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ABSTRACT. A square matrix A has the usual Jordan canonical form that de-
scribes the structure of A via eigenvalues and the corresponding Jordan blocks.
If A is a linear relation in a finite-dimensional linear space §) (i.e., A is a linear
subspace of § x §) and can be considered as a multivalued linear operator),
then there is a richer structure. In addition to the classical Jordan chains
(interpreted in the Cartesian product $) X ), there occur three more classes of
chains: chains starting at zero (the chains for the eigenvalue infinity), chains
starting at zero and also ending at zero (the singular chains), and chains with
linearly independent entries (the shift chains). These four types of chains give
rise to a direct sum decomposition (a Jordan-like decomposition) of the linear
relation A. In this decomposition there is a completely singular part that has
the extended complex plane as eigenvalues; a usual Jordan part that corre-
sponds to the finite proper eigenvalues; a Jordan part that corresponds to the
eigenvalue co; and a multishift, i.e., a part that has no eigenvalues at all. Fur-
thermore, the Jordan-like decomposition exhibits a certain uniqueness, closing
a gap in earlier results. The presentation is purely algebraic, only the structure
of linear spaces is used. Moreover, the presentation has a uniform character:
each of the above types is constructed via an appropriately chosen sequence
of quotient spaces. The dimensions of the spaces are the Weyr characteristics,
which uniquely determine the Jordan-like decomposition of the linear relation.

1. INTRODUCTION

Let $) be a finite-dimensional linear space over C and let A be a linear operator
in $ with dom A = 9, i.e., A is defined everywhere and admits a representation as
a matrix. Then there is at least one eigenvalue A € C and to each eigenvalue belong
chains of linearly independent vectors x1, ..., z,, the so-called Jordan chains
(1.1) (A= XNzp =2pn_1, (A= N)Tp1=2Tp_2, ..., (A— Nz =0.

The Jordan canonical form of a matrix offers a decomposition in terms of these
Jordan chains. For each A € C define the sequence of quotient spaces

ker (A —X)? ker (4 —\)3

ker (A — ) " ker (A —A)2"

and the corresponding Weyr characteristic by the sequence

ker (A — \)? ker (A — \)3

ker (A — ) ker (A — 2"

Then the Jordan canonical form is the unique representative of the equivalence
class of A with respect to similarity, and it is uniquely determined by the Weyr

(1.2) ker (A — \),

(1.3) dimker (A — A), dim

, dim
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characteristic. Furthermore, two matrices are similar if and only if their Weyr
characteristics coincide.

For a recent treatment of the Weyr characteristic of matrices and a historical
discussion see [24] (and also [25]). The above condition that dom A = § ensures
the existence of at least one eigenvalue. If this condition is not satisfied or if A
is a linear relation (multivalued operator), then new phenomena may occur. For
instance, it may happen that A has no eigenvalues at all and the Jordan canonical
form breaks down.

The purpose of the present note is to derive a general decomposition for a linear
relation A in a finite-dimensional space $) over C, i.e., A is a subspace of ) x $.
Linear relations in linear spaces date back to [1], see also [2, 5, 10, 23]. Compared
to linear operators, linear relations may have an eigenvalue co with its own Jordan
chains. However, in the context of a linear relation A there is also a new feature: it
may happen that the usual point spectrum o,(A) is equal to the extended complex
plane. For instance, this is the case when there exists a nontrivial element in
ker A N mul A. By splitting off the so-called completely singular part Ag of A,
there remains the proper point spectrum o, (A4) of A, consisting of finitely many
points in C U {oo}; see [5]. The main result is the following Jordan-like direct sum
decomposition of the linear relation A:

(1.4) A=As®J\(A) D - D Jx(A) © Ju(A) ® Apr,

where Jy(A) stands for the Jordan part corresponding to A € o(A4) = {A1,..., A }U
{o0}, and Aj; is a multishift, i.e., a linear operator without eigenvalues; cf. The-
orem 6.1 for the precise meaning of (1.4). For each component in (1.4), there is,
parallel to the case of matrices in (1.3), a suitably chosen sequence of quotient spaces
with its own Weyr characteristic. The collection of the Weyr characteristics of each
part defines the Weyr characteristic of the linear relation A; cf. Definition 6.3. It is
a complete set of invariants which justifies to view (1.4) as a Jordan-like decompo-
sition: The decomposition (1.4) is uniquely determined by the Weyr characteristic
and it is the unique representative of the equivalence class with respect to strict
similarity; cf. Section 6.

In a sense, the present paper can be seen as a completion of the results in [22]
with a purely linear algebra approach; see also [5]. In fact, the decomposition
derived in [22] exhibits a certain non-uniqueness; cf. Section 6. This is resolved by
utilizing the concept of a reducing sum decomposition, which is intrinsically unique;
cf. Section 2. To achieve such a decomposition, it is required to use a completely
different construction of the subrelations.

The present paper is organized as follows: The necessary notions of root spaces,
chains and reducing sum decompositions for linear relations are recalled in Section 2.
The construction of each part in the decomposition (1.4) of the linear relation A
follows a uniform pattern: The discussion of the four kinds of sequences of quotient
spaces, and the resulting chain structure is the content of Sections 3, 4, and 5; see
(3.2), (4.5), (4.21), (4.39), and (5.1). In Section 6 the main decomposition results of
the paper are collected and explained in terms of the Weyr characteristic. Section
6 also contains a brief discussion of related literature.

The above characterization of linear relations via their Weyr characteristics is
new and allows for a variety of applications, in particular to linear matrix pencils.
With any linear pencil one may associate a kernel and a range representation,
which are two different linear relations. The relationship between the reducing sum
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decomposition (1.4) of these linear relations and the Kronecker canonical form of
the original matrix pencil is of great interest.

2. PRELIMINARIES

2.1. Linear relations. A linear relation A in a finite dimensional linear space $)
is a subspace of ) x £). In the following a brief review of the usual notions in the
context of linear relations is given:

domA={z€$H: JyecH with (z,y) € A}, domain,
kerA={ze€$H: (2,0) € A}, kernel,
ranA = {y € H: Iz € H with (z,y) € A}, range,
muld = {y € 9H: (0,y) € A}, multivalued part.
Note that the inverse of A is a linear relation given by A= = {(y,z) : (z,y) € A}.
Hence there are the formal identities dom A~! = ran A and ker A = mul A=!. In

addition, recall the following definitions of the product and sum of linear relations
A and Bj; and, in particular, of A — XA and AA when \ € C:

AB ={(z,2) € 9 xH: Tz € H with (z,2) € B, (z,y) € A}, product,
M =A{(z,\y) € HxH: (z,y) € A},
A+B={(z,y+2)€HxH: I(x,y) € A with (x,2) € B}, sum,
A= A=A-MN={(z,y—Iz) € H xH: (z,y) € A},
where I = {(z,2) € H X H: x € H} stands for the identity operator.

2.2. Root spaces and Jordan chains. The usual point spectrum o,(A) is the
set of all eigenvalues A € CU {oo} of the relation A:

op(A) = { A€ CU{oo} : ker(A—X) #{0}, if A eC,
or mul A # {0}, if A =00}
The root spaces Rx(A) of A for A € CU {0} are linear subspaces of ) defined by
R (A) = span{ker (A — \)": A€ C, i € N},
Roo(A) = span{mul A : i € N}.

Note that x € R)(A), A € C, if and only if for some n € N there exists a chain of
elements in $ x $ of the form

(2.3)  (Tn,Tno1+A20), (Tn_1,Tn—2 + ATp_1), ..., (T2, 71 + Ax2), (z1,A21) € A

such that z = z,,, the “endpoint” of (2.3); for all 1 < i < n one has (z;,0) € (A—\)".
If 21 # 0, then the chain in (2.3) is said to be a Jordan chain for A corresponding
to the eigenvalue A € C. Likewise, y € Roo(A) if and only if for some m € N there
exists a chain of elements in $ x $ of the form

(2.1)

(2.2)

(24) (0791)7 (ylva)a --------- 7(ym727ym71)7 (ymflvym) € A

such that y = ym, the “endpoint” of (2.4). If y; # 0, then the chain in (2.4) is said
to be a Jordan chain for A corresponding to the eigenvalue oo; for all 1 < ¢ < m
one has (0,y;) € A'. The total root space R, (A) of A is a linear subspace of £
defined by

(2.5) R, (A) =span {R\(A) : A € CU{o0}};
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see (2.2). Clearly, an element belongs to R, (A4) if and only if it is the “endpoint”
in the above sense of a chain in (2.3) or of a chain in (2.4).

2.3. Singular chains. The singular chain subspace R.(A) of A is a linear subspace
of the total root space R, (A) defined by

(2.6) Re(A) = Ro(A4) NReo(A);

cf. [22]. Note that u € R.(A) if and only if for some k € N there is a chain of
elements of the form

(27) (O,Uk), (uk,uk,l), ......... ,(ug,ul), (u1,0) €A

such that u = u; for some 1 <[ < k. The chain in (2.7) is said to be a singular
chain for A. It is clear from (2.7) that R.(A) C dom ANran A, and that R.(A) #
{0} implies that ker A N MR (A) and mul A N R (A) are non-trivial. The singular
chain space R.(A) can also be written as follows (for a proof, see [5]): for any
A i € CU{oco} with X\ # p one has

(2.8) Re(A) = R (4) NR,(A)
so that, in particular,

(2.9) Re(A) C Ra(A), e CU oo}

2.4. Proper point spectrum. In order to discuss a reducing sum decomposition
(see Definition 2.1 below) in terms of R.(A) and PR, (A), one needs to consider a
certain restriction of the point spectrum of A. It is clear that if 5.(A) # {0}, then
MRir(A) # {0} for all A € CU {o0}, so that ,(A) = CU {oo}. In fact, it is known
that, due to finite-dimensionality,

op(A) =CU{oo} if and only if R.(A) # {0},

see [22, Prop. 3.2, Thm. 4.4]. The proper point spectrum, see [5], is a subset of the
point spectrum o, (A) and defined by

(2.10) or(A) ={r € 0p(A): Rr(4)\ R(A) #0},

cf. (2.9). The elements in o,(A) are called the proper eigenvalues of A. As a
consequence of (2.10), observe that

(2.11) R, (A) =span {Rr(A) : X € o.(A)} UR(A).

Note that if R.(A) = {0}, then 0,(A) = 0,(A). Entries of chains belonging to
different proper eigenvalues in o, (A) are linearly independent and hence

lon(A)] < dim §,

see [5], so that o,(A) is a finite set, since §) is assumed to be finite-dimensional.
The proper point spectrum o, (A) of a linear relation A will be the substitute for
the usual point spectrum o,(A) in the operator case.
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2.5. Shift chains. To complete the description of the structure of a linear relation
A, one needs to go beyond the total root space R,(A). A collection of linearly
independent elements x1, ...z, in § is called a shift chain if

(2.12) (1,22)y -y (Xp_1,2n) € A.

