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Abstract We consider tracking control for multibody sys-
tems which are modelled using holonomic and nonholo-
nomic constraints. Furthermore, the systems may be under-
actuated and contain kinematic loops and are thus described
by a set of differential-algebraic equations that cannot be re-
formulated as ordinary differential equations in general. We
propose a control strategy which combines a feedforward
controller based on the servo-constraints approach with a
feedback controller based on a recent funnel control design.
As an important tool for both approaches we present a new
procedure to derive the internal dynamics of a multibody
system. Furthermore, we present a feasible set of coordi-
nates for the internal dynamics avoiding the effort involved
with the computation of the Byrnes-Isidori form. The con-
trol design is demonstrated by a simulation for a nonlinear
non-minimum phase multi-input, multi-output robotic ma-
nipulator with kinematic loop.
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1 Introduction

In the present paper, we propose a combined feedforward
and feedback tracking control strategy for underactuated
non-minimum phase multibody systems. We follow a popu-
lar approach to two degree of freedom controller design as
proposed e.g. in [53]. The feedforward control input design
is based on a reference model of the system such that, if the
model truthfully captures reality, exact tracking of a given
reference signal by the output is achieved. We utilize the
so-called servo-constraints approach for feedforward con-
trol design.

In order to compensate (inevitable) modeling errors, un-
certainties, disturbances, noise, etc. an additional feedback
loop is used to stabilize the system around the given ref-
erence signal. Since a robust feedback controller is desired
and the output must respect prescribed error margins around
the reference signal we use the funnel controller first pro-
posed in [39]. Since the funnel controller presented in [39]
is not feasible for non-minimum phase systems we use an
extension recently developed in [9].

An important tool both in feedforward and feedback
control design is the Byrnes-Isidori form, which allows a
decoupling of the internal dynamics of the system. How-
ever, a calculation of the Byrnes-Isidori form and the ac-
companying nonlinear transformation requires a lot of com-
putational effort in general. The approach presented in the
present paper avoids this computation. In the feedforward
control design, the servo-constraints constitute an approach
which does not require the Byrnes-Isidori form for the solu-
tion of the inverse model. For the feedback control design,
we present a new approach to choose a set of variables for
the internal dynamics of the system directly in terms of the
system parameters – circumventing the Byrnes-Isidori form.
The feedback controller is then based on this representation
of the internal dynamics.
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More details of the considered system class and the pro-
posed control methodology are given in the following. Fur-
thermore, we recall the concept of vector relative degree and
the Byrnes-Isidori form. We like to emphasize that the pro-
posed control design is potentially feasible in any open set
where the vector relative degree is well-defined.

Before continuing, we like to summarize the main con-
tributions of the present paper in the following.

a) A new method for computing the internal dynamics of a
multibody system which avoids the DAE formulation is
presented (Section 2).

b) To circumvent the computational effort involved with the
Byrnes-Isidori form of the auxiliary ODE arising in a), a
feasible set of coordinates which directly yields the in-
ternal dynamics is derived (Section 3).

c) A feedforward control strategy based on servo-
constraints for model inversion of non-minimum phase
systems is used. For the required solution of the aris-
ing boundary value problem we apply newly proposed
boundary conditions, which significantly simplify the in-
version process (Section 4).

d) We present a new funnel control design for nonlinear
non-minimum phase systems which only have a vector
relative degree (Section 5).

e) We demonstrate that the combination of the feedforward
and feedback control strategies is able to achieve track-
ing with prescribed performance for a nonlinear, non-
minimum phase robotic manipulator with kinematic loop
(described by a DAE that cannot be reformulated as an
ODE) – the controller performance of the combination
is favorable compared to the individual controllers (Sec-
tion 6).

1.1 Nomenclature

N, R, C the set of natural, real and complex
numbers, resp.

R≥0 = [0,∞),
C+

(
C−
)

the open set of complex numbers with
positive (negative) real part

Rn×m the set of real n×m matrices
Gln the group of invertible matrices in Rn×n

σ(A) the spectrum of a matrix A ∈ Rn×n

L ∞
loc(I→Rn) the set of locally essentially bounded

functions f : I→Rn, I ⊆ R an interval
L ∞(I→Rn) the set of essentially bounded functions

f : I→Rn

‖ f‖∞ = ess supt∈I‖ f (t)‖
W k,∞(I→Rn) the set of k-times weakly differen-

tiable functions f : I → Rn such that
f , . . . , f (k) ∈L ∞(I→Rn)

C k(V→Rn) the set of k-times continuously differen-
tiable functions f : V→Rn, V ⊆ Rm

C (V→Rn) = C 0(V→Rn)

f |W restriction of the function f : V→Rn to
W ⊆V

1.2 System class

We consider multibody systems which possibly contain
kinematic loops as well as holonomic and nonholonomic
constraints. The equations of motion are given by

q̇(t) = v(t),

M(q(t))v̇(t) = f
(
q(t),v(t)

)
+ J(q(t))>µ(t)

+G(q(t))>λ (t)+B(q(t))u(t),

0 = J(q(t))v(t)+ j(q(t)),

0 = g(q(t)),

y(t) = h
(
q(t),v(t)

)
,

(1)

with

– the generalized coordinates q : I → Rn and generalized
velocities v : I → Rn (in the case of no constraints),
where I ⊆ R≥0 is some interval,

– the generalized mass matrix M : Rn→ Rn×n,
– the generalized forces f : Rn×Rn→ Rn,
– the holonomic constraints g : Rn → R` and G : Rn →

R`×n,
– the nonholonomic constraints J : Rn→ Rp×n and

j : Rn→ Rp (which may incorporate a change of
physical units),

– the input distribution matrix B : Rn→ Rn×m,
– the output measurement function h : Rn×Rn→ Rm.

The functions u : R→ Rm are the inputs that influence the
multibody system (1) in affine form. We explicitly allow
for m < n− `, which means that, if no nonholonomic con-
straints are present, underactuated multibody systems are
encompassed by this formulation. The affine input has the
interpretation of a force or torque, however standard in-
dustrial actuators are typically velocity controlled and not
force controlled, which may lead to different system proper-
ties [46, Sec. 4.4]. In the present paper, we assume that the
actuators are force/torque controlled and that the multibody
system is given in the form (1).

The functions y :R→Rm are the outputs associated with
the multibody system (1) and typically represent appropri-
ate measurements. The generalized forces f usually encom-
pass several terms, including applied forces, Coriolis, cen-
trifugal and gyroscopic forces. The functions λ : R→ R`

and µ : R→Rp are the Lagrange multipliers corresponding
to the holonomic and nonholonomic constraints, resp. The
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functions in (1) are assumed to be sufficiently smooth and to
satisfy the natural assumptions `+ p+m≤ n and

∀q ∈ Rn : M(q) = M(q)> > 0 and g′(q) = G(q). (2)

Let us stress that invertibility of M(q) is not sufficient, we
require that it is positive definite. This follows for example
from deriving the equations of motion using the direct ap-
plication of d’Alemberts principle in the form of Lagrange.

System (1) is a differential-algebraic system and its
treatment needs special care. For an overview of important
concepts for differential-algebraic control systems we refer
to [7,43,52] and the series of survey articles [38].

1.3 Vector relative degree

An important property of the system (1) is its vector relative
degree, which, roughly speaking, is the collection of num-
bers of derivatives of each output component needed so that
the input appears explicitly. We briefly recall the required
concepts from [41] and, to this end, consider a general non-
linear system affine in the control given by

ẋ(t) = f (x(t))+g(x(t))u(t), x(0) = x0 ∈ Rd ,

y(t) = h(x(t)),
(3)

where f : Rd → Rd , g : Rd → Rd×m and h : Rd → Rm are
sufficiently smooth and x : I→ Rn, where I ⊆ R≥0 is some
interval. Denote the components of h by h1, . . . ,hm, and re-
call the definition of the Lie derivative of hi, i ∈ {1, . . . ,m},
along a vector field f at a point z ∈U ⊆ Rd , U open:(
L f hi

)
(z) := h′i(z) f (z),

where h′i is the Jacobian of hi, i.e., the transpose of the gradi-
ent of hi. We may gradually define Lk

f hi = L f (Lk−1
f hi) with

L0
f hi = hi. Furthermore, denoting with g j(z) the columns of

g(z) for j = 1, . . . ,m, we define

(Lghi)(z) := [(Lg1hi)(z), . . . ,(Lgmhi)(z)] ∈ R1×m.

Now, in virtue of [41], the system (3) is said to have vector
relative degree (r1, . . . ,rm) ∈N1×m on U , if for all z ∈U we
have:

∀ i ∈ {1, . . . ,m} ∀k ∈ {0, ...,ri−2} : (LgLk
f hi)(z) = 0

and Γ (z) =

Γ1(z)
...

Γm(z)

 :=


(LgLr1−1

f h1)(z)
...

(LgLrm−1
f hm)(z)

 ∈Glm,

where Γ : U→Glm denotes the high-frequency gain matrix.
If r1 = . . .= rm =: r∈N, then system (3) is said to have strict
relative degree r.

If system (3) has vector relative degree
(r1, . . . ,rm) ∈ N1×m on an open set U ⊆ Rd , then there

exists a (local) diffeomorphism Φ : U →W ⊆ Rd , W open,
such that the coordinate transformation

(
ξ (t)
η(t)

)
= Φ(x(t)),

ξ (t) = (ξi j(t))i=1,...,m; j=1,...,ri ∈ Rr̄, η(t) ∈ Rd−r̄, where
r̄ = ∑

m
i=1 ri, puts system (3) into Byrnes-Isidori form

yi(t) = ξi1(t),

ξ̇i1(t) = ξi2(t),
... (4)

ξ̇i,ri−1(t) = ξiri(t),

ξ̇iri(t) = (Lri
f hi)

(
Φ
−1(ξ (t),η(t))

)
+Γi

(
Φ
−1(ξ (t),η(t))

)
u(t), i = 1, . . . ,m,

η̇(t) = q(ξ (t),η(t))+ p(ξ (t),η(t))u(t).

The last equation in (4) represents the internal dynamics of
system (3). The diffeomorphism Φ can be represented as

Φ(x) =



h1(x)
(L f h1)(x)

...

(Lr1−1
f h1)(x)
h2(x)
...

(Lrm−1
f hm)(x)
φr̄+1(x)

...

φd(x)



, (5)

where φi : U →R, i = r̄+1, . . . ,d are such that Φ ′(z) ∈Gld
for all z ∈ U . By a distribution, we mean a mapping from
an open set U ⊆ Rd to the set of all subspaces of Rd . If the
distribution x 7→ G (x) := im(g(x)) in (3) is involutive, then
the functions φi in (5) can additionally be chosen such that

∀ i = r̄+1, . . . ,d ∀z ∈U : (Lgφi)(z) = 0, (6)

by which p(·) = 0 in (4), cf. [41, Prop. 5.1.2]. Re-
call from [41, Sec. 1.3] that a distribution G is involu-
tive, if for all smooth vector fields g1,g2 : U → Rd with
gi(x) ∈ G (x) for all x ∈ U and i = 1,2 we have that the
Lie bracket [g1,g2](x) = g′1(x)g2(x)− g′2(x)g1(x) satisfies
[g1,g2](x) ∈ G (x) for all x ∈U .

1.4 Control methodology

As in our preliminary work [14] we follow the popular con-
troller design methodology for mechanical systems under-
going large motions, where a feedforward controller is com-
bined with a feedback controller, see e.g. [53]. Both con-
trollers are designed independently for tracking of a refer-
ence trajectory yref : R≥0 → Rm. The feedforward control
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input uff is designed using a reference (inverse) model of the
system, while the feedback control input ufb is applied to
the actual system. The latter may deviate from the reference
model; the situation is depicted in Figure 1.

Multibody
System+

Inverse
Model

Feedback
Controller

y(t)uff(t)

ufb(t)

yref(t)

Fig. 1 Two degree of freedom control approach for multibody systems.

As in [14] the feedforward control input uff is computed
using the method of servo-constraints introduced in [20],
cf. also [21,22]. In this framework the equations of mo-
tion of the multibody system (1) are extended by constraints
which enforce the output to coincide with the reference tra-
jectory yref. The resulting set of differential-algebraic equa-
tions (DAEs) is solved numerically for the inverse system,
by which the feedforward control input uff is obtained. The
details of the method are presented in Section 4.

Servo-constraints have been successfully used for the
control of rotary cranes [19], overhead gantry cranes [21,
47], (infinitely long) mass-spring chains [2,34] and flexible
robots [25]. The addition of the servo-constraints to the sys-
tem may result in a higher differentiation index, as shown
in [26]; see [23,35] and also [43] for a definition of the
differentiation index. A higher index causes difficulties in
the numerical solution and hence index reduction methods
are frequently used, cf. [37]. Popular approaches are in-
dex reduction by projection onto the constrained and un-
constrained directions [21] and index reduction by minimal
extension [1,18].

The feedback control input ufb is generated by a dynamic
state feedback of the form

ż(t) = F
(
t,z(t),q(t),v(t),yref(t)

)
,

ufb(t) = G
(
t,z(t),q(t),v(t),yref(t)

)
.

