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Abstract

In this paper we investigate feedback control techniques for the COVID-19 pandemic which are able to guarantee that
the capacity of available intensive care unit beds is not exceeded. The control signal models the social distancing policies
enacted by local policy makers. We propose a control design based on the bang-bang funnel controller which is robust
with respect to uncertainties in the parameters of the epidemiological model and only requires measurements of the
number of individuals who require medical attention. Simulations illustrate the efficiency of the proposed controller.
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1. Introduction

One of the most difficult problems in the containment
of the COVID-19 pandemic (or any other epidemic) is to
generate reliable recommendations for action for policy
makers in the presence of uncertain data and model pa-
rameters. In the present work, a robust control approach
is taken, which is able to generate reliable signals for so-
cial distancing measures (or against them) in the pres-
ence of uncertainties in the parameters of the epidemiolog-
ical model and which requires only measurements of the
number of COVID-19 patients showing moderate to severe
symptoms (and independent of possibly asymptomatic in-
fected or patients with mild symptoms). The number of
those symptomatic infected, who require medical atten-
tion, can typically be measured accurately — under the as-
sumption that sufficient testing capabilities are available.

It is well documented [11, 15] that social distancing
measures help to reduce infection rates and have an effect
on the containment of the spread of SARS-CoV-2. On
the other hand, social distancing has negative effects on
both the economy and the mental and emotional health
of the population. Therefore, policy makers face the hard
decision of when to enact social distancing and when to
relax the measures. To obtain recommendations for action,
a reliable decision making mechanism based on a robust
feedback control design would be desirable.

In contrast to model-based techniques such as MPC
(model-predictive control) used in [8, 12, 16] for instance,
in the present paper we use a control methodology which
does not require a specific model and is robust with re-
spect to uncertainties in the system parameters. Because
of the latter, it is not necessary to precisely identify all
parameters such as the infection, recovery or death rates.
Therefore, the approach may allow for an easier scalability,
i.e., it may be applicable to different countries or regions
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or cities, without the need to precisely (re-)identify all the
parameters for this region.

The above described question of when to enact social
distancing measures or even a lockdown is a typical con-
trol theoretic question. Modelling this question utilizing
a control input which takes only a finite number of dif-
ferent values, as suggested e.g. in [12], a suitable feedback
controller is able to generate the required signals. In the
present work we restrict ourselves to a binary control in-
put, i.e., with values in {0,1}, in order to first show the
feasibility of the control design for this simple case. To
this end, we combine a widely used model for the descrip-
tion of the COVID-19 pandemic from [17] with a control
component proposed in [16]. The latter adds additional
dynamics to the model which account for the effects of
social distancing policies represented by the value of the
control input and the response of the population to them
(paying heed to possible delays).

The control objective is to keep the number of infected
with moderate to severe symptoms (which typically re-
quire hospitalization) below a threshold defined by the
number of available ICU (intensive care unit) beds. An-
other approach discussing control strategies which are able
to bound the hospitalized population, by using control bar-
rier functions, can be found in [1]. In the present paper, to
achieve the control objective we exploit the bang-bang fun-
nel controller developed in [14], which is able to guarantee
error margins in tracking problems and the control input
switches between only two values. Funnel control proved
an appropriate tool in several applications such as tem-
perature control of chemical reactor models [10], termina-
tion of fibrillation processes [3], control of industrial servo-
systems [9] and underactuated multibody systems [4, 5],
voltage and current control of electrical circuits [7], DC-
link power flow control [18] and adaptive cruise control [6].

We stress that the focus of the present paper is not
on modelling aspects, for which we rely on the available
literature. The essential contribution is to show the fun-

December 20, 2021



damental functionality of the proposed control law and to
prove that it achieves that the available ICU capacity is
not exceeded and that it is robust with respect to uncer-
tainties in the parameters of the epidemiological model.
Furthermore, we provide a lower bound for the interval
of time between successive switching of the control input,
which can be influenced by the design parameters.

2. Epidemiological model for the COVID-19 pan-
demic and system class

2.1. Dynamics of the pandemic

We use a so called SIRASD (Susceptible-Infected-
Recovered-Asymptomatic-Symptomatic-Deceased) model
for the dynamics of the COVID-19 pandemic from [16],
which is able to account for possible social distancing poli-
cies. Note that recruitment is neglected in this model. The
resulting epidemiological model has the following dynam-
ics:

S(t) = —(Bav(B)La(t) + Bsv (D) Is (1)) 75
La(t) = (1= p) (Bav()La(®) + Bs¥ () Is (1)) 725
—aala(t),
Is(t) = p(Bav(t)La(t) + Bs(D)Is (1)) 2B — 25 Is(1),
R(t) = aala(t) + asls(t),
D(t) = 22 I4(t),
D(t) = 0(1 = () (1 = ult)) + 71 (K (£)P — (1)) ult),

(1)

with the gain function

Ky(t) =1 -y 24 LAl (2)

In (1) the total population of a considered region is split
into the following compartments:

e susceptible individuals S(t),

infected but asymptomatic individuals 4 (t),

infected and symptomatic individuals Ig(t),
e recovered individuals R(t),
e deceased individuals D(t) (due to the disease).

