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Abstract

The doubly degenerate nutrient taxis model

up = V- (uwVu) — V- (u20oVo) + luv, xeQ, t>0,

vy = Av — uv, r e, t>0,
is considered in smoothly bounded convex subdomains of the plane, with £ > 0. It is shown that for
any p > 2 and each fixed nonnegative ug € W>°(Q), a smallness condition exclusively involving
vo can be identified as sufficient to ensure that an associated no-flux type initial-boundary value
problem with (u, v)|;=0 = (10, vo) admits a global weak solution satisfying ess sup;~ ¢ [[u(-, t)||Ls ) <
oo. The proof relies on the use of an apparently novel class of functional inequalities which provide
estimates from below for certain Dirichlet integrals involving possibly degenerate weight functions.
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1 Introduction

This manuscript is concerned with the parabolic system

1.1
v = Av — uw, (1.1)

{ up = V- (uwVu) — xV - (u?vVo) + fu,
which has been proposed as a refined model for the collective behavior in populations of E. coli when
exposed to nutrient-poor agars. Here the pure reaction-diffusion system, as obtained on letting y = 0,
was already introduced in [10] to describe experimental results revealing a strikingly prevalent tendency
toward stabilization and formation of strongly structured distributions in such ensembles ([7], [6], [18]).
As theoretically argued more recently in [16] and [19], and further endorsed by numerical experiments
n [16], the accuracy of this description can significantly be enhanced by additionally accounting for
nutrient-directed chemotactic behavior, that is, by considering (1.1) with x > 0. The hypotheses
underlying this full model hence include an absorption-diffusion type evolution of a nutrient, as quan-
tified via its concentration v = v(z,t), coupled to a combination of food-supported proliferation and
of random diffusive and cross-diffusive movement in the considered population, represented through
its density u = wu(z, t); here the functional form of the corresponding migration operators particularly
accounts for certain limitations in motility especially at low nutrient levels ([19]).

From a mathematical perspective, considerable challenges going along with nontrivial choices of x al-
ready appear at the stage of questions related to global solvability and boundedness: As impressively
indicated by an extensively developed theory of Keller-Segel type chemotaxis systems, attractive taxis
mechanisms such as present in (1.1) may well exert considerably destabilizing influences, as becoming
manifest in a number of results on the occurrence of blow-up phenomena in various particular mod-
eling contexts ([2], [13]); in the concrete framework of (1.1), especially the superlinear growth with
respect to u in the cross-diffusion rate u?v seems to come along with a noticeable potential to substan-
tially support such tendencies. Indications for this can be found in a rich literature on corresponding
effects that prescribed asymptotics in chemotactic sensitivity functions may have on the possibility of
singularity formation: In several of its versions, namely, the simple relative of (1.1) given by

vy = Av+ f(u,v), (1.2)

{ u =V - (D(u)Vu) — V - (S(u) Vo),
in which especially any signal dependence of migration is disregarded, is accessible to a fairly compre-
hensive analysis in this direction. In the case when f(u,v) = —v + u, for instance, the asymptotics

g((z)) at large values of u, relative to the spatial dimension n > 2, is known to be
decisive in this respect: If, besides further technical conditions, S and D satisfy % < Cu® for all

u > 1 and some C' > 0 and o < %, then associated Neumann type initial-boundary value problems

admit global bounded solutions for initial data of arbitrary size ([8]), [22]), while if f)((z)) > Cu® for all
u > 1, some C' > 0 and some « > 2, then unbounded solutions in balls can always be found ([29], [3],
[4], [31]). Even when obviously not directly applicable to (1.1) with its more complex interactions
especially in the migration parts, this may be viewed as indicating that the choices S(u) = u? and

D(u) = u associated with the parameter functions in (1.1), hence leading to linear growth of the

of the fraction




quotient % = u, might go along with a nontrivial potential of destabilization. Also an inclusion of

the additional dissipative mechanism of signal consumption, related to the choice f(u,v) = —uv equiv-
alent to that in (1.1), is only partially known to yield significant explosion-inhibiting effects. Beyond
a scattered collection of findings on global solvability within certain regimes of .S and D, possibly in
frameworks of weak and hence possibly unbounded solutions only ([21], [25], [26], [27], [5], [33], [23]),
a comprehensive picture about chemotaxis-absorption interplay even in simple contexts such as that
in (1.2) seems yet lacking; in particular, to date it even appears to be unknown whether the simplified
chemotaxis-consumption relative of (1.2) involving migration rates that exhibit growth with respect
to u as those in (1.1), that is, with D(u) = u and S(u) = u?, in any multi-dimensional setting.

The core challenge of signal-dependent diffusion degeneracy. Main results. In light of
the above discussion, a key issue in the development of any theory for (1.1) seems to consist in the
problem of adequately quantifying the action of the dissipative mechanisms therein, and especially
of appropriately coping with the signal-dependent degeneracy of cell diffusion. In fact, while diffu-
sion mechanisms that exclusively involve degeneracies depending on the population density u have
successfully been dealt with in a fairly effective and straightforward manner in numerous precedent
studies on Keller-Segel type problems (cf. e.g. [27], [9], [12]) the inclusion of the factor v as part of
the cell diffusivity in (1.1) seems to bring about quite considerable analytical demands; accordingly,
the literature on (1.1) up to now seems limited to one recent contribution that concentrates on its
one-dimensional version in which favorable embeddings significantly alleviate the analysis ([32]).

As an exemplary manifestation of this challenge which seems particularly relevant, the time evolution
of the functional fQ uP for p > 1, constituting an apparently natural object of reasonings concerned
with fundamental regularity issues in taxis-type systems ([2]), can be seen to be essentially governed
by the competition between a taxis-driven contribution on the one hand, and a dissipated quantity
of the form [, u?~'v|Vu|? on the other (cf. Lemma 3.1). To set up a cornerstone for our approach
toward a basic solution theory for (1.1), in a first crucial step we shall accordingly address the problem
of suitably estimating unfavorably weighted expressions of the latter type from below. Specifically, a
key role in our analysis will be played by the observation that in smoothly bounded two-dimensional
domains €2 and for each p > 1, a functional inequality of the form

[evscw [ sop-www?w(p»{ / sop}- / j\wr?w(m-{ / w}p~ [ev a3

holds for any reasonably regular functions ¢ > 0 and 1) > 0. Relying on the essentially well-known fact
that, at least at a formal level, the integrals [, %]VU\Q and [, uv are dissipated during the evolution

of [o Vol and of Jo v along trajectories of (1.1) (see Lemma 3.5 and (2.5)), we can utilize (1.3) to

v

identify a certain energy-like property of the coupled quantity

2
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in such domains and for any fixed p > 2, provided that the corresponding initial data satisfy a certain
smallness condition in their second component (Lemma 3.7 and Lemma 3.8). Appropriate further
exploitation of this will thereupon enable us to construct, for any such initial data, some global weak
solutions through a limit procedure in suitably regularized approximate problems (Lemma 5.1).