(7)

We choose a feedback control design based on the fun-
nel control methodology [12,39]. Recently, this method has
been extended to linear non-minimum phase systems in [9].
Based on a linearization of the internal dynamics, the ap-
proach from [9] has been used for tracking control of a non-
linear non-minimum phase robotic manipulator in [11]. We
stress that this approach to non-minimum phase systems,
compared to classical funnel control, requires certain knowl-
edge of system parameters and measurements of state vari-
ables.

As alternative suitable feedback control methods – not
pursued in this work – we like to mention prescribed per-

formance control [5,28] and control barrier functions [42,
55].

The objective of funnel control is to design a feedback
control law such that in the closed-loop system the tracking
error e(t) = y(t)− yref(t) evolves within the boundaries of a
prescribed performance funnel

Fϕ := { (t,e) ∈ R≥0×Rm | ϕ(t)‖e‖< 1 } , (8)

which is determined by a function ϕ belonging to

Φk :=

ϕ ∈ C k(R≥0→ R)

∣∣∣∣∣∣
ϕ, ϕ̇, . . . ,ϕ(k) are bounded,
ϕ(τ)> 0 for all τ > 0,
and liminfτ→∞ ϕ(τ)> 0

 ,

(9)

where k =maxi=1,...,m ri and (r1, . . . ,rm) is the vector relative
degree of the considered system. Furthermore, all involved
signals should remain bounded.

The boundary of Fϕ is given by the reciprocal of ϕ , see
Figure 2. The case ϕ(0) = 0 is explicitly allowed, which
means that no restriction is put on the initial value and the
funnel boundary 1/ϕ has a pole at t = 0 in this case.

t

•

λ

(0,e(0)) ϕ(t)−1

Fig. 2 Error evolution in a funnel Fϕ with boundary ϕ(t)−1 for t > 0.

Each performance funnel given by Fϕ is bounded away
from zero, since boundedness of ϕ implies existence of λ >

0 such that 1/ϕ(t)≥ λ for all t > 0. The funnel boundary is
not necessarily monotonically decreasing and widening the
funnel over some later time interval might be beneficial, e.g.
in the presence of periodic disturbances.

The detailed design of a feedback controller of the
form (7) yielding the feedback control input ufb is presented
in Section 5 and extends the recent approach [9,11]. The
funnel controller was already successfully applied e.g. in
temperature control of chemical reactor models [40], DC-
link power flow control [50], voltage and current control
of electrical circuits [17], control of peak inspiratory pres-
sure [48], adaptive cruise control [15,16] and control of
industrial servo-systems [36] and underactuated multibody
systems [14].



Tracking control for underactuated non-minimum phase multibody systems 5

1.5 Organization of the present paper

The present work is organized as follows. In Section 2 we
present a novel procedure to compute the internal dynam-
ics of a multibody system. To this end, we introduce an
auxiliary input and output to avoid the DAE formulation.
In Section 3 we present a feasible set of coordinates of the
internal dynamics. Section 4 provides a presentation of the
open-loop control strategy based on servo-constraints and
in particular details the case of unstable internal dynamics.
In Section 5 we present a funnel-based feedback-controller
design which is based on recently developed results for lin-
ear non-minimum phase systems. Finally, in Section 6 we
apply the findings of the present paper to achieve output
tracking of a nonlinear, non-minimum phase, multi-input,
multi-output multibody system with kinematic loop, namely
a robotic manipulator which is described by a DAE that can-
not be conveniently reformulated as an ordinary differential
equation (ODE).

2 Computing the internal dynamics

In this section we present a novel approach to decouple
the internal dynamics of the multibody system (1) avoid-
ing the DAE formulation. In principle, it would be possible
to obtain a Byrnes-Isidori form for a DAE directly, see [8].
Here we define auxiliary inputs and outputs by removing the
constraints and adding the Lagrange multipliers to the in-
put functions. For this auxiliary ODE system we derive the
Byrnes-Isidori form as in (4) and then add the constraints
which have been removed before, thus obtaining the inter-
nal dynamics.

2.1 The general case

Consider (1) and define an auxiliary input and output as fol-
lows:

uaux(t) :=

µ(t)
λ (t)
u(t)

 ,

yaux(t) := O(q(t),v(t)) =

O1(q(t),v(t))
O2(q(t),v(t))
O3(q(t),v(t))


=

J(q(t))v(t)+ j(q(t))
g(q(t))

h(q(t),v(t))

 .

With the state variables x1 = q, x2 = v and x = (x>1 ,x
>
2 )
> we

may now consider the auxiliary ODE system (omitting the

argument t for brevity)

ẋ =
(

x2
M(x1)

−1 f (x1,x2)

)
︸ ︷︷ ︸

=:F(x)

+diag
(
In,M(x1)

−1)[ 0 0 0
J(x1)

> G(x1)
> B(x1)

]
︸ ︷︷ ︸

=:K(x)

uaux,

yaux = O(x),
(10)

which is of the form (3), and decouple its internal dynamics
using the Byrnes-Isidori form. After that we add the con-
straints yaux,1 = O1(x) = 0 and yaux,2 = O2(x) = 0 to derive
the internal dynamics of (1).

First we calculate the vector relative degree of (10). Let
U ⊆R2n be open such that the following Lie-derivatives ex-
ist for x = (x>1 ,x

>
2 )
> ∈U :

(LKO1)(x) = O′1(x)K(x)

=
[

∂

∂x1

(
J(x1)x2 + j(x1)

)
∂

∂x2

(
J(x1)x2 + j(x1)

)]
K(x)

= J(x1)M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
and

(LKO2)(x) = O′2(x)K(x) = [g′(x1),0]K(x) = 0,

as well as

(LKLF O2)(x) =
(
O′2(x)F(x)

)′K(x)

=

(
[G(x1),0]

(
x2

M(x1)
−1 f (x1,x2)

))′
K(x)

=
[

∂

∂x1

(
G(x1)x2

)
G(x1)

]
K(x)

= G(x1)M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
.

Since both J(x1)M(x1)
−1J(x1)

> and G(x1)M(x1)
−1G(x1)

>

are invertible it follows that a vector relative degree of sys-
tem (10), if it exists, is of the form r = (r1,r2,r3) with
r1 = (1, . . . ,1) ∈ N1×p, r2 = (2, . . . ,2) ∈ N1×` and some
r3 ∈ N1×m.

In the following, we restrict ourselves to the case where
the multi-index r3 has equal entries, i.e.,

r3 = (r̂, . . . , r̂) ∈ N1×m for some r̂ ∈ N.

Then it is necessary that, for all x ∈U ,

∀ i = 0, . . . , r̂−2 : (LKLi
F O3)(x) = 0

and

Γ (x) =

Γ1(x)
Γ2(x)
Γ3(x)

=

 (LKO1)(x)
(LKLF O2)(x)
(LKLr̂−1

F O3)(x)

 ∈Gl`+p+m.
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The first two block rows are given above, the last row
strongly depends on the shape of the function h. In the spe-
cial case that inputs and outputs are colocated we may ex-
plicitly calculate Γ3(x) and show that the relative degree is
well defined, see Section 2.3.

Now we can compute the Byrnes-Isidori form of (10)
using the state space transformation as in (5), which in this
case reads

Φ(x) =



O1(x)
O2(x)

(LF O2)(x)
O3(x)

(LF O3)(x)
...

(Lr̂−1
F O3)(x)
φr̄+1(x)

...

φ2n(x)



, x ∈U, (11)

where r̄ = p+2`+ r̂m and φi : U → R for i = r̄+1, . . . ,2n.
Then, in the new coordinates

Φ(x) =
(

ξ

η

)
=



ξ1
ξ2

ξ̇2
ξ3

ξ̇3
...

ξ
(r̂−1)
3
η


, ξ1 ∈ Rp, ξ2 ∈ R`, ξ3 ∈ Rm,

the system has the form

ξ̇1 = b1(ξ ,η)+Γ1(Φ
−1(ξ ,η))uaux,

ξ̈2 = b2(ξ ,η)+Γ2(Φ
−1(ξ ,η))uaux,

ξ
(r̂)
3 = b3(ξ ,η)+Γ3(Φ

−1(ξ ,η))uaux,

η̇ = q(ξ ,η)+ p(ξ ,η)uaux.

(12)

If the distribution x 7→K (x) = imK(x) is involutive, then
the functions φi can be chosen such that, for all x ∈U ,

(LKφi)(x) = φ
′
i (x)K(x) = 0 and Φ

′(x) ∈Gl2n,

by which p(·) = 0, cf. Section 1.3. For the auxiliary
ODE (10) we have the following result.

Lemma 2.1 For K : U→R2n×(p+`+m) as in (10), the distri-
bution x 7→K (x) = imK(x) is involutive on U.

Proof First, recall that a distribution D(·) =

span{d1(·), ...,dq(·)} is involutive if, and only if, for
any 0≤ i, j ≤ q and x ∈U , we have

rk
[
d1(x), ...,dq(x)

]
= rk

[
d1(x), ...,dq(x), [di,d j](x)

]
, (13)

where [di,d j](x) denotes the Lie bracket of di and d j at x.
Observe that K in (10) has the following structure:

K(x) =
[
k̃1(x), ..., k̃p+`+m(x)

]
=

[(
0

k1(x1)

)
, ...,

(
0

kp+`+m(x1)

)]
for all x = (x>1 ,x

>
2 )
> ∈U , where ki : [In,0]U → Rn for i =

1, ..., p+ `+m. Now, calculate for any pair k̃i(x), k̃ j(x), 0≤
i, j ≤ p+ `+m the Lie bracket [k̃i, k̃ j](x):

[k̃i, k̃ j](x) =

[
0 0

∂ki(x1)
∂x1

0

](
0

k j(x1)

)
−

[
0 0

∂k j(x1)

∂x1
0

](
0

ki(x1)

)
= 0

for all x = (x>1 ,x
>
2 )
> ∈U . Therefore, using (13) the distri-

bution K (·) is involutive on U . ut

Lemma 2.1 yields that it is always possible to choose
the diffeomorphism Φ such that p(·) = 0 in (12), which we
assume is true henceforth.

We are now in the position to invoke the original con-
straints O1(x) = 0 and O2(x) = 0, which in the new coordi-
nates simply read ξ1 = 0 and ξ2 = 0. Therefore, we obtain
the system

0 = b1(0,ξ3, ξ̇3, . . . ,ξ
(r̂−1)
3 ,η)

+Γ1(Φ
−1(0,ξ3, ξ̇3, . . . ,ξ

(r̂−1)
3 ,η))uaux,

0 = b2(0,ξ3, ξ̇3, . . . ,ξ
(r̂−1)
3 ,η)

+Γ2(Φ
−1(0,ξ3, ξ̇3, . . . ,ξ

(r̂−1)
3 ,η))uaux,

ξ
(r̂)
3 = b3(0,ξ3, ξ̇3, . . . ,ξ

(r̂−1)
3 ,η)

+Γ3(Φ
−1(0,ξ3, ξ̇3, . . . ,ξ

(r̂−1)
3 ,η))uaux,

η̇ = q(0,ξ3, ξ̇3, . . . ,ξ
(r̂−1)
3 ,η),

y = ξ3,

(14)

which is equivalent to the original multibody system (1).
Considering the first two equations in (14) we obtain that[

J(x̄1)M(x̄1)
−1J(x̄1)

> J(x̄1)M(x̄1)
−1G(x̄1)

>

G(x̄1)M(x̄1)
−1J(x̄1)

> G(x̄1)M(x̄1)
−1G(x̄1)

>

](
µ

λ

)
=−

(
b1(0,y, ẏ, . . . ,y(r̂−1),η)

b2(0,y, ẏ, . . . ,y(r̂−1),η)

)
−
[

J(x̄1)

G(x̄1)

]
M(x̄1)

−1B(x̄1)u,

where x̄1 = [In,0]Φ−1(0,y, ẏ, . . . ,y(r̂−1),η). Since Γ (x) can
be written as

Γ (x) =

 O′1(x)(
LF O2

)′
(x)(

Lr̂−1
F O3

)′
(x)

K(x)

and is invertible, it follows that K(x) has full column
rank for all x ∈ U . Therefore,

[
J(x1)

> G(x1)
> B(x1)

]
has full column rank and the matrix

[
J(x1)

> G(x1)
>]
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has full column rank as well, hence, by using that M
is pointwise positive definite, we have that A(x1) :=[

J(x1)
G(x1)

]
M(x1)

−1
[
J(x1)

> G(x1)
>] is positive definite for all

x1 ∈ [In,0]U . Therefore, we can solve for the Lagrange mul-
tipliers as follows:(

µ

λ

)
=−A(x̄1)

−1
((

b1(0,y, ẏ, . . . ,y(r̂−1),η)

b2(0,y, ẏ, . . . ,y(r̂−1),η)

)
+

[
J(x̄1)

G(x̄1)

]
M(x̄1)

−1B(x̄1)u
)

= b4(y, ẏ, . . . ,y(r̂−1),η)−A(x̄1)
−1
[

J(x̄1)

G(x̄1)

]
M(x̄1)

−1B(x̄1)u

for some appropriately chosen function b4. Inserting this
into the third equation in (14) gives

y(r̂) = b3(0,y, ẏ, . . . ,y(r̂−1),η)+Γ3(x̄)

µ

λ

u


= b3(0,y, ẏ, . . . ,y(r̂−1),η)+Γ3(x̄)

(
b4(y, ẏ, . . . ,y(r̂−1),η)

0

)

+Γ3(x̄)

−A(x̄1)
−1
[

J(x̄1)

G(x̄1)

]
M(x̄1)

−1B(x̄1)

Im


︸ ︷︷ ︸

=:S(x̄)

u,

(15)

where x̄ = Φ−1(0,y, ẏ, . . . ,y(r̂−1),η) and x̄1 = [In,0]x̄. Note
that it is not clear in general whether the matrix S(x) is in-
vertible for some or all x ∈U . The multibody system (1) is
then equivalent to

y(r̂) = b5(y, ẏ, . . . ,y(r̂−1),η)+ S̃(y, ẏ, . . . ,y(r̂−1),η)u,

η̇ = q(y, ẏ, . . . ,y(r̂−1),η),
(16)

where b5 is some appropriate function, S̃(·) = S
(
Φ−1(0, ·)

)
and the internal dynamics are completely decoupled in (16).