It is easily seen that the derivative of the sum of the above
quantities is zero, (?t (S(t)+1a(t)+Is(t)+R(t)+D(t)) =0
for all t > 0, thus it stays constant over time and we may
define the initial population (assuming D(0) = 0) by

=5(0) + 14(0) + I5(0) + R(0)

= S(t) + Ia(t) + Is(t) + R(t) + D(t), t>0.

The other parameters used in (1) are summarized in Ta-
ble 1, where we have ap,08, 6147 /857 PP 70,71, w € [07 1}

Parameter | Epidemiological meaning
Ba, Bs transmission coefficients (contact or infec-
tion rates) for an asymptomatic or symp-
tomatic individual to transmit the disease
to a susceptible individual, resp.
a4, 05 recovery rates for asymptomatic and
symptomatic infected, resp.
P proportion of individuals who develop
Symptoms
p probability of a symptomatic infected in-
dividual to die from the disease before re-
covering
Y0, Y1 settling-time parameters used to deter-
mine the average time of the population
response
P parameter which determines the strictest
possible isolation
YK positive gain coefficient

Table 1: Parameters of the STRASD model (1).

2.2. Population response

The last equation in (1) models the dynamics of social
distancing policies and contains additional parameters to
be explained in due course. The simplest way to model
the population response would be to replace the transmis-
sion coefficient 3,, where x stands for either A or S, by
Bz (1 — u(t)) as in [1], i.e., the control directly influences
the infection rates. However, the population response is
typically not instantaneous, but people change their be-
havior with a certain delay — this is accounted for by the
last equation in (1). As introduced in [16], the function 4
can be seen as a time-varying population response which
decreases the transmission coefficients 4 and (s in the
case that social distancing measures are in place. Possi-
ble delays in the response are modelled by the parameters
~0,7v1- Note that we have ¢(t) € [0,1] for all ¢ > 0, where
¥(t) = 1 stands for the case of no distancing at all and
¥(t) = 0 would mean that any contacts between people
are suppressed. Of course, the latter case is unachievable
in practice, which is accounted for in the model. The con-
trol input u is assumed to take only binary values, i.e.,
u(t) € {0,1} for all ¢ > 0. This control signal models the
policy enacted by the government, where u(t) = 0 means
that no isolation measures are in place, and u(¢) = 1 means
that policy makers have determined social distancing.

The dynamics with which these measures influence the
response of the population are modelled by the last equa-
tion in (1). Here, the value of the parameter ¢ € (0, 1), see
Table 1, is additionally influenced by a gain function Ky
defined in (2); the value of K (t) decreases as the propor-
tion of asymptomatic infected individuals increases. As-
suming that initially ¢(0) = 1 (no isolation) we may infer
that

Vt>0: ¢(t) € (Kp,1], (3)

where Ky = 1 — yx po‘;. For further details on the
model (1) we refer to [16, 17].



2.3. Control objective

First note that, as in [16], we assume that the class of
asymptomatic infected also includes those with only mild
symptoms, which typically do not seek medical attention
and are hence often not registered as infected. The class
of symptomatic infected includes those with moderate to
severe symptoms which may require ICU beds and are reg-
istered by local authorities — thus, provided that sufficient
testing capabilities are available, Ig(t) is typically accu-
rately measured.

The objective is to determine a control input signal
u : Rs>o — {0,1} which guarantees that the number of
available ICU beds is not exceeded. This control signal
may serve as an orientation for policy makers whether and
when to enact social distancing measures. Since the class
of symptomatic infected individuals encompasses those
which may require ICU beds, we seek to keep Is(t) be-
low the number njcy of available ICU beds, with toler-
ance £ > 0 accounting for symptomatic infected which do
not require intensive care. In other words, the aim is to
achieve

Vt>0: Ig(t) < (14 &)nicu. (4)

2.4. System class

We now turn to the specification of a class of systems
described by the epidemiological model (1) amenable to
the control strategy proposed in Section 3. The class of
systems of the form (1) is defined by the set of admissible
parameters

(04A7OZS7_/3A7B5797177
Y0, 71, Vs Vi 5 €5 M1CU,
SO 19, 1%, R, D°, 4°)
€ [0,1]° X [0, 50)?

2= (A1)-(A3) hold

Before stating the assumptions (A1)—(A3), we introduce
the following definitions for a set of parameters from >:

et =1+ &nicu,
N:=8°+1%+ 1%+ R,

_ max{Ba4,8s}(N—R")
min{aa,as} RO

Smin = Soe

B:=pBs+ (1 —p)Ba,
A:=(1-p)Ba—pBs+ (%ﬁ#
Bi=—44 \/A; +p(1 = p)BaBs,
¢:= max{%,%}a

My = KypB(1— ) — aa,

My = (1+ ffw@pizv - %’

0 2 —p) M-
My = p(BaC + Bs) (1 = 5 — ;i) oot

With these quantities the assumptions are

(A1)p>0,p<1,0<a,4§%,7;<<1‘—” M; >0

paa’