To make this more precise, let us henceforth concentrate on the case y = 1 for definiteness, and
accordingly consider the full initial-boundary value problem given by

u =V - (wwVu) — V - (u?0Vv) + fuw, zeQ, t>0,

= Av — uv, re, t>0, (1.4)
(wwVu — u?vVv) - v =Vov-v =0, xed, t>0, '
u(z,0) =up(z), wv(z,0)=uvo(x), x €,

in a smoothly bounded planar domain €2, with ¢ > 0, and with given nonnegative initial data wug
and vg. In this setting, the following solution concept to be subsequently pursued then seems fairly
natural:

Definition 1.1 Let Q C R? be a dounded domain with smooth boundary, let £ > 0, and let ug € L*(£2)
and vy € L1(Q) be nonnegative. Then a pair (u,v) of nonnegative functions

uwe L} (2% [0,00)) and (1.5)
v € L5, (2 x [0,00)) N L, ([0, 00); WH(2)) '
will be called a global weak solution of (1.4) if
uv € L},.(Q x [0,00)) and u?Vu € L}, (2 x [0,00); R?), (1.6)

and if

—/ /ugpt—/uocp(-,O) = / /u2V0~V<p+/ /u%Agp
0o Jo 0 2Jo Ja 2Jo Ja
+/ /u%V%Vgo—i—E/ /uvgp (1.7)
0 Q 0 Q

Jor all o € CF°(Q2 x [0,00)) fulfilling 5 8“’ =0 on 90 x (0,00), as well as

/OOO/QU%—F/QUO@(. / /VU Vgp—i—/ /uwp (1.8)

for each ¢ € C5°(Q2 x [0, 0)).

Our main result now reveals that in the presence of suitably small initial data vg, such a global weak
solution can indeed always be found.

Theorem 1.2 Let Q C R? be a bounded convex domain with smooth boundary, and let £ > 0. Then
for any choice of p > 2 and K > 0, one can find §(p, K) > 0 and C(p, K) > 0 with the property that
whenever

ug € Wh(Q) and vo € Wh(Q)  are such that ug > 0 and vy > 0 in Q (1.9)

with
luollLr() < K (1.10)



and

lvollwey < 60, K)  and ||V o] e gy < 5, K, (1.11)

the problem (1.4) admits a global weak solution (u,v) in the sense of Definition 1.1. Moreover, v > 0
a.e. in Q x (0,00), and we have

u(-, )|l Le) < C(p, K) for a.e. t>0
as well as
v t)[[Loe() < 0(p, K)  and  [[Vo(-,t)|peco) <1 for a.e. t>0.

We emphasize that since no condition on the size of the initial population density wg is required,
the requirements in Theorem 1.2 seem well compatible with the underlying intention to use (1.1) in
application contexts determined by small nutrient concentrations ([16]).

2 Local existence and basic properties in an approximate problem

In order to construct a solution to (1.4) through approximation by solutions to conveniently regularized
problems, for € € (0,1) let us consider

et = V - (uzv:Vue) — V - (uv-Voe) + lucve, ze, t>0,

Vet = AV — UV, reQ, t>0,

Que = Zre =, zed, t>0, (2.1)
us(z,0) =up(z) + ¢, wv(z,0) =vo(x), x €,

which according to well-established approaches allow for the following statement on existence, exten-
sibility and basic properties.

Lemma 2.1 Suppose that n > 1 and that 0 C R™ is a bounded domain with smooth boundary, and
assume that (1.9) holds. Then for each € € (0,1) one can find Tz € (0,00] and functions

{ e € COQ X [0, Tnawe)) N C2HQ % (0, Thpaze))  and 22)

Ve € Nyz1 CO0, Tnaze); WH(2)) N C*1 (2 x (0, Trnaz.c))

such that us > 0 and ve > 0 in Q x [0,00), that (ue,ve) solves (2.1) in the classical sense in € X
(07Tmaz,s)7 and that

if Tmaz,s < 09, then li/‘msup HUE('at)HLOO(Q) = oC. (23)
t Tmaa:,s

This solution has the additional properties that

[ve(s )l Loe() < llvollzee)  for allt € (0, Tinaze), (2.4)

Tmaz,e
/ /usveg/vo. (2.5)
0 Q Q

and that



PrROOF.  Standard arguments from local existence theories of taxis-type parabolic problems involving
nonlinear diffusion ([1], [12]) readily provide Tjpaz € (0,00] and positive functions u. and v, which
are such that (2.2) holds, that (u.,v.) forms a classical solution of (2.1) in € x (0, Tinee,c), and that

if Tma%5 < 00, then
U&('7t) L (Q)

1
U,g(‘,t)HLw(Q) +‘

} = 005 (2.6)

tlimsup {H%('J)HWLM(Q) + o, ) w0y + ‘

mazx,e

the monotonicity property in (2.4) then immediately follows from the maximum principle, while (2.5)
directly results from an integration in the second equation from (2.1).

To see that we actually must have (2.3), let us assume that for some ¢ € (0,1) we had Tiez, < 00
but
“us(‘,t)||Loo(Q) < ci(e) for all t € (0, Trnaa,c) (2.7)

with some ¢1(e) > 0. Then a straightforward application of known semigroup estimates ([28]) to the
second equation in (2.1) would yield ¢3(e) > 0 fulfilling

[[ve (5 ) [lwree () < c2(e) for all t € (0, Trnaz,e), (2.8)

while standard parabolic Holder regularity theory ([20]) would ensure the existence of 6; = 0(¢) €
(0,1) such that

ve € COF (0 % [0, Trnan.c])- (2.9)

Apart from that, (2.7) would imply that ves > Ave —c¢1(e)ve in Q X (0, Thnaz ), and that hence writing
c3 = infyeqvo(x) > 0 we would have ve(z,t) > v(x,t) = cae 1 forall z € Qand ¢ € 0, Thmaw,e)
by the comparison principle, because v(z,0) = c3 < vo(x) = v(x,0) for all x € Q, and because
v; —Av+ci(e)v =0in Q x (0, Tar,e). In consequence, this would particularly show that

Ve > eq(e) i= cze M Tmazein Q x (0, Thnane ), (2.10)
whence in the identity
Uet = v : aa(x7t7u87 vua) + ba‘(x7t7ua‘)7 HARS Q7 t S (O’Tmax,a)v

due to (2.1) valid with

3
ac(x,t,2,€) = ve(x,t)|2|§ —ul (x,t)va(m,t)|z|%Vv5(x,t) and
be(z,t) := lus(z, t)ve (2, 1), (x,t,2,8) € QX (0, Tnaze) X R x R2,

a combination of (2.10) with (2.7), (2.8) and Young’s inequality would entail that with some c5(g) > 0
and cg(e) > 0, the key estimate

