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The chemotaxis-Navier—Stokes system

ne+u-Vn=V-(nm"1Vn—-nVc),
¢t +u-Ve=Ac—ne,
ur + (u-V)u=Au+ VP +nVo, V-u=0

is considered in a smoothly bounded domain © C R3, along with the boundary conditions
(nmﬂVn—nVc) v=0, c=c¢c, u=0 z€09IQ,t>0,

with a given nonnegative constant c,.

Under the standing assumption m > %, it is firstly shown that for all suitably regular initial data, a
corresponding initial-boundary value problem is globally solvable in a natural weak sense. Secondly,
some information on the large time behavior of these solutions is provided by asserting the existence
of a ball in LP(Q) x W4(Q) x L*(Q;R?), with radius depending on p € [1,3m — %), ¢ € (1,2), ¢
and the conserved total population size fﬂ n only, which eventually absorbs each individual among
the obtained trajectories.
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1 Introduction

Although individual cells and bacteria might appear simple and the purposefulness of their behavior
quite limited, populations as a whole may act in a rather orderly fashion. Considerably well-organized
movement has been discovered even in some very primitive cases, such as that of the ubiquitous aerobic
bacterium Bacillus subtilis, and the mere ability to perform taxis-type aligned movement, partially
directed upward concentration gradients of a signal substance, has been identified as a mechanism
of key importance in this regard in various situations ([11, 39, 15, 31]). The ambition to describe
key aspects of the observed dynamics by corresponding solution behavior in systems of evolution
equations has enthralled the interest of mathematicians for the better part of four decades, and
despite considerable analytical efforts the theoretical understanding in this field seems yet far from
complete. Of particular interest in this direction seem questions related to the interaction of microbial
populations with liquid environments, and indeed some recent results have revealed noticeable effects
going along with such types of interplay already in quite simple settings ([21, 22, 23, 16]).

In the context of markedly conspicuous experimental findings on formation of plume-like aggregates
in populations of B. subtilis at the water-air interface in a sessile drop of water ([11, 39]), coupled
chemotaxis—(Navier—)Stokes systems of the form

n+u-Vn=V-(nm1Vn) - V. (nVe), xeQ, t>0,
¢t +u-Ve = Ac — nc, zeN, t>0, (1.1)
ug+ k(u-VYu =Au+VP+nVe, V-u=0, z€Q, t>0,

have been proposed as models appropriately accounting for the key mechanisms of nutrient taxis,
convection and buoyancy-driven fluid forcing ([39, 1, 2, 10]); here, @ C RY and ¢ represent the fixed
physical domain and the prescribed gravitational potential, m > 1 and x € R are given constants, and
the unknown functions n, ¢, u, P denote the density of the bacteria, the concentration of oxygen, the
fluid velocity field and the associated pressure, respectively.

The challenge of controlling effects of boundary conditions on global behavior. In
analytical studies concerned with (1.1), initial-boundary value problems are usually considered in the
mathematically convenient setting of boundary conditions given by

(™ 'Vn —nVe) v =0, Ve-r=0 and u=0, xedfd, t>0. (1.2)

Indeed, such a framework allows for some expedient control of the cross-diffusive coupling in (1.1),
which is reflected in the option to achieve an essentially exact cancellation of the interaction functional
fQ Vn - Ve that arises when testing the first equation in (1.1) against Inn. In the presence of homoge-

neous Neumann boundary conditions for ¢, namely, with negative sign this expression simultaneously
Vel
C
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is favorably signed when 2 is convex ([48]), or alternatively allows for a convenient one-sided estimate
in terms of the corresponding dissipated quantities for general Q ([32, 20]). A resulting quasi-energy

emerges as a contribution to an identity satisfied by % fQ
boundary integral

, in which the additionally appearing




structure can be used as a fundamental piece of regularity information, and accordingly quite compre-
hensive solution theories could be developed throughout noticeably wide ranges of the key parameter
m, both in the full Navier—Stokes case x = 1, which meanwhile seems covered quite completely by the
literature on two-dimensional versions of (1.1)-(1.2) ([19, 10, 17, 35, 45]), and in the case K = 0 of a
simplified Stokes-type fluid evolution, in which especially in three-dimensional settings the derivation
of global boundedness results has been achieved under mild assumptions on diffusion enhancement
at large population densities, to date reducing to the mere hypothesis that m > % ([50, 36, 40, 13];
cf. also [12] and [30] for precedents, [53] and [48] for some existence results addressing the case N =3
and x = 1, and the recent survey [3] for a broader overview).

With regard to questions concerned with qualitative solution behavior, however, the available litera-
ture seems to confirm the intuitive guess that at least on large time scales, the dissipative contributions
to (1.1) enforce equilibration, in the context of the above type of boundary conditions implying trivial
asymptotics due to fact that then each steady state belongs to the family of spatially homogeneous
distributions described by the identity (n,c,u) = (a,0,0) with some a > 0. Specifically, stabilization
results on (1.1)-(1.2) exclusively assert convergence towards spatially constant states, as illustrated in
[52, 46, 49] and [50], and also in [26] for a related system with additional logistic source terms (cf. also
[8] and [28] for corresponding results in associated Cauchy problems and a fluid-free high-dimensional
case); rigorous analytical descriptions of pattern formation in any nontrivial flavor, however, seem to
remain elusive.

In pursuit of statements concerning convergence towards non-constant states, inhomogeneous bound-
ary data for the chemical signal have received increasing attention in the mathematical literaure on
(1.1), either in form of Robin boundary conditions allowing oxygen influx into the domain proportional
to the local concentration near the boundary ([5]), or in form of Dirichlet data directly prescribing a
certain concentration on the boundary, as already already suggested in [39]. However, the analysis of
such potentially more realistic boundary value problems for (1.1) seems yet to be at a rather early
stage only, which gives the impression of being mainly due to the loss of a favorable energy-like struc-
ture that apparently goes along with such a change in boundary conditions.

After all, addressing the Robin-type setting going back to [5], and concentrating on a simplified fluid-
free version of (1.1) with m = 1, the study [6] asserts the existence of a unique steady state, in the
case of inhomogeneous data necessarily nonconstant, at any prescribed mass level M := fQ n > 0.
A corresponding evolutionary variant of parabolic-elliptic type has recently been considered in [14],
where results on the existence of global classical solutions for arbitrary initial mass and, under certain
smallness conditions, large-time convergence towards the stationary solutions of the doubly-elliptic
system can be found. For coupled chemotaxis-fluid systems of the form (1.1) but with nonlinear dif-
fusion the works [38] and [51] obtain global weak solutions for N = 3,k = 0 and m > £, and global
weak solutions in the case N = 2 for k = 1 and any m > 1, respectively. Existence of solutions in the
linear diffusion case m =1 is addressed in [5] in the presence of additional logistic source terms, and
in [7] without; in both these works, global classical solutions are obtained for N = 2 and global weak
solutions for N = 3.

For the scenario with Dirichlet boundary conditions for the signal, physically motivated in [39] by the
fact that due to significant differences oxygen-diffusion coefficients between air and water the concen-
tration on the boundary can be assumed to be equal to its saturation value, in line with lacking a



priori information on regularity specifically near the boundary, available results especially in three-
dimensonal settings seem to date restricted not only to the Stokes case k = 0, but moreover, and more
drastically, to statements on generalized solvability in classes of possibly quite nonsmooth functions.
In this Stokes variant of (1.1), some global generalized solutions have been found for N = 3 and
m =1 ([42]), whereas in the framework with nonlinear diffusion and Stokes fluid global weak solutions
where shown to exist under the assumption that m > 1 if N = 2 and m > 322 if N > 3 ([41]).
The existence of global weak solutions enjoying more usual regularity features has been achieved for
(1.1) with k = 0 and additional logistic source terms in [4]. At significantly higher levels of regularity,
existence results concerned with boundary conditions alternative to those in (1.2) seem limited to
fluid-free model variants ([24, 25, 29]). For some simulation-based approaches to understand possible

effects of inhomogeneities in boundary data, we may refer to [9] and [33], for instance.

Main results.  Motivated by the above, the present manuscript intends to develop an approach
capable of suitably coping with the challenges linked to question how far inhomogeneous Dirichlet
boundary conditions for the signal may affect global regularity in the three-dimensional full Navier—
Stokes version of (1.1). This will amount to identifying a class of functionals which enjoy certain
quasi-dissipative properties despite cross-diffusive interaction, where we note that in the Dirichlet case
under consideration, regularity features of the energies encountered in the analysis of (1.1)-(1.2) ap-
pear to remain unclear due to apparent obstacles linked to an appropriate estimation of the second
order expressions in (1.3).

