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Funnel control for the monodomain equations

Monodomain equations

(simple) model for the electric activity of the human heart to describe
defibrillation processes
“reentry waves” can be interpreted as fibrillation processes that should be
terminated by external control

∂tv = div(D∇v) + Iion(v,w) + Is,i + BIs,e, (ν⊤ · D∇v + av)|∂Ω = 0,
∂tw = c5v − c4w

D – coercive diffusion matrixB – input operatorv – transmembrane electric
potentialw – cellular state variableIion – ionic current

Is,i – intracellular stimulation
current
Is,e – extracellular stimulation
current
a – nonnegative weight function
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Funnel control for the monodomain equations

FitzHugh-Nagumo model
p3(v) = −c1v + c2v2 − c3v3, Iion(v,w) = p3(v)− w

output: y = B′v, input: Is,e(t)

a : W1,2(Ω)×W1,2(Ω) → R, (z1, z2) 7→ ⟨∇z1,D∇z2⟩+ ⟨z1, az2⟩L2(∂Ω)

=⇒ ∃! operator A : D(A) ⊂ L2(Ω) → L2(Ω) with

D(A) = {z2∈W1,2(Ω)
∣∣∣ ∃ y∈L2(Ω) ∀ z1∈W1,2(Ω): a(z1, z2) = −⟨z1, y⟩}

∀ z1 ∈ W1,2(Ω) ∀ z2 ∈ D(A) : a(z1, z2) = −⟨z1,Az2⟩
A is called Robin elliptic operator; it is closed and self-adjoint
if ∂Ω,D and a are sufficiently smooth:

Av = div(D∇v), D(A) = { v ∈ W2,2(Ω)
∣∣∣ (ν⊤ · D∇v + av)|∂Ω = 0 }
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Funnel control for the monodomain equations

FitzHugh-Nagumo model

FHN model: ∂tv(t) = Av(t) + p3(v)(t)− w(t) + Is,i(t) + BIs,e(t)
∂tw(t) = c5v(t)− c4w(t)y(t) = B′v(t)

solutions via weak formulation:v,w ∈ C([0, T); L2(Ω)), v ∈ L2(0, T;W1,2(Ω)) s.t.

d
dt ⟨v(t), θ⟩ = −a(v(t), θ) + 〈p3(v)(t)− w(t) + Is,i(t), θ〉+ 〈Is,e(t),B′θ〉Rm

d
dt ⟨w(t), ψ⟩ = ⟨c5v(t)− c4w(t), ψ⟩y(t) = B′v(t)

•
•

Thomas Berger, Tobias Breiten, Marc Puche, Timo Reis 4/16



•
•

•

•

Funnel control for the monodomain equations

FitzHugh-Nagumo model

FHN model: ∂tv(t) = Av(t) + p3(v)(t)− w(t) + Is,i(t) + BIs,e(t)
∂tw(t) = c5v(t)− c4w(t)y(t) = B′v(t)

solutions via weak formulation:v,w ∈ C([0, T); L2(Ω)), v ∈ L2(0, T;W1,2(Ω)) s.t.

d
dt ⟨v(t), θ⟩ = −a(v(t), θ) + 〈p3(v)(t)− w(t) + Is,i(t), θ〉+ 〈Is,e(t),B′θ〉Rm

d
dt ⟨w(t), ψ⟩ = ⟨c5v(t)− c4w(t), ψ⟩y(t) = B′v(t)

•
•

Thomas Berger, Tobias Breiten, Marc Puche, Timo Reis 4/16



•
•

•

•

Funnel control for the monodomain equations

Input-output configurations
• q ∈ L2(Ω) and distributed input of the form Bz = z · q, i.e. B ∈ L(R, L2(Ω))

=⇒ y(t) = B′v(t) = ∫
Ω
q(ξ) · (v(t))(ξ) dξ

e.g. q = 1ω for ω ⊆ Ω

• q ∈ W1/2,2(∂Ω)′ and input operator Bw ∈ W1,2(Ω)′,w ∈ R, with

(Bw)(z) = ⟨q · w, tr(z)⟩W1/2,2(∂Ω)′,W1/2,2(∂Ω)

corresponds to a Robin boundary control(
ν⊤ · D∇v(t) + av(t))|∂Ω = q · Is,e(t)

=⇒ y(t) = B′v(t) = ∫
∂Ω

q(ξ) · (v(t))(ξ) dσ (Dirichlet boundary obs.)
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Funnel control for the monodomain equations

Control objective

under certain initial conditions, reentry phenomena and spiral waves may
occur [Kunisch, Nagaiah, Wagner ’11]
reentry phenomena resemble a dysfunctional heart rhythm which impedes
the intracellular stimulation current Is,i
such situations can be interpreted as fibrillation processes of the heart that
should be terminated by an external control
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Funnel control for the monodomain equations

Control objective

System
u(t) y(t)

Controller

yref(t)
ẋ(t) = f(t, x(t), u(t)), x(t) ∈ X
y(t) = h(x(t))

Goal: simple controller, so that “y(t) tracks yref(t)”
only uses y(t), no knowledge of x(t) ∈ X or system parameters
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Funnel control for the monodomain equations

Funnel control

(Σ)

u(t) = −k(t)e(t) +

y(t)u(t)

−yref(t)e(t)
t

1/φ(t)
∥e(t)∥

(Σ) : ẏ(t) = F(T(y)(t))
+ G(T(y)(t)) u(t)

k(t) = 11− φ(t)2∥e(t)∥2

[Ilchmann, Ryan, Sangwin ’02]:
Feasible, if T is

causal and loc. Lipschitz
BIBO stable
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Funnel control for the monodomain equations