0o 6,2, 6) € = v(w, b))z €2 — ud ( ve (1) 23 Ve (a,1) - €
> cale)|z] - €1 — es(e)]z]7[¢]
> AL 6P~ e(e)

2



would hold for all (z,t,2,£) € Q x (0, Tiaze) X R x R2. As (2.7) and (2.8) would furthermore show
that there exist c7(e) > 0 and cg(e) > 0 satisfying

jac(2.t.2,6)| < er(@)l2l - [¢] +er(@)]=>  and
|be (2, 1)| < es(e) for all (z,t,2,&) € Q x (0, Tnaze) X R x R?,

again relying on the Holder estimates provided by [20] we could find 62 = 03(¢) € (0, 1) such that

Ue € C%F (Q % [0, Tynas.e]). (2.11)

This in turn would enable us to apply standard parabolic Schauder theory ([11]) to see that with some
03

05 = 63(c) € (0,1) we would have v, € C2T031+3(() x (3T maz,e» Trmas,e]), whence we could especially

pick ¢g(g) > 0 such that

vl <eole)  in Q¢ ((Tonare T ). (2.12)
In the first equation from (2.1), now rearranged so as to become
Ut = Ae(w,t)Aue + Be(z,t) - Vue + De(z,t)ue, z€Q, t€ (0, Tare),
with

Ac(z,t) == uc(z, t)ve(z, t),
B (z,t) == ve(z,t)Vue(z,t) + ue(z,t) Ve (z,t) — 2ue(z, t)ve (2, 1) Ve (z, 1) and
D.(z,t) := —uc(z, t)ve (z, ) Ave (2, 1) — 2ue(z,1)|Voe (2, 1) |* + lve (2, 1), (x,t) € Q% (0, Trmaze),

we could then identify a positive constant c¢jo(e) such that

. 1
D, > _010(5) in Q x (ZTmaz,sa Tmax,s)a

so that abbreviating c11(¢) := inf,eq ue(z, iTmm,e) > 0, parabolic comparison of u. with u(z,t) :=
011(6)67610(5)'(“%%1”75), (z,t) € Q x [iTmax,g,Tmm,g), would show that since

1
Uy — AEAQ - Bs -Vu — Dz—:@ = —010(5)Q - Dsﬂ <0 in  x (ZTmaw,sa Tmax,e)

lea%E), we would have v, > u in Q x (%me’s,me,g) and hence, in

and Q(‘v %Tmam,e) < us('
particular,
—c10(e)-2T, . 1
ue > e (e)e 0 iTnane i Q) x (ZTW,E,TMM). (2.13)

Thereupon, first order parabolic Holder regularity theory ([14]) would become applicable so as to yield

04 —
04 = 04(¢) € (0,1) such that u. € C1H01 5 (Q X [3Tmaz,e» Trmas,e]), inter alia meaning that with some
c12(€) > 0 we would have

1
e (-, ) [y < cra(e)  forall t e (ngM,g,Tmax@).

7



Together with (2.8), (2.13) and (2.10), however, this would contradict (2.6), so that indeed (2.3) must
hold. O

In our subsequent reasoning, we consider the convex domain  C R? and the parameter £ > 0 as fixed,
and whenever functions ug € WH*(Q) and vg € WH*(Q) with ug > 0 and vy > 0 in Q have been
selected, without any further explicit mentioning we shall let (ug,v.) and Tye2, be as accordingly
provided by Lemma 2.1.

As an elementary but crucial preparation for our loop-type argument in the next section, let us note the
following consequence of the regularizing action of parabolicity on a certain preservation of smallness
in the second solution components, presupposing the presence of an LP bound for the first solution
component. The restriction on p in Theorem 1.2 is precisely due to our argument in this direction:

Lemma 2.2 For allp > 2,L >0 andn > 0, there exists oo(p, L,n) > 0 with the property that if (1.9)
holds with

[voll oo (@) < do(p, L, n) and  [|[Vol|ree () < do(p, L,n), (2.14)
and if for some € € (0,1) and T € (0, Tynaz,c) we have
/ ul(,t) <L for allt € (0,7, (2.15)
Q
then
Ve (-, t)l| ooy <m for allt € (0,T), (2.16)

PrOOF.  We recall known smoothing properties of the Neumann heat semigroup (e2);>¢ on 2 ([28])
to fix ¢; > 0, A > 0 and c(p) > 0 such that

||VetA(p||Loo(Q) < a1l Vel o) for all t > 0 and any ¢ € W1*°(Q), (2.17)
and that
HvetA . —%—l —At 0/
Pl < calp) - (L+t277)e ol oo for all t > 0 and each p € C*(2).  (2.18)

11
Since our assumption p > 2 implies that c3(p) := fooo(l + 0 2 r)eMdo is finite, given L > 0 and
1 > 0 we can thereafter choose do(p, L,n) > 0 small enough such that

(c1 +ca(p)es(p) L) - o(p, Lyn) <, (2.19)

and assuming (1.9), (2.14) and (2.15) to be satisfied for some € € (0,1) and 7" € (0, Tij42,¢), thanks to
the second equation in (2.1) and (2.4) we then obtain from (2.17)-(2.19) that, indeed,

t
90Oy = [[Vein = [ el syt
0 L>(Q)
t 1IN s
< ClHVU()HLoo(Q)—i-CQ(p)/O <l—|—(t—3) 2 p)e At )Hua(-7S)’Ua(-,s)HLP(Q)dS
t 10N s

< ClHVU()HLoo(Q)+62(p)H1)0”Loo(Q)/O <1+(t—8) 2 P)e At )HUE('73>HL1’(Q)d8
< ado(p, L,n) + ca(p)do(p, L, n)es(p) L
<

Ui



for all t € (0, 7). O

3 A self-map type argument controlling u. in L? for small v

We next enter the key stage of our argument by carefully documenting the outcome of a standard
testing procedure associated with the first sub-problem of (2.1).