Shift chains, in a sense, extend the notions of singular and Jordan chains:

e if additionally (z,,0) € A, then (2.12) is a Jordan chain at 0,

o if additionally (0,z1) € A, then (2.12) is a Jordan chain at oo,

e if additionally (0,z1), (z,,0) € A, then (2.12) is a singular chain.
On the other hand, they exhibit completely different spectral properties: the linear
relation spanned by the elements in (2.12) is an operator without point spectrum
in C. A linear relation A in a finite-dimensional linear space ) is said to be a
multishift if A has no eigenvalues in CU {oco} (i.e., if A is a linear operator without
eigenvalues in C). It will be shown that there exists a linear subspace R,,(A) C 9,
spanned by entries of shift chains, such that it complements the subspace R,.(A),
and the graph restriction of A to R,,(A) is given by

(2.13) Ay = AN (R (A) x R, (A));
cf. Theorem 5.2. The relation Ap; in (2.13) is a multishift.
2.6. Reducing sum decompositions. Here is a brief review of reducing sum

decompositions for linear relations in a linear space §). Recall that subspaces $); C
for j=1,...,n of $ are said to form a direct sum, denoted by

(2.14) D1DBHLD--- D HYy

if 0 =21 +x2+...+2x, with elements x; € §; implies that x; =0for j =1,...,n.
In particular, each z € $1 +$H2+ -+ H, admits a sum x = 1 + 22+ ... + T,
with unique elements xz; € $; for j =1,...,n.

A linear relation A in a linear space ) is a linear subspace of $) x $). The
componentwise sum A; + As of linear relations A; and As in a linear space §) is
defined as the sum of the subspaces in £ x §:

Al;AQ = {(:E+u,y+v) € ‘?J x ‘6 : (‘Tay) € A17 (U7U) € AQ}
If asum Ay ¥ As F -+ F A, of linear relations Aj in § is direct, it is denoted by
Al A DD A,.

For any linear subspace X C $ one defines the graph restriction of A to X as
A= AN (X x X), so that A’ is a linear relation in X.
Define the linear space $(A) by $(A) = dom A + ran A. Then clearly,

(2.15) A C H(A) x H(A) C H x 9.

Hence A coincides with its graph restriction to $(A). Moreover, one sees that $(A)
is the smallest subspace X C $) with the property that A C X x X C $ x 9.

Definition 2.1. Let A be a linear relation in a linear space $). If

(2.16) A=A404¢ -0 A,

is a direct sum of its graph restrictions A; to subspaces ; C 9 for j =1,...,n,
which form a direct sum $1 ®Ha @ - - - B Ny, then the decomposition (2.16) is called
a reducing sum decomposition of A with respect to (91,...,9n).
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Instead of calling (2.16) a reducing sum decomposition of A with respect to
(H1,...,95), it is frequently called a reducing sum decomposition of A with respect
to (2.14).

Lemma 2.2. Let A be a linear relation in $ with a reducing sum decomposi-
tion (2.16) with respect to (91,...,9,). If H = dom A +ran A, then

(2.17) Hj=domA;+rand;, j=1,...,n
Proof. Tt follows from (2.14) and (2.16) that
domA=domA; & ---®&domA,, ranA=ranA; ®---Prani,,
so that since dom A; + ran A; C H; for j =1,...,n, one has
dom A+ran A = (dom A; +ran 4;)®---®(dom A, +ran 4,,) CH 1 B - DH, C H.
Therefore, the identity $ = dom A + ran A implies that (2.17) holds. O

Note that Lemma 2.2 implies that for any reducing sum decomposition (2.16)
with respect to ($1,...,9,) one has that, since A C H(A) xH(A), M- B - DH, =
H(A).

Finally, it is emphasized that any reducing sum decomposition is intrinsically
unique when the decomposition $(A4) = H1 - - - D5, is fixed, as the linear relations
A;, 1 < j < n, are defined as the graph restrictions of A to ;.

3. THE COMPLETELY SINGULAR PART OF A LINEAR RELATION

Let A be a linear relation in a finite-dimensional linear space £). The completely
singular part Ag of A is a linear relation defined as the graph restriction of A to
the singular chain subspace R.(A):

(3.1) Ag = AN (Re(A) x Re(A)).

A linear relation A in $ is called completely singular if A = Ag. In this section
it will be shown that Ag is spanned by singular chains as in (2.7). The existence
of such a basis was established in [22, Thm. 7.2]. The new proof in Theorem 3.2
below is more in line with similar constructions in later sections and it reveals
some additional properties of the basis elements and the connection to the Weyr
characteristic.

The construction of the basis of singular chains is based on an appropriate choice
of quotient spaces involving PR.(A). First, recall that ker A¥ C ker A¥*! for all
k > 1. The sequence of quotient spaces 8 (A) is defined by
_ ker AN M (A)
~ ker AF-1 N R (A)]
Indeed, since the denominator is included in the numerator, each quotient space

R (A), k > 2, is well defined. The Weyr characteristic of A with respect to the
sequence of quotient spaces in (3.2) is defined as the sequence (Bj)r>1 with

(33) Bk = dlmﬁk(A), k Z 1.
Observe that if R.(A) = {0}, then B, = 0 for all £ > 1. In this case Ag is trivial.

k>2.

(3.2) Ri1(A) =ker ANR.(4), Ri(4):
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Now the case JR.(A) # {0} will be considered. Then the sequence in (3.3) is not
trivial, although ultimately the entries are zero. To see this, observe that since the
linear space $) is finite-dimensional the number

(3.4) d=min {k € N: ker A" N R (4) = ker AF N R.(4)}
is well defined.

Lemma 3.1. Let A be a linear relation in a finite-dimensional space ) and assume
R.(A) # {0}. Let d > 1 be given by (3.4), then for k > d one has

ker A¥ WM (A) = ker A NR.(A) and, hence, By = 0.
Moreover, By > 1.
Proof. Due to (3.4) it suffices to show that ker A* N R.(A) = ker AF1 N R (A)
for some k € N implies that ker A*¥*1 N R.(A) = ker A¥*2 N R (A). Therefore, let
x € ker AKT2 NN, (A). Then there exist a1, ...,z 1 such that
(3.5) (x, kt1), (Tht1, ) (Tky Ti—1), - - -, (21,0) € A.
As z € R (A), also z; € Re(A) for 1 <k < k+ 1. Moreover, 11 € ker ARt and,
by assumption, zx11 € ker A¥ N MR, (A). Thus there exist z/,...,x}_, such that

(k15 Tho1), (Th1, Thmg), - - (21, 0) € A
In combination with (3.5) one obtains
(@, Th41), (Tht1, Th)s (@)1, T o), -, (21,0) € A
and z € ker AKT1 N MR, (A) follows. This shows
ker AF2 N M. (A) C ker AFFL N R (A).

The opposite inclusion follows from the fact that ker A*+1 C ker A¥+2.

To see that By > 1, observe that R.(A) # {0} implies ker ANR.(A) # {0}. O

Theorem 3.2. Let A be a linear relation in a finite-dimensional space $ and
assume R.(A) # {0}. Let d > 1 be given by (3.4), then the Weyr characteristic
(Br)k>1 in (3.3) satisfies

(36) Bi1>By;y>--->B;s>1 and Bp =0, k>d.

Moreover, there exist singular chains for A of the following form

(3.7)

(0,27), (zg,y_1), (@41, Tg_), - -, (@5, 71), (1,0), 1<i< By,
(0,2q_1), (Tg_1,2q_2), -+, (@5, 71), (#1,0), Bg+1<i< Bq,

(0,25), (zh,2}), (1,0), Bz+1<1i< By,

(071‘11)7 (1'11,0)7 B2+1SZ§Bl7
where {[x}c],,[ka’“]} is a basis of Ri(A), 1 < k < d, and, consequently, the
elements in the set {:c}C 1 <1< B, 1<k<L d} are linearly independent in $.

Furthermore, the completely singular part Ag defined in (3.1) admits the represen-
tation

Ag = span {(0,z},), (2}, Th_1), - .., (zh,2}), (21,0):

(3.8) ,
Biy1+1<i< Bi, 1<k<d}.
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In particular, dom Ag = ran Ag = R.(A) and the total dimension of Ag is
(3.9) dimAg =2B1 + By + B3z + ...+ By_1 + By.

Proof. The main tool in the proof is the existence of linear relations Ar C £ (A4) X
Rr-1(A4), 2 < k < d, which are injective, i.e., ker Ay = {0}. From this, it follows
that the sequence (Bj)r>1 is nonincreasing. The singular chains for A will be
constructed via suitably chosen bases in each of the quotient spaces K(A), 1 <
k < d, beginning with £;(A) and working backwards to £1(A). This procedure is
carried out in a number of steps.

Step 1: Let 1 <k < d and let = € [x] € 8, (A). Then there exists y € ) such that
(z,y) € A, =z cker ANNNR.(A), y€ker A 1NN (A).

For k = 1 this means that (x,0) € A. To see the implication, note that by definition
r € ker AF N R.(A). Since z € ker A*, there is some y € ker A*~1 such that
(z,y) € Aand (y,0) € A¥~1. Since z € R.(A), it follows that y € R.(A). Therefore
one concludes that y € ker A¥=1 N R, (A).

Step 2: Define the linear relation Ay C Ri(A) X Kr_1(A4), 2 < k < d, as follows:
(3.10)
A = {([z],[y]) € Bk (A4) x Kx_1(A) : F(2',y') € A with [2] = [z] and [¢] = [y]} .

By Step 1 it is clear that Ay is defined on all of 8;(A4), 1 <k < d.

Moreover, Ay is injective for k > 2, that is, ker A, = {0}. To see this, let
([«],]0]) € Ag. Then there exists (z,y’) € A with [z] = [2/] € Rx(A) and [y] =
[0] € 8k_1(A). Hence 2’ € ker AKNR.(A) and i’ € ker AF2NR.(A). Asy’' € R.(A)
there exists 2’ € M.(A) with (2/,y’) € A. Thus, 2’ € ker A*~! and (2’ — 2/,0) € A.
Since ker A C ker A¥~1, it follows that

=1 —2 +2 €ker A+ ker AF! C ker AF71,

This gives [z] = [2/] = 0 and shows that Ay is injective. As a consequence, the
sequence (By)r>1 is nonincreasing. Recall that By, = 0 for k¥ > d by Lemma 3.1.

Step 8: The construction of the singular chains for A is associated with the quotient
spaces Rq(A), ..., 81(A4), where d > 1. Since dim 8y = By, let

(3.11) {lval: - g1}
be some basis for K4(A).

First assume that d = 1. In this case (v},0) € A, 1 <i < By. As v} € R.(4),
there exist z5 € R.(A) with (25,01) € A, so that z§ € ker A2 N R.(A) = ker AN
R.(A) by (3.4). Hence (24,0) € A, and it follows that (0,v!) = (25, v1)—(24,0) € A.
Thus with the choice .7311 = vi, 1 < i < By, the theorem has been proved when d = 1.