Thus led to identifying suitable alternative testing procedures in which corresponding boundary in-
tegrals can appropriately be controlled in terms of associated dissipation rates, on the basis of an
elementary pointwise boundary estimate satisfied by fairly arbitrary functions attaining the value c,
on 002 (Lemma 3.4) we shall see that in the presence of appropriately strong enhancement of cell
diffusion, expressions of the form

/an—l—/g(]VdQ—l—l)g +/Q\u|2 (1.4)

will indeed exhibit some energy-like properties during evolution within some range of p > 1 and ¢ > 1
(Lemma 3.8). An appropriately arranged combination of the knowledge on regularity, as thereby
generated, with certain elementary relaxation properties of (1.1) (Lemma 3.1) will lead not only to
a statement on global weak solvability, but moreover provide some qualitative information on large
time relaxation, in the flavor of a result on the existence of bounded absorbing sets with conveniently
controllable size.

To make this more precise, let us henceforth consider the initial-boundary value problem given by

ne+u-Vn=V-(nm1Vn) - V.- (nVe), xeQ, t>0,
¢t +u-Ve=Ac—nc, re, t>0,
ur + (u-V)u = Au+ VP +nVo, V-u=0, xeQ, t>0, (1.5)
(Vn—nVc)-uzO, C = Cqy u =0, r eI, t>0,
n(z,0) =no(z), c(z,0)=co(z), u(x,0)=u(x), xe€Q,

in a smoothly bounded domain Q C R3, with ¢, € [0,00), m > 1 and ¢ € W?>(Q), where throughout
the remainder we let A := —PA denote the Stokes operator with its domain D(A) := W22 ((;R?) N
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VVOL2 (Q;R3) N LZ(Q), with LZ(Q) := {¢ € LP(Q;R3) |V - ¢ = 0} and P representing the Helmholtz
projection of L?(Q;R?) onto L2(£2). Similarly, for p > 2 we let W&f(Q) = Wy P (Q;R3) N L2(Q).

The first of our main results then asserts global solvability under a mild condition on m and for widely
arbitrary initial data:

Theorem 1.1 Let Q C R? be a bounded domain with smooth boundary, and let ¢ € W*>(Q),

>7
"=

and ¢, > 0. Then whenever

ng € WH°(Q) s such that ng > 0 and ng Z 0,
co € WH(Q) s such that co > 0 in Q with colaq = cx, and (1.6)
ug € W22 (Q;R?) s such that V - ug = 0 and uglpn = 0,

there exist functions

ne np€[1,3m—%) LOO((Oa OO); LP(Q)) N ﬂse[l,ﬁm—%) Lfoc(ﬁ X [07 OO)),
c€ L®(Qx (0,00) with ¢ — ¢, € L3,,([0,00); Wy () N Nyeprz) L2((0,00); We Q) and

loc
u € L2((0,00); L2(2)) N LT, ([0, 00); Wy 2(92))

(1.7)
such that (n,c,u) forms a global weak solution of (1.5) in the sense of Definition 2.1 below. This
solution can be obtained as the limit of solutions to the approzimate problems (2.7) in that there exists
(gj)jen C (0,1) such that 5 \, 0 as j — oo, and that (ne,ce,us) = (n,c,u) a.e. in  x (0,00) as
e=1¢; (0.

In line with corresponding limitations concerning the knowledge on regularity already in the three-
dimensional Navier-Stokes subsystem of (1.5) ([44]), at a temporally global level we do not expect
availability of regularity features significantly beyond those in (1.7). Nevertheless, the organization
of our analysis will enable us to identify a qualitative feature reflecting genuine relaxation in (1.5) at
least in the long term. In fact, the following second of our main results indicates the existence of a
conveniently small absorbing set for (1.5), bounded in size exclusively by the quantities ¢, and fQ no
of immediate physical relevance, in the following sense:

Theorem 1.2 Suppose that Q C R3 be a bounded domain with smooth boundary, that ¢ € W2 (),
and that m > %. Then given any

pe[l,3m—1%) and qe€(1,2), (1.8)

for each K > 0 one can find R(K,p,q) > 0 with the property that whenever ¢, > 0 and (1.6) holds
with
o < K and / ng < K, (1.9)
Q

there exists to(p, q, no, co, ug) > 0 such that the global weak solution of (1.5) constructed in Theorem
1.1 satisfies

(-, Ol e + IV D) la) + w2 < R(K,p,q)  for a.e. t > to(p,q,no0,co,uo). (1.10)



Further steps of our analysis can be outlined as follows. In Section 2 we will, after specifying the
concept of weak solvability in question here, introduce a family of appropriately regularized variants
of (1.5), which admit global classical solutions. The third section will be dedicated to the derivation of
a differential inequality for quantities of the form in (1.4); after first establishing some spatio-temporal
information on Ve, by exploiting an ODE comparison argument for the difference ¢, — ¢, (Lemma
3.1), we proceed here by establishing individual differential inequalities for the solutions components
(Lemma 3.2, Lemma 3.3 and Lemma 3.6). The main obstacle therein is the control of unfavorable
boundary terms appearing when integrating by parts in the second equation of our regularized systems
(Lemma 3.4 and Lemma 3.5). Combination of the quasi energy-like structure with a basic boundedness
information on ¢, provided by Lemma 3.1 will then constitute fundamental a priori knowledge, which in
Section 4 can be refined (Lemma 4.3 and Lemma 4.4) so as to become a sufficiently strong preparation
for the limit procedure undertaken in Lemma 5.1 of Section 5. The final steps of Section 5 will then
consist in verifying the claimed weak solution property, and in exploiting some basic exponential decay
(Lemma 3.1) to construct absorbing sets in the intended flavor.

2 A concept of weak solvability and global approximating solutions

The following solution concept, to be pursued below, seems fairly natural in the considered context
of (1.5), especially by involving standard weak formulations of the respective sub-problems therein,
and by thus including requirements somewhat stronger than those introduced in the more generalized
framework from [42].

Definition 2.1 Let m > 1, ¢ € W2>(Q) and ¢, > 0, assume (1.6), and let
n € Ljo,(2 % [0,00)),
ce Ll (Qx[0,00) with ¢—c,e Ll ([0,00;W;" ()  and (2.1)
w € Lj,e((0,00); Wy 7 ()
be such thatn >0 and ¢ > 0 a.e. in Q x (0,00), that
ne € Li,.(Q x [0,00)), (2.2)

and that
{Vn™, nVc, nu, cu} C L}Oc(ﬁ x [0,00); R?). (2.3)

Then (n,c,u) will be called a global weak solution of (1.5)

/ /mpt /nogo /Vn Vg0+/ /nVc Vap—l—/ /nu Ve (2.4)

for all p € C5°(Q x [0, 00)), if

/ /cgot /coap /0 /QVC'Vgo—/O /ango—i-/o /ch‘Vgo

for all ¢ € C§°(Q x [0,00)), and if

—/OOO/Qu-gpt—/ng-go(-,O):—/OOO/QVU-V@—I—/OOO/Q(quu)-Vgo—i—/ooo/gnvﬁb'@ (2.6)
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for each ¢ € C§°(Q x [0,00); R?) fulfilling V - ¢ = 0. Here, for vectors a = (a1, az2,a3) € R? and
b = (b1,b2,b3) € R® we have defined the matrix a ® b = (Mij)ijeq1,2,3y by letting M;; := a;b; for
(i,5) € {1,2,3}*.

Our approach toward constructing such solutions will be based on an analysis of the regularized
variants of (1.5) which, for € € (0, 1), are given by

Net + Uz - Ve =V - ((n‘E + 8)’”_1Vng) -V (nEFE’(nE)Vca), reN,t>0,

Cet + ue - Vee = Ace — Fo(ne)ee, €N, t>0,
uet + (Yeue - V)ue = Auge + VP + F.(ne)Vo, V-u. =0, x €0, t>0, (2.7)
% - nsFE’(ne)%clf =0, Ce = Cy, ue =0, x €N, t>0,

ne(x,0) =no(z), c(z,0) =co(x), u(z,0)=up(z), x€Q,

with Yz := (1 +eA)~! denoting a Yosida-type approximation, and with

RO=1ig €20
satisfying
0<F(6)<¢ and 0<F(¢) = (1+1€£)2 <1 forall¢>0andec (0,1) (2.8
as well as
F.(6) /¢ and F'(6) /1 forall € >0ase\,0. (2.9)

Then the saturation effects thereby introduced can readily be seen to exert regularization to an ex-
tent sufficient to warrant global smooth solvability in each of these problems. Indeed, the following
basic existence statement can be derived by minor modification of the reasoning in [42, Lemma 2.2]
(cf. also [4]), augmented by arguments detailed in [27, Lemma 2.2] to cope with the nonlinearity in
the considered diffusion mechanism.