Lemma 3.1 Let p > 2, L > 0 and n > 0, and with dy(p, L,n) taken from Lemma 2.2, suppose that
(1.9) as well as (2.14) and (2.15) hold for some ¢ € (0,1) and T € (0, Tmaze). Then for any choice
of a > 0,

d -1
— [ WP+ p(p)/ ul ™ o |V, |? —i—a/ u?v,
dt Jo 2 0 0

2 \p-1 P 2\
P g r(2) s (2)7 G
< p°n /Qus Ve + {pf e +ar1 p2772) Quavg for allt € (0,T). (3.1)

PRrROOF. We use the first equation in (2.1) and integrate by parts to see that due to Young’s

inequality and (2.16),

d
— [ vl +pp- 1)/ U?—:}ilve,vuap

= plp—-1) /§2u§v€Vu5 -V, —|—p€/Quf’E’v€

-1 —1
> p(p)/ Ug_l’UE’VUE‘Q“‘ p(p)/ u1€)+1UE|V’UE|2 +p£/ Ug’Ug
2 I 2 Q Q

-1 —1)n?
< PR Lo wu oy P [t g [ forali e 0.7)

Since two further applications of Young’s inequality show that

2 p=1 p=1 1 1

) 11

pf/ugvs = /(pg ula)—HUs) ! 'p€<pn2) ! ugvf
Q Q

i’ 25"
< /uﬁ’“ve—i—{pﬁ- <72) b } /u‘gv5 for all t € (0, Tnaz,c)
2 Ja 1 e
and that
2,2 1 1 p-1 p-1
2 B pn +1 P 2 PP, P
a/ﬂusv‘E = /9(211,5 1)5) -a(p2n2> us’ ve”
2,2 1
p 2 7
e 2 R O ol S A
.. . 2 \ENP 1 2\p-1
this implies (3.1), because < p? - (mg) z = plP - (772) . O

Now a core task will consist in appropriately estimating the first summand on the right-hand side of
(3.1) against dissipated quantities, where a fundamental obstacle is linked to the circumstance that



the diffusion-related contribution to (3.1) contains the expectedly small weight v.. In order to prepare
our approach to adequately overcome this, let us separately derive the following functional inequality
which does rely on our overall restriction on planarity of the spatial setting, but which actually does
not require €2 to be convex.

Lemma 3.2 For each p > 1, one can find C(p) > 0 such that if p € CH(Q) and ¢ € CY(Q) are such
that ¢ > 0 and ¥ > 0 in §Q, then

(4w“wsam[gWWWﬂ%cw»{[fﬁ-éjwaHw»{lyy7é¢w (3.2)

PROOF.  According to the Sobolev inequality in the two-dimensional domain €2, given p > 1 we can
find ¢;(p) > 0 such that

2 2 2 10
|7 < a@lolti + @l - forallpe C'@)

which for fixed nonnegative o € C'(Q) and positive ¢ € C1(Q) we apply to p := gppTH@Z)% to infer that

1 1 2
/sop“w < q(p)'{/ p;; w’31¢5vw+2¢p;1w‘5vw(}
Q Q

+e1(p) - { /Q Py }pH

@+TQ®.{é;;wW@F+“@W{A¢T¢ﬁWMF

2

+mm{[}whfﬂ. (33)

Here by the Cauchy-Schwarz inequality,

2
p—1 1 _
{LQOQwﬂVw@ suu[ffIMV¢F

{AwTwﬁwas{[gﬁ é§ww%

while using the Holder inequality we see that

o s o] Lo

The claim therefore results from (3.3) if we let C(p) := max {w ,a(p)} O

and

Indeed, employing the latter with (p,1) = (ue,ve) yields the following as a consequence of Lemma
3.1 in which, for definiteness, we already specify a selection of the parameter a that will turn out to
be convenient later on.

10



Lemma 3.3 Let p > 2. Then there exist ng(p) > 0 and C(p) > 0 with the property that if L > 0, and
if ugp and vy are such that (1.9) and (2.14) as well as (2.15) hold for some n € (0,10(p)], € € (0,1)
and T' € (0, Trnaz,e), with 6o(p, L,n) > 0 as given by Lemma 2.2, then

d -1
d [, P01 / WV Vu|? + 2(7+4\f2)/ uZve + n2/ ul o,
dt 9} 4 Q @ @

1+ L
< C(p)- an/ %|VUE|2 + C(p) + ) / UV for allt € (0,T). (3.4)
Q Ve Q

’ n2(p—1

PrOOF.  We first invoke Lemma 3.2 to fix ¢1(p) > 0 in such a way that whenever 0 < p € C1(Q)
and 0 < ¢ € C1(Q),

/Qsop“w<01(p)/9<p”‘1wlv<ﬂ\2+cl(p)-{/Qsop}'/QZIV¢!2+61(19)'{/g}s@}p-/ﬂw, (3.5)

and we then pick 79(p) > 0 small enough such that

. p(p—1)
) <m0 e 0

Then assuming that 0 < ug € WH*(Q), and that vg € Wh°(Q), ¢ € (0,1) and T € (0, Trpaz ) are
such that (2.14) and (2.15) hold for some L > 0 and 1 € (0,70(p)], we note that since n < 1 we have
2
n~ 71 < =2~ and hence
2 \p-1 2\
pr (5) v ()7 <

1
with ca(p) = 207 plP + {2(7 + 4v2)}" - (z%)lﬂf1 Therefore, Lemma 3.1 together with (3.5) implies
that

d —1
— [ ul+ pp 1) / ™ e | Ve |? + 2(7 + 4\/5)/ ulv, + 7]2/ ul o,
dt Ja 2 Q Q Q

IN

(p? + 1)772/9#&’“@6 +02(p)17_2(p_1) /Qusv6

_ u
W+ Dertpr [ a2 IUEIVue|2+(p2+1)cl(p)772-{ / u} [ rvep
QO Q Q Ve

IN

p
+(p* + ei(p)n? - { / ug} / UeVe + cz(p)n_2(p_1) / UV for all t € (0,T), (3.7)
Q Q Q
where according to (3.6),
—1
(p* + l)cl(p)nz/ uP o |V > < p(p4)/ uP o |V |2 for all t € (0,7,
Q Q

and where thanks to (2.15) we know that

@+ el { [ [ 9P <6 vamie |

Y TP forallte (0,7).
QO Ve
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As due to the Holder inequality, (2.15) moreover entails that again since n < 1 we can estimate

p
(p2+1)01(p)772'{/ue} '/Usve < (102%—1)61(19)772|Q|1’)_1-{/u’g}-/ugv6
Q Q Q Q
< (P2+1)01(p)|9\p1”72/“wg
Q
= (p2+1)C1(p)IQ\”1Lv72<p1>/u€v€ for all t € (0,T),
Q

from (3.7) we infer that, in fact, (3.4) holds with C(p) := max {(p?+1)c1(p) , c2(p), (P*+1)c1(p)|Q2P}.
(]

While the second summand on the right of (3.4) allows for a suitable control via the global disspiation
property in (2.5), the corresponding first integral seems to require a separate treatment especially due
to the singular factor i appearing therein. This will be faced in the course of a second, again fairly
well-established, testing-based argument which we prepare by expatiating an elementary functional
inequality which in its principal form and with appropriately adapted constants, as we may note
without explicit proof, actually continues to hold in any smoothly bounded n-dimensional domain
with n > 1.