(A2) >0, RO>0, I§ >0and I3 > 221G

(A3) ¢ > max {%,Mg}

The assumptions (A1)-(A3) are mainly of technical na-
ture and required in the proof of the main theorem. Nev-
ertheless, we like to note that (A1)—(A3) are typically sat-
isfied in real epidemiological scenarios, see also Section 5.
The initial values S, R?, I in (A2) for S(0) = S°, R(0) =
R® and Ig(0) = I are assumed to be positive to avoid
technicalities and keep the proofs simple. In fact, these
assumptions are true for the COVID-19 pandemic in prac-
tically every country in the world and nearly every region
by the date this article is written (and taken as t = 0).
Furthermore, in (A2) it is assumed that the initial value
14(0) = IY satisfies 14(0) > 1%7”[5(0), which is not a
restrictive assumption since the number of asymptomatic
infected is typically much larger than the number of symp-
tomatic infected individuals and usually the case at the
beginning of a (local) outbreak. Finally, assumption (A3)
defines a lower bound for the available ICU capacity ™
and is required to determine a non-empty range of con-
trol design parameters, see Section 3. It is easy to see
that the assumptions are not contradictory and hence ¥ is
non-empty.

3. Controller design

In order to obtain a feedback control law which is able
to guarantee the transient behavior in (4) (and hence to
achieve the control objective), we exploit the idea of bang-
bang funnel control from [14]. “Bang-bang” means that the
control input switches between only two different values,
hence this technique is suitable for our purposes. We stress
that system (1) does not belong to the class of systems in-
vestigated in [14] and hence feasibility of bang-bang funnel
control needs to be investigated separately. However, due
to the special structure of (1) a simpler control law is pos-
sible here. To be precise, we consider the controller

1, if Is(t) >t —et,
u(t) = {0, if To(t) <@~ +e, (6)
u(t—), otherwise,

where 1, ™, et e~ are non-negative parameters satisfy-
ing ¢~ +&~ < ¢ — et and by u(t—) we denote the left
limit w(t—) = limp o u(t — h) of the piecewise constant
function w at ¢. The controller is initialized by u(0—) = 0.

In [14], ¢T and ¢~ are time-varying functions which
determine a performance funnel for a certain signal to
evolve in and €¥,e” are “safety distances” required to
guarantee that the signal evolves within this funnel. In
the present paper, the aim is to achieve Ig(t) € [¢~, ¢ T],
thus, in view of the control objective formulated in Sub-
section 2.3, we may choose

et = (1+&nicu. (7)

We emphasize that the feedback control strategy (6) only
requires the measurement of the number Ig(t) of symp-
tomatic infected individuals at time ¢, which, as mentioned
in Section 2, can be measured accurately.

¢ =0,



In the following we identify conditions on the “safety
distances” ¢',e~ so that the application of the con-
troller (6) to a system (1) with a tuple of parameters from
Y. is feasible. In essence, these assumptions mean that by
maintaining a strict lockdown, i.e., u(t) = 1 for ¢t > 0, it is
possible to guarantee (4). If this is not possible, then no
switching strategy can be successful.

The pairs of feasible control parameters depend on the
choice of system parameters in general. For any Z € ¥ we
define the control parameter set

o R o | e <¢T —eT and
CZ _{(6 € )6(0700) A4 ( )hOld )

under the assumptions, where we use the constants defined
in (5) in terms of Z,

(A4) et <ot — 32,

RO
(45) P(ﬁAC-‘rBS)E(l—a?—pLN)-‘rp(Mw—Mz)(C+1)s o for
q+(1\/[157M2)
e=pt—¢eT.

Assumptions (A4) and (A5) are quite conservative
since they are designed for worst-case scenarios, and hence
they may impose hard restrictions in practice. However,
the controller (6) may even be feasible if these assumptions
are not satisfied and appropriate values for e* and £~ can
be identified by simulations.

It can be seen that, while (A4) simply gives a lower
bound for e, assumption (A5) requires €T to be within a
range, where both the lower and upper bound depend on
e~ . Therefore, the question arises whether (A4) and (A5)
can be simultaneously satisfied. The following result gives
an affirmative answer to this question, which is based on
the assumptions (A1)—(A3) on the system parameters Z.

Lemma 3.1. For all Z € ¥ the set Cz is non-empty and
open.

Proof. We show that there exist e~,e* > 0 which sat-
isfy (A4) and (A5). This is true if, and only if, there exists
% < & < ¢ which satisfies

RO

(Ba¢+Bs)e(1-7 — 7 ) +p(Mie—M2 ) (¢+1)
gle) = 22 o)<l - v ) +olone 2 <ot

lfp—&-(MlE—Mz)

(8)
Then we may define et := ¢ — ¢ and choose e~ < &,
which satisfy (¢7,e*) € Cz. The existence of ¢ as required
above follows immediately from the observation that ¢(-) is

continuous on the interval {M P } and ¢ (%) =M; <

T by (A3). This shows that the set Cz is non-empty.
Finally, from assumptions (A4) and (A5) it is clear that
Cy is open. O

