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Input-constrained funnel control

Control objective

System
u(t) y(t)

Controller

yref(t)

ẋ(t) = f
(
t, x(t), u(t)

)
, x(0) = x0 ∈ Rn

y(t) = h
(
x(t)

)
Goal: simple controller, so that “y(t) tracks yref(t)”
only uses y(t), no knowledge of x0 or system parameters
only: known relative degree and stable internal dynamics •
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Input-constrained funnel control

Funnel control

System

u(t) = N(k(t))e(t) +

y(t)u(t)

−yref(t)e(t)

t

ψ(t)

∥e(t)∥

k(t) = 1
1− ∥e(t)∥2/ψ(t)2 ,

N ∈ C(R≥0,R) a surjection
(e.g.N(s) = s sin s)

[Ilchmann, Ryan, Sangwin ’02]:
Works, if

relative degree = 1
stable internal dynamics
high-gain property •
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Input-constrained funnel control

Funnel control for systems with arbitrary relative degree

e1(t) = e(t) = y(t)− yref(t),
e2(t) = ė(t) + k1(t)e1(t),
e3(t) = ë(t) + k2(t)e2(t),

...
er(t) = e(r−1)(t) + kr−1(t)er−1(t),

u(t) = N
(
kr(t)

)
er(t)

ki(t) = 1/(1− ∥ei(t)∥2/ψi(t)2), i = 1, . . . , r

Theorem [B., Lê, Reis ’18] & [B., Ilchmann, Ryan ’21]
yref ∈ Wr,∞ =⇒ u, ki, y(i) ∈ L∞ and ∥e(t)∥ ≤ ψ(t)− ε •
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Input-constrained funnel control

Funnel control under input constraints

u(t) = sat(v(t))
such that for someM > 0

• sat ∈ C(Rm,Rm) bounded
• ∀ v ∈ Rm : ∥v∥ ≤ M =⇒ sat(v) = v

}
(satM)

sat with (satM) is assumed
arbitrary but known v

sat(v)
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Input-constrained funnel control

Funnel control under input constraints

u(t) = sat(v(t))
such that for someM > 0

• sat ∈ C(Rm,Rm) bounded
• ∀ v ∈ Rm : ∥v∥ ≤ M =⇒ sat(v) = v

}
(satM)

sat with (satM) is assumed
arbitrary but known
input constraints and output
constraints are conflicting!

v

sat(v)
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Input-constrained funnel control

Funnel control under input constraints

t

ψ(t)

∥e(t)∥

trade-off←→ t

u(t)
M

−M

design controller which “negotiates” this trade-off
here: input constraints are strict, output constraints are flexible
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Input-constrained funnel control

Funnel control under input constraints – known results

so far only: output constraints are strict, input constraints are flexible
→ funnel control works, ifM in (satM) suff. large

[Hopfe, Ilchmann, Ryan ’10 a & b]: relative degree 1

[Hackl, Hopfe, Ilchmann, Müller, Trenn ’13]: relative degree 2

[Liberzon & Trenn ’13] (bang-bang funnel control): arbitrary relative degree
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Input-constrained funnel control

Funnel control under input constraints – controller design
e1(t) = e(t) = y(t)− yref(t),
e2(t) = ė(t) + k1(t)e1(t),

...

er(t) = e(r−1)(t) + kr−1(t)er−1(t),
ki(t) = 1/(1− ∥ei(t)∥2/ψi(t)2),

v(t) = N
(
kr(t)

)
er(t)

ψ̇1(t) = −α1ψ1(t) + β1

+ p1
(
ψ2(t)− β2

α2

)
,

...
ψ̇r−1(t) = −αr−1ψr−1(t) + βr−1

+ pr−1

(
ψr(t)− βr

αr

)
,

ψ̇r(t) = −αrψr(t) + βr + ψr(t) κ(v(t))
∥er(t)∥ ,

κ(v(t)) = ∥v(t)− sat(v(t))∥

α1 > α2 > . . . > αr > 0, pi > 1, βi > 0, ψi(0) > βi
αi

Note: ∥er(t)∥ ≪ 1 =⇒ κ(v(t)) = 0
ψ1, . . . , ψr are not bounded in general
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Input-constrained funnel control