Next assume that d > 2. Then there are d — 1 linear relations
Ag Cﬁd(A)Xﬁdfl(A), Ag_1 Cﬁdfl(A)Xﬁd,Q(A), ey Ay C ﬁg(A)Xﬁl(A),

of the form (3.10). With the choice (3.11) it follows from Step 1 that there are
elements v},_; such that for 1 <i < By:

(Wi vh_ ) e A, v eker ATNR(A), v, €ker AT MR (A).
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As v} € R (A), there exists 2/, € R.(A) such that (z},,,v;) € A, and since
vd € ker A? this implies 27, 41 € ker Ad+L, Therefore by (3.4) one concludes that
de € ker AN M, (A). Thus there exist numbers ad ,j=1,..., By, with

Ba

2o = Vi 1+§ O‘d “dv
j=1

where y}_, € ker A"t N R.(A). Hence, one finds u}, , € ker A9~2 with
(yzl—lvufi—l) € A,

and

g1 UG 1+§ O‘d”d =y 1+§ ad Ud’ud 1+§ O‘d Ud 1] €A,
j=1

which, via (2},,v}) € A, implies

0, v}y — uly Zad vd 1] €A
This result suggests to define the elements xfi, 1 <1i < By, by

xh =l —ul | — E advd 1, 1<4i< By

Clearly, x%, € ker A N R (A) for 1 < i < By, and they provide a basis for the
quotient space Rq(A):

(3.12) span{[z}], ..., [xfd]} = R4(A) with (0,2%) € A, 1<i< B,

Again, by Step 1, with the elements z%, from (3.12) there exist elements z,_; such
that for 1 < ¢ < By:

(xh 2 ) €Azl cker AYNR(A), z_, € ker AT R (A).
Observe that by definition ' 4
([zal; [za-1]) € Aq,
so that by Step 2 the elements [z% ,], 1 < i < By, are linearly independent
in R4—1(A). Since dim8Ry-1(A) = Bg-1 > Bg, one can enlarge the family
{fz} ], [zF%,]} by choosing elements [v}*'],. .. [vfj{l] such that
B

span{(zg_y], . [eg ] i [ogty T} = Rama(A).
By Step 1 there exist elements vd_2 such that for By +1 <i < Bg_1:

(W vl o) €A, v, €ker ATINR(A), v, € ker A2 NR(A).
Similar to the procedure leading to z it is then possible to find elements z/,_; €
ker A"1 MM (A), B4+ 1 <i < Byg_1, and to obtain a basis for the quotient space
ﬁd_l(A)Z
(i, zh ) €A for 1<i<By,

1 Ba—1 .
(313) {[xdfl]v [xd 1 ]} with (0733371) EA for Bd"'l S i S Bd—la

so that the basis {[z}_,], .. [:vdBdll]} of R4_1(A) is in the desired form.
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Continuing in this way by induction, one finds as successors to (3.13), that for
1 < j <d—1 there exist elements

xfi_j € ker AT NM.(A), 1<i< By,

which give a basis for the quotient space £q_;(A):

(3.14) _ _
1 Ba_; . (Tq_j41,Tg-;) €A for 1<i< By ji1,
tra-gh - leay )y with (0,zg_;) €A for Bgq_jy1+1<i<Bgj,
so that the basis {[xtliij], e [:z:dBf;J]} of 84—;(A) is in the desired form. Note that

for j = d — 1 the construction implies that (z},0) € A4, 1 < i < Bj. Hence the
assertion concerning the existence of singular chains for the completely singular
part Ag has been proved.

Step 4: Tt follows from the construction in Step 3 that {[zf],...,[zP*]} is a basis
of 8;(A), 1 <k < d. Then the representatives

{2}, : 1<i< By, 1<k<d}

are linearly independent in ). To see this, assume that for some CZ cC

, it follows by definition that [z}] = [0] € £4(A)
, and since {[z}], ..., [z5*]} is a basis of £4(A)

Forming equivalence classes in £4(A
fori=1,...,Byand k=1,...,d—
the reduced equality

—_—

By
> calzil =0
=1

Bd —

implies that ¢} = ... (o 0. Forming equivalence classes in 8;_1 and proceeding
in a similar way, it ultimately follows that c; = 0 for all the coefficients, which
proves the claim.

Step 5: It will be shown that (3.8) holds. In fact, by the construction in Step 3 it
suffices to show that Ag is contained in the right-hand side of (3.8). To this end,
let (z,y) € Ag, so that (z,y) € A and z,y € R(A). If y =0, then

z € ker ANR(A) = &1 (A) = span{zl, ... 2P}

and the assertion is shown. If 3 # 0, then y € ker A* for some 1 < k < d and hence
r € ker AFT1. Choose maximal k > 1 with the property [y] € &(A) \ {[0]}. If
k =d, then

By

y=ya1+y i,
i=1
where v/ € C,i=1,..., By, and yq_; € ker A2"1 NN, (A). It follows that
By

(z,y) = (x,ya-1) + »_7" (0,2}) ,

i=1
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and it remains to show that (z,y4—1) is contained in the right-hand side of (3.8).
Note that z € ker AT NR.(A4) = ker A2 N R.(A) by (3.4). To continue by an
inductive argument, assume now that k£ < d. Then one can write y as

By,

y=ye1+ Yy 7',

i=1
where v¢ € C, i = 1,..., By, and y,_; € ker A¥~"1 N R, (A). Hence, there exists
yr € ker AF NR.(A) with (yp,yx_1) € A and it follows that

Bi+1 Brt1 B
Yk + Z YTy | = W ye—1) + Z V' (Thg1, Tp) + Z 7'(0,2}) € A,
=1 i=1 i=Bj1+1
where (0,2%) € A for Bri1 + 1 < i < By, was used, see Step 3. Since [yx] = [0] €
Ri+1(A), this gives

Bria

Z Y | W] | € Arpa,
i=1

whereas it is clear that ([z],[y]) € Ak41. By Step 2, the linear relation Apiq is
injective, so that
Bi 41

[z] = Z vixfﬁ_l
i=1

in 8;11(A) and therefore x = xj, + Zf:’“fl yizi | with some z, € ker A¥ N R, (A).
Hence, one obtains

Bk+1 ) ) ) By ' .
(‘T7y) = (xlmyk—l) + Z 72 (x;g+1;xlk) + Z '}/Z (O,IZ) .
=1 1=Bpr1+1

From this it follows that to show (z,y) € (ker A¥T1 N M (A)) x (ker A¥ NR.(A)) is
a linear combination of elements from the right-hand side of (3.8), it is sufficient
to show the same for (zy,yr_1) € (ker A¥ N R.(A)) x (ker AF~1 N R.(A)). By
repeating the above procedure one arrives at elements (x1,y9) = (21,0), where
x1 € ker ANR(A) = R1(A). Obviously, x1 can be written as a linear combination

of the elements x}, i = 1,..., By, and therefore, (x1,0) is a linear combination of
elements of the form (x},0). Thus (z,y) belongs to the right-hand side of (3.8).
Step 6: It remains to show (3.9), which directly follows from (3.7). O

4. THE ROOT PART OF A LINEAR RELATION

Let A be a linear relation in a finite-dimensional linear space ), and let Ag be
its completely singular part (3.1). The linear relation Ay, A € CU {oo}, is defined
as the graph restriction of A to the root space Ry (A):

(4.1) Ay = AN (Rr(4) x Ru(4)).

By (2.9) one has that Ag C Ay, A € CU{oo}. The root part Ar of A is a linear
relation defined as the graph restriction of A to the total root subspace R, (A) in
(2.5):

(4.2) Ap = AN (R,(A) x R,(4)).
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Hence it is clear that Ag C Ay C Ar, A € CU {c0}.

If A & 0.(A), then R.(A) = Rir(A) and As = Ax. However, if A € o,(4),
then M (A) C Ra(A) and Ag C Ay with strict inclusion. there is a reducing sum
decomposition for Ay of the form

(4.3) Ay =As @& J\(4),

where Jy(A) is a Jordan operator (if A € C) or a Jordan relation (if A = c0), see
Definition 4.1 below. Moreover, it will be shown that Jy(A) is spanned by the
corresponding Jordan chains as in (2.3) or (2.4); see Theorems 4.4 and 4.5 below.
Then in Theorem 4.6 below it will be shown that

(44) AR:AS@JM(A)@EBJ/\Z(A)@JOO(A)a

where Aq,..., A\ € 0(A4) and oo € o,(A) are the proper eigenvalues of A. If
00 ¢ 0(A), then the term Jo(A) in (4.4) is absent.

In this section, the identity (4.3) will first be shown for the case A = 0 in Lemma
4.3. The case when A € C will be obtained in Theorem 4.4 by a shift of the relation
from Lemma 4.3. Likewise, the case when A = co will be obtained in Theorem 4.5
by an inversion of the relation from Lemma 4.3.

Definition 4.1. A linear relation A in a finite-dimensional linear space $) is called
a Jordan operator in § (corresponding to A € C), if dom A = §, mul A = {0}, and
op(A) = {A}. The relation A is called a Jordan relation in $) (corresponding to
o), if A=1 is a Jordan operator (corresponding to 0 € C).

Note that Jordan operators are essentially matrices and Jordan relations corre-
spond to injective multi-valued operators. In particular, it is clear that a Jordan
relation (corresponding to o) satisfies ran A = §, ker A = {0}, and 0,(A) = {oo}.

The construction of the Jordan operator Jy(A) for A = 0 is based on an appro-
priate choice of a sequence of quotient spaces involving A. The sequence of quotient

spaces Uy, (A) is defined by
ker A + 0%, (A)

(4.5) U, (A) = W, W) = e B2 2

Indeed, since the denominator is contained in the numerator, each quotient space
Vi (A), k> 1, is well defined. Define the sequence (dy)r>1 by

Note that the three conditions 0 & o(A), Re(A) =Ro(A) and d, =0 for all k > 1
are all equivalent.

Now the case 0 € 0,(A) or, equivalently, R.(A) C PRo(A), will be considered.
Then the sequence in (4.6) is not trivial, although ultimately the entries are zero.
To see this, observe that since the space ) is finite-dimensional, the number

(4.7) v=min{k € N: ker AF"! + R (A4) = ker A" + R.(A4)}
is well defined.

Lemma 4.2. Let A be a linear relation in a finite-dimensional space ) and assume
0 €o0,(A). Let v>1 be given by (4.7), then for k > v one has

ker A* + R.(A) = ker AY + R.(A) and, hence, dj = 0.
Moreover, d; > 1.
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Proof. In view of (4.7), by induction it is sufficient to show that ker A* + R.(A4) =
ker A**1 4+ R_(A) for some natural number k implies that ker A¥*1 + R.(A4) =
ker A¥+2 4 R, (A). Let x € ker AF*2 + R (A) and write + = x40 + . with

Thyo € ker AFF2 and x, € R.(A). Then there exist x1,...,7s41 such that
(Tht2s Tht1)s (Tht1, Te) (Tk, Th—1), - - -, (21,0) € A,
As z341 € ker AP C ker AFF 4+ R (A) = ker A¥ + R.(A) by assumption, there
exists o/, € R.(A) such that 41 — 2, € ker A¥ and there exist x,...,2}_, such
that
(mk+1 - wlcv .7;‘;971), (11271, .’13272), ) (x/lv 0) €A

As z!, € R.(A) there is y, € R.(A) with (y.,2..) € A and one concludes
(karQ - yé, Lh+1 — Ilc)? (karl - il'/c, x;c—l)a (x;c—b CE;{_Q), LR (1,/1’ O) €A

so that x5 1o € ker AFF1+M,(A) follows. This shows ker A¥T24+R.(A) C ker AF+1 4+
MR.(A). The opposite inclusion follows from the fact that ker A¥*1 C ker AF+2.

To see that d; > 1, observe that 0 € o,(A) implies R.(A) C ker A. Hence,
R.(A) € R(A) + ker A, which proves the claim. O

Lemma 4.3. Let A be a linear relation in a finite-dimensional space $ with 0 €
o0x(A). Let v>1 be given by (4.5), then the sequence (di)k>1 in (4.6) satisfies

diy>dy>--->dy,>1 and dp=0, k>wv.