Since the values of the input u have the interpretation
of enacted social distancing policies, it is typically not de-
sired that fast switching between the two binary values
occurs. To this end, in the remainder of this section we

derive a lower bound for the interval of time between suc-
cessive switches, the so-called dwell time. If u(ty) = 1
with u(tp—) = 0, then Ig(tg) = ¢ — et and as long as
Is(t) > e~ we have that u(t) = 1. Thus the dwell time is
t1 — to with ¢t = 1nf{ t>1g | Is(t) =& } Similarly, if
u(to) = 0 with u(tp—) = 1, then Is(tp) = ¢~ and as long
as Ig(t) < o™ —e' we have that u(t) = 0. Then the dwell
time is ¢, —to with t; = inf{ ¢t > ¢y | Is(t) =T — et }.
Lower bounds for the dwell times are given in the following
result.

Proposition 3.2. Let Z € X, (¢,e") € Cz and assume
that (S,1a,Is, R, D,v) : Rsg — RC is a global solution
of (1) under the control (6). Then we have the following
implications for all 0 < tg < ty:

Is(to) = ¢ —e" A Is(t) =
1— + _ -+
- t1 —1tp > phl((p < >>0,
ag (>
Is(to) =&~ A Is(ty) =@ —e*

1 (ot —et)? )

— h—tg>—In(— ) )
R ((e)? + La(to)?
where,u—max{HpB —l—pﬁA—o‘fs 75 + 1op 52 Bs —

aA,é} for some arbitrary § > 0.
Proof. First consider the case that Ig(ty) = ¢T —e™ and

Is(t1) =e~. From (1), (3) and Lemma A.1 we see imme-
diately that Is(t) > — = Is(t), thus

e~ =1I5(ty) > 6—%(751—150)]5(150) - e—%(tl—to)(Qering)’

Note that

> 1 and hence the lower bound is positive.

Next consider the case that Ig(tp) = ¢~ and Ig(t;) =
ot —et. From (1), (3), Lemma A.1 and the fact that
S(t) < N — D(t) we may infer that

from which the first implication follows.
ot —et
—

fA(f) (1 =p)Ba—aa)la(t) + (1 —p)Bsls(t),
Is(t) < (pBs — 7) s(t) +pBala(t).
Define z(t) = 3 (1a(t)? + Is(t)?), then
2(t) = (1= p)Ba — aa)La(t)® + (1 — p)Bsls(t)Ia(t)

+ (pBs — 7)13( )2+ pBala(t)Is(t)

< (- )ﬂA*OéA+ LEBs + LBA)IA(2)?
+ (pBs — £ + 5285 + 5Ba) Is(t)?

< pz(t)

for all ¢ > 0, thus
(7 —e™)? = Ig(t1)? < 22(t1) < 2eM(1700) 5(4y)
— et(t1—to) (IA(to)z + (57)2),
from which the second implication follows. O

Note that the lower bound for the dwell time in u(t) =
0 in Proposition 3.2 depends on I4(tg), and if this value



is very large, then the lower bound may become nega-
tive, thus not giving any result. Furthermore, both lower
bounds essentially depend on the parameters o™, e, 7,
which can be adjusted in order to shape the minimum
dwell time. In particular, for ™ — co any desired mini-
mum dwell time can be achieved (since I4(to) is bounded
by N).

4. Main results

4.1. Feasibility of the control design

In the following first main result of the present paper
we prove that, for any tuple of system parameters Z €
and any pair of controller parameters (¢7,e%) € Cy, the
application of the bang-bang control law (6) with param-
eters (¢7,&T) to the epidemiological model (1) with pa-
rameters Z leads to a closed-loop system, which has a
global and bounded solution that satisfies (4). Moreover,
the control input u has only a finite number of jumps in
each compact set. Solutions are considered in the sense
of Carathéodory, i.e., they are assumed to be locally ab-
solutely continuous and satisfy the differential equation
almost everywhere. A solution is said to be maximal, if it
has no right extension that is also a solution.

Theorem 4.1. Let Z € ¥ and consider the associated sys-
tem (1). Further let (¢~,e™) € Cz be a pair of controller
parameters, ot be as in (7) and assume that
I2 0,07 —ct], D°=0 and ¢°=1.

Then the controller (6) applied to (1), under the ini-
tial conditions S(0) = S914(0) = 19,Is(0) =
I3, R(0) = R° D(0) = D°%y(0) = o° leads to a
closed-loop system which has a global and bounded solution
(S,Lm[s,R,D,lﬁ) : RZO — (R20)6 such that (4) holds
and u defined by (6) has finitely many jumps in each com-
pact set.

Proof. Throughout the proof we use the constants defined
in (5) without further notice. We divide the proof into
several steps, where we first show the existence of a local
solution (Step 1). In Step 2 we show that u has only
finitely many jumps in each compact set, which enables us
to prove that the solution is actually global (Step 3). It
then remains to show (4) in Step 4.