Lipschitz condition

sat with (satM) arbitrary→ global solutions do not necessarily exist

Ex.: ẏ(t) = y(t)2 + u(t), y(0) = 1, u(t) = sat(v(t))

=⇒ ẏ(t) ≥ y(t)2 −M =⇒ y(t) ≥ z(t),

z(t) =
√
M

√
M+1+(1−

√
M)e2

√
Mt

√
M+1−(1−

√
M)e2

√
Mt

M ≥ 1 =⇒ z(·) globally defined

M < 1 =⇒ z(·) blows up at ω = 1
2
√
M ln

(
1+

√
M

1−
√
M

)
=⇒ y(·) blows up at ω

→ some kind of Lipschitz condition required
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=⇒ ẏ(t) ≥ y(t)2 −M =⇒ y(t) ≥ z(t),

z(t) =
√
M

√
M+1+(1−

√
M)e2

√
Mt

√
M+1−(1−

√
M)e2

√
Mt

M ≥ 1 =⇒ z(·) globally defined

M < 1 =⇒ z(·) blows up at ω = 1
2
√
M ln

(
1+

√
M

1−
√
M

)
=⇒ y(·) blows up at ω

→ some kind of Lipschitz condition required
•

•
Thomas Berger 9/13



•
•

•

•

Input-constrained funnel control

Funnel control under input constraints – results

Theorem 1 [B. ’22]

relative degree r
Lipschitz condition
yref ∈ Cr

=⇒ ∃ global solution (y, ψ1, . . . , ψr) with ∥ei(t)∥ ≤ εiψi(t) for
i = 1, . . . , r − 1 and ∥er(t)∥ < ψr(t)

=⇒ if v(t) = sat(v(t)) for t ∈ [t0, t1], then

ψi(t) ≤ βi
αi
+

r∑
j=i

cij(t0)e−αj(t−t0)
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Input-constrained funnel control

Funnel control under input constraints – results

Theorem 2 [B. ’22]

relative degree r
Lipschitz condition stable internal dynamics and high-gain property
yref ∈ Cr yref ∈ Wr,∞

=⇒ ∀ ε ∈ (0, 1) ∀ K > 0 ∃M = M(ε, K) such that
∀ sat with (satM),
∀ y0 with ∥ei(0)∥ ≤ εψi(0), i = 1, . . . , r,
∀ yref ∈ Wr,∞ with ∥y(i)ref∥∞ ≤ K, i = 0, . . . , r,

∃ global solution (y, ψ1, . . . , ψr) with y ∈ Wr,∞,ψi, ki ∈ L∞,
limt→∞ ψi(t) ≤ βi

αi
and ∥v(t)∥ ≤ M •
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Input-constrained funnel control

Simulation

F

y

a=const

s angle: ϑ = π/4

m1 = 4, m2 = 1, k = 2, d = 1

z(0) = s(0) = ż(0) = ṡ(0) = 0

yref(t) = cos t,

[
m1 +m2 m2 cosϑ
m2 cosϑ m2

](
z̈(t)
s̈(t)

)
+

(
0

ks(t) + dṡ(t)

)
=

(
u(t)
0

)
,

y(t) = z(t) + s(t) cosϑ

Controller parameters: α1 = 1.5, α2 = 0.9 · α1, β1 = 0.15, β2 = 0.5 · α2,
p1 = 1.1, ψ01 = 4.1, ψ02 = 2, N(s) = −s2 cos s •
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Input-constrained funnel control

Simulation
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blue curve: funnel controller from [B., Ilchmann, Ryan ’21] with
φ(t) = (4e−3t/2 + 0.1)−1

red curve: input-constrained funnel controller from [B. ’22]

•
•

Thomas Berger 13/13