Moreover, there exist Jordan chains for A corresponding to the eigenvalue 0 of the
following form:

(xi>$i—1)a (x;b:)—hxi)—Z)? ,(l‘é,le), ($i70)7 1 Sigdv;
(%71»%72)7 "'7(xz27$l1)7 (xllvo)v dv""lgigdvfl»
(4.8) : : :
($é7x’i)7 (1‘21,0), d3+1SZ§d27
(28,0), dy+1<i<dy,
where {[x}], ..., [z{*]} is a basis of V(A) in (4.5), 1 < k < v, and, consequently,

the elements in the set {xz 1 <i<dg, 1<k< v} are linearly independent in .
Then the linear space Ro(A) has the direct sum decomposition

(4.9) Ro(A) = Re(A) ® Xo(A),
where the space Xo(A) is given by
XO(A):span{xzz 1 <i<d, 1§k§v}.
Furthermore, with respect to (4.9), the graph restriction of A to Ro(A) X Ro(4),
Ao = AN (Ro(A4) x Ro(4))

has the reducing sum decomposition

(4.10) Ay = As @ Jo(A),

where the linear relation Jo(A) = AN (Xo(A) & Xo(A)) admits the representation
Jo(A) = span {(zi, 2t ), ...... L(2h, 28, (28,0):

(4.11) o(A) =sp {(k k1) (3, 21), (21,0)

djy1 +1<i<dy, 1<k <w}.
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In fact, Jo(A) is a Jordan operator in Xo(A) corresponding to 0 € C and the total
dimension of Jo(A) is

(4.12) dlmJo(A) =di+do+...+dy_1+d,.

Proof. The main tool in the proof is the existence of linear operators Ay : U (A4) —
Ur_1(A), 2 < k < v, which are injective. From this, it follows that the sequence
(dk)k>1 is nonincreasing. The Jordan chains for A will be constructed via suitably
chosen bases in each of the quotient spaces U, (A), 1 < k < v, beginning with 0, (A4)
and working backwards to 2U;(A). This procedure is carried out in a number of
steps.

Step 1: Let 1 < k < v and [z] € Vy(A). Then there exist x1,y; € ) such that
(z1,91) €A, =z €ker A¥, y; €ker AF1 with  [zy] = [2].

To see this, observe that for x € [z] one has © = x1 + x5 with 21 € ker A and
73 € R.(A). Hence, there is some y; € ker A*~1 such that (x1,y1) € A. Tt follows
from

z— 1z € Re(A) C ker AF1 R (A),
that [z] = [x1].
Step 2: Define the linear relation Ay C Vi (A) x Vy_1(4), 2 <k < v, by:
Ay = {([2], [y]) € Bi(A) x Vy-1(A) :

3(2',y') € A with [2] = [z] and [y] = [y]}.
Since ker A¥~1 C ker A*~1 + R (A), it follows from Step 1 that Ay, is defined on all
of Ur(A4),2 <k <w.

Moreover, Ay is an operator. To prove this, let ([0],[y]) € Ax. Hence, there

exists (2/,y') € A with 3/ € ker A¥=1 + R (A), such that [z'] = [0] € Vy(A) and
[y'] = [y] € Vr—1(A). In particular,

(4.13)

o' =a) +ab with 2} €ker AF™!1 and 1z € R.(A).
Therefore, there exist y; € ker A2 with (2},9;) € A, and y) € R.(A) with
(xh,9y5) € A. Tt follows that (0,y" —y; —yh) € A, thus y5 == ¢ —y] —vh €
Roo(A) NRp(A) = R.(A). Note that
Y =y +uyh+ys with o) €ker AF72 and ) +yh € R.(A),

which implies that [y] = [y/] = [0] € Vp_1(A).
Furthermore, Ay is injective. To prove this, let ([z],[0]) € Ag. Hence, there
exists (z,y’) € A with [z] = [2'] € Vk(A) and [¢y'] = [0] € Vr_1(A). In particular,

Y =y, +yh with gy €ker A¥"2 and yh € R.(A).
Therefore, there exists af, € R.(A) with (z},y5) € A. Thus it follows from
(' —ah,y}) €A and v € ker AF72,
that o’ — 2y, € ker A*~1. In other words, 2’ € ker A*~1 +9R.(A), which implies that
[z] = [2'] = [0] € Vi (A).
Step 3: The construction of the Jordan chains for A, corresponding to the eigenvalue

0 € 0.(A), is associated with the quotient spaces U, (A), ..., V1(A4), where v > 1.
Since dim U, (A) = d,, let

(4.14) {lws), s [e0"]}
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be a basis of G, (A).

First assume that v = 1. Then by Step 1 each [z¢] has a representative x} such
that (2%,0) € A, 1 <4 < dy. This agrees with the statement of the lemma.

Next assume that v > 2. Then there are v — 1 mappings:
AU : QT,,(A) — %v,l(A), Av,1 : mv,l(A) — ‘ZLJ,Q(A), ey A2 : mg(A) — %1(14)7

of the form (4.13). By Step 1, without loss of generality one may assume that the
choice (4.14) is such that there are elements 2 _; so that for 1 <i < d,:

(4.15) (8,2 _|)e A, z' €kerA’, ' | ckerA’ L

v—1

As i | € ker AV71, 1 <i < d,, there exists z{_, € ker A’"2 with (2! _;,2!_,) €
A. In addition, by the definition of A,,, one has

Afal] =[al_,], 1<i<d,,

Since A, : U, (A) — B, _1(A) is injective by Step 2, the elements [ ], 1 <i < d,,

d
el IR el =

are linearly independent in the space U,_1(A). Now choose [z}"7

U,_1(A) such that

1 d, dy+1 dy—
(4'16) {[.%‘U,1L e ['rv—l]v [mv—l ]’ te [xv—ll]}
forms a basis of U, _1(A). Hence, by Step 1, without loss of generality one may
assume that z% 11 ... ,xff“_’ll are chosen such that there exist elements z¢_, so that

ford, +1<i<d,_1:
(zf 2l ) €A, af | €ker A 2! , € ker AVT2

Furthermore, via the basis in (4.16) for U, 1(A), one finds elements z!{ , €
ker AV~2 such that (z!_,,2!_,) € Afor 1 <i<d,_1.

Repeating this procedure a number of times, one finally arrives at a basis of
0, (A) of the form {[z}],...,[{*]} with elements z% € ker A such that

(z1,0)€ A, 1<i<d.

Step 4: The elements in Xy(A) = {x}C 1 1<i<dg, 1<k< v} are linearly in-
dependent. In fact, this follows in the same way as in Step 4 of the proof of
Theorem 3.2, when one replaces d by v, 8;(A) by U, and By, by dy.

Step 5: The direct sum decomposition in (4.9) holds. In order to see that Xo(A) N
R.(A) = {0}, one uses a similar argument in Step 4: if y € R.(A), then [y] =0 in
all spaces Uy, and so y € Xo(A) NNR.(A4) implies y = 0.

It is clear that R.(A) ® Xp(A) C Ro(A). To see that equality holds, note that
the definition of v gives Mo(A) = ker A? + R.(A), while R.(A) = ker A® + R.(A).
Hence, it follows from (4.5) that

Ro(A) - ker AV 4+ R.(A)
R.(A) ker A + R.(A)

dim = dim Yy, = dim Xo(A),
k=1

which completes the argument. Thus (4.9) has been shown.

Step 6: Define the linear relation Jy(A) by (4.11). Then it is clear that Jo(A4) C Ao
and it follows from (4.9) that dom Jy(A) = Xo(A). Since the sum (4.9) is direct,
one sees that the sum (4.10) is direct.
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It is clear that Ag ® Jo(A) C Ap. To see the reverse inclusion, let (z,y) € Ap.
Since x € My(A4), it follows from (4.9) that © = 1 + z2 with 7, € Xo(A4) =
dom Jy(A) and z3 € R.(A). Hence there exist elements y; € ran Jy(A) and y, €
R.(A) such that (z1,9y1) € Jo(A) and (x2,y2) € Ag. With (z,y) € A this gives
(0,y —y1 — y2) € A, hence

y—1y1 —y2 € mul ANRy(A4) C R.(4),
so that (0,y —y1 —y2) € Ag. It follows that
(z,y) = (x2,92) + (0,5 —y1 — y2) + (21,91) € As D Jo(4),

thus Ag C Ag @ Jo(A). Hence the identity (4.10) has been shown. The identity
Jo(A) = AN (Xp(A4) ® Xo(A)) is obvious from (4.10).

By construction, Jo(A) is an operator in X¢(A). Assume that (z, \zx) € Jo(A)
for some A # 0. Then one sees

z € Ry (A) NRo(A) = R (A)

by (2.8). Hence z € R (A)NXy(A) = {0} by Step 4 and 0, (Jo(A)) = {0} is proved.
In particular, Jo(A) is a Jordan operator in Xo(A) corresponding to 0 € C.

Step 7: It remains to show (4.12), which directly follows from (4.8). O

Before stating Theorem 4.4, some properties of the shifted relation A— X, A € C,
will be discussed. Fix A € C. Then one has the obvious identities

(4.17) Ra(A) =Ro(A - D)), Reo(A—X) =R (A).
It is clear from (2.6) and (4.17) that
R.(A — N) = T (4) N R (A),
which, invoking (2.8), gives
(4.18) R(A) =R (A= N).
It is clear that A\ € 0,(A) if and only if 0 € 0,(A — A). This equivalence can be
refined:
Aeor(A) & 0€0,(A-N\);

cf. (2.10) and (4.18). Hence, one obtains for the total root space (see (2.11)) that

%R,(4) = R (A ).
As a consquence of (4.18) and (3.1) the relation Ag — A is given by

AN (Re(A) X Re(A)) = A= (A =2 N (Re(A) x Re(A))
= (A= X) N (B4 = ) x Re(A— ),
which leads to the identity
(4.19) As —A=(A—-N)s.
Similarly, according to (4.17) and (4.1), the relation Ay — X is given by
AN(RA(A) X Ry(A)) = A = (A= 2N (Rx(A) x Ra(4))
= (A=) N(R(A =) xRo(A - 1)),

which leads to the identity
(4.20) Ay = A= (A= X)p.
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For the case A € 0,(A) N C it will be shown that the linear relation Ay, given
n (4.1), has the reducing sum decomposition Ay = Ag @ Jx(A4) involving the
completely singular part Ag and a Jordan operator Jy(A). The sequence of quotient
spaces 3, (A, \) is defined by
ker (A — X) + R.(A4)

R.(A) ’

ker (A — A\)* + R.(A)
A N) = k> 2.
3e(A ) = (A= MNFT4 ] (A) "~

Since the denominator is included in the numerator, each quotient space 35(A4),
k > 1, is well defined. The Weyr characteristic of A with respect to the quotient
spaces (4.21) is defined as the sequence (W (A))g>1, where

31(A, A) =

(4.21)

(4.22) Wi () := dim 3,(A, A).
One sees from (4.21) and (4.18) that

Since $ is finite-dimensional, the number
(424)  s(A\) =min {k € N: ker (4 — \)*™ + R.(A) = ker (4 — )" + R.(4)}
is well defined, as follows from (4.7) (with A replaced by A — ) and (4.18). The

following theorem will be proved by means of Lemma 4.3 via a shift.