Funnel control for ∞-dimensional systems

systems which have a relative degree: [Ilchmann, Selig, Trunk ’16],
[B., Puche, Schwenninger ’20]
boundary controlled heat equation [Reis, Selig ’15]

∂tx(t) = ∆x(t), u(t) = (
ν⊤ · ∇x(t))|∂Ω,

y(t) = ∫
∂Ω

(x(t))(ζ) dζ

general class of boundary control systems based on m-dissipative
operators [Puche, Reis, Schwenninger ’21], [Puche ’19]

ẋ(t) = Ax(t), x(0) = x0 ∈ D(A) ⊆ X,
u(t) = Bx(t), y(t) = Cx(t)

e.g. lossy transmission line, wave equation
•
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Funnel control for the monodomain equations

Funnel controller for the monodomain equations
Goal: controller independent of Ω, B,D, a, ci > 0 and Is,i
φ ∈ Φγ :=

{
φ ∈ W1,∞([0,∞);R)

∣∣∣∣∣ φ|[0,γ] = 0,
∀δ > 0 : inf t≥γ+δ φ(t) > 0

}

→ φ is a design parameter!

Controller: Is,e(t) = − k01− φ(t)2∥y(t)− yref(t)∥2Rm
(y(t)− yref(t)),

y(t) = B′v(t),
φ ∈ Φγ , yref ∈ W1,∞([0,∞);Rm)

∀ t ∈ [0, γ] : Is,e(t) = −k0(y(t)− yref(t)) •
•
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Funnel control for the monodomain equations

Closed-loop system

∂tv(t) = Av(t) + p3(v)(t)− w(t) + Is,i(t)
− k0B(B′v(t)− yref(t))1− φ(t)2∥B′v(t)− yref(t)∥2Rm

,

∂tw(t) = c5v(t)− c4w(t)

nonlinear time-varying PDE!
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Funnel control for the monodomain equations

Theorem [B., Breiten, Puche, Reis ’21]
Ω ⊂ Rd , d ≤ 3, bounded domain with Lipschitz boundary ∂Ω
D ∈ L∞(Ω;Rd×d) coercive; a ∈ L∞(∂Ω)

B ∈ L(Rm,W1,2(Ω)′), ker B = {0}
Is,i ∈ L∞(0,∞; L2(Ω)), v0,w0 ∈ L2(Ω)
yref ∈ W1,∞(0,∞;Rm), γ > 0 andφ ∈ Φγ

=⇒ ∃! solution s.t. v,w, ẇ ∈ BC([0,∞); L2(Ω)) and

v ∈ BUC([δ,∞);W1,2(Ω)) ∩ C0,1/2([δ,∞); L2(Ω)),
y, Is,e ∈ BUC([δ,∞);Rm),

∀ t ≥ γ :φ(t)2∥B′v(t)− yref(t)∥2Rm ≤ 1− ε
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=⇒ v(γ) ∈ W1,2(Ω) •
•
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Funnel control for the monodomain equations

Funnel control for the monodomain equations

a) B ∈ L(Rm,Wr,2(Ω)′), r ∈ (0, 1)
=⇒ v∈C0,1−r/2([δ,∞); L2(Ω)), y, Is,e∈C0,1−r([δ,∞);Rm)

b) B ∈ L(Rm, L2(Ω))
=⇒ ∀λ∈(0, 1) : v∈C0,λ([δ,∞); L2(Ω)), y, Is,e∈C0,λ([δ,∞);Rm)

c) B ∈ L(Rm,W1,2(Ω))
=⇒ y, Is,e∈W1,∞(δ,∞;Rm)

based on results by [Lunardi ’95] on optimal regularity in parabolic problems
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Funnel control for the monodomain equations

Monodomain equations – Simulation
FHN model: ∂tv(t) = Av(t) + p3(v)(t)− w(t) + Is,i(t) + BIs,e(t),

∂tw(t) = c5v(t)− c4w(t), y(t) = B′v(t)
Example: standard test example for termination of reentry waves
Ω = (0, 1)2; (v(0),w(0)) = (v∗0,w∗0) – snapshot of a reentry wave,
resembling a dysfunctional heart rhythm
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Funnel control for the monodomain equations

Monodomain equations – Simulation

Task: design stimulation current Is,e, which restores a natural heart rhythm
Reference yref = B′vref corresponds to (vref,wref) with
(vref(0),wref(0)) = (0,0), Is,e = 0 and

Is,i(t) = 101 · q(ξ) (1[49,51](t) + 1[299,301](t)),
q(ξ) =

{1, falls (ξ1 − 12)2 + (ξ2 − 12)2 ≤ 0.0225,
0, otherwise

Control: input operator B corresponds to boundary control

Is,e(t) = − 0.751− φ(t)2∥B′v(t)− yref(t)∥2R2
(B′v(t)− yref(t))
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Funnel control for the monodomain equations

Monodomain equations – Simulation

0 50 100 150 200 250 300 350 400 450 5000
1
2
3

t

1/ϕ(t)
‖e(t)‖

0 100 200 300 400 500
0
50
100

t

y

y1,refy1

0 100 200 300 400 500
−4
−2
0
2
4

t

I1,s,e

•
•

Thomas Berger, Tobias Breiten, Marc Puche, Timo Reis 16/16