Lemma 3.4 Let ¢ € C%*(Q) be such that ¢ > 0 in 2. Then

1 D2 2
[ oDl > JRenas (3.8)
Q 207T+4v2) Ja ¢

PROOF.  According to [30, Lemma 3.3|, we have

\V4 4
[ < v vap [ olntmer
Q ¥ Q

which we combine with the observation that due to Young’s inequality,

D?p|? 1 Vl*
/gp[DQIngpP = /’SOI—Q/QV(P'(DZ(P'VQO)—F [Vel*
Q Q ¥ Q@

o ¢
- 1/ [D*¢|* [ [Vl
T 2Ja @ Q ¢
" — 1 — 1 .
Therefore, namely, writing 0 := @ varE = 7743 Ve see that, indeed,

—_

4 1 D2 2 4
/@\Dzlntp\2 > (1-0)- /'v‘? +9.{/| i _/Wg' }
Q 24+v2)2Ja ¢ 2)o ¥ o ¢
B 9/ |D?¢|?
2o ¢
1

1 _ 1 1 _
becanse (1= 6) - b — 0= s — (rvap +1)  mraivar =0 .
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We can now proceed to identify the integral fQ Z—E|Vv5|2 as part of the dissipation-induced contribution
to the outcome of a testing procedure applied to the second equation from (2.1). Our derivation of
this is the only place in this manuscript where convexity of €2 is explicitly needed, and we remark
without detailing a corresponding argument here that at the cost of moderately extended technical
efforts, this assumption could actually be removed.

Lemma 3.5 Assume (1.9), and let ¢ € (0,1). Then

]va\z

/ —|Voe|? < 2(7+ 4\[)/911 Ve for allt € (0, Thnazc)- (3.9)

ProOOF.  Using integration by parts in a straightforward manner (cf. [30, Lemma 3.2] for details),
from the second equation in (2.1) we obtain the identity

d Ve |?
/ [V +2/U5|D21n05’2+/ E|VU£|2
dt Q Ve 0 Q Ve

1 0 2
= —2/ Vue - Vo + / 1 oV for all t € (0, Trnaz,e), (3.10)
Q 89 Ve ov

where as a consequence of another integration by parts and Young’s inequality,

—2/Vu€-VU6 = 2/u€Av5
Q Q

1 |AU€|
7+4f/uv5 for all t € (0, Thnaz.c)-
2(7+4\@)/Q Ve 2 ) ( <)

Since |Av.|? < 2|D?v.|? by the Cauchy-Schwarz inequality, and since thus

1 Av,|? 1 D?y,|?
/ |Ave| < / | D7ve| < 2/ v.|D? Inv,|? for all t € (0, Tnaz.c)
2(74+4v2) Jo  v- T+4v2 Jo v 0

thanks to Lemma 3.4, from (3.10) we thus infer (3.9) upon noting that 8|Vv5| <0 on 092 x (0, Thnaz,e)
by convexity of © ([17]). O

As, fortunately, the expression on the right-hand side of (3.9) can be absorbed by the third summand
on the left of (3.4), we are now in the position to close the loop in our argument by combining Lemma
3.3 with Lemma 3.5. In order to be able to thereby draw a conclusion that simultaneosly includes
some bound for the gradient of a suitably chosen quantity, and that hence serves as a preparation for
an Aubin-Lions type compactness reasoning in Lemma 5.1 below, let us briefly add the following basic
observation.

Lemma 3.6 Let p > 1, and let p € CY(Q) and ¥ € CY(Q) be such that p >0 and 1 > 0 in Q. Then

L vesal} < @ [ ob [ ovmer caivliee{ [ @) [ 29or. @0

13



Proor.  We expand

pt1  p+1

V(" 1) P T YV + 0T Vi

and use Young’s inequality to see that thus

{/Q‘V(sopglw))rﬁl (pzl)Q-{/prfé‘lwvsol}2+2-{/prgllvw\}%

Since
p-1 ? 1 2
{ [eomel) <{ [} [ uve
Q Q Q
and
p1 ’ P o2
{[#190} <Wllm{ [} [ Sivo
Q Q oV
by the Cauchy-Schwarz inequality, this already establishes (3.11). O

We can now conveniently accomplish the main step of the analysis in this section:

Lemma 3.7 Let p > 2 and L > 0. Then there exist 51(p, L) > 0 and C(p,L) > 0 such that if (1.9)
holds with

lvolleo() < 01(p, L) and  [[V/vol Loy < d1(p, L), (3.12)
and if (2.15) is fulfilled for some € € (0,1) and T' € (0, Tnazc), then
(-, 1)]? 1
/ 1#;(-,75)—1—M < /(uo—i-l)p—i- forallt € (0,T) (3.13)
0 ve(+, 1) 0 2
and
[Vve(-, t)|[ o) < 1 forallt € (0,T) (3.14)
as well as .
/ / ul~ | Vu|* < C(p, L) for allt € (0,7T) (3.15)
0 JQ
and .
/ / ulTly. < C(p, L) forallt € (0,T) (3.16)
0 Jo
and
t P+l 2
/ HV(uEQ 8 s)vs(-,s))’ o SCWL)  Jorallte (0.7). (3.17)
0

14



Proor.  For fixed p > 2, we employ Lemma 3.3 to find 79(p) > 0 and ¢1(p) > 0 such that whenever
ug, vo, € € (0,1) and T € (0, Tynaz,e) are such that (1.9), (2.14) and (2.15) hold with some L > 0 and
n € (0,m0(p)], and with do(p, L,n) as in Lemma 2.2, we have

d/ p+(1’4‘1)/ng—1vg|wg|2+2(7+4f2)/

2 2 +1
UV + 1 /uf Ve
Q

dt Q
c 1+L
< g (p)LUQ/ U7|Vv€|2 +c1(p) - 2(_1)/ Uz for all t € (0,7). (3.18)
Q Ve n=r Q
Given L > 0, we here fix
. 1
7] -= min {770(}7)7 W’ 1}7 (3.19)
1
and abbreviating ca(p, L) := ¢1(p) - nQIJ;_Ll) we let
61(p, L) = min {6o<p, L) (B5) o e om (3.20)

Henceforth assuming that (1.9) be satisfied, and that (3.12) and (2.15) hold with some € € (0,1)
and T € (0,Tnaze), we then first observe that Lemma 2.2 is applicable, because the restriction
61(p, L) < do(p, L,n) clearly ensures that |lvo ||z () < do(p, L, 7n), and because the second requirement
contained in (3.20) guarantees that moreover