Theorem 4.4. Let A be a linear relation in a finite-dimensional space $) with
A€ o-(A)NC, and let s(A) > 1 be given by (4.24). Then the Weyr characteristic
(Wk(A))k>1 in (4.22) satisfies

Wl()\) > WQ()\) > 2> WS(A)(A) >1 and Wk(>\) =0, k> S()\)
Moreover, there exist Jordan chains for A corresponding to A of the form:
(@) -1 T2 T AT 1) -5 (21, Ah), Wepn(A) +1 <
< Weony-1(N),

(b, 28 + \2b), (a:i,)\aci), W5(A) + 1 <i < Wa(N),
(zt,Azt), Wa(A\)+1 << Wi(A)

where {[zt], ..., [l’ka()\)]} is a basis of 3 (A, \) in (4.21), 1 < k < s()\), and, con-
sequently, the elements in the set {nc}C 1 <i<Wir(N), 1<k < 5(/\)} are linearly
independent in $). Then the linear space Rx(A) has the direct sum decomposition

(4.25) Ra(A) =R(A) & XA(4),
where the linear space X (A) is given by
(4.26) Xa(A) =span{z} : 1 <i <W,(\), 1<k <s(\)}.

Furthermore, with respect to (4.25), the graph restriction of A to Rxa(A) x Ry (A),
A)\ =AnN (%)\(A) X %A(A))
has the reducing sum decomposition

(4.27) Ay = As @ Ix(A),
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where the linear relation Jyx(A) = AN (Xx(A) x Xx(A)) admits the representation
(4.28) JA(A) = span { (2}, )y + Az}), ...... (@b 2t 4+ ), (2h, At
’ Wis1(\) +1<i <Wip(N), 1<k <s(\)},

In fact, Jx(A) is a Jordan operator in Xx(A) corresponding to A and the total
dimension of Jx(A) is

(4.29) dim JA(A) = Wl()\) + WQ()\) + ...+ WS()\)()\).

Proof. The assumption A € o,(A) N C implies that 0 € o,(A — X). Now apply
Lemma 4.3 where A, v, and dj, are replaced by A — A, s(A), and Wy(\). Then
s(A) > 1 and it is clear that (Wy(A))g>1 in (4.22) is nonincreasing with Wi (A) =0
for k > s(A), as follows from (4.23).

Moreover, with the Jordan chains in Lemma 4.3 interpreted for A — X at the
eigenvalue 0, the present Jordan chains for A at the eigenvalue A follow. For this
purpose recall that

(uru Un—1 + )\un)» ey (u2a u1 + )\Ug), (ula Aul)
is a (Jordan) chain for A at A if and only if
(u’ru un—l)a (un—la un—2)7 DI (’U,g, Ul), (’U/l, O)

is a (Jordan) chain for A— X\ at 0. The statement about the basis of 35 (A, A) follows
from (4.22).

According to Lemma 4.3, Ro(A — \) has the direct sum decomposition
(4.30) Ro(A—X) =R (A - D Xg(A—-)),

and, with respect to (4.30), the linear relation (A — )y has the reducing sum
decomposition

(4.31) (A—)\)O = (A—)\)S@J()<A—>\)

Using (4.17) and (4.18) in (4.30) gives the direct sum decomposition (4.25), where
Xr(A) = Xo(A — N). Likewise, using (4.20), (4.19) in (4.31), one obtains

A)\f)\:(Agf)\)EBJo(AfA),

or, in other words, the reducing sum decomposition (4.27), where Jy(A) = Jo(4 —
A) + A. Recall from Lemma 4.3 that

Xo(A — \) = span {gc}C 1 <i<WE(A), 1<k < s(/\)} ,
which gives (4.26). Likewise, one has from Lemma 4.3 that
Jo(A=A) = (A=) N (Xo(A—X)® Xo(A—N)),

which leads to
Ja(A) = AN (XA(A) x Xx(4)),

as stated in the theorem. Similarly,
Jo(A = X) = span {(z},, z},_1), ... ... (2t (24,0)
Wig1(A) +1<i <Wi(N), 1<k <s(A\)},
which gives (4.28). Finally, from Lemma 4.3 one obtains
dom Jo(A—A) =Xp(A—A) and op(Jo(A—N)) ={0},
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which shows that Jy(A) is a Jordan operator in X, (A) corresponding to A\. The
formula (4.29) directly follows from the representation (4.28). O

Before stating Theorem 4.5, some general properties of the inverse A~' of a
linear relation A will be discussed. It is easy to see that for A € C one has:

(4.32) ker (A — ) = ker <A1 - /1\> , A#0, and kerA=mulA™}

and it is therefore clear that

1 -1
(4.33) Aeoy(d) = LEqATh), A#£0,

0€0,(A) <= ococao,(A™).

In a more general context, one also has

(4.34) M(4) =R1(A7Y), A#0, and Ro(4) =R(ATY),
see [5, Lem. 3.2]. It is clear from (4.34) that
(4.35) R.(A) = R(A™H).

Moreover, the equivalences in (4.33), together with (4.34) and (4.35), lead to

1
A€o(4) = € or(A7H, AN#0,

0€0.(A) <= oo€o (A1)
Thus, it follows from the definition of the total root space (see (2.11)) that
(4.36) R (A) =R, (A7h).
As a consequence of (4.35) and (3.1), the completely singular part (A71)g of A7}
is given by
(A s =AT"N(R(A7) x R (A7) = A7 N (Re(4) x Re(A)),
which leads to the identity
(4.37) ((A71)s) ™" = AN (Re(A) x Re(4)) = As.
Similarly, according to (4.34) and (4.1), the relation (A~1)y is given by
(Ao =A""N(Re(A™) x Re(A71)) = A7 N (R (4) x Reo(A4)),
which leads to the identity
(4.38) (A1) ™ = AN (Roo(A) X Reo(A)) = As.
For the case oo € o,(A) it will be shown below that the linear relation A,

has the reducing sum decomposition Ay, = Ag ® Jo(A) involving the completely

singular part Ag and a Jordan relation J.(A). The sequence of quotient spaces
2, (A) is defined by

mul A + R.(A) mul A% + R (A)
4.39 Wi(A) = —F——=, Wi(A) = ,
( ) 1( ) ERC(A) k( ) InulAk_l —|—ERC(A)
Since the denominator is included in the numerator, each quotient space 2y (A),
k > 1, is well defined. The Weyr characteristic of A with respect to the quotient

spaces (4.39) is defined as the sequence (Ag)r>1, where
(440) Ak = dlmQHk(A), k Z 2.

k> 2.
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One sees from (4.32) and (4.35) that

(4.41) W.(A) =Up(A™h), A =dim Wy (A) = dim U, (A™H).
Since $ is finite-dimensional, the number

(4.42) N =min {k € N: mul A" + R (A) = mul 4¥ + R.(A4)}

is well defined, as follows from (4.7) (with A replaced by A=1) and (4.35). The
following theorem will be proved by means of Lemma 4.3 via an inversion.

Theorem 4.5. Let A be a linear relation in a finite-dimensional space $) with
oo € 0.(A), and let X > 1 be given by (4.42). Then the Weyr characteristic
(Ag)r>1 i (4.40) satisfies

A1 > Ay > >Ax>1 and Ak:O, k>N

Moreover, there exist Jordan chains for A corresponding to the eigenvalue oo of the
form

(O,xi), (xll,xé), ~--a(37§72733§71)a (1 2h), 1<i< Ay,
(O,J?ﬁ), (x?hxé)v ...,($§72,x§71), AN+1 SiSAN—la
(vazi)v (levxé)a Az +1<i< A,
(0,1), Ar+1<i< A,
where {[x}], ..., [x,?’“]} is a basis of Wi (A) in (4.39), 1 <k <N, and, consequently,

the elements in the set {ac}c 1 <i<Ag, 1<k< N} are linearly independent in $).
Then the linear space Roo(A) has the direct sum decomposition

(4.43) Roo(A) = Re(A4) & X (4),

where the linear space X (A) is given by

(4.44) %OO(A):span{xi 1 <i< A 1 SkSN}.

Furthermore, with respect to (4.43), the graph restriction of A to Moo (A) X R (A),
A = AN (R (A) X Reo(A))

has the reducing sum decomposition

(4.45) Ao = As @ Jo(A),

where the linear relation Joo(A) = AN (Xoo(A) X Xoo(A)) is given by
Joo(A) = span { (0, z}), (zt, xb), ...... NEN AR

(4.46) (4) p {( 1), (21,25) (Th—1, 1)

A1 +1<i < A, 1<k <N}

In fact, Jo(A) is a Jordan relation in Xo(A) corresponding to oo and the total
dimension of Jo(A) is

(4.47) dim Jo(A) = A1 + A + ... + An.

Proof. The assumption oo € o,(A) implies that 0 € o,(A™!). Now apply
Lemma 4.3 where A, v, and dj are replaced by A~!, 8, and A;. Then X > 1

and it is clear that (Ag)g>1 in (4.40) is nonincreasing with Ay = 0 for k£ > R, as
follows from (4.41).
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Moreover, with the Jordan chains in Lemma 4.3 interpreted for A~! at the
eigenvalue 0, the present Jordan chains for A at the eigenvalue co follow. For this
purpose recall that

(U, Un—1), (Un—1,Up—2), ««vere... , (ug,u1), (u1,0)

is a Jordan chain for A at 0 if and only if

(O,’U,]_), <u17u2)7 --------- a(un72;un717 (unflaun)
is a Jordan chain for A=! at co. The statement about the basis of 20, (A) follows
from (4.41).
According to Lemma 4.3, Ro(A~1) has the direct sum decomposition
(4.48) Ro(A™H) =R(AH @ Xe(A™),
and, with respect to (4.48), the linear relation (A~1)g has the reducing sum decom-
position
(4.49) (A o= (AN Jo(A™H).
Using (4.34) and (4.35) in (4.48) gives the direct sum decomposition (4.43), where
Xo(A) = Xo(A™1). Likewise, using (4.37), (4.38), and taking inverses in (4.49),
one obtains the reducing sum decomposition (4.45), where J(A) = (Jo(A71))~L.
Recall from Lemma 4.3 that
Xo(A™h) :span{:vfC 11 <i<AL, 1<k< N}7
which gives (4.44). Likewise, one has from Lemma 4.3
Jo(A71) = A1 A (Xo(A71)  Xo(A7)),
which, taking inverses, leads to
Joo(A) = AN (X (A) X Xoo(A)),
as stated in the theorem. Similarly,
Jo(A™") = span { (2}, z},_1), ... ... ,(xh,2h), (24,0)
A1 +1<i< A, 1<k <N}
Taking the inverse of the linear relations on both sides of the above equation
gives (4.46). Note that Jo(A™1) is an operator and that ker Jo. (A) = mul Jo(A~!) =
{0}; hence the relation J(A) is injective. Finally, recall from Lemma 4.3 that
dom Jo(A™h) = Xo(A™) and o0,(Jo(A7h)) = {0},
by which Js(A) is a Jordan relation in X, (A4) corresponding to co. The for-
mula (4.47) directly follows from the representation (4.46). O

Theorems 4.4 and 4.5 will now be combined to show the main result of this
section: a reducing sum decomposition of the root part.