Lemma 2.2 Let ¢ € (0,1). Then there exist functions

ne € CO([Q2 x [0,00)) N C%HQ x (0,0)),

e € My=1 CO10, 00); WH9(Q)) N C21(E x (0, 00)),

us € CO(Q x [0,00); R3) N C21(Q x (0,00);R3)  and
P. € CH0(Q x (0,00)),

(2.10)

with ne > 0 in Q% (0,00) and c- > 0 in Q x (0,00), such that (ne, ce, us, P-) solves (2.7) in the classical
sense, and that furthermore

/ ne(-,t) = / no forallt >0 (2.11)
Q Q

and
||c€('at)HL°°(Q) < HCOHLOO(Q) fO?" all t > 0. (212)



3 The path toward an energy-type inequality

3.1 An exponential relaxation property of c.

Making explicit use of the fact that ¢, is constant in time and space, as a first regularity property
beyond those in (2.11) and (2.12) let us record the following relaxation feature which yet acts at rather
low levels with regard to the topologies involved, but which through its favorably traceable dependence
on the data will later on form a cornerstone for our asymptotic analysis related to Theorem 1.2.

Lemma 3.1 Let m > 1. Then there exist C > 0 and (A(k))ren C (0, 00) with the following property:
Whenever ¢, > 0 and (ng, co, ug) satisfies (1.6), one can find (I'(k, co))ken C (0,00) such that

t+1
/ / |Ve|* < Ccz/ no 4+ I2(1, ¢o)e A for allt >0 and € € (0,1), (3.1)
t Q Q

and that for each positive integer k,

L

e 8) = eull por gy < O { /Qno}% +D(k,co)e ™ forallt >0 ande € (0,1).  (3.2)
Proor. We fix A\; > 0 such that in accordance with a Poincaré inequality we have
A1 /Q 2 < /Q IVp|?  for all o € Wy2(Q), (3.3)
and use that (3£ )2k — 1 as k — oo in choosing C; > 0 fulfilling

2k 2k
(T) ® <0 forallke{1,2,3,..). (3.4)
1

Given any such k and an arbitrary ¢ € (0,1), we may then rely on the solenoidality of u. to see that
since 2’“—1 >1,

D — ey = —ok2k—1) / (co — c) 2|V 2 — 2k / Fo(no)ee(ce — c) %1
Q Q Q

dt
—/QUE'V(CE—C*)QIC
— (%_1/ ‘V _C*)k’ —2k/ L (no)en(ce — ep) 2

—2/ (v —¢) k —2l<:/ L(ne)ee(ce —e )1 forallt >0, (3.5)

IN

where since 2k — 1 is odd, recalling that 0 < F.(n.) < n. we can estimate

_Qk/Q c(ne)ee(ce —c*)%—l < 2k:/ Fe(ns)ce(c*—cg)%—l

< ZkCEk/ns
Q



= 2kczk/ ng for all £ > 0
Q

by (2.11). In line with (3.3), from (3.5) we thus infer that

(ce — c*)% + A1 /

Q

d

2
— (%—w%ﬁ/W@—@ﬂfgm%/w for all ¢ > 0, (3.6)
dt Jo Q Q

which through an ODE comparison argument firstly entails that

2k
/(ca — ) <eMt. /(co — )%k 4 cik/ no for all t > 0, (3.7)
Q Q AT Ja

and that thus, since (£ +n)® < ¥+ n® for all € > 0,7 > 0 and « € (0,1),

1
A 2k \ 3% *
HCO—C*HLZ’“(Q)e_it“‘ (7> 2’“0*'{/”0}
/\1 Q

A
llco — c*Hsz(Q)e_ﬁt + Crey { / no} for all t > 0 (3.8)
Q

IN

llce — C*||L2k(Q)

IA
2=

thanks to (3.4). Apart from this, by utilizing (3.7) we find that when restricted to k := 1 and directly
integrated, (3.6) secondly implies that

" Ve |? " V(ce — )
t Q t Q ‘

2

2
< / (cg(-,t)—c*) +203/n0
Q Q
Mt 2, (2 2
< e ™M -/(co—c*) + <+2>c*/n0 for all ¢t > 0. (3.9)
Q A1 Q
From (3.9) and (3.8) we therefore obtain (3.1) and (3.2) if we let C' := max{)%1 +2, C1} as well as
['(k,co) := [lco — cxllp2r () and A(k) == é\—}g for k > 1. O
3.2 A basic evolution property of [,(n.+¢)’. The condition p < 3m — g

Now under the key assumption that p < 3m — %, in the course of a standard LP testing procedure

applied to the first equation in (2.7) the respective cross-diffusive contribution can be estimated, up to
additive constants essentially depending on fQ ng only, against an expression containing V¢, which, as
our subsequent analysis will show, can suitably be controlled due to the diffusive action in the second
equation from (2.7).

Lemma 3.2 Let m > % and p > max{l, m—%, 2m—2} be such that

7
p<3m—§. (3.10)



Then there exists qo = qo(p) € (1,2) with the property that given any q € (qo,2) and K > 0 one can
find C(K,p,q) > 0 such that whenever ¢, > 0 and (1.6) holds with [ono < K, we have

d -1
— [ (ne+e)P + / (ne + )P + plp—1) / (ne 4 €)PT™73|Vn,|?
< / |Vee* + C(K, p,q) for allt >0 and € € (0,1). (3.11)
Q

PROOF.  Since (piffn__"&;)_ql) — 4(5_;$j11) as ¢ — 2, with our assumptions p > m — % and m > 1
ensuring that 5 +r2n71 < 4%::?:1) < 6, since furthermore the hypothesis (3.10) warrants that

3(pq — mq + 1) 6p — 6m + 3 12m—11< 12m — 11

111 = = e — — =1,

=2 (3p+3m—4)(g—1) 3p+3m—4 3p+3m—4 3-B3m—1)+3m—4

and since apart from that we have lim,_,o (p_qm%l)q = 2(p—m+1) > p due to the restriction p > 2m—2,

we can fix ¢o = qo(p) € (1,2) suitably close to 2 such that

2 2(p—m+1)q
<6  forallqe (g2 3.12
p+m—1  (p+m—1)(¢—1) or all ¢ € (qo,2) (3.12)
and 5( 0

pq —mgq +
1 f 11 2 3.13

as well as )
W >p for all ¢ € (qo,2). (3.14)

q—

Henceforth fixing ¢ € (go,2) and K > 0 and assuming (1.6) with [, no < K, we use that V-u. = 0 on
Q2 x (0,00) and 0 < F/ <1 for all € € (0,1) to see that due to the first equation in (2.7) and Young’s
inequality, for all ¢ > 0 and ¢ € (0,1) we have

d
G foevers [merorspmo-1) [ et e on
Q Q Q

= p(p - 1) / (ne + 6)p_2n€Fé(n€)Vn5 -Ve: + / (ne + €)p
Q Q

-1
< p(p4) /Q(ns + )P 3 I Vn 2 + p(p — 1) /Q(nE + )P N2 E2 ()| Ve |? + /Q(n(S +e)P
p(p—1) pm—3 2 B p—m+1 2 p
< 1 Q(nE +e¢) |IVne|* +plp—1) Q(nE +e¢) |Vee|” + Q(n8 + )P, (3.15)

where since ¢ > 1 and p < (p_qm%l)q by (3.14), we may again draw on Young’s inequality to infer that
with some C; = Ci(p,q) > 0,

p(p—1) /Q(n6 + )P~ Ve 2 + /Q(nE +e)P
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(p—m+1)q
< [IvePracn [ 5w [ ey
Q Q Q
(p—m+1)
< / Ve + (Cy + 1) / (ne+e) o1 +]0Q forallt>0andee (0,1). (3.16)
Q Q

Here we rely on (3.12) in employing the Gagliardo—Nirenberg inequality to find Co = Cy(p, q) > 0 and
C3 = C3(K,p,q) > 0 satisfying

(p—m+1)q

(Cl+1)/ﬂ(n5+€)

2(p—m+1)g
ptrm—1 || orm—D(a=1)
= (G4 1)H(n€ +¢) O oy
L+m=D{-T1) ()
pimt || Ty pimo1 | ZETESES
< (C Hv n € 5 p+m—1)(q— n e 3 p+m—1)(qg—
= 2 ( €+ ) LQ(Q) ( 5"’ ) Lp+73171(9)
pt = (pr TT)Jr(lml)
—i—H ne + € Ty
(ne o5 O
ptm=1 || 2 Gty
< CgHV (ne+¢e) 2 L2(;) UMY 4 Oy for all ¢ > 0 and € € (0,1), (3.17)
ptm—1 —2
because H(ns +e) 2 ;7:311(9) = [o(ne+¢) = [o(no+¢) < K +[Qf for all t > 0 and ¢ € (0,1)

by (2.11), and because the number
_3(p+m—1)(pg—mg+1)
Bp+3m—4)(p—m+1)q

appearing herein satisfies (p(f;ff)l(z;ﬂ) = (315,”%’,;33&131). As (3.13) enables us to once again invoke

Young’s inequality to obtain Cy = C4(K,p,q) > 0 fulfilling

€ (0,1)

sllw( N e p(p - Vin, + )52 o
2

3” (ne+e) = L2(Q) - (p+m—1 H e +e) L2(Q)Jr 4

-1

_ ple—l) / (e + P3| Vn. 2 + Oy

4 Q
for all t > 0 and ¢ € (0,1), it only remains to collect (3.15), (3.16) and (3.17) to derive (3.11) with
C(K,p,q) =9 + Cs + Ci. O

3.3 Tracing the evolution of [, (|Vca|2 + 1)%. The condition p > % —m

The main part of our estimation process will now be launched by the following observation concerned
with the evolution of 4 < o (|Vc€]2 + 1) for ¢ € (1,2). In fact, whenever p > % —m, all corresponding
nonlinear interaction terms can be controlled by the dissipated quantities from (3.10) and the classical
Navier-Stokes energy inequality (cf. Lemma 3.6 below), and the sum of two boundary integrals to
be further analyzed in Lemma 3.5 below. Together with the restrictions from Lemma 3.2, this newly
arising condition on p forms the main reason behind the limitation of Theorem 1.1 to the case of
m> L.