Step 1: We show the existence of a local solution.
In fact, repeating the arguments of [13, Cor. 3.3] or [14,
Thm. 5.3] yields a maximal solution (S,I4,Is, R, D) :
[0,w) — RS of (1), (6) with w € (0,00]. Clearly,
S,14,Is,R,D are continuously differentiable, since they
are absolutely continuous and by (1) their derivatives are
continuous. Note that clearly the solution is bounded
as each component is non-negative (cf. Lemma A.1(i))
and we have S(t) + Ia(t) + Is(t) + R(t) + D(t) = N
and (t) < 1 for all ¢ € [0,w). Therefore, we have that
N —D(t) = S(t) + Ia(t) + Is(t) + R(t) > S(t) by which

Nf%)(t) < 1 for all ¢ € [0,w) and hence the respective

quotient in (1) is uniformly bounded.

Step 2: We show that u has only finitely many jumps
in each interval [a,b) C [0,w). This is an immediate con-
sequence of the first implication in Proposition 3.2.

Step 3: We show that w = oo. Since (5,14, Is, R, D, )
is bounded as S(t) + Ia(t) + Is(t) + R(t) + D(t) = N and
P(t) < 1for all t € [0,w), the case w < oo is only possible
when the jumps in u accumulate for ¢ — w, but this is
excluded by Step 2.

Step 4: It remains to show (4). For brevity, set
e = o —et. Let t; = inf{t>0|Is(t)=¢" }
and, seeking a contradiction, assume that t; < co. Set
to = max{te€[0,t1) | Is(t) =¢ }, then Ig(ty) = e,
Is(t) < ptforallt € [0,t;] and Is(t) > e for allt € [to, t1].
We show that Is(t1) < ¢, which contradicts the assump-
tions and thus proves the claim.

Note that I is almost everywhere differentiable since
u is piecewise constant and hence ) is almost everywhere
differentiable. Furthermore, by (6) we have u(t) = 1 for
all t € [to,t1] and hence 9 (t) = v1 (Ky(t)1) — () < 0
Then we may calculate

Is(t) = pib(t) (Bala(t) + ﬁsk(ﬂ)%&n - fTSpjs(t)

(
+ P (Balalt) + Bsls () w25
(

+ p() (Bala(t) + BsIs(t)) SLNZPGRSOPO
®

< - ls(t) + pﬁ’ﬂf&? (*ﬁA((lfp)S(t)JrOéAIA(t))

—Bs(pS(t) + £51s(1)) + (Bala(t) + BsIs(t)) (%
+i= NIE(tht)))

(A1),(1)
< T () — B8O (3S(1) + aa(Bala(t)

P

+B515(1)) ) +pS(0) ((BaLa(t) + BsIs () w25
~£55t))

22 ls() +pS(0) (- BYLE + aa

+(Balalt) + 55-’3(15))1\[%3@) - i"i—f,N’fgzt))

(

N

(3),Lem. A.1 (ii)

< —%Spjs(t) + pS(t) (aA - BR 52 D(t
5 asy\ Is(t
(8 - gus) fst0 )
Lem. A.1 (ii) e 7 - K
< -l +pS(t)<OéA - 55, 53) (N = D()

—R(t) - 1Is(t) + (& -

222) 555 )
(AL as . B3I ) Ro
<" -5 0s(t) + pS(t) (aa - BRy(1 - )

+((1+ KWP);% (1papS)N)IS( ))
<- %js(f) +pS(t) (Mg — Ms)

for almost all ¢ € [t, t1], where we have used that Ig(t) > ¢
in the last inequality. By (A4) we have that Mye— My >0



for My, My defined in (5). Upon integration we obtain that

i) = Isto) + [ fg(s)ds

to

(3)
< p(Bala(to)+PBsls(to)) (1 - R(tO)RIfg(Ez(:L)IS(tO))
— 15 Is(to) — 25 (Is(t) — Is(to))

+p(S(t) — S(to)) (Mie — My)

Lem. A‘i(u)’(lv) p(BaC + Bs)e (1 — RWO — pizv) - f‘TSpIs(t)
+ p(Mie — M) (La(to) — Ia(t) + Is(to) — Is(t))

Lom ALGL) g o o te (1 SR FN) — 2 Ts(1)
+p(Mie = Ma) (¢ +1)e — 3 1s(1))

= Ms(e) — My(e)Is(t)

for all ¢ € [to,t1],  where  Mj3(e) =
p(BaC+ Bs)e (1 - RWO - ﬁv) +p(Mye— Ms)(¢+1)e and
My(e) == & + (Mye — M3). Then Gronwall’s lemma

. 1=p
gives

t
I(t) < e MaEE=t0) 1o (1) + / e MaEOE=3) Ny (e)ds

to

— (E _ %%8) e—M4(8)(t—t0) + %278 —- C](t)

for all t € [to,t1]. If ¢ < M2 then (A5) gives that

My(e)
q(t) < %28 < T for all t € [ty,t1], and if € > %287

then ¢(-) is monotonically decreasing on [to, t1], thus ¢(t) <
q(to) = € < ™. This finishes the proof. O

We like to note that in Theorem 4.1 it is assumed that
the initial value Is(0) lies within a certain interval. If the
upper bound I5(0) < ¢ — & does not hold, then even
a strict lockdown with u(t) = 1 for ¢ > 0 may not be
sufficient to guarantee (4).