Remark 2.2 We note that an alternative to the above de-
scribed approach would be to simply differentiate the holo-
nomic and nonholonomic constraints in (1) and solve for
the respective Lagrange multipliers. When these have been
inserted in (1) (and the still present holonomic and nonholo-
nomic constraints are neglected) an ODE of the form (3)
is obtained, for which the Byrnes-Isidori form as in Sec-
tion 1.3 can be computed. This approach has some disad-
vantages compared to our approach presented above:

1) Since differentiating the constraints does not remove
them, it must be guaranteed that any solution of the re-
sulting ODE is also a solution of the overall DAE, i.e.,
it satisfies the constraints for all times. Nevertheless, this
can be ensured, provided that the initial values are cho-
sen appropriately.

2) It cannot be avoided to solve for the Lagrange multi-
pliers first, while in our approach the internal dynamics
in (16) are the same as obtained for the auxiliary sys-
tem in (12), since p(·) = 0 in the latter by Lemma 2.1.
The system (12) can be computed without solving for
the Lagrange multipliers and hence requires much less
computational effort. Nevertheless, it is still important to
choose the functions φr̄+1, . . . ,φ2n such that LKφi = 0 for
i = r̄+1, . . . ,2n; this problem is discussed in Section 3.

2.2 Position-dependent output with relative degree two

In the special case h(q,v) = h(q), i.e., h : Rn → Rm and
y(t) = h

(
q(t)

)
, we obtain some additional structure. First

of all, we may compute that

(LKO3)(x) = O′3(x)K(x) = [h′(x1),0]K(x) = 0,

whence r̂ ≥ 2. Assuming that r̂ = 2 (a typical situation) we
obtain, for all x = (x>1 ,x

>
2 )
> ∈U ,

Γ (x) =

 (LKO1)(x)
(LKLF O2)(x)
(LKLF O3)(x)


=

J(x1)

G(x1)

h′(x1)

M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
.

Furthermore,

S(x) = h′(x1)M(x1)
−1
(

M(x1)

−
[
J(x1)

> G(x1)
>]A(x1)

−1
[

J(x1)

G(x1)

])
M(x1)

−1B(x1),

which is the Schur complement of A(x1) in Γ (x).

2.3 The colocated case

Now we consider the special case that the inputs and outputs
of system (1) are colocated, which means that h(q,v) = h(q)
as in Section 2.2 and

∀q ∈ Rn : h′(q) = B(q)>. (17)

We show that in this case the vector relative degree with
respect to O3 is r̂ = 2. First we calculate, for all x =

(x>1 ,x
>
2 )
> ∈U ,

(LKO3)(x) = O′3(x)K(x) = [h′(x1),0]K(x) = 0
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and

(LKLF O3)(x) =
(
O′3(x)F(x)

)′K(x)

=

(
[B(x1)

>,0]
(

x2
M(x1)

−1 f (x1,x2)

))′
K(x)

=
[

∂

∂x1

(
B(x1)

>x2
)

B(x1)
>
]

K(x)

= B(x1)
>M(x1)

−1 [J(x1)
> G(x1)

> B(x1)
]
.

Then we obtain the high-gain matrix

Γ (x) =

Γ1(x)
Γ2(x)
Γ3(x)

=

 J(x1)

G(x1)

B(x1)
>

M(x1)
−1

 J(x1)

G(x1)

B(x1)
>

>

∈ R(p+`+m)×(p+`+m).

Therefore, we find that, for some x = (x>1 ,x
>
2 )
> ∈U ,

Γ (x)> 0 ⇐⇒ rk
[
J(x1)

> G(x1)
> B(x1)

]
= p+ `+m,

i.e., the latter matrix has full column rank. Roughly speak-
ing, this condition means that (the components of) the La-
grange multipliers µ and λ and the inputs u influence the
system in a linearly independent (i.e., non-redundant) way,
because in

M(q)v̇ = f (q,v)+
[
J(q)> G(q)> B(q)

]µ

λ

u


the matrix

[
J(q)> G(q)> B(q)

]
has full column rank, thus

the auxiliary input uaux does not have any redundant compo-
nents.

Then the transformation which puts (10) into Byrnes-
Isidori form is given by

Φ(x) =



O1(x)
O2(x)

O′2(x)F(x)
O3(x)

O′3(x)F(x)
φr̄+1(x)

...

φ2n(x)


=



J(x1)x2 + j(x1)

g(x1)

G(x1)x2
h(x1)

B(x1)
>x2

φr̄+1(x)
...

φ2n(x)


,

where r̄ = p + 2`+ 2m and, since K (·) is involutive by
Lemma 2.1, it is possible to choose φi : U → R, i = r̄ +
1, . . . ,2n, such that (LKφi)(x) = φ ′i (x)K(x) = 0 and Φ ′(x)
is invertible for all x ∈U . Using the new coordinates

Φ(x) =
(

ξ

η

)
=



ξ1
ξ2

ξ̇2
ξ3

ξ̇3
η



and invoking the original constraints O1(x) = 0 and O2(x) =
0 we may rewrite the original multibody system (1) in the
form (14), which in the colocated case simplifies to

0 = b1(0,ξ3, ξ̇3,η)+Γ1(Φ
−1(0,ξ3, ξ̇3,η))uaux,

0 = b2(0,ξ3, ξ̇3,η)+Γ2(Φ
−1(0,ξ3, ξ̇3,η))uaux,

ξ̈3 = b3(0,ξ3, ξ̇3,η)+Γ3(Φ
−1(0,ξ3, ξ̇3,η))uaux,

η̇ = q(0,ξ3, ξ̇3,η),

y = ξ3.

(18)

As in the general case we may solve for the Lagrange
multipliers µ and λ and insert this in (18), thus (15) becomes

ÿ = b3(0,y, ẏ,η)

+B(x̄1)
>M(x̄1)

−1 [J(x̄1)
> G(x̄1)

> B(x̄1)
]µ

λ

u


= b3(0,y, ẏ,η)+B(x̄1)

>M(x̄1)
−1
[

J(x̄1)

G(x̄1)

]>
b4(y, ẏ,η)

+S(x̄) u,

where x̄ = Φ−1(0,y, ẏ, . . . ,y(r̂−1),η), x̄1 = [In,0]x̄ and

S(x) = B(x1)
>M(x1)

−1
(

M(x1)

−
[
J(x1)

> G(x1)
>]A(x1)

−1
[

J(x1)

G(x1)

])
M(x1)

−1B(x1)

for x = (x>1 ,x
>
2 )
> ∈U . In the colocated case, the matrix S(x)

is the Schur complement of A(x1) in Γ (x). It is a well-known
result that since Γ (x) is positive definite, then the Schur
complement S(x1) is positive definite as well. Therefore, the
decoupled system (16) is of the form

ÿ = b5(y, ẏ,η)+ S̃(y, ẏ,η)u,

η̇ = q(y, ẏ,η),
(19)

where S̃ is pointwise positive definite.

3 A feasible set of coordinates for the internal dynamics

In this section we derive a representation of the internal
dynamics which depends on the auxiliary output yaux and
its derivative ẏaux. Consider a system (1) with holonomic
and nonholonomic constraints and position-dependent out-
put. Further set H(x1) =: h′(x1) and assume that, for some
open set U1 ⊆ Rn, J(x1)

G(x1)

H(x1)

M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
∈Glp+`+m (20)
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for all x1 ∈ U1, which means that the high-gain matrix
Γ (·) is invertible on U := U1 ×Rn. Then, following Sec-
tion 2.2, the auxiliary ODE (10) with (again omitting the
argument t for brevity) u>aux = (µ>,λ>,u>) and y>aux =(
(J(x1)x2 + j(x1))

>,g(x1)
>,h(x1)

>) has vector relative de-
gree (1, . . . ,1,2, . . . ,2) on U , thus r̄ = p+2`+2m. The dif-
feomorphism Φ : U →W can be represented as

Φ(x) =
(

ξ

η

)
=



O1(x)
O2(x)

O′2(x)F(x)
O3(x)

O′3(x)F(x)
φr̄+1(x)

...

φ2n(x)


=



J(x1)x2 + j(x1)

g(x1)

G(x1)x2
h(x1)

H(x1)x2
φr̄+1(x)

...

φ2n(x)


,

(21)

x = (x>1 ,x
>
2 )
> ∈ U . For the internal dynamics η =(

φr̄+1(x), . . . ,φ2n(x)
)> we make, with some abuse of nota-

tion, the structural ansatz

η =

(
η1
η2

)
=

(
φ1(x1)

φ2(x1)x2

)
, (22)

where φ1 ∈ C 1(U1 → Rn−`−m) and φ2 ∈ C (U1 →
R(n−p−`−m)×n). If we now rearrange (21), i.e., we set

ξ1 =

(
g(x1)

h(x1)

)
, ξ2 =

 J(x1)

G(x1)

H(x1)

x2,

ξ = P
(

ξ1
ξ2

)
+

(
j(x1)

0

)
,

(23)

where P ∈ Rr̄×r̄ is some permutation matrix, we see that
(ξ>1 ,ξ>2 )> and (η>1 ,η>2 )> are of similar structure. Since Φ

is a diffeomorphism and system (10) has vector relative de-
gree (1, . . . ,1,2, . . . ,2) on U , its Jacobian is invertible on U :

∀x=(x>1 ,x
>
2 )
>∈U : Φ

′(x)=



∗+ j′(x1) J(x1)

G(x1) 0
∗ G(x1)

H(x1) 0
∗ H(x1)

φ ′1(x1) 0
∗ φ2(x1)


∈Gl2n

⇐⇒ ∀x1 ∈U1 ⊆ Rn :G(x1)

H(x1)

φ ′1(x1)

 ∈Gln ∧


J(x1)

G(x1)

H(x1)

φ2(x1)

 ∈Gln, (24)

where ∗ is of the form ∂

∂x1

(
ζ (x1)x2

)
with appropriate ζ :

U1 → Rq×n and q ∈ N. Since we are interested in the

case p(·) = 0 in (12) (which can be achieved by Lemma 2.1)
we aim to find φ2 : U1→ R(n−p−`−m)×n such that

∀x1 ∈U1 : φ2(x1)M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
= 0.

(25)

We summarize this in the following result.

Lemma 3.1 Consider the multi-body system (1) and as-
sume that (20) holds on an open set U1 ⊆ Rn. For any x0

1 ∈
U1 there exists an open neighbourhood U0

1 ⊆U1 of x0
1 and

φ1 ∈C 1(U0
1 →Rn−`−m), φ2 ∈C (U0

1 →R(n−p−`−m)×n) such
that (24) and (25) hold locally on U0

1 , resp.

Proof We exploit [54, Lem. 4.1.5] which states the follow-
ing: Consider W ∈ C (U1 → Rw×n) with rkW (x1) = w for
all x1 ∈U1. Then for each x0

1 ∈U1 there exist an open neigh-
bourhood U0

1 ⊆U1 and T ∈ C (U0
1 →Gln) such that

∀x1 ∈U0
1 : W (x1)T (x1) =

[
Iw 0

]
.

Now, we use this to show the existence of φ1. Since by (20)
we have rk[G(x1)

>,H(x1)
>] = `+m for all x1 ∈U1 there

exist for each x0
1 ∈ U1 an open neighbourhood U0

1 ⊆ U1
and T = [T1,T2] ∈ C (U0

1 →Gln) such that

∀x1 ∈U0
1 :
[

G(x1)

H(x1)

][
T1(x1) T2(x1)

]
=
[
I`+m 0

]
,

i.e., imT2(x1) = ker[G(x1)
>,H(x1)

>]> and rkT2(x1) = n−
`−m for all x1 ∈U0

1 . Define E := T2(x0
1)
>, thenG(x1)

H(x1)

E

[T1(x1) T2(x1)
]
=

[
I`+m 0
∗ ET2(x1)

]
.