11



Lemma 3.3 Let m > 1 and p > 1 be such that

7
p > 3~ m (3.18)
Then one can fix 1o = ro(p) > 2 such that for each q € (1,2), r > ro and K > 0 there exists
C(K,p,q,r) > 0 with the property that if ¢, > 0 and (1.6) is valid with fQ ng < K, the solutions of
(2.7) satisfy

d 2 g 1 2 g q(q—l)/ 2 22 2
1)? 1)? )7 |D
G L 0ver+ 0 s e [ (Pt + T [ (Ve + 1) 7 D%
—1 1
< W2 [ v opmdwn s [z [vepe ] [ v
Q
=2 9|V |? =2 Jc
+g/89 (Ve +1) ‘8;| —q/mFg(ne)cE(]Vca\Q—i-l) 2 8—;
+C(K,p,q,T) forallt >0 and e € (0,1). (3.19)

PROOF.  Since 3p + 3m — 7 > 0 by (3.18), the number

3p+3m—1

3.20
3p+3m—7 (3.20)

ro = T’()(p) =2

satisfies ro > 2, and to see that the claimed conclusion holds with this selection kept fixed, assuming
that ¢ € (1,2), 7 > ro and K > 0, and that ¢, > 0 and (1.6) holds with [, no < K, for ¢ € (0,1) we
use the second equation in (2.7) to compute

d

pn (\ch|2 )% = q/ (]ch|2+1)L;2VCE-V{ACE— c(neg)ee — ug'Vca}

N[

q—2
/ (Ve +1)7 A]VCE\Q—q/ (IVeel? +1) 7 D22
—q | (IVe]* + T VcE-V( = (ne)ce)

(IVee* +1) ERV V(ue-Ve.)  forallt>0, (3.21)

:a\:a\

because Ve, - VAc. = $A|Ve.|> — | D?c.|. Here an integration by parts shows that since !V\V05|2|2 =
|2D%c. - Ve |? < 4(|Vee|* + 1) | D?e.|?,

2/ (\V05]2—|—1) AVC€|2—q/ (]Vca\2+1)q;22|D2c8\2

9 _ =2 9|V, |2
_ 1 q)/ (Iv €|2+1) T V|Ve|? ‘ /Q(|Vc€2+l) 2 |8V€
—q/Q(|V05’ +1)T\D2cgy2
-2 —2 2
< —q(q—1)/ (|Vc€|2+1)q?|D205|2+q/ (|vc€|2+1)q78‘vcf’ (3.22)
Q 2 Joq ov

12



for all ¢ > 0, while due to the identity V -u. = 0, combining another integration by parts with Young’s
inequality we find that

q—2
—q/ (Ve +1) 7 Veo - V(e - Veo) = /(\chlz—i—l) Ve. - (Vu - Vo)
Q
—q (|Vce|2—|—1) B VCE'(chg'UE)

= —q (|ch|2 + 1) > Vee - (Vue - Vee)

EO\D\{O

ue - V(|[Ve 2 +1)2

S~

= —q

2
2/ (Wl + 1) 2| Vet + /|Vu5|2
Q 8

1
/]ch\Qq /|Vu5]2 for all t > 0, (3.23)

—2
(IVee? +1) "2 Ve - (Vue - Vee)

S

IN

IN

because our assumption ¢ < 2 warrants that (]ch\Q + 1) < |Ve:|?774, and that & < 1

In estimating the second summand on the right of (3.21), we use the inequality \Ac€| < V3| D?c.|

_ 2
Cila) = "

a=2 29
—Q/Q(!VCE\QJrl)qQ Vee - V(Fe(ne)e:) +q/ Fen)e (Ve +1) "% 22

= /F Ne)Ce q72)(|V05]2 ) ;4Vcs-(D205-Vcs)+(|Vc€|2+1)%ACE}

along with (2.8) and Young’s inequality to see that writing C1 = we have

IN

;2
q(2—q+\/§)/ngca(|Vc5]2+1)q2 |D?c.|
Q

-1 a—2 =5
< WD) [ (Dep )P0l + 0 [ (Ve
Q Q

2r

-1 =2 r_
< q<q4)/ (IVe* +1) E |D?c.|? + C[ 2 / ne~? —|—/ cr for all t > 0, (3.24)
Q Q

since (\Vc€|2+1) > < 1. Here the second last expression can be controlled by means of the Gagliardo—
Nirenberg inequality, which in conjunction with (2.11), namely, provides Cy = Cs(p,q,7) > 0 and
C3 = C3(K,p,q,r) > 0 fulfilling

_r_ 2r _r m— . 4r
€T [nI7 < O |(ne+ )57 |
0 LGFm=1D0=2) (q)

V| o 1, o A4r(1-6)
< CQHV na n E) P+m (P2+m 0 (r=2) H(ne i E) p+m H (ng =)
L2 () LpFm=T1(Q)

p+m 1 4712)
+||(ne + ) | e
LPFm=T(Q)
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4rf
wrm=D=2 L 03 forallt>0ande € (0,1), (3.25)
£2(9)

p+m—1
2

< CgHV(nE te)

with 8 = 0(p,r) := W satisfying 0 < # < 1 due to the inequalities p+m—-1>1+1—-1>0

and 3p+3m —4>3+3—4 >0, and due to the fact that since r > rg,

0=

2 23p+3m-—1)

3(p+m—1) (1 1) 3p+m—1) (1 3p+3m—7 )_3(p—|—m—1)
3p+3m—4 \2 3p+3m—4  3p+3m—1

by (3.20). As taking full advantage of the assumption r > ry we see that moreover

4rf B 6 L+: 6 1+§§I§Z:1_2
(p+m—1)(r—2) 3p+3m—4 1-2 " 3p+3m—4 1 pHmt "

we may once again rely on Young’s inequality to infer from (3.25) that there exists Cy = Cy(K,p,q,7) >
0 with the property that

2

ptm—1
2

A

+ Cy

r 2r (
CT—Q r—2 Hv -
| /QnE < ———— = IV(n: +¢) @)

2(p—|—m—1
pp—1)
8

/(n6 + )Pt 3 n 2 + Cy for all t > 0 and € € (0,1). (3.26)
Q
Since, finally, a Poincaré inequality yields C5 = C5(q) > 0 such that

/(|Vc5|2+1)2 <C5/ ‘V yvcg|2+1)%

and that thus

-1 £ -1 g—4
a / (|VCE|2—|—1)g < Q(q)/ (|V65]2+1)q2 |D205-V05‘2
Csq Ja 4 Q

1 2
Q(qél)/ (Ve +1) 7 [D%.2  forallt>0and e € (0,1),
Q

for all ¢ > 0 and € € (0,1),

upon collecting (3.21)-(3.24) and (3.26) we conclude that (3.19) holds if we let C(K,p,q,r) =
max{% , Ca}. O

3.4 Controlling boundary integrals. A pointwise inequality for normal derivatives

A next step of key importance will now consist in appropriately estimating the boundary integrals
appearing in (3.19). This will be prepared by the following observation on a one-sided pointwise in-
equality for normal derivatives, reminiscent of an estimate previously known for functions additionally
satisfying homogeneous Neumann boundary conditions ([32]).