4.2. Robustness of the control design

In the following second main result we show that, when
the controller parameters (¢~,e™) are fixed, then there ex-
ists an open subset of the set of admissible system param-
eters, so that the controller (6) with (¢~,e™) is feasible for
every system (1) with parameters from this open set. In
other words, the controller (6) is robust with respect to
uncertainties in the system parameters. In order to show
this result we need to consider a subset .., of X, where
the parameters satisfy an additional assumption:

Seob i={ Z €% | (A6) holds },
where
(46) (% — L52) (pNMy — pROM: = M) >
pNM(C+1) > BaC + fs-

1 and

Assumption (A6) is of pure technical nature and typically
satisfied in real epidemiological scenarios. Since the fea-
sibility of (6) follows from Theorem 4.1, it is sufficient to

show that (¢7,e™) € Cz is contained in any set C; for Z
in a neighborhood of Z € ¥,y,.

Theorem 4.2. For all interior points Z of X.op and all
(e7,e") € Cy there exists § > 0 such that Bs(Z) C Zyop
and

VZ e Bs(Z): (e7,eT) €0y,

where Bs(Z) denotes the open ball with radius 6 around Z
in [0,1]% x [0, 00)°.

Proof. Let Z € .o and (e7,eT) € Cz be fixed. Since Z
is an interior point of X,,, there exists §; > 0 such that
Bs, (Z) C Eyop. First, consider the function ¢ : [%, et —
R defined in (8), where the appearing constants are defined
in terms of Z. We show that ¢ is strictly monotonically
increasing. To this end, observe that ¢'(¢) = q(il((;))2 with
QQ<E> = % + MlE — M2 and

01(e) = (p=(1 = & = ) +p(C+ D(2Mie — Ma) ) aa()
—pzMe(1 — B — =) — PMi(C+ 1)e(Mie — Ma),

where z := 84¢ + Bs. Then ql(%) > 0 if, and only if,

0< 25 (1- & 2y N1 - B M)

N ~ pNM;
< (A®6).
Furthermore,

q1(e) = 2(p(C + 1M1 — §)a2(e),

which is positive if, and only if, p({ +1)M; — % > 0 and
this is guaranteed by the second condition in (A6). We
have now shown that ¢; is strictly increasing on [J]\f—[f, o]
and positive at € = %, thus ¢/(¢g) is positive on [%, o]
and hence q is strictly increasing on [%, ¢ "] and therefore
invertible.

For any Z € X,op, let g be the corresponding function
as in (8) as considered above. Define the functions

fi:Bs (Z) xR =R, (Z,5)— o —s,
f2:Bs,(Z) >R, Z ot — 12,
f3 : 351(2) %Rv ZH QEl(QOJF)a

then we find that, for all Z € Bs, (Z),

Cy = { (s,t) € (0,00)?
Now we have that
e € (val(Z75+))v 5+ € (f2(Z)af3(Z))’

and since f3, f4 are continuous and Z — f1(Z,e") is con-
tinuous as well on Bj, (Z), there exists § € (0,0;) such
that for all Z € Bs(Z) we have

et e (f2(2), f3(2)),

which finishes the proof. O

e= e (0, f1(Z,e)),



While we have shown in Theorem 4.2 that, for a fixed
pair of controller parameters, the control strategy (6) is
robust with respect to uncertainties in the system param-
eters, it still depends on the structure of the model (1).
Nevertheless, if a different epidemiological model is cho-
sen, replacing (1), then Theorem 4.1 and its proof can be
accordingly adjusted (even though a new analysis would
be necessary) so that the controller (6) is still feasible for
a suitable choice of parameters (¢, ") and its robustness
properties are retained.

5. Simulations

In this section we illustrate our findings by a simula-
tion of the epidemiological model (1) under the feedback
control law (6). For the simulation we consider a popula-
tion of N = 10° individuals in an Ezample City. At time
t = 0 the population of Ezample City is divided into

S(0) = 0.9-10° — 50, 14(0) =49, I5(0) =1,
R(0) =0.1-10°, D(0) =0,

i.e., we have fifty symptomatic or asymptomatic infected
and we assume that 10% of the population already devel-
oped immunity due to a prior disease and hence belong to
the class of recovered individuals. This number may be
reasonable for the beginning of the COVID-19 pandemic
(at least in some regions in Germany) as e.g. the COVID-
19 Case-Cluster-Study [19] (Heinsberg study) suggests.

We further assume that the disease spreads in Fzxam-
ple Clity according to the parameters that have been used
in [16] and which are summarized in Table 2. Note that we
chose a smaller value for p than in [16], since the number of
patients who require intensive care is typically much lower
than the number of symptomatic infected in the model
from [16].

Ba | Bs |aa| as | p | p |w|m| ¢ |«
037 | 043 [ 0.1]0.085 [ 002015 1 | 1 [03L] 1

Table 2: Parameter values for the SIRASD model (1) taken from [16,
Sec. 3.2| for the case of the “Uncertain 1” model. Only the values
of ag,p and of ~p,v1,% for the population response are different
from [16].