Since rkT2(x0
1) = n − ` − m it follows that for x1 = x0

1
we have ET2(x0

1) = T2(x0
1)
>T2(x0

1) ∈ Gln−`−m. Further-
more, by T2 ∈ C (U0

1 → Rn×(n−`−m)), the mapping x1 7→
det(ET2(x1)) is continuous on U0

1 , hence there is an open
neighbourhood Ū0

1 ⊆ U0
1 of x0

1 such that det(ET2(x̄1)) 6= 0
for all x̄1 ∈ Ū0

1 . Thus,

∀x1 ∈ Ū0
1 : rk

G(x1)

H(x1)

E

= n

and, with φ1 : Ū0
1 → Rn−`−m, x1 7→ Ex1, we have φ1 ∈

C 1(Ū0
1 → Rn−`−m) and the first condition in (24) is satis-

fied on Ū0
1 since φ ′1(x1) = E.

Now, we show the existence of φ2. Observe that by (20) we
have rk[J(x1)

>,G(x1)
>,B(x1)] = p+`+m and rkM(x1)= n

for all x1 ∈U1. Therefore, again via [54, Lem. 4.1.5], there
exist for each x0

1 ∈ U1 an open neighbourhood U0
1 ⊆ U1

and T = [T1,T2] ∈ C (U0
1 →Gln) such that

∀x1 ∈U0
1 :

 J(x1)

G(x1)

B(x1)
>

[T1(x1) T2(x1)
]
=
[
Ip+`+m 0

]
,
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i.e., imT2(x1) = ker[J(x1)
>,G(x1)

>,B(x1)]
> and

T2 ∈ C (U0
1 → Rn×(n−p−`−m)). Now, choosing

φ2(·) = T2(·)>M(·) we obtain
J(x1)

G(x1)

H(x1)

φ2(x1)

[M(x1)
−1
[
J(x1)

> G(x1)
> B(x1)

]
φ2(x1)

>]

=

[
Γ (x1) ∗

0 φ2(x1)φ2(x1)
>

]
∈ Rn×n, x1 ∈U0

1 ,

which is invertible on U0
1 since by (20) the high-gain Γ (x1)

is invertible, and rkT2(x1) = n− p− `−m for all x1 ∈U0
1 .

Hence the second condition in (24) is satisfied on U0
1 . Fur-

thermore, equation (25) holds on U0
1 by construction of φ2.

ut

Lemma 3.1 justifies the structural ansatz for the internal
state η in (22). Note that the construction of φ1 in the proof
of Lemma 3.1 is not unique. There is a lot of freedom in the
choice of φ1, which is basically free up to (24). However,
a straightforward choice is φ1(x1) = Ex1 with E = T2(x0

1)
>

as in the proof of Lemma 3.1, which can be computed via
imT2(x0

1) = ker[G(x0
1)
>,H(x0

1)
>]>.

On the other hand, φ2 is uniquely determined up to
an invertible left transformation. To find all possible rep-
resentations, assume that φ2 ∈ C (U1 → R(n−p−`−m)×n) is
such that (24) and (25) hold. Then there exist P : U1 →
Rn×(p+`+m) and V : U1→ Rn×(n−p−`−m) such that

∀x1 ∈U1 : [P(x1),V (x1)]


 J(x1)

G(x1)

H(x1)


φ2(x1)

= In. (26)

Furthermore, P,V have pointwise full column rank, by
which the pseudoinverse of V is given by V †(x1) =

(V (x1)
>V (x1))

−1V (x1)
> for x1 ∈ U1. Note that it follows

from (26) that V is the pointwise basis matrix of a kernel,
i.e.,

∀x1 ∈U1 : imV (x1) = ker

 J(x1)

G(x1)

H(x1)

 .
Lemma 3.2 Let φ2 ∈ C (U1 → R(n−p−`−m)×n) be such
that (24) and (25) hold. Then φ2 is uniquely determined up
to an invertible left transformation. All possible functions
are given by

φ2(x1) =V †(x1)

(
In−

M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
Γ (x1)

−1
[

J(x1)
G(x1)
H(x1)

])
,

(27)

x1 ∈U1, for feasible choices of V satisfying (26).

Proof Assume that (24) and (25) hold, and hence we
have (26) for some corresponding P and V . Observe that
multiplying (26) from the left by V (x1)

† gives

φ2(x1) =V †(x1)

In−P(x1)

 J(x1)

G(x1)

H(x1)

 , x1 ∈U1.

Invoking (25), we further obtain from (26) that

P(x1) = M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
·

 J(x1)

G(x1)

H(x1)

M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]−1

︸ ︷︷ ︸
=Γ (x1)−1

,

and hence P is uniquely determined by M,J,G,H,B. There-
fore, φ2 is given as in (27). Furthermore, it follows from (26)
that


 J(x1)

G(x1)

H(x1)


φ2(x1)

 [P(x1),V (x1)] =

[
Ip+`+m 0

0 In−p−`−m

]
,

from which we may deduce φ2(x1)V (x1) = In−p−`−m and
imV (x1) = ker[J(x1)

>,G(x1)
>,H(x1)

>]>. Therefore, the
representation of φ2 in (27) only depends on the choice of
the basis of ker[J(x1)

>,G(x1)
>,H(x1)

>]>. Now, let Ṽ (x1)=

V (x1)R(x1), x1 ∈U1, for some R : U1→Gln−p−`−m and set

φ̃2(x1) = Ṽ †(x1)

(
In−

M(x1)
−1 [J(x1)

> G(x1)
> B(x1)

]
Γ (x1)

−1
[

J(x1)
G(x1)
H(x1)

])
.

Then a short calculation shows the claim φ̃2(x1) =

R(x1)
−1φ2(x1) for all x1 ∈U1. ut

Now, let φ1 ∈ C 1(U1 → Rn−`−m) and φ2 ∈ C (U1 →
R(n−p−`−m)×n) be such that (24) and (25) are satisfied and
V : U1 → Rn×(n−p−`−m) as in (26). We continue deriving a
representation of the internal dynamics. We define ȳaux :=
[0, I`+m]yaux and observe that, using the first equation in (10),

d
dt ȳaux =

[
G(x1)

H(x1)

]
x2.
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Then, with yaux,1 = O1(x) we find

 yaux,1
d
dt ȳaux

η2

=


J(x1)[
G(x1)

H(x1)

]
φ2(x1)

x2 +


j(x1)(

0
0

)
0



=⇒ x2 =


J(x1)[
G(x1)

H(x1)

]
φ2(x1)


−1yaux,1− j(x1)

d
dt ȳaux

η2


(26)
= M(x1)

−1

 J(x1)

G(x1)

B(x1)
>

>Γ (x1)
−1
(

yaux,1− j(x1)
d
dt ȳaux

)
+V (x1)η2.

(28)

Thus, using (22) and (28) the dynamics of η1 are given by

η̇1 = φ
′
1(x1)M(x1)

−1

 J(x1)

G(x1)

B(x1)
>

>Γ (x1)
−1
(

yaux,1− j(x1)
d
dt ȳaux

)
+φ

′
1(x1)V (x1)η2.

(29)

Furthermore, we have that

(
ȳaux
η1

)
=

(g(x1)

h(x1)

)
φ1(x1)

=: ϑ(x1)

for a continuously differentiable ϑ : U1→ Rn, the Jacobian
of which is invertible on U1 by (24). In order to ensure
that ϑ is a diffeomorphism on U1 we need to additionally
require that there exist a diffeomorphism ψ : U1 → Rn and
ω : [0,∞)→ (0,∞) which is continuous, nondecreasing and
satisfies

∫
∞

0
1

ω(t) dt = ∞ such that

∀x ∈U1 : ‖ψ ′(x) ·
(
ϑ
′(x)
)−1‖ ≤ ω(‖x‖).

Then [10, Thm. 2.1] yields that ϑ : U1→W1 := ϑ(U1) is a
diffeomorphism. Then we have

x1 = ϑ
−1

((
ȳaux
η1

))
. (30)

To combine (30) with (29) we define the following functions
as concatenations on W1:

φ
′
1,ϑ (·) :=

(
φ
′
1 ◦ϑ

−1)(·), Mϑ (·)−1 :=
(
M ◦ϑ

−1)(·)−1,

J>ϑ (·) :=
(
J ◦ϑ

−1)(·)>, jϑ (·) :=
(

j ◦ϑ
−1)(·),

G>ϑ (·) :=
(
G◦ϑ

−1)(·)>, Bϑ (·) :=
(
B◦ϑ

−1)(·),
Γϑ (·)−1 :=

(
Γ ◦ϑ

−1)(·)−1 Vϑ (·) :=
(
V ◦ϑ

−1)(·).

Therefore, we obtain the following representation of (29):

η̇1 = φ
′
1,ϑ
(( ȳaux

η1

))
Mϑ

(( ȳaux
η1

))−1

·
[
Jϑ

(( ȳaux
η1

))>
Gϑ

(( ȳaux
η1

))>
Bϑ

(( ȳaux
η1

))]
·Γϑ

(( ȳaux
η1

))−1
(

yaux,1− jϑ
(( ȳaux

η1

))
d
dt ȳaux

)
+φ

′
1,ϑ
(( ȳaux

η1

))
Vϑ

(( ȳaux
η1

))
η2.

Now, we investigate the dynamics of η2. Define
φ ′2[x1,x2] := ∂

∂x1

(
φ2(x1)x2

)
∈ R(n−p−`−m)×n, then

from (10), (22) and (25) we obtain

η̇2 = φ
′
2[x1,x2]x2 +φ2(x1)M(x1)

−1 f (x1,x2).

Let φ2,ϑ (·) :=
(
φ2 ◦ϑ−1

)
(·), Hϑ (·) :=

(
H ◦ϑ−1

)
(·) on W1

and define for w ∈W1, v ∈ Rn

φ
′
2,ϑ [w,v] := φ

′
2

ϑ
−1(w),

 Jϑ (w)[
Gϑ (w)
Hϑ (w)

]
φ2,ϑ (w)

−1

v

 ,
fϑ (w,v) := f

ϑ
−1(w),

 Jϑ (w)[
Gϑ (w)
Hϑ (w)

]
φ2,ϑ (w)

−1

v

 .

Then the dynamics of η2 are given by

η̇2 = φ
′
2,ϑ

[(
ȳaux
η1

)
,

(
yaux,1− jϑ

d
dt ȳaux

η2

)]

·
[
M−1

ϑ

[
J>ϑ ,G>ϑ ,Bϑ

]
Γ
−1

ϑ
,Vϑ

](( ȳaux
η1

))
·

(
yaux,1− jϑ

d
dt ȳaux

η2

)

+φ2,ϑ
(( ȳaux

η1

))
Mϑ

(( ȳaux
η1

))−1
fϑ

(( ȳaux
η1

)
,

(
yaux,1− jϑ

d
dt ȳaux

η2

))
.

Finally, we invoke the original constraints, which means
that yaux,1 = 0 and ȳaux =

(0
y
)
. With this, and omitting the

argument (ȳ>aux,η
>
1 )> = (0,y>,η>1 )> where it is obvious,

the internal dynamics read

η̇1 = φ
′
1,ϑ M−1

ϑ

 Jϑ

Gϑ

B>
ϑ

>Γ
−1

ϑ

− jϑ
0
ẏ

+φ
′
1,ϑVϑ η2,

η̇2 = φ
′
2,ϑ

[( 0
y

η1

)
,

(
− jϑ

0
ẏ

η2

)]
·

M−1
ϑ

 Jϑ

Gϑ

B>
ϑ

> ,Vϑ

 ·(− jϑ
0
ẏ

η2

)

+φ2,ϑ M−1
ϑ

fϑ

(( 0
y

η1

)
,

(
− jϑ

0
ẏ

η2

))
.

(31)
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Remark 3.3 If no nonholonomic constraints are present
we may obtain further structure for the internal dynamics
in (31). Consider the functions φ1 and φ2 as above and re-
call the concept of a conservative vector field. For U ⊆ Rn

open, a vector field ζ : U → Rn is said to be conservative,
if it is the gradient of a scalar field. More precisely, if there
exists a scalar field χ : U → R such that χ ′(x) = ζ (x)>.

Now, if every row φ2,i(·) of φ2(·) defines a conserva-
tive vector field, then the components of φ1(·) can be cho-
sen to be multiples of the associated scalar fields. More pre-
cisely, if there exist χi ∈ C 1(U1 → R) such that χ ′i (x1) =

φ2,i(x1) for all x1 ∈ U1 and all i = 1, . . . ,n− `−m, then
we may choose φ1 = (λ1χ1, . . . ,λn−`−mχn−`−m)

> for some
λi ∈ R, i = 1, . . . ,n− `−m. This gives φ ′1 = Λφ2 for Λ =

diag (λ1, . . . ,λn−`−m) and, likewise, φ ′1,ϑ = Λφ2,ϑ . Hence
via (25) and Lemma 3.2 the dynamics of η1 in (31) simplify
to

η̇1(t) = Λη2(t),

where the diagonal entries of Λ can be chosen as desired.
Hence, in this case the variables η1 = φ1(q) can be inter-

preted as (transformed) positions and η2 =Λ−1η̇1 as veloc-
ities. Therefore, the states η = (η>1 ,η>2 )> admit a partition
which is structurally similar to that of the states (q>,v>)> of
the multi-body system (1). In the presence of nonholonomic
constraints this simplification is not possible, because of the
different dimensions of φ ′1 and φ2.

Remark 3.4 The computation of the Byrnes-Isidori form
leading to the decoupling of the internal dynamics as in (16)
often requires a lot of effort. The choice of variables for the
internal dynamics presented in this section offers an alterna-
tive, leading to the internal dynamics given in (31) directly
in terms of the original system parameters; a computation of
the Byrnes-Isidori form is not necessary.