3
Vol = 2v/0|Vy/vo| <267 (p, L) < do(p, L,n)  in €

In particular, we may thus apply (3.18) to (ue,v-) and T, and combine the outcome with Lemma 3.5,
to see that since ¢1(p)Ln* < 5 by (3.19), according to our definition of co(p, L) we have

d [Vu?\ | plp—1) - 1 [ u
dt{/ng_F/ﬂ UEE T /ng 1U€|vu€|2‘|’2/ﬂv:|Vv€|2~|—772/Qu1€)+lvE

< cofp, L)/ UVe for all t € (0, 7).
Q

After an integration in time, this reveals that

t t
/ a2 1) + / [Voel, OF / / oV + / / e 1T 2 4 2 / / o,
Q o (1) 0 Ja Ve 0 Ja

2
< /(uo +e)? —i—/ v U0| + ca(p, L)/ / UgVs for all t € (0,7), (3.21)
Q Q 0 JQ

Vo

where due to (3.12) and the third condition in (3.20),

Vg2 ) ) .
— < . < <1
/ﬂ vo 49 - [V V00| e ) < 4QUST (2, L) < 1

and where thanks to (2.5) and (3.12), the rightmost restriction in (3.20) warrants that

1
p7 / / Ug Ve < C2 p7 )/ Vo < 02(p7 L)él(pa L)|Q| < - for all ¢t € (OvT)

W

15



From (3.21) we therefore obtain that since ¢ < 1,

Vq) —1 t _ 1 t u t
/ / | s p(p ) / / u]; 1U5|VU5’2 + / / j‘vUE‘Q + 772/ / uza)-l-lvs
4 0 JO 2 0o Jo Ve 0 JQ

1
< /(u0+1)p+2 for all ¢ € (0,7),
Q

and that thus, with some suitably large C(p, L) > 0, both (3.13) and (3.15)-(3.17) hold due to the
fact that according to Lemma 3.6, (2.4), (2.15) and (3.12) we have

/HV (’S))’Ll()
(b +1)2 |Q| ol e “
olle //u L Ve ? + 2o ey // U 17 2

(p+1)? IQlél(p, L) 4(L+3)
- 2 p(p—1)

2

+2L31(p, L) - 2(L + 5) for all ¢ € (0, 7).

The inequality in (3.14), finally, is an obvious consequence of Lemma 2.2 because of the requirement
n <1 contained in (3.19). O

Through a standard self-map type reasoning, the latter immediately entails the following consequence
which now does no longer involve any hypotheses on the solutions to (2.1) themselves.

Lemma 3.8 Let p > 2 and K > 0. Then there exist 6(p, K) > 0 and C(p, K) > 0 such that whenever
uo and vy satisfy (1.9) and are such that (1.10) and (1.11) are valid, for any choice of € € (0,1) we
have

Vo (-, t
/ / Vel 01 /(uo +1)P41  forallt € (0, Tap.s) (3.22)
Q
and
[Vve (-, t)[[ ooy < 1 for allt € (0, Tinag.c) (3.23)
as well as .
/ / u§_1v5|Vug|2 <C(p,K) for allt € (0, Tinag.c) (3.24)
0o Jo
and ,
/ / ui.’“vg < C(p,K) for allt € (0, Thaz.c) (3.25)
0o Jo
and
t ptl 2
/ HV(UE2 (.,s)vg(-,s))‘ oy S CWK)  Jor allt € (0, Tas) (3.26)
0

PRrROOF. Given K > 0, we apply Lemma 3.7 to L := 2P~ KP + 2P~ 1|Q| 41 and let §(p, K) := 61(p, L)
with d1(-,-) as provided there. Then assuming that up and vy comply with (1.9) and are such that
(1.10) and (1.11) hold, and letting

S = {T € (0, Trnaz.e)

/u’g(-,t)<Lfor allte((),T)}, e €(0,1),
Q
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for each € € (0,1) we then infer from (1.10) and the continuity of u. that S: is not empty and hence
T. :=sup S; is a well-defined element of (0, T}paq.c] C (0, 00]. Now since Lemma 3.7 along with (1.10)
ensures that

1 1 1 1
/uig(-,t)g/(qurl)PJr§2p1/(u§+1)+gzlep+2p1\Qy+§L—
0 0 2 0 2 2 2

for all t € (0,7), again by continuity of u. the hypothesis that T be smaller than T},q, ¢ is absurd for
any such €. In consequence, we must have T, = T4, for all € € (0,1), so that (3.22) and (3.23)-(3.26)
immediately follow upon recalling (3.14)-(3.17). O

4 Global existence of (u.,v.). Further time-dependent regularity
properties
As a by-product of (3.22) and (3.23), with only few additional efforts we can now make sure that

under the smallness assumption made in Lemma 3.8, each of our solutions to (2.1) is actually global
in time.

Lemma 4.1 Let p > 2 and K > 0, and with §(p, K) taken from Lemma 3.8, suppose that ug €
W (Q) and vg € WH*(Q) are nonnegative with vg # 0 and such that (1.10) and (1.11) hold. Then
Tnaz,e = +00 for all e € (0,1).

PROOF.  Supposing on the contrary that T4, be finite for some € € (0,1), we first claim that
writing tg := %Tmaxﬁ, we could then find ¢ (g) > 0 fulfilling

ve(z,t) > c1(e) for all z € Q and t € (to, Tinaz,c)- (4.1)

Indeed, from the inclusion v. € C%(Q x (0, Tnaz.c)) and the strict positivity of v. in Q x (0, Trazc),
as asserted by Lemma 2.1, from (2.1) it follows that the function z. := lnv—la belongs to C%1(Q x
[t0, Trnaz,c)) and satisfies

2ot = Az — |Vzg|2 +ue < Az +ue in Q x (to, Trnaz,e)-

Using the comparison principle along with known regularization features of the Neumann heat semi-
group (e'2);>0 on Q ([28]), we thus infer that with some cy() > 0 and c3(e) > 0,

t
() < AL () / =92 (., 5)ds
to
13 1
< sup el to) + o) / (t— &) e 8)l| Loy ds
x€ to
< sup Ze(l',to) + 03(5) sSup ||u5('7 S)HLP(Q) in 2 forallt € (t(]’Tmaa:,E)’

zeQ s€(to,Tmax,e)

because p > 1. Recalling (3.22), we readily infer (4.1) from this and the continuity of z.(-,%y) through-
out .
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In order to next make sure that for any g > p we can find ¢4(eg, q) > 0 such that

