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Regularization of linear systems

S Ba(t) = Au(t) + Bu(t) [E, 4, B]
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Regularization of linear systems

S Ba(t) = Au(t) + Bu(t) [E, 4, B]

E,A e R*" B e RA>™

Aim: [E, A, B] ~ [E, A, B
s.t. sk — A is regular

1. approach: state feedback

2. approach: behavioral equivalence

3. approach: 1. + 2. + permutation
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Some basic notions
sE — Ais regular, if { =n and det(sE — A) € R[s] \ {0}

regular sE — A has index v € Ny, if

sl, —J 0
S(sE—A)T—{ 0 SN 1, .|
then v := 0, iftr=n,
o min{k‘ENO‘Nk’:O}, ifr<n
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Some basic notions
sE — Ais regular, if { =n and det(sE — A) € R[s] \ {0}

regular sE — A has index v € Ny, if

sl, —J 0
S(sE—A)T—{ 0 sN—In_T]’
then v := 0, iftr=n,
o min{k‘ENO‘Nk’:O}, ifr<n

augmented Wong sequences:
% :=R", ¥ :=A(EY+imB), i>0, V* ::m%
i>0
Wo = {0}, W11 :=E (AW, +imB), i >0, W*:= U Wi

>0
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Approach 1: State feedback

Here: { =n, wu(t) = Fz(t) for some F € R™*"

4 Bx(t) = (A+ BF)z(t)
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Approach 1: State feedback
Here: { =n, wu(t) = Fz(t) for some F € R™*"

4 Bx(t) = (A+ BF)z(t)

Thm. [Bunse-Gerstner et al. '92]:
JF e R™": sE — (A+ BF) is regular and has index < 1
<= [E, A, B] is impulse controllable (im £+ A ker E+im B=R")
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Approach 1: State feedback

Here: { =n, wu(t) = Fz(t) for some F € R™*"
4 Bx(t) = (A+ BF)z(t)

Thm. [Bunse-Gerstner et al. '92]:
JF e R™": sE — (A+ BF) is regular and has index < 1
<= [E, A, B] is impulse controllable (im £+ A ker E+im B=R")

Thm.: 3 F e R™*": sE — (A+ BF) is regular
— dim(EV* +im B) = dim ¢*  [Ozcaldiran/Lewis '90]
— dim(AW* + im B) = dimW*  [Ozcaldiran/Lewis '90]
= tkp(y[sE — A, B] =n [Duan/Zhang '03]
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Def.: [E, A] is autonomous, if
d _ — —
5Ex(t) = Az(t) AN Ex(0) =0 = z=0

Lemma:
sE — Aisregular < (=n A [E,A]is autonomous
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Def.: [E, A] is autonomous, if
d _ — —
5Ex(t) = Az(t) AN Ex(0) =0 = z=0

Lemma:
sE — Aisregular < (=n A [E,A]is autonomous

Thm. [Fletcher '86]:

AFeR™"™: [E,A+ BF]isaut. <= rkpy[sF —A,B] >n
(s)
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Def.: [E, A] is autonomous, if
d _ — —
5Ex(t) = Az(t) AN Ex(0) =0 = z=0

Lemma:
sE — Aisregular < (=n A [E,A]is autonomous

Thm. [Fletcher '86]:
JFeR™": [E,A+ BF]isaut. <= tkgy[sE—A,B|>n
Thm. [B./Reis '15]:

JF e R™": [E, A+ BF] is autonomous
= tkpy)[sE—A,B] >n
— dim(EV* 4+ im B) > dim V"
— dim(AW" +im B) > dim W".
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Approach 2: Behavioral equivalence

Example:

10 0 0

(t) = z § o(t) 2 [0 0] i(t) = [(1) ﬂ 2(1)

500—10isreular
00/ [0 1 &
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Approach 2: Behavioral equivalence

Example:
10 00
0 1|2 = |1 0] 2() & [8 8] i(t) = [(1) ﬂ 2(t)
0 0 0 1

500—10isreular
00/ [0 1 &

Def.: The behavior of [E, A, B] is
Bipap = { (1) € C% x ¢ | Bilt) = As(t) + Bu(t) }.

Two systems [E;, A;, B;], i = 1,2, are behaviorally equivalent
([Er, A1, By] s [Ea, Az, By), if

Bg1,41,B1) = B(Ey,42,B,] -
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Def.: [E, A, B] is minimal, if

Vke{l,...,0} V[E, A, B] with k rows :

<[E’A’B] = HOei,J ’ {Oein] ’ {Of—im” — k= E) '
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Def.: [E, A, B] is minimal, if

Vke{l,...,0} V[E, A, B] with k rows :
E

<[E’A’B] = HW—MJ ’ {Oein] ’ {Of—im” — k= E) '

Thm. : [E, A, B] is minimal
<= rtkpy)[sE — A, B] ={ [Polderman/Willems '98]
— EV*+ AW* +imB =R’ [B./Reis '15]
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Approach 3: Combination of 1 and 2 + permutation

Feedback transformation of [E, A, B]:

S[sE - A, —B] [T 0}

v
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Approach 3: Combination of 1 and 2 + permutation
Feedback transformation of [E, A, B]:

S[sE - A, —B] [T 0}

v
Lemma: [El,Al, Bl] >~y [EQ,AQ,BQ] <~ HU(S) € Glg(R[S]) :

[SEl - Al, —Bl] == U(S)[SEQ - AQ, —Bl]
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Approach 3: Combination of 1 and 2 + permutation
Feedback transformation of [E, A, B]:

SbE—A—m[T ﬂ

F Vv

Lemma: [Ey, Ay, By| ~gp [E2, A, Bs] < 3U(s) € GL(R[s]) :
[sEy — A1, —B1| =U(s)[sE2 — Aa, —Bj]

Behavioral and feedback transformation of [E, A, B]:

mng—A—m[T ﬂ

v
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!

To, T3 are free  ~-» x9,x3 are inputs in the behavioral framework

u=0 ~» wuis a state in the behavioral framework
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!

To, T3 are free  ~-» x9,x3 are inputs in the behavioral framework

u=0 ~» wuis a state in the behavioral framework

Permutation:
b )-8 3)- b )
bl
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!

To, T3 are free  ~-» x9,x3 are inputs in the behavioral framework

u=0 ~- wuis a state in the behavioral framework
Permutation:
o ol Gi) =10 3] i)+ o o] C6)

10 0 0f . :
s [0 0] — [0 J is regular and has index 1

— general (numerical) procedure derived by [Campbell et al. '12]
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Thm. [B./Reis '15]:

U (s) € GL(R]s]), T € G1,(R), V € GL,(R), F € R™*" and a
permutation matrix P € Gl,,4,,,(R) such that

U(s) [sE — A, —B] E 3] p= [SE()fA O‘B]

where sE — A € R[s]"*™ is regular and has index at most 1
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Thm. [B./Reis '15]:

U (s) € GL(R]s]), T € G1,(R), V € GL,(R), F € R™*" and a
permutation matrix P € Gl,,4,,,(R) such that

U(s) [SE — A, —B] [T 0] p_ [sE—A —B]’

Fr v

Or,ﬁ Or,ﬁz

where sE — A € R[s]"*™ is regular and has index at most 1

e [E, A, B] is minimal
e explicit construction of transformation matrices using

feedback canonical form [Loiseau et al. '91]

e the subsystem [E, A, E] is fully determined by the augmented
Wong sequences
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