4 Servo-constraints approach

We seek to find a feedforward control uff regarding the con-
trol methodology described in Section 1.4 by inverting the
system model. For minimum phase systems, the transformed
system (16) can be used as an inverse model for feedforward
control. Solving the respective first equation for the input u
with y = yref yields the feedforward control signal uff, pro-
vided the internal dynamics are integrated simultaneously.
However, a direct integration of the internal dynamics is not
possible for non-minimum phase systems, due to unstable
dynamics. Thus, stable inversion is introduced in [27,30]
for finding a bounded solution based on a boundary value
problem (BVP). This yields a non-causal solution, in the
sense that a system input uff(t) 6= 0 is present in a preactua-
tion phase t < t0 before the start of the trajectory at time t0.
Thus, the BVP is solved on a time interval

[
T0 ,Tf

]
with

T0 < t0 and Tf > t f , with t f denoting the end of the desired
trajectory yref. Provided that the equilibrium of the internal
dynamics is hyperbolic, there are ns eigenvalues in the left
half plane and nu eigenvalues in the right half plane, such
that ns + nu = 2n− r̄. The boundary conditions of the BVP
are chosen such that the states η of the internal dynamics
start on the unstable manifold W u

0 ∈ Rnu
of the equilibrium

point ηeq,0 at time T0. At the end Tf , the boundary conditions
constrain the states η to lie on the stable manifold W s

f ∈Rns

of the equilibrium point ηeq,f. This is summarized as

η(T0) ∈W u
0 ∧ η(Tf ) ∈W s

f . (32)

The case of non-hyperbolic equilibria is discussed in [29].
The BVP consisting of the dynamics (16) subject to the con-
straints (32) yields a bounded solution to the internal dynam-
ics. It was recently demonstrated in the brief note [31] that
the boundary conditions (32) can be simplified as

L0 η (T0) = L0 ηeq,0 ∧ L f η
(
Tf
)
= L f ηeq,f, (33)

where the binary matrices L0 ∈ Rn0×(2n−r) and L f ∈
Rn f×(2n−r) select in total n0+n f = 2n− r̄ conditions to con-
strain n0 states of the internal dynamics to the equilibrium
point at time T0 and n f states of the internal dynamics to the
equilibrium point at time Tf . Thus, the number of constraints
equals the number of unknowns.

For higher relative degree and multi-input, multi-output
systems, the symbolic derivation of the internal dynamics,
and especially of the stable and unstable manifolds, becomes
tedious and complex. Thus, the method of servo-constraints
introduced in [20] is applied to demonstrate an alternative
approach. Motivated from modelling of classical holonomic
mechanical constraints, such as bearings, the equations of
motion (1) are appended by m servo-constraints

h(q(t))− yref(t) = 0, (34)

which enforce the output to stay on the prescribed trajectory
yref ∈W r,∞(R≥0→ Rm). This yields a set of DAEs

q̇(t) = v(t),

M(q(t))v̇(t) = f
(
q(t),v(t)

)
+ J(q(t))>µ(t)

+G(q(t))>λ (t)+B(q(t))u(t),

0 = J(q(t))v(t)+ j(q(t)),

0 = g(q(t)),

0 = h(q(t))− yref(t)

(35)

to be solved numerically for the coordinates q and v, the La-
grange multipliers λ and µ and the input u. We stress that the
initial values q0,v0,λ 0,µ0,u0 must be chosen so that they
are consistent and the desired trajectory must be compatible
with the possible motion of the system, i.e., it is required that
a solution of (35) exists on R≥0. Note that (35) might have
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multiple solutions in the case that the desired output trajec-
tory can be achieved by choosing different state trajectories.
This is for example already the case for a 2-arm manipulator
and most serial manipulators. However, from a control per-
spective, any solution that generates the desired output tra-
jectory can be chosen. The freedom of choosing any solution
can be utilized to optimize e.g. input energy. The chosen so-
lution (q,v,λ ,µ,u) :R≥0→Rn×Rn×R`×Rp×Rm of (35)
is used to define the feedforward control signal uff := u. As
a consequence, if all the system parameters and initial val-
ues of the multibody system (1) are known exactly and the
control u = uff is applied to it, then the closed-loop system
has a solution which satisfies y = yref. However, this result
may not be true in the presence of disturbances, uncertain-
ties and/or modelling errors. Then, a feedback controller can
be added to reduce the tracking errors. This is demonstrated
in the application example.

While classical mechanical constraints are enforced by
reaction forces orthogonal to the tangent of the constraint
manifold, the servo-constraints (34) are enforced by the gen-
eralized input B

(
q(t)

)
u(t) which is not necessarily perpen-

dicular to the tangent of the constraint manifold. Different
configurations are distinguished depending on the vector rel-
ative degree of the associated auxiliary ODE (10), see [21].
For example, if inputs and outputs are colocated as discussed
in Section 2.3, then the system input can directly actuate the
output and the inverse model is in so-called ideal orthogonal
realization. Recall that this corresponds to a relative degree
two framework. If less than m components of the system
input directly influence the system output, then the inverse
model is in so-called mixed tangential-orthogonal or purely
tangential realization.

Remark 4.1 It is interesting to note that in the colocated
case, i.e., h′(q) = B(q)> for all q ∈ Rn, and for yref = 0
the servo-constraints act like holonomic constraints in (35),
where the corresponding Lagrange multipliers are given by
the inputs u(t) of the system. Therefore, the system (35) can
again be interpreted as a multibody system (without any in-
puts or outputs) in this case.

While DAEs describing mechanical systems dynamics
with classical constraints are of differentiation index 3, the
set of DAEs (35) might have a larger differentiation index.
As a rule of thumb for single-input single-output systems,
the differentiation index is larger by one than the relative
degree of the respective system, if the internal dynamics is
modeled as an ODE and not affected by a constraint [26].

It is shown in [24] that the original stable inversion prob-
lem, solving the boundary value problem of (16) and (32)
can be formulated and solved directly for the inverse model
described by the DAEs (35). However, the derivation of the
boundary conditions (32) is still tedious. In order to avoid
the boundary conditions, it is proposed in [4] to reformu-

late the stable inversion problem as an optimization prob-
lem. Alternatively, the simplified boundary conditions (33)
can also be formulated for the inverse model described by
the DAEs (35). They then read

L0
[
q(T0)

> v(T0)
> λ (T0)

> µ(T0)
> u(T0)

>]>
= L0

[
q>eq,0 v>eq,0 λ>eq,0 µ>eq,0 u>eq,0

]>
and

L f
[
q(Tf )

> v(Tf )
> λ (Tf )

> µ(Tf )
> u(Tf )

>]>
= L f

[
q>eq,f v>eq,f λ>eq,f µ>eq,f u>eq,f

]>
(36)

with the binary selection matrices L0 ∈ Rn0×(2n+`+p+m) and
L f ∈ Rn f×(2n+`+p+m). These describe in total n0 + n f =

2n+ `+ p+m conditions, which constrain n0 states to the
initial equilibrium and n f states to the final equilibrium of
the internal dynamics. Compared to the Byrnes-Isidori form,
the resulting boundary value problem of the dynamics (35)
subject to the constraints (36) greatly simplifies the problem
setup, since less analytical derivations are required.

The boundary value problem needs to be solved numer-
ically. Since high index DAEs are difficult to solve numer-
ically, see e.g. [37], different index reduction strategies can
be applied. In the context of servo-constraints, index reduc-
tion by projection is proposed in [21], minimal extension is
proposed in [1,18] and Baumgarte stabilization is applied
in [6]. Available methods for solving BVPs are for example
single shooting, multiple shooting or finite differences [3].
In the present paper, we utilize finite differences with Simp-
son discretization [51].

The computational effort for the solution of the BVP de-
pends on the number of unactuated states. For systems with
few unactuated states this might be done within seconds or
minutes. However, the solution of the boundary value prob-
lem has to be computed offline. This is due to the fact that
the BVP requires the specification of the output trajectory
over the complete time horizon. If real time trajectory adap-
tion is desired, one might have to use a different approach
which allows real time capable forward time integration of
the servo-constraint problem, see e.g. [46,47]. However, this
requires a differentially flat or minimum phase system. This
could be achieved by changing the mechanical design of the
system or by output redefinition, see e.g [45]. While output
redefinition is quite simple, the close tracking of the original
end-effector output is deteriorated.

Finally, it should be noted that the feedforward control
of non-minimum phase systems, such as obtained by solving
the BVP, is non-causal. This means that there is a so-called
pre-actuation phase where some control action occurs be-
fore the trajectory tracking starts. During this pre-actuated
phase the system is driven into the required initial condition
for exact trajectory tracking. If this pre-actuation phase is
neglected, then there is a mismatch between the actual ini-
tial conditions of the system and the ones provided by the
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inverse model. However, this mismatch is often small and
can be compensated quickly by the feedback controller.

5 Funnel-based feedback controller

In this section we present a feedback-controller design
for the multibody system (1), which is based on the funnel
controller for systems with arbitrary vector relative degree
recently developed in [13]. Furthermore, the design invokes
a recently developed methodology for linear non-minimum
phase systems from [9], which has been successfully ap-
plied to a nonlinear non-minimum phase robotic manipu-
lator in [11] – however, here we extend this methodology to
the case of vector relative degree. The method is based on
the introduction of a new output, which is differentially flat
for the unstable part of the internal dynamics, cf. [32] for dif-
ferential flatness. With respect to the new output, the overall
system has a higher vector relative degree (in some of the
components), but the unstable part of the internal dynamics
is eliminated. This allows to apply the controller from [13]
to the system (1) with new output and appropriate new refer-
ence signal. Since the required differentially flat output does
often not exist for real-world nonlinear multibody systems
(cf. [11]), we first linearize the internal dynamics, i.e., the
second equation in (16), around an equilibrium (η0

1 ,η
0
2 ) ∈

Rn−`−m×Rn−p−`−m and y = ẏ = . . .= y(r̂−1) = 0. With

Q =
∂ q̃
∂η

(0,η0
1 ,η

0
2 ) ∈ R(2n−r̄)×(2n−r̄),

Pi =
∂ p̃

∂y(i−1) (0,η
0
1 ,η

0
2 ) ∈ R(2n−r̄)×m, i = 1, . . . , r̂,

we obtain the linearized internal dynamics (with some abuse
of notation, again using η as state variable)

η̇(t) = Qη(t)+
r̂

∑
i=1

Piy(i−1)(t). (37)

Note that q̃ and p̃ may also be given in the special form (31),
obtained using the approach presented in Section 3. In the
next step, as in [11], we need to transform (37) so that the
derivatives of y are removed from the right hand side. To this
end, we define

ζ
0 := η , ζ

j := ζ
j−1−

r̂

∑
i= j+1

Piy(i− j−1), j = 1, . . . , r̂−1,

then a straightforward induction shows that

d
dt ζ

j(t) = Qζ
j(t)+

j

∑
i=1

Qi−1Piy(t)+Q
r̂

∑
i= j+1

Piy(i− j−1).

With some abuse of notation, again using η as state variable,
we set η := ζ r̂−1 and obtain

η̇(t) = Qη(t)+Py(t), (38)

where P = ∑
r̂
i=1 Qi−1Pi. In the following we assume that

σ(Q)∩C+ 6= /0, so that the internal dynamics are not mini-
mum phase.

In order to derive the controller design, we first re-
quire some assumptions which are extensions of those stated
in [9]. Compared to the latter, here we increase each com-
ponent of the vector relative degree separately (and possibly
differently), instead of uniformly increasing the strict rela-
tive degree. To this end, choose T ∈ Gl2n−r̄ and k ∈ N such
that

T QT−1 =

[
Q̂1 Q̂2
0 Q̃

]
, T P =

[
P̂
P̃

]
, (39)

where Q̂1 ∈ R(2n−r̄−k)×(2n−r̄−k), Q̂2 ∈ R(2n−r̄−k)×k, Q̃ ∈
Rk×k, P̂ ∈ R(2n−r̄−k)×m, P̃ ∈ Rk×m, with σ(Q̂1) ⊆ C− and
σ(Q̃)⊆ C+. We assume:

(A1) There exist q∈{1, . . . ,m} and ki ∈N, i= 1, . . . ,q such
that k1 + . . .+ kq = k. Furthermore, there exist ρ ∈
{−1,1}, K1, . . . ,Kq ∈R1×k and Kq+1, . . . ,Km ∈R1×m

such that, for the matrix-valued function S̃ : W →
Rm×m, W = [0, I2n−p−2`]Φ(U), that appears in (16)
(which is basically the high-gain matrix of this equa-
tion), we have that

∀ i = 1, . . . ,q ∀ j = 0, . . . ,ki−2 : KiQ̃ jP̃ = 0

and the matrix

ρ ·



K1Q̃k1−1P̃
...

KqQ̃kq−1P̃
Kq+1
...

Km


S̃(w)

is positive definite for all w ∈W .
(A2) Let yref ∈W r̂,∞(R≥0→Rm) be a given reference sig-

nal and W ∈Glk be such that

WQ̃W−1 =

[
Q1 0
0 Q2

]
, WP̃ =

[
P1
P2

]
,

where Qi ∈ Rli×li , i = 1,2, with σ(Q1) ⊆ C+ and
σ(Q2)⊆ iR. Then the equation

ż2(t) = Q2z2(t)+P2yref(t), z2(0) = 0

has a bounded solution z2 : R≥0→ Rl2 .