Lemma 3.4 Let N > 2 and G C RN be a bounded domain with boundary of class C?, and let k € R
denote the mazimum of the curvatures on OG. Then whenever ¢ € C?(G) and ¢, € R are such that
© = s on 0G,
olVel* _ 0 Op
<22 Ap+ 24| 2F ’ el 3.27
v o PG on (3:27)
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PRrROOF.  Since 9@ is of class C?, for each point x, € 9G we can find open neighborhoods U C RY
of z, and V' C RN~1 of the origin as well as a function f = f#) e C2%(V) such that after an
affine coordinate transformation we have z, = 0, GNU = {9: e U ’ TN < f(xl,...,zN,l)} and
0GNU ={x €U | oy = f(z1,....an-1)}, and that f(0) = 0,V f(0) = 0 and Af(0) < . Then
differentiating the identity

@(f,f(f)) = Px, T = (:Elv "'a:EN—l) ev,
we see that

axicp(f,f(f)) —i—f)xif(f)-f)chp(f,f(f)) =0 foralz=(z1,...,2ny-1) €V and each i € {1,..., N—1},

(3.28)
and that thus, since 0, f(0) =0 for all ¢ € {1,..., N — 1},
Oz,2;0(0) = =0, [(0)0ey p(0) = Oz, f(0) D £(0)
= —02,2,f(0)0z59(0) for all i € {1,..., N —1}.
As (3.28) furthermore implies that, for the same reason,
02,0(0) =0 forallie{1,...N —1}
we therefore obtain that since v = ey at x = 0,
19|V 2 N-1 N-1
30 = 3 000 (0) + D1 pl0) - { Ap(0) = Y Drin(0)
i=1 i=1
D D N-1
= 5 (0)Ap(0) + 5>(0) ; Ouia: f(0) D (0)
Iy 9
< r — .
< SOA00)+k|5E0)] (3.20)
as claimed. O

By making appropriate use of trace embedding inequalities and our assumption that ¢, be constant
in time, we can utilize the above to estimate the boundary terms.

Lemma 3.5 Let m > 1, and q € (1,2). Then there exists C(q) > 0 such that whenever ¢, > 0 and
(1.6) is valid,

q 2 %a‘vcep_ / 2 -2 Jce
2/8(2 (|Vee|® +1) —5, 4 aQFE(ns)ce(]Vc€| + 1) 3

—1 =2
< q<q4)/ (\vc5|2+1)q2 |D2cg|2+/ Ve 2+ C(q)  forallt >0 and e € (0,1). (3.30)
Q Q

Proor.  From Lemma 3.4 we know that if again we let k¥ denote the maximal curvature on 0f2,
then since

Ace = cep + Fo(ng)ce + ue - Vee = Fo(ng)cy on 99 x (0,00) for all € € (0,1)

15



by (2.7), we have

0|Ve:|? Oce Oc. |2
< 2 —A 2
ov = Tey 0 Tam ov
— e, B(n) 25 4 ok| 2 99 x (0,00) for all £ € (0,1)
= 2e.Fc(ne) 5+ 26| 5 on ,00) for all e ,
and hence
=2 J|Ve.|? =2 Jc,
(21/39 (Ve +1) 2 ’8V| - Q/m F.(ne)ee(|Vee> +1) 2 5
< qm/ (|Vcs\2 + 1)% forallt >0 and e € (0,1), (3.31)
[2/9]
because |Veg| = ‘%‘if on 90 x (0,00) for all e € (0,1). Here the integral on the right can be controlled

by a standard argument: Using the continuity of the trace embedding from W%’Q(Q) into L2(99), and

compactness of the inclusion W12(Q) «— W%’Q(Q), we find C7 = C1(q) > 0 and Cy = Cs(q) > 0 such
that

o[ (Ve )i = anl| (Ve )E]
T Joa N - j 12(09)
2
W%’Q(Q)

q—1 a2 q
v ver e 0t + ol (el + 1)

IN

01H (Ve + 1)%

2

IN

L2(Q)
-1 a4
= q(q4)/ (Ve +1) 2 |D%c. - Ve, |?
Q
+02/ (IVeel® + 1)% for all t > 0 and ¢ € (0,1). (3.32)
Q
Since
—4 -2
/ (IVee]* + 1)%]D205 Ve > < / (IVee* + 1)%\1)%512 for all t > 0 and ¢ € (0,1),
Q Q
and since Young’s inequality ensures that
q
02/ (Ve +1)F < 02/ Ve|? + )@
Q Q

2|0
< /|vc€|2q+c2’ |
Q

—— 4 (5|9 for all £ > 0 and ¢ € (0,1),
a combination of (3.31) with (3.32) establishes (3.30). O

3.5 Controlling forces in the Navier—Stokes energy inequality

Our derivation of basic fluid regularity features, apparently accessible essentially through the standard
Navier—Stokes energy inequality only, can now be accomplished in a fairly straightforward manner,
and under an assumption on p less restrictive than that from Lemma 3.3.
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Lemma 3.6 Assume that m > 1 and that p > 1 is such that

5
p > 3~ ™ (3.33)

and let K > 0. Then there exists C(K,p) > 0 such that if ¢, > 0 and (1.6) holds with [ono < K,

d
G el g e [ v

< p(p — - )/(n +6)p+m 3‘Vn ’2 + C(K, p) for allt >0 and € € (0,1). (3.34)
Q

PROOF. In a standard manner, we test the approximate Navier—Stokes subsystem of (2.7) against
u. to see that due to (2.8) and the continuity of the embedding W12(Q) — L5(£), there exists C; > 0
such that

5 [l [ 1Vl

/Q F.(n.)u. - Vo

< HV¢||L00(Q)H7%HL§(Q)HUEHLG(Q)
1
< 4/Q Va4 Cillnal2g  forall >0 and < € (0,1). (335
Here we use that (3.33) guarantees that 6 := 2@;”%@ is well-defined with 6 € (0,1), and that
moreover
w2,

p+m—1 3p+3m—4

so that a Gagliardo-Nirenberg inequality in conjunction with (2.11), our hypothesis [, 7o < K and
Young’s inequality shows that with some positive constants Cy = Cs(p),C3 = C3(K,p) and Cy =
C4(K,p) we have

Cillnel?g ) < Crllme 2l o
+ [ —
= Cifne+ 0" F L
L5(p+m D (Q)
41— 9)
o N e el (E e i
L2(Q) LPFm—1(Q)
+C2H(n€+€) + Herm 1
LFFm=T ()
46
pt ptm—1
< p+m—1
< CgHV(ng—l-ﬁ) L2(9) Cs
< ( V ) p+m—1 2 C
—_— = 2
- 4(p—|—m—1 H (ne+e LQ(Q)+ 4

—1
- (16> / (ne + "™ Ve + G4 forallt >0 and e € (0,1). (3.36)
Q
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We thus only need to recall that a Poncaré inequality provides Cs > 0 fulfilling

1
/ |V |? ZC’5/ |ue |? for allt > 0 and € € (0,1),
2 Ja 0

to conclude (3.34) from (3.35) and (3.36) upon letting C(K,p) := max{cis, 2C4}. O

3.6 Adding three functionals for (p,q) close to (3m — ,2). The condition m > %

Now, due to the circumstance that the second-order functional on the right of (3.19) contains the

inverse power (|Vec|? + 1)% of |Vec.|? +1 as a potentially strength-diminishing factor, utilizing
the dissipative action encoded therein to control the first-order expressions [, |Vee|?? seen on the
right-hand sides of the inequalities from Lemma 3.2, Lemma 3.3, Lemma 3.5 and Lemma 3.6 seems
impossible on the basis of standard interpolation features reported in the literature, such as those
formulated in [43] and [47], for instance. We therefore prepare our argument in this direction by
deriving a functional inequality precisely designed for such situations.

Lemma 3.7 Let q € (1,2). Then there exists C(q) > 0 such that for each ¢ € C*(Q) with p =0 on

09,
[iven < e { [ @wep \D%P} A 117 }g
+C-{/Q(mo|2+1)q5zrD2soP}2-{/Q\sorf"q}2. (337

Proor.  Using that ¢|gpg = 0, we integrate by parts and apply the pointwise inequality |Ap| <
V3|D?%y| as well as the Holder inequality to see that writing C; := 2(¢ — 1) + V/3 as well as I(p) :=
Jo IV@l* and J(p) := [o(|Vel* + 1)z |D2g0|2 we have

I(p) = _/QSDV' (|V<P‘2q_2V(p)

= 2(q1)/Q¢|Vs0|2q‘4vs0'(D290~W)/QsOIVsDIQq‘?AsO

<o /Q ol V%072 D2y
1 2 2 e 4q9—4 >
< 1T (p) - ¢ (IVel?+1) 7 |Vl :
As
1 “—9q
{/sﬁwﬁﬂ} <% {/ww}
Q
and

{/ng%wﬁq—‘*}l 1 {/m?q} ,

18



making use of the fact that (£ +7)* < &* 4+ n® holds for £ > 0 and n > 0 and with a € {%, %}, we

may estimate (|Vp|? + 1)% < |Vy|> % + 1 and, by moreover utilizing Young’s inequality, thus infer

that
2—q
1 3q—2 _4q 4q
I(p) < CiJ2(p)] 1 (so)‘{/ﬂsd“}
2—q
1 a=1 4q | 2g
ranstor's @) [ 107
3q—2 _ 2—4q
= {{w} " .43%201&7%(@)_{/'@‘;%}4‘1
Q
1 R S AR
+{ZI(¢)} 4 01J2(<p)-{/ !w\“}
Q
4
1 3¢—2 1 4q 24;4(1 q%
< e+ arie{ [ e
Q
1 g—1 1 Aq_ 22;;1 !
)+ 4T et { [ 15T
Q
. . se-2 A 1
This implies (3.37) with C' := 2max {4 2 O 497 5CY } O

We are now in the position to make sure that under the assumption on m from Theorem 1.1, for (p, q)
arbitrarily close to (m — %, 2) the above inequalities can be combined so as to establish the following
which, in light of Lemma 3.1, can in fact be interpreted as revealing an energy-like property.