Theorem 4.6. Let A be a linear relation in a finite-dimensional space $ and let
ox(A)\ {00} = {A1,..., N}, For all A € o,(A) \ {0} let Jy(A) be the Jordan
operator in X\(A) corresponding to X such that Ay = Ag ® Jx(A) is the reducing
sum decomposition as in Theorem 4.4 and, if co € o,(A), let Joo(A) be the Jordan
relation in Xoo(A) such that Ase = As ® Joo(A) is the reducing sum decomposition
as in Theorem 4.5. Then R,.(A) has the direct sum decomposition

(4.50) Ro(A) = Ro(A) ® Xy, (A) @ -+ @ Xy, (A) D X (A).



22 THOMAS BERGER, HENK DE SNOO, CARSTEN TRUNK, AND HENRIK WINKLER

Furthermore, with respect to (4.50), the linear relation Agr has the reducing sum
decomposition

(4.51) Ap=Asa J\,(A) & - - d J\(A4) & J(A4).
Furthermore, one has the equalities
(4.52) R, (A) = dom Ap + ran Joo(A) = ran Ar + dom Jy(A).

If oo ¢ 0.(A), then the space X0 (A) and the linear relation Jo(A) are absent.

Proof. First, it will be shown that the identity (4.50) holds and that the sum is
direct. Recall from Theorem 4.4 that Ry, (A4) = R.(A) ® Xy, (A) for 1 <4 <, and
Rr(A) =R.(A) for A ¢ 0,(A) by (2.10). Hence, the following identity is clear:

Rr(A) =R(A) + X0, (A)+- -+ X0, (A4) + X (4).
To see that the sum on the right-hand side is direct, let the elements 2. € R.(A),
xz; € Xy, (4), 1 <i <, and zo € X5 (A) be such that

Te+ 21+ + 2+ 20 =0.

Then it follows from [5, Cor. 4.5] that

1
2 € Ry, (A) N[ Re(A) + Reo(A) + D Ry (A) | =Re(4), 1<i<,
J=1,j#i
hence z; € Xy, (4) N R.(A4) = {0}. In a similar way one obtains z,, = 0 and
concludes that z, = 0. Thus the sum in (4.50) is direct.

Next, it will be shown that the identity (4.51) holds and that the sum is direct.
Observe that it follows from (4.50) that the sum
As® Iy (A) DD I\ (A) B J(A)
is direct. From Theorem 4.4 and Theorem 4.5 one finds that
As@ I (A) @& Jy(A) @ Ju(A) C Ag.

In order to show the reverse inclusion, let (z,y) € Ar. Then z € R, (A) and,
by (4.50), there exist z. € R.(A), x; € dom Jy,(A4), 1 <i <, and 2o € ran Jo(4)
such that

T=Xe+2T1+ -+ T+ Too-
Hence, there exist y. € R.(A4) with (z¢,y.) € A and y; € ran Jy,(A) with (x;,y;) €
A for 1 <4 <1 so that

(@,9) = (e, ye) + (@1,91) + -+ (@,0) + (B0, T =Y —Ye —y1 — - —y1) € A.
In particular, one has
(xcayc) € AS7 (x'myz) S J)\iv 1<i< Za and (xoovg) €A

As 2o € Roo(A) it follows that § € R (A). By (4.43) there exist Joo € Xoo(A)
and § € R.(A) such that § = Joo + 9, and Too € Xoo(A) such that (oo, Joo) €
Joo(A) C A. Then

(@,y) = (e, Ye) + (1, 1) + -+ (@1, 01) + (Toos Uoo) + (Too — To, ) € A

and one sees that the last term belongs to A. But since oo — Too € Xoo(A) and
7 € Re(A) it follows that oo — Too € Re(A) N Xo(4) = {0}, thus 20 = Teo.
Therefore, (x,y) belongs to the right-hand side of (4.51).
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Finally, equation (4.52) directly follows from Theorems 3.2, 4.4 and 4.5. O

Recall from (2.15) that the restriction of A to $(A) = dom A+ ran A is formally
the same relation but in a possibly smaller space. In particular the space R%,.(4) is
contained in $H(A):

R, (A) C dom A 4 ran A.

As a consequence of Theorem 4.6 it is possible to characterize when equality holds.
The case of strict inclusion will be considered in detail in Section 5.

Corollary 4.7. Let A be a linear relation in a finite-dimensional space §. Then
the following statements are equivalent:
(i) dom A +ran A = R,.(A),
(ii) dom A C R,.(A),
(iii) ran A C R, (4).

Proof. (i) = (iii) is clear.

(iii) = (i): Since ran A C R, (A), it suffices to show that dom A C R,.(A).
Assume that z € dom A, then (z,y) € A for some y € ranA C R, (A). Then
Yy = yr + yo with y, € ran Ap and yo € dom Jy(A) according to (4.52), hence
(zr,yr) € Ag for some z, € R,.(A). The decomposition

(z,y) = (zr,yr) + (2 — 2, Y0)
shows that (z — x,,y0) € A. Due to yo € dom Jo(A) C ker A for some i one finds
x — 1, € ker A1 C R,.(A). Hence, it follows that z € R,.(A).
(ii) < (iii): This is due to the symmetry when A is replaced by A=1; cf. (4.36).
O

5. THE MULTISHIFT PART OF A LINEAR RELATION

Let A be a linear relation in a finite-dimensional space $). In this section it will
be shown that there exists a linear subspace R,,(A) C $ spanned by entries of
linearly independent shift chains such that the restriction of A to R,,(4) X R, (4)
is a multishift.

The construction of the shift chains in A is based on an appropriate choice of a
sequence of quotient spaces. The sequence of quotient spaces My (A) is defined by

dom A +ran A ran A + R,.(A4)
5.1 Mo(A) i= ——— k>1.
(5-1) o(4) ran A + R,.(A)’ ran AR+t + R, (A4)’ -
Indeed, as the denominator is included in the numerator, each quotient space

M (A), £ > 0, is well defined. The Weyr characteristic of A with respect to
(5.1) is defined as the sequence (C)r>0, where

If dom A +ran A = R, (A), then by Corollary 4.7 this condition is equivalent to
ran A C R,.(A). This implies that ran A¥ C R,.(A) for all k > 1, so that Cj, = 0 for
all £ > 0. In this case one may define R,,(A) := {0} and then the restriction Aps
is given by Apy = AN (R (4) x R (A)) ={0,0}.

Now consider the case that the inclusion R, (4) C dom A +ran A is strict. Then
the sequence in (5.2) is not trivial, although ultimately the entries are zero. To see

Mi(A) :=
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this, observe that since the linear space $) is finite-dimensional, the number
(5.3) m =min {k € N: ran A" + R, (A) =ran A" + R, (4)}
is well defined.

Lemma 5.1. Let A be a linear relation in a finite-dimensional space ) and assume
that the inclusion R,.(A) C dom A + ran A is strict. Then the Weyr characteristic
(Ck)r>0 is nontrivial. In fact, with m given by (5.3), one has

(5.4) ran AF + R,.(A) = ran AFTL 4 R.(A), k>m,
and it follows that Cy, = 0, k > m. Moreover,
(5.5) ran A¥ € R,.(A), k>m,

which, in particular, implies that m > 2 and, consequently, C; > 1.
Proof. The proof is divided into a number of steps.

Step 1: First observe that

(5.6) R, (A) +ran A¥ = Ry(A) +ran A%, k> 1.

To prove (5.6) it suffices to show that the left-hand side is contained in the right-
hand side. Recall from (4.50), that

R (A) = Rpo(A) & Xo(A) where Ruo(A) =Re(A) @ Y Xa(A).
A€o \{0}

Fix k > 1. Since R.(A) is spanned by entries of singular chains (2.7), it is clear
that R.(A) C ran A*. Moreover, for A € o,(A) \ {0,00} the Jordan operator
Jx(A) defined in Theorem 4.4 is a bijection in X,(A), from which it follows that
ran Jy(A) = X5(A). Hence,

X5 (A) = ran(Jy(A))* C ran A,

where the last inclusion follows from Jy(A) C A. For the Jordan relation Jo(A)
defined in Theorem 4.5 it is immediate that ran Jo,(A) = X (A4), so that

Xoo(A) = ran(J (A))* C ran A*,
where the last inclusion is due to Jo.(A) C A. Therefore one finds that
Ro(A) Cran AF k> 1.
Hence (5.6) has been shown.
Step 2: In order to prove (5.4), by (5.6) it is sufficient to show that
(5.7) ran A® + Mo(A) = ran A¥T + R (A4), k> m.

By induction it suffices to show that ran A* 4+ 9:y(A) = ran A¥+1 4+ Ry(A) for some
k > m implies that ran A**1 4+ Ry (A) = ran A¥+2 4 Ry (A). Tt will be shown that

(5.8) ran A1 4 9Ro(A) C ran AFT? 4 Ry (A),

since the converse inclusion follows from the inclusion ran A¥*2? C ran A**1. Let
x € ran AF1 + R (A). Then = = z,. + 2 for some z, € ran A**1 and z¢ € Ro(A).
Furthermore, there exists z; € ran A¥ such that (zx,z,) € A. By assumption one
has

Tk = Tpy1 +20 with x4 € ran AR and oz € Ro(A).
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and hence there exists yo € Ro(A) with (20,y0) € A. With (zx4+1 + 20,2,) € A it
follows that (xp41,7 — 20 —y0) € A and x — g — 3o € ran A¥+2. Hence one obtains
x € ran A¥+2 + Ry(A). This shows (5.8).

Step 3: To prove (5.5), it suffices to show that ran A™ C R, (A), since ran A* C
ran A™ for k > m. Let z € ran A™, then z = z1 + a:(lj with z; € ran A™t! and
29 € Ro(A) by (5.7). Hence, there exists y; € ran A™ with (y1,21) € A. Again
by (5.7), y1 = z2 + 2 with 2o € ran A™*! and 29 € Ro(A4), and there is some
xd € Ro(A) such that (29, 23) € A. With (23 + 29,21) = (y1,21) € A it follows
that (z2,x1 — z3) € A.

Next observe that there exists ya € ran A™ with (y2,22) € A, and by (5.7),
Yo = 3+ 23 with z3 € ran A™! and 2§ € R(A). Moreover, there are 3 € Ro(A)
and 72 € Ro(A) such that (29,21) € A and (z3,23) € A. With (x3 + 29, 22) =
(ya2,22) € A it follows that (x3,z2 — 21) € A, and

(3,22 —a3), (2 —x3,21 — 73 — 73)
form a chain in A. A continuation of this argument leads to a chain of the form

(Zny Zn—1), - - -, (23, 22), (22, 21) € A,

where each zj is of the form z, = zp + zg with 5 € ran A™t! and zg € Rp(A).
Let I > 2 be the smallest index such that zq,..., 2,1 are linearly independent and
z; € span{zy,...,2-1}. Let B = span{(zx, 2x+1): 1 <k <1 —1}. Then B is an
everywhere defined linear operator in span{z1,...,2,_1} = R, (B) with B Cc AL
By means of (4.36) one has that R,.(B) C R.(471) = R,.(4), thus z; € R,.(A).
Hence, r = 21 + 29 = 21 — 29 + 2§ € R,.(A) follows.