Note that in the colocated case discussed in Section 2.3, the
matrix S(·) (and hence also S̃(·)) is always pointwise posi-
tive definite, independent of the specific system parameters.
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Hence, the last condition in (A1) is satisfied, if, for instance,

it is possible to choose K1, . . .Km such that


K1Q̃k1−1P̃

...
KqQ̃kq−1P̃

Kq+1
...

Km

= Im.

We may now define the new output. Let, for η as in (38)
and T as in (39), (η>1 ,η>2 )> = T η (not to be confused with
the variables introduced in Section 3). Then

η̇2(t) = Q̃η2(t)+ P̃y(t). (40)

With this we define ynew : R≥0→ Rm by

ynew,i(t) := Kiη2(t), i = 1, . . . ,q,

ynew,i(t) := Kiy(t), i = q+1, . . . ,m.
(41)

Similar to [9] it can be computed that the vector relative de-
gree (of the auxiliary ODE (10)) increases when the output y
is replaced by ynew. More precisely, in the context of Sec-
tion 2 we find that r3 changes to (r̂+k1, . . . , r̂+kq, r̂, . . . , r̂)∈
N1×m.

In order to track the original reference signal yref with the
original output y, we need to introduce a new reference sig-
nal for system (1) with new output (41). The new reference
signal is generated by the subsystem (40) corresponding to
the unstable part η2 when the output y is substituted by the
reference yref, i.e.,

η̇2,ref(t) = Q̃η2,ref(t)+ P̃yref(t), η2,ref(0) = η
0
2,ref,

ŷref,i(t) = Kiη2,ref(t), i = 1, . . . ,q,

ŷref,i(t) = Kiyref(t), i = q+1, . . . ,m.

(42)

Equation (42) will be part of the controller design and con-
stitutes a dynamic part of the overall controller. In order
for the controller from [13] to be applicable we require that
ŷref,i ∈W r̂+ki,∞(R≥0→Rm) for i= 1, . . . ,q. As shown in [9]
this is the case, if, using the notation from (A2),

η
0
2,ref =W−1

[
−Il1

0l2×l1

]∫
∞

0
e−Q1sP1yref(s)ds . (43)

Furthermore, if the original reference yref is generated by a
linear exosystem (as in linear regulator problems, cf. [33])
of the form

ẇ(t) = Aew(t), yref(t) =Cew(t), w(0) = w0, (44)

where the parameters Ae ∈ Rne×ne ,Ce ∈ Rm×ne and w0 ∈
Rne are known, and σ(Ae) ⊆ C− so that any eigenvalue
λ ∈ σ(Ae) ∩ iR is semisimple (note that this guarantees
yref ∈ W r̂,∞(R≥0 → Rm)), then η0

2,ref can be calculated via
the solution X ∈ Rl1×ne of the Sylvester equation

Q1X−XAe = P1Ce

as

η
0
2,ref =W−1

[
−Il1

0l2×l1

]
Xw0.

Now, using the new output (41) and the new reference
signal (42), the auxiliary tracking error is defined by

e0(t) = ynew(t)− ŷref(t). (45)

The application of the funnel control law from [13] requires
the derivatives of ynew, and for implementation we need to
express them in terms of the original variables q and v of the
multibody system (1). We use the linearization (40) to obtain
these derivatives. We replace η2 in ynew and its derivatives
by the original coordinates from (1). To this end, we pretend
that the coordinates of the linearization of the internal dy-
namics in (37) coincide with the original coordinates in the
second equation of (16), which can be obtained via

Φ(q,v) = (0,y, ẏ, . . . ,y(r̂−1),η).

Assume that the transformation from (37) to (38) is given by

(y, ẏ, . . . ,y(r̂−1),η) 7→ F0η +
r̂

∑
i=1

Fiy(i−1),

then we consider

Ψ : U → Rk, (q,v) 7→ [0, Ik]T [0,F1, . . . ,Fr̂,F0]Φ(q,v).

Now we replace η2(t) =Ψ(q(t),v(t)) in ynew,i(t) = Kiη2(t)
and its derivatives for i = 1, . . . ,q. To this end, observe that,
similar as in [9], we may calculate that

ynew,i(t)
ẏnew,i(t)

...

y(ki−1)
new,i (t)

y(ki)
new,i(t)

=


Ki

KiQ̃
...

KiQ̃ki−1

KiQ̃ki

η2(t)+


0
...

0
KiQ̃ki−1P̃

y(t).

Hence, we obtain the replacement rule

ynew,i(t) = KiΨ(q(t),v(t)),

ẏnew,i(t) = KiQ̃Ψ(q(t),v(t)),
...

y(ki−1)
new,i (t) = KiQ̃ki−1

Ψ(q(t),v(t)),

y(ki)
new,i(t) = KiQ̃kiΨ(q(t),v(t))+KiQ̃ki−1P̃y(t),

y(ki+1)
new,i (t) = KiQ̃ki+1

Ψ(q(t),v(t))+KiQ̃ki P̃y(t)

+KiQ̃ki−1P̃ẏ(t),
...

y(r̂+ki−1)
new,i (t) = KiQ̃r̂+ki−1

Ψ(q(t),v(t))+
r̂−2

∑
j=0

KiQ̃ki+ jP̃y( j)(t)

+KiQ̃ki−1P̃y(r̂−1)(t), (46)
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for i = 1, . . . ,q, where the derivatives y( j)(t) are to be ex-
pressed via Lie derivatives as in (11) and read

y( j)(t) =
(
L j

F O3
)
(q(t),v(t)), 0≤ j ≤ r̂−1. (47)

Similarly, we obtain the replacement rule

y( j)
new,i(t) = Ki

(
L j

F O3
)
(q(t),v(t))

for i = q+1, . . . ,m and j = 0, . . . , r̂−1.
If the transformation Ψ : U → Rk is not available or

hard to compute, then η2 may instead be computed as
the solution of the linear differential equation (40) with
y(t) = h(q(t),v(t)), which is inserted at the respective places
above.

With this, the application of the controller from [13] to
a multibody system (1) with new output (41) and reference
signal as in (42) leads to the following overall control law:

η̇2,ref(t) = Q̃η2,ref(t)+ P̃yref(t), η2,ref(0) = η
0
2,ref,

i = 1, . . . ,q :

ŷref,i(t) = Kiη2,ref(t),

ynew,i(t) = KiΨ(q(t),v(t)),

ei,0(t) = ynew,i(t)− ŷref,i(t),

ei,1(t) = ėi,0(t)+ ki,0(t)ei,0(t) using (46)+(47),

ei,2(t) = ėi,1(t)+ ki,1(t)ei,1(t) using (46)+(47),
...

ei,r̂+ki−1(t) = ėi,r̂+ki−2(t)+ ki,r̂+ki−2(t)ei,r̂+ki−2(t)

using (46)+(47),

ki, j(t) =
κi, j

1−ϕi, j(t)2ei, j(t)2 , j = 0, . . . , r̂+ ki−2,

i = q+1, . . . ,m :

ei,0(t) = Ki
(
y(t)− yref(t)

)
,

ei,1(t) = ėi,0(t)+ ki,0(t)ei,0(t) using (47),

ei,2(t) = ėi,1(t)+ ki,1(t)ei,1(t) using (47),
...

ei,r̂−1(t) = ėi,r̂−2(t)+ ki,r̂−2(t)ei,r̂−2(t) using (47),

ki, j(t) =
κi, j

1−ϕi, j(t)2ei, j(t)2 , j = 0, . . . , r̂−2,

ē(t) =
(
e1,r̂+k1−1, . . . ,eq,r̂+kq−1,

eq+1,r̂−1, . . . ,em,r̂−1
)>

,

k̄(t) =
κ̄

1−ϕ(t)2‖ē(t)‖2 ,

u(t) =−ρ k̄(t) ē(t), (48)

with η0
2,ref as in (43), ρ as in (A1), tuning parameters

κ̄,κi, j > 0, reference signal yref ∈ W r̂,∞(R≥0 → R)
and funnel functions ϕi, j ∈ Φr̂+ki− j for i = 1, . . . ,q,

j = 0, . . . , r̂ + ki − 2, ϕi, j ∈ Φr̂− j for i = q + 1, . . . ,m,
j = 0, . . . , r̂−2 and ϕ ∈Φ1.

We note that in (48) the variables ei, j are only short-hand
notations and they can be expressed in terms of ynew, ŷref,ϕi, j
and the derivatives of these. Therefore, the expressions
in (46) must be used for the replacement of the derivatives
of ynew in terms of the original coordinates q and v. Further
note that the controller (48) implicitly assumes that the phys-
ical dimensions of all input and output variables coincide.
For systems in which these variables have different physi-
cal dimensions a straightforward renormalization approach
as presented in [14] can be used.

Remark 5.1 Since the controller design developed in this
section involves numerous transformations, a summarizing
remark is warranted. For a given multibody system (1) with
unstable internal dynamics we perform the following steps.

1. Decouple the internal dynamics as in (16) using the
method of Section 2 or, alternatively, that of Section 3.

2. Linearize the internal dynamics around an equilibrium
to obtain (37).

3. Transform the linearization such that the derivatives of y
are removed from the right hand side and (38) is ob-
tained.

4. Decompose the internal dynamics via (39) such that the
unstable part of the linearized internal dynamics is de-
coupled and given by (40).

5. Define the new output ynew as in (41) and express it as a
function of the original variables q and v of (1).

6. Calculate the new reference signal ŷref via (42).
7. Calculate the required derivatives of ynew and ŷref us-

ing (46), (47) and (42).
8. Calculate the control input u via (48).

6 A robotic manipulator with kinematic loop

In this section, we illustrate our findings by a robotic
manipulator which is described by a DAE that cannot be re-
formulated as an ODE and, at the same time, has unstable
internal dynamics. The model is shown in Figure 3. This ex-
ample is motivated by a similar flexible manipulator in [44].
It consists of three bodies with mass mi, length Li and mo-
ments of inertia Ii. The first body is fixed to a translationally
moving actuator on one end. The other end is connected to
the end of body 2. The center of gravity of body 2 is mounted
on a translationally moving actuator. Body 3 is attached to
the end of body 2 by a linear spring-damper combination
with coefficients c and D. Due to the described configura-
tion, there exists a kinematic loop in the model and the re-
sulting equations of motion in DAE-form cannot be easily
reformulated as an ODE.
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Inv. model Sim. model
m1 (kg) 3.4 3.4
L1 (m) 0.5 0.5

I1 (kgm2) 0.071 0.071
m2 (kg) 6.8 6.8
L2 (m) 1 1

I2 (kgm2) 0.567 0.567
m3 (kg) 3.4 4.1
L3 (m) 0.5 0.5
X3 (m) 0.25 0.25

I3 (kgm2) 0.071 0.085
c (N/rad) 50 50

D (Ns/rad) 0.25 0.25
d (m) 0.8 0.8

Table 1 Parameters of the inverted reference model and the simulated
model.

With the variables q = (s1,s2,α,β ,γ)>, λ = (λ1,λ2)
>

and the system input u = (u1,u2)
> the equations of motion

are given by

q̇(t) = v(t),

M(q(t))v̇(t) = f
(
q(t),v(t)

)
+G(q(t))>λ (t)+Bu(t),

0 = g(q(t)),

which are of the form (1) with f ,g,M,G,B defined in (49) in
a brief way. The model parameters are listed in Table 1. Note
that a homogeneous mass distribution is assumed for bodies
1 and 2, while the center of gravity of body 3 can be varied
by X3. The parameters of the reference model differ from the
parameters for the forward simulation of the actual model in
order to show robustness of the presented approach. For this
example, the mass m3 of the third arm is chosen 20% larger
compared to the reference model. This might be the case if
the robot is hoisting an unknown mass with its third arm.

The reference model is inverted according to Section 4
to obtain the feedforward control input uff. Using identi-
cal parameters for both models would yield exact tracking
of the feedforward controller. Therefore, the parameters for
the simulated model differ from the ones of the inverted
model. The funnel controller introduced in Section 5 de-
creases the tracking errors due to parameter missmatch of
the pure feedforward control. However, note that the funnel
controller (48) also requires some system parameters, for in-
stance to compute the matrices Q̃ and P̃, and hence relies on
the reference model. Nevertheless, we will demonstrate that
it is able to compensate the tracking error induced by feed-
forward control.

The output is chosen as

y(t) =
(

y1(t)
y2(t)

)
= h(q(t)) =

(
s2(t)

β (t)+ 2L3
L2+2L3

γ(t)

)
,

where the first component is the horizontal position of the
second body and the second component corresponds to an

auxiliary angle describing the end-effector position for small
angles γ . Both components may be used to approximate the
end-effector position by

rapp(t) =
(

d + y1(t)+( 1
2 L2 +L3)cos(y2(t))

−( 1
2 L2 +L3)sin(y2(t))

)
.