Lemma 3.8 Let

m>
6

Then there exists po = po(m) € [1,3m — %) such that for any p € (po,3m — %) one can find qo =
qo(p) € (1,2) such that to each q € (qo,2) and any K > 0 there correspond some r = r(p,q) > 2 and
C(K,p,q) > 0 with the property that if ¢, € [0, K] and (1.6) holds with fQ ng < K, then

i{/S)(n€+5)p+/£)(’vcg|2+1)g+/Q|u€|2}

I WA O A

1 -1 q=2 1
2D [ epmywng + T2 [ (var + )T D+ [ 1vap
8 Q 8 Q 2Ja

IN

C(K,p, q)/ c+C(K,p,q) forallt >0 and e € (0,1). (3.38)
Q
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Proor. We fix

1
7,2m—2,g—m}

Po ::max{l,m—2

and observe that then, as our assumption m > 6 ensures that m > 10 2m > 1L m > é and 4m > 14

we have 1 < py < 3m— %. For p € (pg,3m— ) we may then 51multaneously apply Lemma 3.2, Lemma
3.3, Lemma 3.5 and Lemma 3.6 to pick go = qo(p) € (1,2) and 71 = r1(p) > 2 such that whenever
q € (qo,2) and K > 0, one can find C; = C1(K,p,q) >0, Cy = Co(K,p,q) > 0and C3 = C3(K,p) >0
such that if ¢, € [0, K] and (1.6) holds with [, no < K,

d -1
p (na—i—e)p—i-/(na—l—s)p—l-p(pz )/(na+€)p+m3|Vng\2
Q Q Q
/ Ve + Cy for all t >0 and € € (0,1)
Q
and
d g -1 a=2
dt/ (IVel? + 1) / (Ve +1)f 4 10 )/ (IVel? +1) 7 |De.?
< p/(n5+e)P+m 3|Vn5|2+3/ Ve[
/ |Vue|? + / ct +Co forallt > 0 and € € (0,1)
as well as

e o
— Ue|” + = Ue|” + Ve
G |l g [ e [ (9

-1
]?(]?8) / (ne + &Pt 3 Vn 2 + C3 forallt > 0 and € € (0,1),
Q

so that

ol [oeers [(vernie [
v [oerers [(verrnis [ )

—1 -1 q=2 1
2D )/(n5+e)p+m 3\ Vne |2 + q“’)/ (Ve +1)" \D205]2+/ Ve
4 Q 2 Ja
< 4/ Ve % + / ct+Cr1+Cr+Cy forallt >0 and e € (0,1) (3.39)

with C4 := min{1, A o3 ken L1, Here the first summand on the right can be estimated by means of Lemma
3.7, which in combination with Young’s inequality, namely, shows that with some C5 = C5(¢) > 0 and
Cs = Cs(q) > 0 we have

2 2
4/|Vc€| ¢ 4/ V(e — )
Q Q
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IN

Cs - {/ (Veul? +1)"7 | D2 \2} {/\ca—c*|2 }

—9q

+Cs- {/ (IVeel? +1) 7 | D2 12} ~{/Q\c€—c*]2q}2

-1 =2 7L
. q<q8>/ (IVe2+ 1) D205|2+2c6/ e — 0|27
Q Q

for all ¢ > 0 and € € (0,1). Since writing r = r(p, q) := max{ry, 5 5 } we have
4 4 _4q 4
4q_ Aq_ 5 g
206/ oo — e < 22q06/ T 4 (20,) 75 ol
Q Q
_4q_ 4q 4q_
< 22—QC’6/ cl +22=4Cg|Q| + (2K) 24 Cs |9 forallt >0 and € € (0,1)
Q
as well as
/c?ﬁ/c’;—{—]m for all ¢ > 0 and € € (0,1)
Q Q
by Young’s inequality and our assumption that ¢, € [0, K], the claim thus follows from (3.39) if we let
1 4a g g
C(K,p,q) := max{a , 22700 + 1, 2274 C5|Q + (2K)2-4C|Q| + || + C1 + Co + Cg},
4

for instance. O

As the constant appearing on the right of (3.38) depends on ¢, and the initial data only through an
upper bound K for ¢, and fQ ng, in line with Lemma 3.1 our conclusion from Lemma 3.8 can be
formulated in such a way that not only regularity features appropriate for our construction of global
solutions are documented for ((ne, ce, ue))ee(0,1) With each fixed c, and (no, co, ug), but that moreover
already a major step toward the relaxation statement from Theorem 1.2 is accomplished.

Lemma 3.9 Let m > %, and with po(m) € [1,3m — %) and (20(P)) pe(po (m),3m— 1 taken from Lemma

3.8, suppose that p € (po(m),3m — 1), q € (qo(p),2) and K > 0. Then there exist C(K,p,q) > 0
and NK,p,q) > 0 such that whenever ¢, € [0,K] and (1.6) holds with [yng < K, one can fix
'(p, q,no, co,ug) > 0 such that

[+ + [ (1Vetop+1) + [ fu.e

< C(K,p,q) +T(p,q,no, co,uo)e*)‘(K’p’q)t forallt >0 and € € (0,1) (3.40)

and

t+1 a2
/ / {(ns + e’ Vn 2 + (|Vee|* +1) 2 |DPe.|* + |Vu5|2}
t Q

< C(K,p,q)+ T (p,q,no, co, uo)e_A(K’p’q)t forallt >0 and € € (0,1). (3.41)
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Proor.  For fixed p € (po(m),3m — %), q € (qo(p),2) and K > 0, we invoke Lemma 3.8 to pick
C; = Ci(K,p,q) > 0,1 € {1,2,3}, and r = r(p,q) > 2 with the property that if ¢, € [0, K] and (1.6)
holds with fQ ng < K, then for each € € (0, 1), the functions y. and g. defined by letting, for ¢t > 0,

Ye (1) :Z/Q(ng(-,t)Jrs)er/Q(chE(, |2+1 : /\ua 7

q—2

() ;:/Q{(ng(-,t)+a)”+m‘3|vn5(.,t)\2+(|vc5( )\2+1) o ]D2c€(-,t)‘2+|Vu5(~,t)|2},

and, for ¢ > 0,

satisfy
/ T
WL (1) + Crye(t) + Cog. (t) < 03/ C4Cs forallt>0ande € (0,1). (3.42)
Q

We thereupon choose an integer k = k(p,q) > 5 and employ Lemma 3.1 to find Cy > 0 and \; =

A1(p, q) > 0 such that if ¢, > 0 and that (1.6) is valid, then there exists I'; = I'1(p, ¢, ¢p) > 0 such that

1
%
Hca(-,t) — C*HL%(Q) < Cucy - {/Qno} + Tye Mt for allt > 0 and € € (0,1). (3.43)

Henceforth assuming that ¢, € [0, K] and that (1.6) is satisfied with [,no < K, on the right-hand
side of (3.42) we utilize Young’s inequality together with (3.43) to see that since r < 2k, with I'; =
I'1(p, g, co) as above we have

Cg/c;+03 < 03/c§k+03|9|+03
Q Q
1y 2k
< Gy {llee — el gy + elQF )+ Gl + Cy
2; 2k
< 03'{046*'{/’00} + e Mt 4o, ]Q|2k} + C5|Q 4+ Cs
Q

2k
Cs - {C4K1+ﬁ FIQEK + rle—m} 5[0+ Cs
< O 4Tye 2! forallt >0 and ¢ € (0,1), (3.44)

IN

2k
with C5 = Os(K, p, q) := 2%—103-{04K1+i+m|if(} O5|Q+Cy, To = Ta(p, g, co) := 22610512
and A2 = \2(p, q) := 2kA1. An ODE comparison argument applied to (3.42) thus shows that since g.
is nonnegative,

¢
ye(t) < ye(0)e= +/ e =) (O + Tae %) ds
0

t
= y(0)e Gt 4 %(1 —e Oty 4 Fgeclt/ elC1722)s g forallt > 0 and € € (0,1),

1 0
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where abbreviating A3 = A3(K, p, q) := min{)\s, 1) we see that for all ¢ > 0,

t 1 1
—Cqt (C1—A2) Sd < Clt/ (C1—A3) Sd — —A3t _ —Cit < —Ast
e S e S e e ——¢€ s
/0 Cl—)\3( )_Cl—)\:a
so that
Cs —Ast
ye(t) < o + 3e "8 forallt > 0 and € € (0,1)
1

with T's = T's(p, ¢, no, co, ug) fQ no+ 1)P + fQ (|Vco|2 + 1) + fQ lug|? + 01112)\3. Thereafter, a direct
integration of (3.42) reveals that once more due to (3.44),

t+1 t+1
02/ ge=(s)ds < wye(t)+ / (Cs + F26_>\2S)d8
t t

Cs
< ——{—F 67)\3t+C5+F26 Azt

Cy
C
< 65+C5+(F2—|—I‘3) Ast forallt >0 and € € (0,1),
1
whence both (3.40) and (3.41) follow upon obvious choices of the constants C'(K, p, ¢), I'(p, ¢, no, co, uo)
and (K, p,q). O

4 Further compactness features. Time regularity

In order to prepare an Aubin—Lions type argument guaranteeing approximation properties also at a
level of pointwise convergence a.e. in x (0, 00), the next lemma once again returns to the first equation
in (2.7) to provide bounds on first-order derivatives, both in space and in time, for an appropriate
power of n. + ¢ within fixed time intervals of finite length.