/ng(-,t) < ey(e,q) for all t € (to, Tmaz.e), (4.2)

given any such g we go back to (2.1) and use Young’s inequality along with (2.4) as well as (3.23) to
obtain that

ug—l—(q—l)/ ul™ o |V |? (q—l)/ ulvVu, - Vv5+€/ ulv,
Q

/uq Loe|Vue|® + /ug+lvs|Vv5]2
—i—f/ u?“%—ﬁ/v?“
Q Q
g—1 _
2/ng Lo |V |2

+C5(q)/ ugﬂ + ¢c6(q) for all t € (to, Tynaz,e) (4.3)
Q

qdt

IN

IN

with ¢5(q) := qTHUOHLoo(Q + ¢ and c6(q) = ¢|Q] - ||’U0”LOO(Q) Here, a combination of a Poincaré type
inequality with (3.22) and (4.1) shows that with some ¢7(e,¢q) > 0 and cg(q) > 0 we have

q+1 %1 2
cs(q) ut = es(@)llus® (720
2(g — Dea(e) S
< ————|V 2
= (g +1)2 | Us HL2(Q)+C7(5 q Hus | qT(Q)
5

-1
- -la / uz—lwusﬁm@,q)-{ / ufé’}
Q Q

—1
< qT /Q Ugflva\vua\Q + cs(e, q) for all ¢ € (tO’TmaI’a)7

so that from (4.3) we infer that

1d
6% ug < 08(57 Q) + 06<q) for all t € (t07 Tmaw,s)7

and that hence indeed (4.2) is valid with some appropriately large c4(e, q) > 0.

Recalling (3.23), we may therefore invoke a standard result on L> bounds in scalar parabolic equations
involving nonlinear diffusion of porous medium type ([22, Lemma A.1]) to obtain ¢g(g) > 0 such that

[[ue (5 )] oo (@) < col(e) for all ¢t € (to, Trmaz,e)s

which in view of (2.3) is incompatible with our hypothesis and hence shows that, in fact, we must

have Ty4z,. = 00 for any € € (0, 1). O
ptl

We next prepare an argument concerned with the time derivative of the product u.? v., as appearing

n (3.26), by documenting the following consequence of (3.22) and (3.23) when applied in the course

of an analysis of [, ud for ¢ € (0,1).
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Lemma 4.2 Let p > 2, and assume that (1.9), (1.10) and (1.11) hold with some K > 0 and with
d(p, K) as in Lemma 3.8. Then for all g € (0,1) and any T > 0 there exists C(q,T) > 0 such that

T
/ / ul | Vue* < C(g, ) for all e € (0,1). (44)
0 Q

PROOF.  We again integrate by parts in the first equation from (2.1) and use Young’s inequality
together with (3.23) and (2.4) to find that

1d _
— g [ -0 [wuvep
= (1- q)/ ulv.Vue - Vg — E/ udv,
Q Q

l—q q—1 2, 1—q q+1 2

< 5 QuE ve| Vue|* + 5 Qu8 ve| Vg |
l1—gq q—1 2, 1—q q+1

< 5 Que ve|Vue|” + 2 llvoll oo () Q“e
1—

< 2(]/ ul Mo | Vue > 4 ¢1(q) for all ¢t > 0, (4.5)

Q
where ¢1(q) = %”UOHLOO(Q) “SUDce(0,1) SUDs>0 Jo wdtt(-,t) is finite due to Lemma 3.8 and the fact

that ¢ +1 < 2 < p. As the same source also provides cz(¢q) > 0 such that %fﬂ ud(-,t) < ca(q) for all
t > 0 and each ¢ € (0,1), an integration of (4.5) shows that

1_ T
2(]/ / ul | Vue > < ¢1(¢)T + calq) for all € € (0,1),
0o Jo

and hence yields (4.4). O

By suitable interpolation with the information already observed in Lemma 3.8, the latter indeed entails
ptl
the following time regularity feature of u.? wv..

Lemma 4.3 Let p > 2, and suppose that (1.9), (1.10) and (1.11) are satisfied with some K > 0 and
with 6(p, K) as given by Lemma 3.8. Then for all T > 0 there exists C(T") > 0 such that

T ptl
/O 0w tyeut.0) H(WS,z(Q))*dt <) forallec (0,1). (4.6)

PROOF.  Drawing on the continuity of the embedding W?32(Q2) < W1>°(Q), we fix ¢; > 0 such that
191 o) + IVl oo ) < 1 for all ¢ € C*(Q) fulfilling [|¢)]|ys2(q) < 1. Fixing any such ¢ and an
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arbitrary ¢ > 0, for £ € (0,1) we then use (2.1) to compute

n +1 p=1
/at(u52 vg) ) = ])7 Ug 2 v€¢~{V~(u€v5Vu€) -V- (u?vEva) —|—€u506}
Q Q
p+1
—I-/ug2 w-{Avg—ugvs}
Q
1 p=1
= —}% A (52 v8¢) {UEUEVUE—U§UEV05}
Y1) [ e
+(p 9 ) /U52 U?”¢
Q
p+1 p+3
—/QV(u w)'Vvs—/ng2 VY
6 10
p+1
= —TZL@HZL(E), (4.7)
i=1 i=7
where
—1 2 2 pfl
Li(e) := — | ue vZ|Vue|*y,  Ia(e) :== [ ue? ve(Vue - Voo )y and
Q
P+l
I5(e) :/Qua2 vVue - Vb,
where
p—1 el pt3 )
I(e) := 5 ue 2 v:(Vug - V)i, I5(e) := —/ ue 2 ve|Voe|“¢ and
Q Q
p+3
Is(e) :—/u52 v2Voe - Vip,
Q
and where
p+1 —1 —1
I;(¢) = ue? (Vue - Vo) and Ig(e) :=— | u? Vo -V
Q Q
as well as

F1)¢ [ en pt3
Iy(e) :== (pz)/ﬂug2 v2p and  Tjp(e) :——/ng2 Veh.

In order to estimate I1(¢) appropriately, we pick any g € (0,1) and observe that then ¢ — 1 < 2= L <
— 1, so that an interpolation based on Young’s inequality shows that thanks to (2.4) and the fact
that e < 1, writing cg := [|vgl| oo () We have

—1)c _ _
el < T [t e
—Dere —1)cyc
= @;”/QWS‘IMV%F + @;”/g)“?‘lvelwelz (4.8)
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Next, several further applications of Young’s inequality, again combined with the restriction ¢ < 1,
reveal that

_ +1)c Vu.|?
[I7(e)] < (p+ 1)c1/u§ Loe | Ve |? + (v 2 ) 1/ [Vee| : (4.9)
Q Q  Ue

that since |Vve| <1 by (3.23), and since p + 1 > max {1, 1%3, %}, we have

C
|I(e)] < 01/u§_1v5]Vu5\2+1/u§v5
Q 4 Jo
Q
< cl/uf’;_lvE]VuE\Q+Cl/u’E’+1U€+CICQH (4.10)
Q 4 Jo 4
and that
+ 1)y _ +1)cy
BE+HRE] < Y [t vap - X [z
Q Q
1 1)eic3 1)eic3|Q
< (p+2 )Cl/ug_lvg|Vu€|2—|—(p+8)0102/9u§+1vs+(p+ )80102‘ ’(4.11)

as well as

[15(e)| + o (e)] + o (e)] + [T10(e)]

p+3 p+3 (p-|—1)€cl p+1 p+3
< cl/ug2 vg—l—cl/u52 v?—l—i U 2 v?—l—cl us? v,
Q Q 2 Q Q