Note that in practice the output y(t) can be easily measured.
The first component of y(t) is directly obtained by measur-
ing the position s2(t) of the second translational actuator.
The second component of the output is computed from the
measured joint angles β (t) and γ(t) and the known lengths
L2 and L3, see Figure 3. A detailed explanation and deriva-
tion of such an output to approximate the end-effector posi-
tion can be found in [49].

To demonstrate the tracking capability of the proposed
controller design we choose the reference trajectory rapp,ref
in end-effector coordinates as the path

rapp,ref(t) =


rapp,0, t < t0
rapp,0 + r(t)

(
rapp,f− rapp,0

)
, t0 ≤ t ≤ t f

rapp,f, t > t f

parametrized by r(t). The timing law of the scalar parame-
ter r(t) is chosen as the polynomial

r(t) =70
(

t
t f

)9

−315
(

t
t f

)8

+540
(

t
t f

)7

−420
(

t
t f

)6

+126
(

t
t f

)5

with initial time t0 = 0s and final transition time t f = 1s.

The initial position is chosen as rapp,0 =
[
1.6 −0.6

]>m and

the final position is rapp,f =
[
0.9 −0.9

]>m. The reference
trajectory rapp,ref is then transformed to the system output
trajectory yref.

In the following we aim to calculate the relative degree
in a preferably large open set around the equilibrium point

(s0
1,s

0
2,α

0,β 0,γ0) =
(

0,0,
π

4
,

π

4
,0
)
, λ

0 = 0, u0 = 0.

To this end, we choose (and this will be justified later)

Uq := R2×
(

0,
π

2

)2
×
{

γ ∈ [−π,π)
∣∣ cosγ > 2

3

}
,

U :=Uq×R5,

which accordingly restricts the operating range of the sys-
tem. Henceforth, we identify M, G, g and h with their restric-
tions to Uq and f with its restriction to U . It is straightfor-
ward to check that the conditions in (2) are satisfied on Uq.
However, the inputs and outputs are not colocated here,
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M =


m1 0 L1m1 cos(α)

2 0 0
0 m2 +m3 0 −X3m3 sin(β + γ)− L2m3 sin(β )

2 −X3m3 sin(β + γ)
L1m1 cos(α)

2 0 m1L2
1

4 + I1 0 0

0 −X3m3 sin(β + γ)− L2m3 sin(β )
2 0 m3L2

2
4 +m3 cos(γ)L2X3 +m3X2

3 + I2 + I3 m3X2
3 + L2m3 cos(γ)X3

2 + I3

0 −X3m3 sin(β + γ) 0 m3X2
3 + L2m3 cos(γ)X3

2 + I3 m3X2
3 + I3

 ,

f =



1
2 L1 α̇2 m1 sin(α)

1
2 m3

(
2X3 β̇ 2 cos(β + γ)+2X3 γ̇2 cos(β + γ)+L2 β̇ 2 cos(β )+4X3 β̇ γ̇ cos(β + γ)

)
0

1
2 L2 X3 γ̇ m3 sin(γ)

(
2 β̇ + γ̇

)
− 1

2 L2 X3 m3 sin(γ) β̇ 2−D γ̇− cγ

 , B =


1 0
0 1
0 0
0 0
0 0

 ,

g =

[
L1 cos(α)− s2−d + 1

2 (L2 cos(β ))
s1 +L1 sin(α)− 1

2 (L2 sin(β ))

]
, G =

[
0 −1 −L1 sin(α) − 1

2 (L2 sin(β )) 0
1 0 L1 cos(α) − 1

2 (L2 cos(β )) 0

]
.

(49)

Fig. 3 Model of the flexible robot.

i.e., (17) does not hold. It is then easy to see that for all
x = (q>,v>)> ∈U we have LK(x)O3(x) = 0 and

Γ (x) =
[

Γ2(x)
Γ3(x)

]
=

[
(LKLF O2)(x)
(LKLF O3)(x)

]
=

[
G(q)M(q)−1G(q)> G(q)M(q)−1B
h′(q)M(q)−1G(q)> h′(q)M(q)−1B

]
,

where

h′(q) =

[
0 1 0 0 0
0 0 0 1 2L3

L2+2L3

]
,

and a Matlab calculation yields that

detΓ (x)=−L2
1L2

2 sin(α)sin(α+β )
I3 +m3X3

3 −m3L3X3 cosγ

(2L2 +4L3)det(M(q))
.

Let us assume in the following that the third body has a ho-
mogeneous mass distribution, and hence

X3 =
1
2 L3, I3 =

1
12 m3L2

3. (50)

Now, for x=(q>,v>)> ∈U we find that sin(α)> 0, sin(α+

β )> 0 and cosγ > 2
3 , where the latter gives

I3 +m3X3
3 −m3L3X3 cosγ

(50)
= 1

12 m3L2
3 +

1
4 m3L2

3− 1
2 m3L2

3 cosγ

< m3L2
3
( 1

12 +
1
4 −

1
2 ·

2
3

)
= 0,

thus detΓ (x)< 0 and hence Γ (x) is invertible and the vector
relative degree is well defined on U with r̂ = 2. As a conse-
quence we find that r̄ = 4+4 = 8 < 10 = 2n, so the system
has nontrivial internal dynamics.

For later use set κ := m3X2
3 + I3 =

m3L2
3

3 . In order to
decouple the internal dynamics we invoke the transforma-
tion Φ with

ξ =

φ1(x)
...

φ8(x)

=



g1(q)
g2(q)

G1(q)v
G2(q)v
h1(q)
h2(q)
h′1(q)v
h′2(q)v


and following the ansatz (22) in Section 3 we set

η =

(
η1
η2

)
=

(
φ9(x)
φ10(x)

)
,

where φ10(x) = φ̃10(q)v. As in the proof of Lemma 3.1 we
choose

φ̃10 : Uq→ R1×5

q 7→ [0,−m3L3

2
sin(β + γ),0,κ +

m3L2L3

4
cos(γ),κ],

and observe that φ̃10(q) = [0,0,0,0,1]M(q). We check that[
∂

∂q

(
φ̃10(q)v

)
φ̃10(q)

]
K(q) = φ̃10(q)M(q)−1[G(q)>,B]

= [0,0,0,0,1][G(q)>,B] = 0.
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Further, we choose φ9 : Uq→ R, q 7→ γ and thus

φ
′
9(q)K(q) = [0,0,0,0,1,0,0,0,0,0]K(q) = 0.

Furthermore, the Jacobian of Φ is given by (51). Invertibil-
ity of the matrix in (51) is equivalent to invertibility of the
submatrix
−L1 sinα 0 0 0
−L1 cos(α)α̇ −L1 sinα −L2

2 sinβ 0
0 0 1 2L3

L2+2L3

0 0 κ + m3L2L3
4 cosγ κ

 .
Since x ∈U implies that sinα > 0 this matrix is invertible
if, and only if, the determinant of the lower right 2×2 sub-
matrix is nonzero, which is given by

det

[
1 2L3

L2+2L3

κ + m3L2L3
4 cosγ κ

]

= κ− 2L3

L2 +2L3

(
κ + m3L2L3

4 cosγ
)

=
2L3

L2 +2L3

(
κL2

2L3
− m3L2L3

4
cosγ

)
=

L2

L2 +2L3

(
m3L2

3
3 −

m3L2
3

2 cosγ

)
<

m3L2L2
3

L2 +2L3

(
1
3
− 1

3

)
= 0,

since cosγ > 2
3 . Therefore, Φ ′(x) is invertible everywhere

for all x ∈U . In the next step we aim to obtain the internal
dynamics, i.e., the second equation in the decoupled sys-
tem (16). First we calculate that

η̇1(t) = γ̇(t),

η̇2(t) =
( d

dt φ̃10(q(t))
)
q̇(t)+ φ̃10(q(t))q̈(t)

=−L3m3
2 cos(β (t)+ γ(t))(β̇ (t)+ γ̇(t))ṡ2(t)

−m3
4 L2L3 sin(γ(t))β̇ (t)(β̇ (t)+γ̇(t))−Dγ̇(t)−cγ(t).

In order to resolve the right hand sides in the above equa-
tion, we calculate the inverse of the diffeomorphism Φ . First
observe that the new coordinates admit the representation
in (52). Upon solving, and invoking the original constraints
φ1 = . . . = φ4 = 0, with δ := 2L3

L2+2L3
we obtain for the re-

quired coordinates s2,β ,γ and ṡ2, β̇ and γ̇ that

s2 = φ5, γ = φ9, β = φ6−δφ9, ṡ2 = φ7,

β̇ = 2(L2+2L3)

κL2

(
2−3cos(φ9)

)(κφ8−δφ10

− δm3L3
2 sin

(
φ6 +(1−δ )φ9

)
φ7

)
γ̇ = 2(L2+2L3)

κL2

(
2−3cos(φ9)

)(φ10−
(
κ + m3L2L3

4 cos(φ9)
)
φ8

+ m3L3
2 sin

(
φ6 +(1−δ )φ9

)
φ7

)
.

With this and φ5 = y1, φ6 = y2, φ7 = ẏ1, φ8 = ẏ2, φ9 = η1
and φ10 = η2 the internal dynamics are given by (53).

Denote with JF ,x(x0,y0) ∈ Rp×q the Jacobian of a func-
tion F ∈ C 1(Rq×Rk → Rp) with respect to x at a point
(x0,y0) ∈ Rq ×Rk. Instead of linearizing (53) around the
equilibrium point, in order to increase performance we lin-
earize it around the starting point of the reference trajectory
at t0 and the end point at t f given by

y0 = yref(t0), y f = yref(t f ), η
0 = η

f = ẏ0 = ẏ f = 0 ∈ R2,

and combine both points linearly to obtain Q,P1 and P2 as in
Section 5 from the function F = (F1,F2)

> defined in (53)
by

Q =
1
2
(
JF ,η(η

0,y0, ẏ0)+ JF ,η(η
f ,y f , ẏ f )

)
,

P1 =
1
2
(
JF ,y(η

0,y0, ẏ0)+ JF ,y(η
f ,y f , ẏ f )

)
,

P2 =
1
2
(
JF ,ẏ(η

0,y0, ẏ0)+ JF ,ẏ(η
f ,y f , ẏ f )

)
.

With the coefficients

C0 =
2L2 +4L3

κL2
,

C1 =−
L3m3(L2 +2L3)

2κL2

(
sin(β 0)+ sin(β f )

)
,

C2 =
4κ +L2L3m3

10κL2
(L2 +2L3),

where β 0,β f are the values of β at t0 and t f , resp., induced
by the reference trajectory, these matrices are given by

Q =

[
0 −C0
−c DC0

]
, P1 =

[
0 0
0 0

]
, P2 =

[
C1 C2
−DC1 −DC2

]
and we consider the corresponding system in the form as
in (37), that is(

η̇1(t)
η̇2(t)

)
= Q

(
η1(t)
η2(t)

)
+P2

(
ẏ1(t)
ẏ2(t)

)
. (54)

We may observe that Q has a positive and a negative eigen-
value, hence the system is not minimum phase, not even lo-
cally. After the transformation η̄(t) = η(t)−P2y(t) we ob-
tain

d
dt η̄(t) = Qη̄(t)+Py(t), (55)

where P = QP2. Now, we calculate that Q has eigenvalues

µ1,2 =
DC0

2 ∓
√(DC0

2

)2
+C0c. Note, that for c > 0 we have

µ1 < 0< µ2, thus (54) has a hyperbolic equilibrium, whence
the linearized internal dynamics have an unstable part. Next
we seek a transformation which diagonalizes Q and hence
separates the stable and the unstable part of the internal dy-
namics:

T =

[
µ2
c

µ1
c

1 1

]
∈Gl2 s.t. T−1QT =

[
µ1 0
0 µ2

]
=:
[

Q̂1 0
0 Q̃

]
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Φ
′(x)=



0 −1 −L1 sinα − L2
2 sinβ 0 0 0 0 0 0

1 0 L1 cosα − L2
2 cosβ 0 0 0 0 0 0

0 0 −L1 cos(α)α̇ − L2
2 cos(β )β̇ 0 0 −1 −L1 sinα − L2

2 sinβ 0
0 0 −L1 sin(α)α̇ L2

2 sin(β )β̇ 0 1 0 L1 cosα − L2
2 cosβ 0

0 1 0 0 0 0 0 0 0 0
0 0 0 1 2L3

L2+2L3
0 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 2L3

L2+2L3
0 0 0 0 1 0 0 0 0 0
0 0 0 − L3m3

2 cos(β + γ)ṡ2 − L3m3
2 cos(β + γ)ṡ2− m3L2L3

4 sin(γ)β̇ 0 − L3m3
2 sin(β + γ) 0 κ + m3L2L3

4 cosγ κ


(51)


φ1
φ2
φ5
φ6
φ9

=


0 −1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 1 2L3

L2+2L3
0 0 0 0 1




s1
s2
α

β

γ

+


L1 cosα + L2

2 cosβ −d
L1 sinα− L2

2 sinβ

0
0
0

 ,


φ3
φ4
φ7
φ8
φ10

=


0 −1 −L1 sinα − L2

2 sinβ 0
1 0 L1 cosα − L2

2 cosβ 0
0 1 0 0 0
0 0 0 1 2L3

L2+2L3

0 − L3m3
2 sin(β + γ) 0 κ + m3

4 L2L3 cosγ κ




ṡ1
ṡ2
α̇

β̇

γ̇

 .