Lemma 4.1 Let m > %, and suppose that ¢, > 0 and that (1.6) is valid. Then for all T > 0 there
exists C(T,no, co,ug) > 0 such that

T 2
/ /’V(ng—i-e)ml‘ < C(T, no, co, uo) for all e € (0,1) (4.1)
0 Q
and -
O (ne(-,t eyt dt < C(T,ng,co,u or all e € (0,1). 4.2
L0ty + 0™ 8 < O ) (0,1) (42)

PrROOF. Fore € (0,1) and £ > 0, we let

s (E+e)m ! if m # 2,
- (m—1)(m—2)
2e(8): { (€+¢e)n(E +¢) if m=2,

and observe that in both these cases we have ®” = (£)(& +¢)™ 3 for all £ > 0 and ¢ € (0,1), whence
using (2.7) we find that by Young’s inequality and (2.8),

d - .
/ ®.(n.) = —/(n€+s)2m 4\Vn5|2+/n€F€’(n5)(n5+e) 3Vne - Ve
dt Jo Q Q
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1 2m—4 2 1/ Tlgl 6/2(n€) 2
— = Ne + € Vn + = ——=——1Ve¢
/Q( ‘ ) Vel 2 Jo (ne+¢)? Vel

1
—= / (ne 4 €)™ 4| Vne|? + 2/ Ve |? for allt > 0 and € € (0,1).
Q Q

Therefore,

L [ opmton < [ oo [ o+t [0 ] wes

for all T > 0 and ¢ € (0,1), whence (4.1) results upon recalling Lemma 3.1 and observing that if
m < 2 then

/Q B (ng) — /Q b (n.(-,T))

- _ 1 n &_m—l 1 n.(- 6mfl
- (m—l)(2—m)/9(0+) +(m—1)(2—m)/g(€(’T)+)

T e R

’Q|2—m m—1
= '{/(n0+1)} for all 7> 0 and ¢ € (0, 1),
Q

(m—1)(2—m)

by the Holder inequality and (2.11), that if m > 2 then

1 o
/Q‘I)a(no) —/Q<I>E(n5(‘,T)) < (m—l)(m—Q)/Q(nO 4+ 1)m-t forall T'> 0 and € € (0, 1),

amd that in the case when m = 2,
Q
/ ®.(ng) — / P (ne(,T)) < (no+1)In(ng + 1) + |e‘ forall T > 0 and ¢ € (0, 1),
Q Q

due to the fact that £In& > —% for all £ > 0.
To derive (4.2), we fix ¢ € C*(Q) and use (2.7) and again (2.8) in estimating

’m /8tn5+€m 1¢‘
= ‘ /(n6 + )™ 2V {(n8 + &)™ 1vn, — ngFE’(ng)ch}w
Q
m—2 .
+/Q(ns + )" (ue VTLE)¢‘
= |~ -2 [PVt n -2 [ o+ Tn. - Ve
Q Q

— / (ne +¢)*™3Vn, - Vop + / n.Fl(n:)(ne +¢)" 2V, - Vo
Q Q
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1
+— / (ne + z—:)m_lu6 . V@ZJ‘
Q

m—1

S B AR g Sy s

+|m—2|-{ / <n€+e>2m—4\w2} { / |v«:€|2} Mol
+{ / (ne+€)2m_4|Vns|2} { / <ne+e>2m—2} NIVl e
+{ / <ne+e>2’"—2} { / Wcarz} NIVl

1 > 3
e { / (ne + €)2m2} . {/ \ua\Q} (VY Lo (o) for allt > 0 and € € (0,1).
m—1 [e) 9]

As W32(Q) — Wh*(Q), in line with Young’s inequality this ensures the existence of C; > 0 such
that

_l’_

vty +2)™| < 01-{ /Q (ne + )2 4| Vnel + /Q Ve |?

(W3.2(Q))*
+/(ns+5)2m_2+/ !usl2}
Q Q

for all t > 0 and € € (0,1), so that since a Poincaré inequality provides Cy > 0 fulfilling

- —112
/Q(ng+5)2m 2 = ”(n5+5)m IHLQ(Q)
12 —1y2
< 02Hv<n€+s>m 1\L2(m+02||(n5+5)m Y2y g forallt>0and e (01),
the estimate in (4.2) follows from that in (4.1) when combined with (2.11), (3.1) and (3.40). O

For the second and third solution components, similar estimates will be needed only for the respective
time derivatives:

Lemma 4.2 Let m > % and s > 3, and assume that ¢, > 0 and that (1.6) holds. Then for all T > 0
there exists C (T, ng, co,up) > 0 such that

T
2
/0 HCgt(‘,t)H(WOl,s(Q))*dt < C(T,ng, co, up) for all e € (0,1) (4.3)
and
T
2
/0 Huat(~,t)H(W&,,;(Q))*dt < C(T,ng, co,up) for all e € (0,1). (4.4)

ProoOF.  For fixed ¢ € C§°(2) and any ¢ > 0 and € € (0,1),

/chtw - '—/QVcE-w—/QFAne)csw/chus-vw’
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< IVeellz@ IVl 2) + Inell i@ llcell e @) 191l Lo () + lleell ooy l[uell L2 IV 20

again according to (2.8). As W15(Q) < L>°(Q), this entails the existence of C; > 0 such that for all
t>0ande € (0,1),

2
Hcat('ﬂt)H(WOLS(Q))* <Cp- {HV%H%%Q) + el Za gl Zoo oy + HCeH%w(Q)HUsH%%Q)}?

whence (4.3) results from Lemma 3.1, (2.11), (2.12) and (3.40).
Similarly, for ¢ € C§°(Q;R?) with V - ¢ = 0 we have

’/ng(.,t).w‘ = '_/QV%‘V¢+/QF€(”6)V¢'¢—/Q{(1€%~V)u€-¢'

Vel 2 [IVY 22(0) + V@l Lo (@) Inell 1) 1] Lo ()

+HYv€u6”L2(Q)HVU6HL2(Q)”w”L°°(Q) forallt >0 and ¢ € (0, 1),

IN

so that thanks to the boundedness of V¢, once more using that s > 3 we find Cy > 0 such that for all
t>0ande € (0,1),

et (-, H L <O {||Vus||%z(g) + el 21 ) + HYEUEH%%Q)HV%H%%Q)}-

Since Y. is nonexpansive on L2 (), we thus obtain (4.4) as a consequence of (3.41), (2.11) and (3.40).
g

Even if pointwise convergence toward a limit object can already be attained from an Aubin—Lions type
argument, the precompactness features entailed by the bounds from Lemma 3.9 seem yet insufficient for
the requirements in Definition 2.1. By a straightforward interpolation, the following slightly enriches
our knowledge on n. in this direction, unlike the previous lemmata referring to the quantities (n.+¢)™
of explicit relevance in (2.3) and (2.4).

Lemma 4.3 Let m > L. Then there exists 6 = 0(m) > 1 such that whenever ¢, > 0 and (1.6) holds,
for all T > 0 one can find C = C(T,ng,co,up) > 0 such that

T 0
/ / ’V(na + E)m’ < C(T,ng, co, up) for all e € (0,1). (4.5)
0 Q
PrOOF.  As the 1nequa11ty m > 6 ensures that 3m — 3 > m, we can pick p = p(m) € (m,m + 1)
such that p < 3m — 3, and then choose any p, = p.(m ) (p,3m — f) such that with po(m) taken

from Lemma 3.8 we have p, > po. Then since m < p < m + 1, the number § = 0(m) := m+227p

satisfies 1 < 0 < 2, whence we may employ Young’s inequality to see that if ¢, > 0 and (1.6) holds,
then according to (2.11), for all 7' > 0 and ¢ € (0, 1) we have

T 0 T 6 (—ptm+1)0
| [vmeram] - me// [+ m=3n P} - (ne 4 0) 5
0 Q
(—p+m+1)8
m/ /n + £)PTm 3| Vn, |2—|—m/ /ng—i-s =
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T
= mg/ / (ne 4 )P 73| Vne |2 + meT/ (no +¢), (4.6)
0o Ja Q

(=p+m+1)0

because 5—0 = 1. Using that m — 1 < p < p4, we may here again invoke Young’s inequality to

estimate

T T T
/ / (e + P3|V, |? < / / (e + &)™ Vn.|? + / / (e + P3| Tn 2 (47)
0 Q 0 Q 0 Q

for all 7" > 0 and € € (0,1), so that (4.5) results from (4.6) upon a combination of Lemma 4.1
with Lemma 3.9, the latter being applicable to the rightmost integral in (4.7) due to the inclusion
P« € (po(m),3m — %) O

Once more by interpolation, from Lemma 3.9 we can moreover derive bounds for n. itself in space-time
Lebesgue norms at suitably high integrability level.