Step 4: If m = 1, then it follows from (5.5) that ran A C R,.(A). By Corollary 4.7
this contradicts the assumption that the inclusion R, (4) C dom A+ ran A is strict.
Thus m > 2 and, in particular, ran A% +9R,.(A) is a proper subset of ran A +R,.(A),
which implies that C; > 1. [l

Theorem 5.2. Let A be a linear relation in a finite-dimensional space $ and
assume that the inclusion R,.(A) C dom A + ran A is strict, so that m in (5.3)
satisfies m > 2. Then the Weyr characteristic (Ci)r>o in (5.2) satisfies

C’O:Clz'~'20m_121 and Ck:(), kzm

Moreover, there exist shift chains for A of the following form

(5.9)
(xé)vle)v (1'11’1'12)7 : ..,(CCZm_g,Z';n_Q), (xzn—anzn—l)’ 1< 'L < C’mflv
(0, 21)s (27, 25), oy (Tpp_gs Ty —a), Cm-1+1<0 <0,
(x%)vle)a (le,l'é), 03+1§Z§C27
(LC767£E71)7 CZ"‘]-SzSClv
where {[z}], ..., [z$*]} is a basis of M(A), 0 < k < m — 1. The elements in

{x?C :1<i<C, 0<k<m— 1} are linearly independent in $. Then H(A) =
dom A + ran A has the direct sum decomposition

(5.10) H(A) =R (A) © R (A),
where

(5.11) Rn(A) :=span{z,: 1 <i<Cp, 0<k<m—1}.
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Furthermore, with respect to the decomposition (5.10), the relation A has the re-
ducing sum decomposition

(5.12) A=Ar® A,
where Apr = AN (R (A) X R (A)) admits the representation
Ap = span { (2, 2}), (2], 2%), ...... NN AR

(5.13) .
Cry1+1<i<Cy, 1<k<m—1}.

In fact, Ay is a multishift and the total dimension of Ay is
(514) dlmAM :C'1—|—C’2—|——|—Cm_2+0m_1

Proof. Throughout the proof the identity (5.6) will be used. The proof is carried
out in several steps.

Step 1: For 1 < k < m — 1, define the linear relations
By == {([y], [2]) € Mx(A) x My_1(A) : 3(2',y/) € A with [2] = [2] and [y'] = [y]}.

It is shown that By : 9, (A) — My_1(A) are injective operators, i.e., dom By, =
My, (A) and ker By, = mul By, = {[0]} for 1 < k < m—1. Moreover, ran B; = My(A).

To see that dom By, = M (A) let [y] € My (A), then y = y; +yo with y; € ran A
and y2 € Mo(A), and there exists x € ran A*~! (x € dom A if k = 1) such that
(x,y1) € A. Since y — y1 = y2 € Ro(A) one has [y] = [y1] and as further [z] €
My._1(A) it follows ([y], [z]) = ([w1], [x]) € Bs.

To see that mul By, = {[0]} let ([0],[z]) € Bj. Then there exist y’ € [0] and
2’ € [z] such that (2/,y') € A. Hence there exist y; € ran A**! and y, € Ro(A)
with ¥' = y; + y2. Therefore, (21,7;) € A with some z; € ran A*. It follows that
(' —2x1,y2) € A, and since y2 € Rp(A4) one obtains 2’ — 1 € Ry(A4). Consequently,
[z] = [#1] and 21 € ran A¥ + Ry(A) which gives [z] = [0] € My_1(A).

To see that ker By, = {[0]} let ([y],[0]) € Bx. Then there exists 2/ € [0] and
y' € [y] such that (2’,y') € A. Hence there exist z; € ran A¥ and zo € Ro(A) with
a2’ = x1+xo. Furthermore, there exists yo € Ro(A) with (z2,y2) € A. It follows that
(1,9 —y2) € A, which together with x; € ran A¥ implies that ' — yo € ran A¥*1,
Consequently, [y] = [yo] and y2 € ran A¥+1 4+ 9, (A) which gives [y] = [0] € My (A).

To see that ran B; = Mg (A) let [z] € My(A). Then = x1 425 with ; € dom A
and x5 € ran A, and there exists y; with (z1,y;) € A so that ([y1], [z1]) € Bi. Since
x —x1 € ran A it follows that [x] = [z1] and the statement of Step 1 is shown.

The properties of By, imply that

Co=0C1, Ci12Cr, 2<k<m.

Step 2: Let {[z},_4],..., [wi’i’ll]} be a basis of M,,_1(A). Then, for i =
1,...,Cmo1, 2l = xb+73%,_ with 2} € Ro(A) and #,_; € ran A™~ 1. Therefore,

there are elements 2, _, € ran A™~2 with (2, _,, 3!, ;) € A, gnd [¢ ] =[&¢ 4]
m—1

for i = 1,...,Cpy—1, thus it is shown that {[z},_,],...,[Z," ]}Ais a basis of

Mym_1(A) and [z o] = Bp_1[&, ] for i = 1,...,Cp_1. Since Bp,_; is injec-
tive by Step 1, the elements [z}, _,],..., [a:,cn"le] € M,,,—2(A) are linearly indepen-
dent. Now choose additional linearly independent elements [x%, _,] € 9M,,_2(A),

Cm—1+1 < i < Cp—2 (note that this range is empty if C,,_1 = Cp,—2), with

x! o € ran A™ 2 (this can be achieved by substracting appropriate elements from
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Mo(A) without changing the equivalence class) such that {[z} ,],...,[z5"5*]}
forms a basis of M,,,_2(A).
To continue in an inductive way, assume that, for some 2 < k < m — 2,

{[z}], ..., [xkc’“]} is a basis of 9 (A) such that z},... ,xkc’f € ran A*. Then there
exist 2} _, € ran A*~1 such that (z%_,,2%) € Afor i = 1,...,Cy. Therefore,
[zi ] = Bp[#i] for i = 1,...,Cp_y and, since By is injective by Step 1, the el-

ements [z ..., [z$*] € My_1(A) are linearly independent. Choose additional

linearly mdependent elements [Z} ;] € My_1(A) for Cx + 1 < i < Cgx_y with

zt | €ran A¥~1 such that {[7}_,],.. [xk 1']} is a basis of M, 1(A)
This procedure continues until one arrives at a basis {[z1], ..., [z"]} of M1 (A)
with #1,...,2¢" € ran A. Then there are elements ), with (z},z%) € A for i =
.,Cy = Cy. Since [z}] = By[#i] for i = 1,...,Cy and By : 9 (A) — Mo(A)
is bijective by Step 1, {[z],...,[z5°]} is a basis of My(A). In the end, the shift
chains as in the statement of the theorem have been constructed.
Step 3: Tt follows from the construction in Step 2 that {[ ] .., [25%]} is a basis of
M (A), 0 <k <m—1. To see that the elements {xk : < Ch, O <k<m- 1}
are linearly independent in $), assume that
m—1 Cy,
(5.15) > i =0.
k=0 i=1

By (5.6) Zl:_ll ZZC’“I cixt € ran A + Rp(A), so that by taking equivalence classes
in (5.15) with respect to M(A), one obtains

Co
S chlet] = 0 € Mo(A),

i=1

which implies that cg =0 for 1 < i < Cy. Note that therefore the assumption
(5.15) is reduced to

m—1 Cyg

Z Zcix}c =0.

k=1 i=1
Now form equivalence classes in 9t (A) and proceed in a similar way. Then ulti-
mately it follows that cj, = 0 for all the coefficients, which proves the claim.

Step 4: To show (5.10), first observe that it is clear that R,.(A) + R, (4) C H(A).
To see that equality holds, it will be shown that

dom A + ranA T2
5.16 dim —————— C
( ) m %, ( ZO k-
To this end, observe the following identity
d dom A +ran A . domA+ranA
im——— =dim——FMM—
R, (A) ran A + R,.(A)
m—1
. ran AF + R,.(A) . ran A™ + R,.(A)
+ Z dim ran AT 9%, (A) + dim T w4

k=1
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where for the last term one has by Lemma 5.1 that
ran A™ + R, (A) . R (A)
ettt el A |

%R, (4) ()
This gives (5.16). To see that the sum (5.10) is direct, let € R,.(4) N R,,(A4),
then z is of the form as the left hand side of equation (5.15). Since x € R,.(A) one

further has that [z] = 0 € M (A) for all 0 < k < m — 1. Then, similar to Step 3,
it follows that z = 0.

Step 5: It will be shown that
(5.17) ranAﬂi)‘{m(A):span{x};: 1<i<Cy, 1§k§m—1}.

It is clear by construction of R,,(A) that the right-hand side is contained in the
left hand side, so it suffices to show that

dim =0.

m—1
dim (AN R, (4) = C.
k=1
By (5.10) it follows that
dimran A = dim (ran A N R, (A)) + dim (ran A N R, (A)),

so it remains to show that

m—1
ran A

.1 im— = .
(5.18) dim —— = (A~ 2 Cy
To this end, observe that

. domA-+ranA . domA+ranA . ran A+ R,.(A4)

.1 _— = _— _—

(5:19)  dim == A o) TR

By (5.16) the left-hand side of the above equation equals ZZZOI C and the first
term on the right-hand side is Cj. Hence,

= dlim

m—1
. ran A+ R, (A) . ran A
; Cr = dim =35 ran AN %R, (A)’

where the last equality is due to [17, Lem 2.2]. This proves (5.18).

Step 6: For (5.12) it suffices to show that A C Ar ¥ Ay and that the sum is
direct. Let (z,y) € A, so that y € ran A. Then by (5.10) one has y = y,- + y,, with
yr € rtan AN R, (A) and y,, € ran A N R, (A). Therefore, invoking (5.17), there
are x, € R, (A) and z,,, € R, (A) such that (x,,y,) € Ar and (T, Ym) € Aprs. It
follows that (x—2,—x,,0) € A, thus x—xz,—2,, € Ro(A) and (x—x,.—2,,0) € Apg.
Therefore, one obtains that (z — &,y — Ym) € Ar and hence

(x,y) = (l‘— Im, Y _ym) + ($m7ym) € AR:FAM
That the sum (5.12) is direct follows from (5.10).
Step 7: It will be shown that (5.13) holds. It is clear that the right-hand side
is contained in the left-hand side. For the converse inclusion, let (z,y) € AN
(Rm(A) xR, (A)). Since y € ran ANR,,(A), by (5.17) there is some ,, € R, (A)
with (Zm,y) € Ay It follows that @ — z,, € R, (A) NRH(A) = {0} by (5.10), thus
x = T, and (5.13) is shown. It is a direct consequence of (5.13) that Aps is an
operator (i.e., mul Ay = {0}), and that o,(Axr) = 0, thus Ay is a multishift.
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Step 8: It remains to show (5.14), which directly follows from (5.9). O
The following is a consequence of Theorem 5.2. Tt is implicitly contained in [22].

Corollary 5.3. Let A be a linear relation in a finite-dimensional linear space $).
Then the following statements are equivalent:
(i) A is a multishift (i.e., o,(A) =0);
(ii) there exists a basis for $) of the form (5.11) and A is given by the right-hand
side of (5.13).