The number of available ICU beds in Fzample City
is assumed to correspond to the available capacity in
Germany, which are 32637 beds (based on data from
de.statista.com, July 21, 2020) for a population of
about 8.3 - 107. Preserving this ratio, we obtain for Ez-
ample City with N inhabitants a number of njcy = 40
(rounded to the next integer) ICU beds. As tolerance we
choose ¢ = 0.1 and we recall that o = (1 + &)nycy is
the threshold that the number Ig of symptomatic infected
should not exceed, cf. (4). For purposes of comparison,
Fig. 1 shows the simulation results in the case that the
policy makers take no action and hence u(¢t) = 0 for all
t > 0. It can clearly be seen that the number Is(t) quickly
increases above the available ICU capacity and the num-
ber of deaths rises dramatically; note that the effect of the
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Figure 1: Simulation of the epidemiological model (1) under u = 0.

exceeded ICU capacity is not considered in the model and
hence the number of deaths might even be much higher.
In contrast to this, Fig. 2 shows the same scenario
but with social distancing measures enacted according
to the control (6). For this simulation we have chosen
et = 2.5¢ - n1cy, which is able to guarantee (4). Further-
more, we have chosen two different values for =, namely
€] = 2§ -nicu and €, = 5§ - nicy. We stress that the
chosen parameters satisfy assumptions (A1)—(A3), where
in particular the lower bound for ¢t in (A3) is T >
max{%7M3} ~ 23.9 and hence satisfied. Furthermore,

both pairs of controller parameters (e ,e") and (e5,e™)
satisfy (A4)—(A5). Finally, (A6) is satisfied as well, so that
the controller (6) is also robust.

Similar to various studies before, the simulations de-
picted in Fig. 2 show that social distancing measures are
capable of reducing the total number of infected individ-
uals and, as a consequence, the total number of disease
induced deaths. The feedback controller (6) is able to
guarantee (4) as shown in Fig. 2(a). It can be seen that,
while periods with u(t) = 1 ensure that the ICU capacity
is not exceeded, periods with u(t) = 0 (no social distanc-
ing) result in quick increases of infection numbers and the
switch in the controller (6) is triggered again after only a
short period of time (at most a few weeks). This shows
that lifting social distancing measures over a longer period
of time will not be feasible until the end of the pandemic.

As shown in Fig. 2 (d) the control input us correspond-
ing to 5 exhibits a faster switching pattern than the in-
put u; corresponding to ¢;. Several other simulations
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Figure 2: Simulation of the epidemiological model (1) under control (6) with parameters et and e for i = 1,2.

show that larger values of ¢~ lead to a faster switching
with shorter periods between the switches, but, on the
other hand, the pandemic is defeated at an earlier time
point (i.e., the time T > 0 for which u(¢) =0 for allt > T
can be made smaller the larger e~ is chosen). These are
two conflicting objectives (few switches vs. shorter pan-
demic) and the policy makers have to decide which should
be favored; the controller design parameters may be ad-
justed accordingly.

Another observation reveals that the total number of
deaths, i.e., Dpax = limy_oo D(¢) depends on the choice
of e7. Since minimizing D, seems a reasonable goal we
have performed a set of simulations so that this is achieved,
which led to the above value of e~ = ¢]. As shown in
Fig. 2(c) the number of deaths is indeed higher for e
and, as shown in Fig. 2(b), the total number of infected
(represented by N — R(0) — S(t)) is larger for e, .

Fig. 2(e) shows the input costs associated with the
control signals u; and us in terms of their L'-norm on the
interval [0,¢] for ¢ > 0. It can be seen that these costs

are much higher for u;. Summarizing, a simple rule of
thumb is as follows: Trying to keep the number of symp-
tomatic infected as high as possible without exceeding the
ICU capacity achieves the shortest possible course of the
pandemic with the smallest input costs, to the detriment
of fast switching and a higher number of deaths. However,
the “total costs” of the control strategy cannot be assessed
by solely considering the input costs, but the total dura-
tion of the pandemic and the total number of deaths (as
mentioned above) must also be taken into account when
defining a suitable total cost function — this is a topic of fu-
ture research which should also involve objectives defined
by policy makers.

Finally, by way of comparison, we like to note that ef-
fective control methods for the COVID-19 pandemic based
on model-predictive control (MPC) have been developed
in [12, 16]. However, MPC requires accurate model data
and measurements of all state variables for feasibility. As
shown in [12], uncertainty in the data and measurements
can be compensated to a certain extent by using e.g. inter-



val predictions, however it is not possible to prove a pri-
ori that MPC does not exceed the available ICU capacity.
This is one of the advantages of the approach presented
here.

6. Conclusion

We have presented a novel feedback controller which
generates signals that indicate when social distancing mea-
sures are required during the COVID-19 pandemic. The
controller is based on the bang-bang funnel controller
from [14] and robust with respect to uncertainties in the
parameters of the underlying epidemiological model. It
only requires the measurement of the number of individ-
uals with moderate to severe symptoms, and it is able to
keep this number below a threshold determined by the ICU
capacity at any time. Furthermore, the interval of time be-
tween successive switching can be influenced by the choice
of the controller design parameters.