(52)

η̇1 =
2(L2 +2L3)

κL2
(
2−3cos(η1)

)(η2−
(
κ + m3L2L3

4 cos(η1)
)
ẏ2 +

m3L3
2 sin

(
y2 +(1−δ )η1

)
ẏ1

)
=: F1(η1,η2,y, ẏ)

η̇2 =−
2(L2 +2L3)

κL2
(
2−3cos(η1)

)((1−δ )η2− (1−δ ) L3m3
2 sin

(
y2 +(1−δ )η1

)
ẏ1− L2L3m3

4 cos(η1)ẏ2

)
·(

L3m3
2 cos

(
y2 +(1−δ )η1

)
ẏ1 +

L2L3m3
4 sin(η1)

2(L2+2L3)

κL2

(
2−3cos(η1)

)(κ ẏ2−δη2− δm3L3
2 sin

(
y2 +(1−δ )η1

)
ẏ1

))

−D
2(L2 +2L3)

κL2
(
2−3cos(η1)

)(η2−
(
κ + m3L2L3

4 cos(η1)
)
ẏ2 +

m3L3
2 sin

(
y2 +(1−δ )η1

)
ẏ1

)
− cη1 := F2(η1,η2,y, ẏ)

(53)

Using the transformation η̂(t) = T−1η̄(t) we obtain the lin-
earized internal dynamics

d
dt

(
η̂1(t)
η̂2(t)

)
=

[
µ1 0
0 µ2

](
η̂1(t)
η̂2(t)

)
+T−1Py(t).

According to (A1) we set P̃ = [0,1]T−1P, then this has ex-
actly the form of (40) in Section 5:
d
dt η̂2(t) = Q̃η̂2(t)+ P̃y(t), (56)

where Q̃, P̃ satisfy (A1) with q = 1, k1 = 1,

K1 =−0.1 and K2 = [1,0.01];

however, strictly speaking the last condition in (A1) is only
satisfied in a neighborhood of the equilibrium point. (A2) is
satisfed with W = 1.

Hereinafter η̂2 plays the role of η2 in Section 5 which is
not to be confused with the expressions in (53). We have

ynew,1(t) := K1η̂2(t), ynew,2(t) = K2y(t). (57)

To replace η̂2 and its derivatives in ynew,1 consider
Ψ : U → R,

x 7→[0,1]T−1
(

x5
m3L3

2 sin(x4 + x5)x7 +κ(x9 + x10)+
m3L2L3

4 cos(x5)x9

)
+[0,1]T−1P2

(
x2

x4 +δx5

)
. (58)

Then η̂2(t) =Ψ(q(t),v(t)) and ynew,1(t) = K1Ψ(q(t),v(t)).
In order to implement the controller (48) we calculate the
required derivatives of ynew,1 in terms of the system’s origi-
nal variables. Recall y(t) = h(q(t)) and ẏ(t) = h′(q(t))v(t).
Then, using (56):

y[1]new,1(t)
(56)
= K1Q̃Ψ(q(t),v(t))+K1P̃h(q(t))

y[2]new,1(t) = K1Q̃2
Ψ(q(t),v(t))+K1Q̃P̃h(q(t))

+K1P̃h′(q(t))v(t).

(59)

Further, we need to express ei, j(t) in (48) in terms of the
system’s original variables. Therefore, we need to calcu-
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late ŷref,1 according to (42):

d
dt η̂2,ref(t) = Q̃η̂2,ref(t)+ P̃yref(t), η̂2,ref(0) = η̂

0
2,ref,

ŷref,1(t) = K1η̂2,ref(t),
(60)

where η̂0
2,ref is computed accoding to (43):

η̂
0
2,ref =−

∫
∞

0
e−µ2sP̃yref(s)ds ∈ R. (61)

Now, for e1,0(t) := ynew,1(t)− ŷref,1(t) we define for ϕ0 ∈Φ3
and κ0 > 0 the expressions

e[1]1,0(t) = y[1]new,1(t)−
d
dt ŷref,1(t),

e[2]1,0(t) = y[2]new,1(t)− ŷ(2)ref,1(t),

k[1]1,0(t) =
2κ0

1−ϕ0(t)2e1,0(t)2 ·

·
(
ϕ0(t)ϕ̇0(t)e1,0(t)2 +ϕ0(t)2e1,0(t)e

[1]
1,0(t)

)
,

e[1]1,1(t) = e[2]1,0(t)+ k1,0(t)e
[1]
1,0(t)+ k[1]0 (t)e1,0(t),

(62)

where ŷref,1 is from (60) and y[i]new,1 are from (59), resp.
For both errors we choose the same funnel function, i.e.,
ϕi, j = ϕ j ∈ Φ3− j and the same amplification factor, i.e.,
κi, j = κ j for i = 1,2 and j = 0, . . . ,2− i. With this the
controller reads

d
dt η̂2,ref(t) = Q̃η̂2,ref(t)+ P̃yref(t), η̂2,ref(0) = η̂

0
2,ref via (61)

e1,0(t) = K1
(
Ψ(q(t),v(t))− η̂2,ref(t)

)
,

e1,1(t) = e[1]1,0(t)+ k1,0(t)e1,0(t) using (62)+(58),

e1,2(t) = e[1]1,1(t)+ k1,1(t)e1,1(t) using (62)+(58),

e2,0(t) = K2
(
y(t)− yref(t)

)
,

e2,1(t) = K2
(
ẏ(t)− ẏref(t)

)
+ k2,0(t)e2,0(t),

ki, j(t) =
κ j

1−ϕ j(t)2ei, j(t)2 , i = 1,2, j = 0, . . . ,2−i,

ē(t) =
(
e1,2(t),e2,1(t)

)>
,

k̄(t) =
κ̄

1−ϕ(t)2‖ē(t)‖2 ,

u(t) =−k̄(t) ē(t),

for κ̄ = κ2 and ϕ = ϕ2. For the simulation we have chosen
the funnel functions ϕ j(t) = (p je−q jt + r j)

−1 for j = 0,1,2.
The simulation parameters are given in Table 2. Based on

j p j q j r j κ j
0 0.5 2 0.001 1
1 1 2 0.001 1
2 1 2 0.001 50

Table 2 Funnel control design parameters.

the parameters for the reference model from Table 1 the
matrices T−1QT , and T−1P are given by

T−1QT =

[
−24.8623 0

0 28.3917

]
,

T−1P =

[
−211.5623 235.0693
−305.9704 339.9671

]
and thus Q̃ = 28.3917, P̃ = [−305.9704,339.9671].

The feedforward control uff is obtained from solving the
boundary value problem described in Section 4, based on
the inverse model in the DAE formulation (35). In order to
apply the simplified boundary conditions (36) to this exam-
ple, n0 +n f = 2n+ `+ p+m = 14 initial or final conditions
have to be selected from the equilibrium points at time T0
and Tf , while the remaining 14 entries in (36) remain as
free bounds. There are many possible combinations to se-
lect these 14 conditions. Here, in an heuristic way one may
choose e.g.[

q(T0)
> v(T0)

> λ (T0)
> µ(T0)

> u(T0)
>]> =[

0 0 α0 β0 0 0 0 ? ? ? 0 ? 0 0
]>[

q(Tf )
> v(Tf )

> λ (Tf )
> µ(Tf )

> u(Tf )
>]> =[

? ? ? ? 0 ? ? ? ? ? ? 0 0 0
]>

,

where free bounds are denoted by ?. The initial angles α0
and β0 are given by the geometry of the model as α0 =

arccos
(

L2
1+d2−0.25L2

2
2L1 d

)
and β0 = arcsin

(
2L1 sin(α0)

L2

)
. The

BVP solution includes a pre-actuation phase before the start
of the trajectory at time t0 = 0s. However, here only the
causal part for t ≥ t0 is considered, such that

uff(t) =

{
0, t < t0,

ubvp(t), t ≥ t0,

where ubvp denotes the solution of the BVP. Note that the
clipping of the input signal will also yield small tracking er-
rors, which have to be reduced by the feedback controller.
Furthermore, the solution of the BVP does not only yield
the feedforward control uff, but also the desired state tra-
jectories qref,vref,λref, which may be used for reference in a
feedback control law.

In the simulations, three controller configurations are
compared. The controller C1 is the combination u(t) =

ufb(t)+uff(t) of the feedback and feedforward strategy dis-
cussed above. The controller C2 is pure feedback control
u(t) = ufb(t) and the controller C3 is pure feedforward con-
trol u(t) = uff(t). The simulations over the interval 0− 2s
are performed on MATLAB with the solver ode15s (AbsTol
and RelTol at default values).

Snapshots of an animation of the simulation with con-
troller C1 are shown in Figure 4 for different time instances.
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The motion of the complete robot is visualized and the mo-
tion of the actuators attached to the moving bases with s1(t)
and s2(t) can be seen. Moreover, the deflection γ(t) of the
third, passive arm is visible at time t = 0.4 s.

Fig. 4 Snapshots of an animation of the simulation under controller
C1.

Figure 5 shows the associated states s1(t), s2(t), α(t),
β (t) and γ(t) during the motion, applying the combined con-
troller C1. The oscillation of the third, passive body due to
the motion is visible as an oscillation of γ(t). This motion
cannot be actuated directly and is therefore responsible for
the involved controller design.

Figure 6 shows the end-effector position in the two-
dimensional space under all three controller configurations
C1–C3. While at the beginning a good tracking is achieved,
the pure feedforward controller C3 does not reach the de-
sired final position at (e1,e2) = (0.9,−0.9) m. While both
controllers C1 and C2 reach the correct desired final posi-
tion, the controller C1 shows smaller tracking errors over the
course of the trajectory. The tracking errors are evaluated in
the following.

Figure 7(a) shows the errors between the original out-
put y and the reference signal yref, and Figure 7(b) the errors
in end-effector coordinates ‖rapp−rref‖ under the controllers
C1,C2 and C3, resp. The pure feedforward controller C3
cannot compensate the increasing tracking errors due to the
mass m3, which is larger in the simulated model compared to
the reference model used for controller design. In contrast,
both controllers C1 and C2, which include a feedback chan-
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Fig. 5 State trajectories using the combined controller C1 (s1, s2 in m
and α , β , γ in rad).
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Fig. 6 End-effector position and reference.

nel, reduce the tracking error after an initial growth period.
Applying the combined controller C1 results in the smallest
tracking error at the end time t f = 2s. Moreover, the cu-
mulative error of the controller C1 is considerably smaller
compared to the controller C2. The controller C1 reduces
the cumulative error of C2 by 40% and 50%, resp., for the
coordinates of y and rapp.

In Figure 8 the input functions u1 and u2 are depicted.
The controller C3 shows the smooth feedforward control
signal from model inversion of the reference model. The
funnel controller C2 varies strongly, especially in the first
component u1. These large derivatives result in large accel-
erations of the physical system and should be avoided in or-
der to reduce the loads on the mechanical parts. This can be
achieved by the controller C1. Since it includes the smooth
feedforward signal, which roughly moves the system on the
desired path, the work load of the funnel feedback controller
is reduced and the peaks and strong variations of the input
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(a) Errors between the original output y(t) and reference signal
yref(t).
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(b) Errors between the approximated end-effector rapp(t) and the
refence rref(t) in end-effector coordinates.

Fig. 7 Output errors and end-effector errors.

signal can be completely avoided here. The input signals of
C1 are smooth and therefore reduce the loads on the me-
chanical parts of the system.

In Figure 9 the error norm ‖ē(·)‖ and the funnel bound-
ary ϕ(·)−1 under the controllers C1 and C2 are depicted. In
both controller configurations the error lies within the funnel
boundary. However, in the scenario C2 when only the feed-
back controller is applied, the error is closer to the funnel
boundary which results in a larger input, cf. Figure 8.

7 Summary and Conclusion

In the present work we successfully combined a feedforward
control strategy based on servo-constraints with a novel
high-gain feedback controller design in order to achieve out-
put tracking for a multibody system with kinematic loop and
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(a) First input components u1.
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(b) Second input components u2.

Fig. 8 Components of the control input.

unstable internal dynamics. First, we introduced auxiliary
inputs and outputs in order to avoid the DAE formulation
and decouple the internal dynamics. Then we derived a fea-
sible set of coordinates for the internal dynamics which al-
lows a decoupling in terms of the original system parameters
and avoids an explicit calculation of the Byrnes-Isidori form.
In order to apply the recent result from [9] on funnel control
of linear non-minimum phase systems, we considered a lin-
earization of the internal dynamics of the multibody system.
Furthermore, a system inversion based on servo-constraints
is applied as a feedforward control. Due to the unstable inter-
nal dynamics, this includes solving a boundary value prob-
lem beforehand.

As a proof of concept we applied the combination of
both control strategies to a nonlinear multi-input, multi-
output multibody system with unstable internal dynamics in
a simulation and compared the results. We found the com-
bination of both controllers to have the best tracking per-
formance in terms of the error between the system output
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Fig. 9 Funnel boundary and error norm.

and the reference signal. Moreover, the combination reduces
peaks and strong variations in the input signal compared
to the pure feedback strategy. The results motivate further
research on the combination of open-loop and closed-loop
control strategies for non-minimum phase systems.
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