Lemma 4.4 Let m > %, ¢ >0 and s € [1,6m — %), and assume (1.6). Then for any T > 0 there
exists C(T, s,ng, co,ug) > 0 such that

T
/ /(n6 +¢)° < C(T, s,ngp, o, up) for all e € (0,1). (4.8)
0 Q
PrROOF. As 3m — % < 6m — %, without loss of generality we may assume that s > 3m — %, and
noting that our hypothesis ensures that
3s—3m+3 3-(6m—%)—3m+3 7
< =3m— -,
5 5 3
with po(m) € (1,3m — %) taken from Lemma 3.8 we can choose p = p(s) € (po(m),3m — %) in such a

way that p > % Therefore,

5p+3m —3

<3m—z<3<
P 3°°%= 3

<3(p+m—1),

so that 0 := 3ptm—1)(s—p) satisfies 0 < 6 < 1 as well as

(2p+3m—3)s
5p+3m—3
256 . 3(s—p) <2'3‘(7p+3m _p):z
p+m—1 2p+3m —3 — 2p+3m —3

We may hence rely on the Gagliardo—Nirenberg inequality and thereafter apply (3.40) and Young’s
inequality to see that with some C; = Ci(s) > 0 and Cy = Ca(s, ng, co, up) > 0,

+m—1 273,
R A A e i
Q Lp+'m 1(9)
2s6 2s(1-6)
+m—1 m—1 ptm—1 —
< C Hv r ) p+ ) p+m—1
= Gfvine+e) L2(@) line+) HLﬁﬁfii ()

_ 2s
—|—01H(TL€ + g)p-‘rzz 1 Hp+m271

D
LpFm=T (Q)
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256
pt+m—1

L2(Q)
2

ptm—1
2

IN

CQHV(TLE te) Cy

IN

p+m—1 ’

CQHV(TLE + o)

L2(Q)

In light of (3.41), the claim thus results upon an integration in time.

5 Construction of weak solutions. Proof of Theorem 1.1

+ 2Cy for all t > 0 and € € (0,1).

Having the estimates from the previous two sections at hand, we can now rely on an Aubin—Lions type
lemma to obtain limit functions which do not only comply with the regularity requirements imposed

on a weak solution by Definition 2.1, but which also satisfy the integral identities (2.4)—(2.6).

Lemma 5.1 Let m > L. Then there exist (g;)jen C (0,1) and functions n,c and u on Q x (0,00)
such that €; \, 0 as j — oo, that the inclusions in (1.7) hold with n > 0 and ¢ > 0 a.e. in Q x (0,00),

and that as € = €; \, 0 we have

(e, Ceyue) = (n,cyu) a.e. in Q x (0,00),

Ne = N in Lj,,(Q x [0,00)) forall s € [1,6m— %),
V(ne +¢)™ — Vvn™ in Li,.(Q x [0,00)),

. >e¢ in L=(Q x (0, 00)),

Ve, — Ve in L2 (Q x [0,00)),

ue —u in L, (2 x [0,00)) and

ue(,t) = u(-,t) in L2(Q) for a.e. t > 0, and
Vu:. — Vu in L} (Q x [0,00)).

Moreover, (n,c,u) is a global weak solution of (1.5) in the sense of Definition 2.1.

PrOOF. Let T > 0. Then according to Lemma 4.1, (2.11) and a Poincaré inequality,

((ne + s)m_1>€€ is bounded in L*((0,T); W'?(Q))

,1

and
(at(nE + a)mfl)ae(m) is bounded in L! ((o,T); (W3»2(Q))*),
while combining Lemma 3.1, (2.12) and Lemma 3.9 with Lemma 4.2 shows that
(ce — c*)sE(O,l) is bounded in LQ((O, T); W&Q(Q))
and

(8t(cs - C*)) is bounded in L? ((O,T); (W()lA(Q))*),

e€(0,1)
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that
(ua)ee(o’l) is bounded in Lz((()’ T); Wolﬁ(Q))
and that

(te)ec(o 1) i bounded in L2((0,7); (W (2))").

Three applications of Aubin-Lions lemmata ([37]) thus yield (g;)jen C (0,1) as well as functions n, c
and u on  x (0,00) such that €; \, 0 as j — oo, that n > 0 and ¢ > 0 a.e. in  x (0,00), and
that (5.1), (5.5), (5.7) and (5.8) hold as € = ¢; \( 0, where in view of Lemma 4.3, (2.12), Lemma
4.4 and the Vitali convergence theorem we can achieve upon passing to a suitable subsequence if
necessary that also (5.3), (5.4) and (5.2) hold. Since the inequality m > % particularly ensures that
6m — % > 7 — % > 2, (5.2) together with (2.9), and again the Vitali convergence theorem, implies
that

ne —n, nFl(n:)—n and F.(n.)—n in L2 .(Q x [0,00)) (5.9)

as £ = &; \, 0, so that for each fixed ¢ € C§°(Q x [0,00)), in the identity

[o@) 1 x o
—/ /nsgpt—/nogo(-,()) = —/ /V(ng—l—s)m-V(p—{—/ /nEFE’(nE)VCE-Vgo
0 Q Q m Jo Q 0 Q

+/ /n5u€~V<p, e € (0,1),
0o Ja

as implied by (2.7), we may take ¢ = ¢; \, 0 in each of the summands separately to obtain (2.4) from
(5.2), (5.3), (5.9), (5.5) and (5.7).

The derivation of (2.5) and (2.6) can similarly be based on (5.2)-(5.9), so that we may refrain from
giving details on this here, and rather refer to [48, Lemma 4.1] for a fully documented reasoning in a
closely related setting. O

PRrROOF of Theorem 1.1.  The claim has completely been covered by Lemma 5.1. g

6 Absorbing sets in L? x W x L2. Proof of Theorem 1.2

Thanks to the above arrangement of estimates, without any substantial further efforts we can finally
derive our main result on large time relaxation in (1.5) by drawing on the information about data
dependence contained in Lemma 3.9, and especially on the exponential decay of those contributions
to (3.40) which involve (ng, co, uo) through quantities beyond the mere mass functional [, no.

PROOF of Theorem 1.2.  Since p < 3m — % and ¢ < 2, with pp(m) and (qo(p)) as

pE(po(m),3m—1)
in Lemma 3.8 we can first pick p, = p«(p) € (po(m),3m — %) such that p, > p, and then choose
g = qx(p,q) € (qo(px),2) such that g, > ¢. Then for fixed K > 0, an application of Lemma 3.9
provides C1(K,p,q) > 0 and A = A(K,p,q) > 0 such that if ¢, € [0, K], then for any (ng,co,uo)
fulfilling (1.6) with fQ no < K we can find Cy(p, ¢, no, co, up) > 0 such that

/(ng—l—s)p*—i-/ (|Vc€|2+1)q2*+/ |ug|?
Q Q Q
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< Cl(Kapv q) + 02(]7,(],71/0, COvu0)€_)\(K7p’q)t forallt>0ande € (07 ]-)

As p, > p and ¢, > ¢, thanks to Young’s inequality this implies that

Loz [vedrs [ o

/Q(ns—i—f-:)p* /(WCEIQ—I—I )4 /u52+2my

< Ci(K,p,q) +2|9| + Ca(p, ¢, no, co, up)e PVt forall t >0 and € € (0,1),

whence letting o (p, ¢, no, co, up) := m In Cs(p, q, no, co, ug) we obtain that

/n§+/ |Vcs|Q+/ e ?
Q Q Q

< C3(K,p,q) :=Ci(K,p,q) +2|Q| +1 for all t > to(p, q, no, co,up) and € € (0,1). (6.1)

Since with (¢;) ey taken from Lemma 5.1 we clearly have

72l oo ((t0,00);2r(9)) T IVl Loo (4 ,00):29(2)) T+ 12l Loo (24 ,00):22(02))

< liminf {||n€HL°° ((tar00); L2 () + IV el oo (£, ,00);L9(02)) + HUEHL‘X’((t*,oo);L?(Q))} for all t, > to

E=Ej

according to (5.1) and (5.5), we readily arrive at (1.10) if we let

1 1 1
R(K,p,q) = Cy(K,p,q) + Cq (K,p,q) + C3 (K,p,q),

for example. O
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