Simulations illustrate that the proposed controller (6)
is able to achieve the control objective and that a relax-
ation of social distancing policies may quickly lead to in-
creasing infection numbers. Although a relaxation of the
distancing measures over a period of only 1-2 weeks may
seem pointless, the simulations suggest that a temporary
increase of infection numbers, while preventing that the
ICU capacity is exceeded, ensures a less extended time
course of the COVID-19 pandemic compared to a strict
lockdown. At the same time this allows a resumption of
social and economic activities during these periods. By
a continuous improvement of the available data and the
simulations it should be possible to obtain better forecasts
of when the input signal switches, which would allow the
people to prepare for possible measures or relaxation.

Although the results presented in this work are quite
promising regarding automated signals for social distanc-
ing measures, this is only a first step towards a univer-
sal technique. Future research needs to focus on methods
which incorporate different levels of social distancing mea-
sures compared to only the two levels (full measures or no
measures at all) considered in the present paper. A bal-
anced use of such regulations is more practicable and will
be accepted by a wider public. Typical examples are can-
celation of big events, carrying face masks in supermarkets
and public transport or working from home when possible;
these measures may be included in the model by additional
control values u; € (0,1) as suggested e.g. in [12].

Another topic of future research is the combination of
different models for different countries or regions, where
different control values (due to government policies) are
active. In particular, it needs to be investigated how the
interactions between different regions, based on migration
flows, influence the spread of the disease. Such an ap-
proach will possibly reveal which social distancing mea-
sures must be taken in neighboring regions with different
outbreak levels.

Last but not least, we like to note that the approach
presented here is not restricted to the model (1) or to the

COVID-19 pandemic specifically, but the feedback con-
troller (6) can be applied, mutatis mutandis, to any epi-
demiological model available in the literature (modeling
any epidemic), appended by the dynamics for the popula-
tion response.

Appendix A. Properties of solutions

Lemma A.1. Assume that (S,14,Is,R,D,v) : [0,w) —
RS is a solution of (1) for non-negative initial conditions
and some piecewise constant function u : [0,w) — {0,1},
where w € (0,00]. Then

(i) S(t),1a(t),Is(t),R
all t € [0,w),

(ii) if (A1) and (A2) hold, then I(t) > -2
te0,w),

(t) and D(t) are non-negative for
Is(t) for all

(iii) if (A2) holds, then S(t) > Smin for all t € [0,w),
where Smin 1s defined in (5),

(iv) Ta(t) < max{14(0)/I5(0), (1 — p)fs/ B}s(t) for all
t € [0,w), where B is deﬁned in (5).

Proof. The proof of (i) relies on the well-known concept of
integrating factors, see e.g. [2, Thm. 1]. To show that S is
non-negative, let z(t) := (8ala(t) + 5515@))#[?@) and

observe that
L (80e50) = (S0 + 2()S(1) e =0,
thus S(t) = 62(0 t)S( ) >0forallte [O7w). Similarly,

it can be shown that I4, g, R and D are non-negative.
To show (ii), set z(t) := I4(t) — 1%plg(t), then

5() = —aala(t) + ITP Il

4 as
D 1-
for almost all ¢t € [ ,w), and hence Gronwall’s lemma
implies z(t) > e “4'z(0). Therefore, we have I4(t) >
e~ *4t2(0) + lp%plg( ) > 1—Ig( t), where the last inequal-
ity follows from the assumption I4(0) > %IS(O) in (A2).
To show (iii), set fBmax := max{fBs,Ba} and amin :=
min{ag, a} and recall N — D(t) > R(t) > R°, then

(A1)
> —auz(t)

= —aAz

- 04A> Is(t)

S(t) = —(Bavp(t)La(t) + Bsrp(t)] <))Nf(2<t)
S (BaLatt) + Bsls() S
> *iia: (ala(t) +asls(t ))%
:_irjni‘i%)S(t)



for almost all ¢ € [0,w). Then Gronwall’s lemma implies

that, for all ¢ € [0,w),

t 3 0
max R _ Pmax(R(1)—R%)
S(t) = S0 exp _6 / (3) ds | = 8% min RO
®min Jo R
_ Bmax(N=R%)
z Soe min 7 = Smin-
. I S
We show (iv). Set z(t) := 128; and y(t) := %(i)iDgg’ then

we may observe that

= ( —pBaz(t) + (1 — p)Ba — pBs)

1 ags
S (£5 = aa) )20 + (1= p)Bs )u(0).
Therefore, for any C' > 0 it follows that

(1-p)Bs
C b

(C+(1fp)ﬂ,4*pﬁs+ﬁ (1%"“))}

z(t) < max {z(()),
1

pBa

for all ¢ € [0,w). Since for C'= B we find that

)

pBa
< B+ A _ (1—]))65
pBa B

(B+1—p)Ba—pbs + 75 (25

1-p

for A as in (5), the claim follows.
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