 1io ’UJ20 w2~
/da(w%“‘?w :/daoﬂl S/da 0 for all £ € (0, 1), (10.23)
Q woj + €4 Q  wpj +e1 Q Woj

where using the inclusion ,/wg; € Wh2(Q), as asserted by Lemma 2.5, along with the monotonicity
of the convergence d. — d, as obtained in Lemma 2.2, we see that

wi; wi;
/d‘E Oﬂ—>/d Oge as € \ 0.
Q Woy o Woj
’UJ2~
As ¢1 := supjey Jod U?OJ]I is finite thanks to Lemma 2.5, from this and (10.23) we infer that for all
j € N we can fix e1)(j) € (0,1) such that

2
/ dgM <c 41 foralle e (0,e0(4)]. (10.24)
Q wWoj + €4

Next, for arbitrary j € N and € € (0,1) we trivially split

2 2 a2
d —X(woj +€1) = d

N

(10.25)

and note that here due to the Cauchy-Schwarz inequality, the boundedness property (2.11) derived in
Lemma 2.2 ensures that

PN

9
€

2 4 N :
/ dx ot / L\ 0 forallec (0,1). (10.26)
o d o d?
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Now since K := supp wp; is a compact subset of {d > 0} by Lemma 2.5, and since according to Lemma
2.2 we have d. — d in L*°(2) and d.,, — d, in L} ({d > 0}) and hence c§: — % in LY(K) as e \, 0,
it follows that for any individual j € N,

d? d?
/ —Lwp; — / —woj as € \, 0.
Q de Q d

Since wpj < wp by (2.17) and thus

d? d?
/ iwoj < g = / gxwo for all j € N
Q Q

with ¢o being finite thanks to our assumptions on wg, we thus conclude that for any j € N we can
pick e (j) € (0,1) fulfilling

d2
—Tug; <cp4+1  forall e € (0,62 (j)],
Q ds

which together with (10.25) and (10.26) entails that
dz, 1 1 @)/
Qd—(w0j+54)§62+1+\9|2 for all € € (0, (j)].
€
In conjunction with (10.24), this shows that if we pick any ¢y € (0, 1) and recursively define a nonin-
creasing sequence (£;)jen C (0,1) by letting

€j = min{Ej_l, ;, 5(1)<j),5(2)(j)}7 ]GN)

then (woe; )jen as given by (2.19) indeed satisfies (2.20) and (2.21). O
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