6. MAIN RESULT: JORDAN-LIKE DECOMPOSITION

In this section the main result of this note will be stated. Any linear relation
in a finite-dimensional space admits a reducing sum decomposition into a com-
pletely singular relation, a Jordan relation, and a multishift. This is obtained by
a combination of Theorems 3.2, 4.6, and 5.2. Furthermore, it will be shown that
the chain structure of singular chains, Jordan chains, and shift chains of any such
decomposition is uniquely determined by A and given by its Weyr characteristics.
Moreover, it turns out that the resulting decomposition of A is a unique represen-
tative of the equivalence class of with respect to the notion of strict equivalence
(see Definition 6.5).

Theorem 6.1. Let A be a linear relation in a finite-dimensional space $). Then
there exist linear relations Ag, Jx, (A4),...,Jx,(4), Joo(A), Aprr, all contained in A,
where {\1,..., A} = o-(A)NC, such that

(6.1) A=As®J\(A) B - D Jx\(4) & Ju(A) ® Ap,
is a reducing sum decomposition of A with respect to
(6.2) H(A) =Rc(A) X5, (A) @+ D X (4) B Xo(A) © R (A)

with the spaces defined in Theorems 3.2, 4.6, and 5.2. Furthermore,

(a) Ag is completely singular in R.(A);

(b) Jx,(A) is a Jordan operator in X, (A) corresponding to \; for 1 <i <I;

(¢) Joo(A) is a Jordan relation in Xoo(A);

(d) Apr is a multishift in R, (A).

Any of the linear relations in (6.1) may be absent, if the corresponding space in (6.2)

is trivial.

Remark 6.2. The following special cases may serve to illustrate Theorem 6.1.

(a) Consider the case of a trivial singular chain subspace R.(A) = {0}. Then
the completely singular part is absent and the treatment in Section 4 becomes
simpler. In this case the quotient spaces 3; (4, \) in (4.21) are given by

ker (A —\)? ker (A —\)3

ker (A — ) " ker (A — X277

whereas the quotient spaces 205 (A) in (4.39) are given by

mul A2 mul A3

mul A’ mul A2

Recall that R.(A) = {0} implies that o.(A) = 0,(A). Hence, if A\ & 0,(4),
then the Weyr characteristic corresponding to (6.3) is the null sequence and,

(6.3) ker (A — \),

(6.4) mul A,
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similarly, if co ¢ 0,(A), then the Weyr characteristic corresponding to (6.4) is
the null sequence.

Consider the case of a trivial multivalued part mul A = {0}. Then certainly
R.(A) = {0} (and the comments of (a) apply), but additionally the quotient
spaces in (6.4) are trivial. The Weyr characteristic for (6.3) then essentially
coincides with that considered in [25] for linear operators.

Consider the case of dom A = §). Then Aj; equals the zero space. Assume that
An #{(0,0)}. As (6.1) is a reducing sum decomposition, one can assume, for
simplicity, A = Ap;. As A = A)s is a multishift, it has no eigenvalues and for
every for every pair (x,y) € A the entries z,y are linearly independent. Let
(z1,22) € A. As dom A = 6, it follows that zo € dom A, hence there exists x3
with (x9,x3) € A. Now, {1, x5} is linearly independent but {x1,x2, 23} might
be linearly independent or not. If it is linearly independent, then there exists
x4 with (z3,24) € A. Again, {21,292, x3,24} is linearly independent or not. If
it is linearly independent, then there exists x5 with (z4,25) € A. This can be
continued. Finally, as dom A = § is finite dimensional, this procedure shows
that there is a smallest natural number m, 2 < m < dim $), with the properties

{z1,...,zm} are linearly independent,
{z1,...,Zmy1} are not linearly independent,
($i7$i+1)€A fori=1,...,m.
Therefore, one has z,,,+1 = ZZ’;I a;x; for some a; € C, 1 = 1,...,m. Set
M :=span{zy,...,2,} and define the matrix
0 - 0 o
) )
T:=
1 an

Let A € C be an eigenvalue of T’ with eigenvector 8 = (81, ...,8m) € C™\{0},
ie, T8 =A3. Then z:= 3 ", Bix; € M is nontrivial and since (z;,z;11) € A
for i =1,...,m one finds that for

z:= P12+ ...+ Br—1%m + BmTm1
one has (z,z) € A. Observe that by z,,,41 = >, oz it follows

z2=0o1Pmx1 + (@2fm + B1)x2 + ... + (B + Brm—1)Tm

and since

alﬂm
2 + B A1 A1
: =T =)\ ,
amﬁm + ﬂm—l ﬂm ﬂm

one has that
z2=A01x1+ ... + AP = Az
so that (xz,\x) € A and hence A has an eigenvalue, a contradiction. Therefore,

the quotient spaces in (5.1) are trivial, and the corresponding Weyr character-
istic given by (5.2) is the null sequence. That is, the multishift part is absent.
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(d) As a consequence of (a)—(c), the classical result of the Jordan canonical form for
linear operators A in a finite-dimensional space §) is covered by Theorem 6.1.
Since in particular dom A = $ and mul A = {0}, the Weyr characteristic of A
is that corresponding to the spaces (6.3) and A has the reducing sum decom-
position

A=Jy(A) @ - & Jy (A),

with Jordan operators Jy,(A) whose structure coincides with that of classical
Jordan blocks according to the representation (4.28).

In order to justify calling (6.1) a Jordan-like decomposition for linear relations
it needs to exhibit a certain uniqueness. Recall that for the fixed decomposition
of H(A) in (6.2), any reducing sum decomposition is intrinsically unique, cf. Sec-
tion 2. Moreover, the Jordan-like decomposition is uniquely determined by the
Weyr characteristic of A; in particular, if any two linear relations have the same
Weyr characteristic, then they have the same Jordan-like decomposition. To see
this, recall that for a linear relation A in a finite-dimensional linear space $) the
Weyr characteristic corresponding to the sequence of quotient spaces

(a) in (3.2) is given by the sequence B := (By)x>1 in (3.3);

(b) in (4.21) is given by the sequece W(A) := (Wi (X\))k>1 in (4.22);

(c) in (4.39) is given by the sequence A = (Ag)g>1 in (4.40);

(d) in (5.1) is given by the sequence C := (Ck)x>0 in (5.2).
Note that each of these Weyr characteristics is a finitely supported nonincreasing
sequence, which may be the null sequence. The Weyr characteristics corresponding
to all different proper complex eigenvalues {A1, ..., A} = 0,(A)NC will be collected
in a single sequence:

(6.5) W= (W), W), ..., W(A)).

Definition 6.3. Let A be a linear relation in a finite-dimensional linear space $).
The collection of the sequences

(6.6) (B,W, A,C),

given by (3.3), (6.5), (4.40), and (5.2), is called the Weyr characteristic of the
linear relation A.

The Jordan-like decomposition (6.1) of a linear relation A in Theorem 6.1 is
completely determined by the Weyr characteristic of A, which follows from the
construction in Theorems 3.2, 4.6, and 5.2. Moreover, one has the following result.

Proposition 6.4. Any two linear relations in a finite-dimensional space § with
the same Weyr characteristic have the same reducing sum decomposition (6.1) with
respect to the same subspace decomposition (6.2).

In the remainder of this section consider finitely supported nonincreasing se-
quences

(6.7) ((Br)kz1, Wikz1, -+, Whkz1, (Ar) k=1, (Ck)k0),

where any of the sequences may be a null sequence. Then, by the above results, it is
possible to construct a linear relation (given by the Jordan-like decomposition (6.1))
which has (6.7) as Weyr characteristic. But to which extent is this relation unique?
To answer this question one introduces the following notion of strict equivalence.
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Definition 6.5. The linear relations S1 and Sy in a finite-dimensional space ) are
said to be strictly equivalent if there exists an invertible matrix T such that

(6.8) (x,y) €Sy <= (T'z,T7'y)es
or, what is the same,
(6.9) Sy =TS, T

Note that (6.9) is understood in the sense of multiplication of linear relations.
The following theorem is taken from [13].

Theorem 6.6. Two linear relations in a finite-dimensional space $) are strictly
equivalent if and only if their Weyr characteristics coincide.

As a direct consequence of Proposition 6.4 and Theorem 6.6, it follows that the
Jordan-like decomposition (6.1) is a unique representative of the equivalence classes
with respect to strict equivalence. Furthermore, one has the following result.

Theorem 6.7. For any given finitely supported nonincreasing sequences (6.7) (and
a finite-dimensional space $) with sufficiently large dimension) there exists, up to
strict equivalence, exactly one linear relation A in $ with Weyr characteristic (6.7).

Remark 6.8. The Jordan-like decomposition of linear relations derived in The-
orem 6.1 resolves a “non-uniqueness issue” of the decomposition from [22]. A
componentwise direct sum decomposition of a linear relation A into a completely
singular relation, a Jordan part and a multishift was derived in [22]. However,
this decomposition does not exhibit uniqueness as the following example shows:
For linearly independent elements x1,z2, 3 in a finite-dimensional linear space $)
define
Ay =span{(0,z1), (z1,22), (22,0)}, Az := {(z1,23)}
and A := A1 ®Ay. Obviously, R.(A) = span{z1, z2} and R, (A) = span{z1, x2, z3}.
Clearly, A; is completely singular and Ay is a multishift, but A; @ A, is not a
reducing sum decomposition. Furthermore, there is an alternative decomposition
of A into
A=A, 8 A;, As=span{(0,z3 — x2)},

where As consists of a Jordan chain at co. Both decompositions are possible in
the framework of [22]. On the other hand, the Jordan-like decomposition (6.1)
in Theorem 6.1 is a reducing sum decomposition, and hence unique for the fixed
decomposition of $(A) in (6.2).

It should also be stressed that in the present paper the reducing sum decompo-
sitions are derived in the setting of linear spaces; no further structure (such as an
inner product) is required.

Remark 6.9. The presentation of some of the material in [22] was inspired by the
results in [18, 19]. In the setting of (what is now called) almost Pontryagin spaces,
Kaltenbéck and Woracek considered selfadjoint extensions of symmetric relations
with defect numbers (1,1); one of the requirements was the existence of a shift
chain relative to the isotropic part of the almost Pontryagin space. The multishifts
in [22] were introduced with the work of Kaltenbéck and Woracek in mind. Shifts
have also been considered in the context of Pontryagin spaces; see for instance [11],
where references to further work can be found.
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Remark 6.10. Let E, F' € C™*™ be matrices and let sE — F' be the corresponding
matrix pencil. Associated with £ and F' are two linear relations

(6.10)

E'F={(z,y) eC™" xC™: Fr=FEy} and FE'={(Exz,Fz): 2€C"},

which were already studied in [3, 4]. Usually, E~1F is called the kernel represen-
tation and FE~! the range representation (see also [9]). Matrix pencils have a
canonical form, the so-called Kronecker canonical form [6, 12, 20].  There is a
deep connection between the range and the kernel representation and the corre-
sponding matrix pencil. This was already utilized in [8, 14, 15, 16, 21]. A complete
set of invariants for the Kronecker canonical form are four multi-indices: the finite
and infinite elementary divisors, the column and the row minimal indices. These
quantities measure the sizes of the different blocks in the Kronecker canonical form.
Moreover, two matrix pencils are strictly equivalent if and only if all the four indices
coincide [12]. They are completely determined by the so-called Wong sequences [7],
which are certain sequences of subspaces; the geometric approach in [7] is, in its
spirit, close to the approach in the present paper (although not quotient spaces
have been used). The relationship between linear relations and matrix pencils is
investigated in [9, 13] and it will be continued in upcoming papers.
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