1)¢ 1)cyc3
< <61 +c1co + W + Cl) / uP o, + (0162 + o103+ W + 6162) -19Q[(4.12)
Q

As, similarly,

[1s(¢)]

IN

Vo2 ¢
Cl/ 7’ a +1/u§—1v5
o Ve 4 Jo
Vv |? cl/ pil c1c2|9|
Cl/Q " +4 ng Ve + i

we may collect (4.8)-(4.12) to infer from (4.7) that there exists ¢3 > 0 fulfilling

< X p—1 \v4 2 / q—1 \vi 2
‘(W&Z(Q))* - {/gua vel Ve "+ f e vel Ve

|[Ve|? p+1
+ [ ——+ [ BT+ 1 for allt > 0 and € € (0,1).
Q Q

Ve

IN

Hat (u:#vs)

In view of (3.24), (4.4), (3.22) and (3.25), a time integration therefore readily leads to (4.6). O

p+1
Now the intention to turn compactness features of (uE 2 vg)a €(0,1) into knowledge on u. seems promis-

ing only when accomanied by appropriate information on positivity of the weight functions v. appear-
ing therein. Unlike all previous arguments in this manuscript, the following observation in this regard
relies on our overall positivity assumption on vg in an indispensable manner.
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Lemma 4.4 Letp > 2 and ug € WH>(Q) be a nonnegative function fulfilling (1.10) for some K > 0,
and assume that vy € WH(Q) is positive in Q and satisfies (1.11) with 6(p, K) as in Lemma 3.8.
Then for all T > 0 there exists C(T) > 0 such that

vol| oo
/ In Tvollz== @ <Co(T) for allt € (0,T) and e € (0,1). (4.13)
Q Ua('? t)
PROOF.  According to the second equation in (2.1) and Young’s inequality,
d Vo || o0 d Vo |?
< lnHOHL(Q):—/ln%:— [Vee| +/u5§/u§+my for all t > 0 and ¢ € (0,1),
dt 0 Ve dt QO 9] ’Ug 0 QO

which upon an integration in time already yields (4.13), because ln”m”qfiow(m belongs to L'(Q) by
positivity of vg in €. O

5 The limit € \, 0. Proof of Theorem 1.2

After the above preparations, the extraction of a subsequence converging to a global weak solution of
(1.4) now becomes rather straightforward:

Lemma 5.1 Assume that p > 2, that K > 0 and that ug and vy are such that (1.9), (1.10) and (1.11)
hold with §(p, K) as in Lemma 3.8. Then there exist (¢j)jen C (0,1) and functions

u € L>®((0,00); LP(Q2)) and (5.1)
v € L=((0,00); WH>(92)) '
such that €5 \, 0 as j — 0o, that u >0 and v > 0 a.e. in Q x (0,00), that
Us = U a.e. in Q x (0,00) and in L] (Q x [0,00)) for all g € [1,p), (5.2)
Ve =V a.e. in Q x (0,00) and in L} (€ x [0,00)) for all g € [1,00) and  (5.3)
Vv, = Vv in L*°(Q2 x (0,00)) (5.4)

as € =¢ej \, 0, and that (u,v) forms a global weak solution of (1.4) in the sense of Definition 1.1.
Proor.  From (2.4) and (3.23) we know that
(ve)ze(0,1) is bounded in L>((0, c0); wh>e(Q)),

while in view of the boundedness of (ucve)c(0,1) in L7, (2 x (0,T)) for all T > 0, as implied by (3.22)

and (2.4) due to the inequality p > 2, it can readily be verified that
(Vet)z(0,1)) is bounded in L2((0,T); (Wh2(2))*) for all T > 0.

Apart from that, a combination of (3.26) with (3.25) shows that

P+l

(u?vg)ee(oyl) is bounded in L*((0,T); W'(Q)) for all T' > 0,
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while Lemma 4.3 asserts that

pt1

(3,5 (ue?

Two applications of an Aubin-Lions type lemma ([24]) therefore enable us to pick (g5)jen C (0,1)
such that €; \, 0 as j — oo, and such that with two nonnegative functions z € L}, (2 x [0,00)) and
v € L*((0,00); Wh*°(Q)) we have (5.3) and (5.4) as well as

vg)) o is bounded in L'((0,7); (W*?(Q))*)  for all T > 0.
SIS

)

p+1
2

Ue? Ve — 2 a.e. in Q x (0,00) and in L},.(Q x [0, 00)) (5.5)
as € = g5 \( 0. Since v < [Jvl[zo(q) by (2.4) and (5.3), and since thus Lemma 4.4 together with
Fatou’s lemma guarantees that Inv belongs to L (2 x [0,00)), and that hence, in particular, v is
actually positive a.e. in  x (0,00), letting u := (2)7#7 we obtain an a.e. in  x (0, 00) well-defined

nonnegative function u for which we have u. = (i—z) w1 — wa.e. in Qx(0,00) as € = g5 \, 0 according

o (5.5) and (5.3). Since (3.22) asserts that (ue).c(o,1) is bounded in L*((0,00); LP(Q2)), this limit
must as well belong to this space, and must moreover satisfy (5.2) as a consequence of the Vitali
convergence theorem.

Now given ¢ € C§°(£2 x [0, 00)) such that g—f =0 on 9N x (0,00), from (2.1) we obtain that

o 1 o
—/ /us%—/uw(wO) = 2/ /U?VUE-W
0o Jo Q 0o Jo
1 o 0
—1—2/0 /QuzveAcp—l—/o Au?vEVUE~V¢

+€/ / usvep  forall e € (0,1),
0o Jo

where we may use that by (5.2) and (5.3), as € = ¢; N\, 0 we have
ue —u, ul—u? vlve —»uPv and  wov. — ww in Li,.(Q x [0,00)),

to infer (1.7) upon taking € = ¢; \, 0 and utilizing (5.4). Since (1.8) can similarly be derived for any
¢ € C5°(Q x [0,00)), and since the regularity requirements in Definition 1.1 are clearly implied by
(5.1), it thus follows that indeed (u,v) solves (1.4) in the claimed sense. O

Our main result has thereby been achieved already:

PROOF of Theorem 1.2.  We only need to employ Lemma 5.1 and combine (2.4) and (3.23) with
(1.11). O
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