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d
dtEx(t) = Ax(t) +Bu(t),

y(t) = Cx(t)
[E,A,B,C]

E,A ∈ R`×n, B ∈ R`×m, C ∈ Rp×n

B[E,A,B,C] = { (x, u, y) | [E,A,B,C] is satisfied }
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Some basic notions

sE −A is regular, if ` = n and det(sE −A) ∈ R[s] \ {0}

invariant subspace algorithm [Wonham ’85]

V0 := kerC, Vi+1 := A−1(Vi + imB) ∩ kerC, i ≥ 0

controllability subspace algorithm [Wonham ’85]

W0 := {0}, Wi+1 := (AWi + imB) ∩ kerC, i ≥ 0

generalized Wong sequences:

V0 := kerC, Vi+1 := A−1(EVi + imB) ∩ kerC, i ≥ 0,

Vi ↘ V ∗[E,A,B,C]

W0 := {0}, Wi+1 := E−1(AWi + imB) ∩ kerC, i ≥ 0,

Wi ↗W∗[E,A,B,C]
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d
dtEx(t) = Ax(t) +Bu(t) +Qd(t), d ∈ C∞

y(t) = Cx(t)

sE −A regular: disturbance decoupled ⇐⇒ C(sE −A)−1Q = 0

Φ[E,A,B,C] : C∞ → P(C∞),

u 7→
{
y ∈ C∞

∣∣ ∃x ∈ C∞ : (x, u, y) ∈ B[E,A,B,C]

}
Def. (B = 0): [E,A,Q,C] is DD :⇐⇒

∀ d1, d2 ∈ C∞ : Φ[E,A,Q,C](d1) = Φ[E,A,Q,C](d2)
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Thm.:

[E,A,Q,C] is DD ⇐⇒ imQ ⊆ EV ∗[E,A,0,C] +AW∗[E,A,0,C]

Thm. [Wonham ’85]:

∃F : [I, A+BF,Q,C] is DD ⇐⇒ imQ ⊆ V ∗[I,A,B,C]

Thm. [Banaszuk et al. ’90]:

∃F : [E,A+BF,Q,C] is DD ⇐⇒
• imQ ⊆ EV ∗[E,A,B,C] +AW∗[E,A,B,C] + imB,

• dim (ER ∗ + imQ) ≤ dim R ∗

where R ∗ = V ∗[E,A,[B,Q],C] ∩W
∗
[E,A,[B,Q],C]
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Behavioral feedback

d
dtEx(t) = Ax(t) +Bu(t) +Qd(t)

y(t) = Cx(t)

K1x(t) +K2u(t) = 0

x(t)

d(t)

u(t)

y(t)

closed-loop system:

[EK , AK , QK , CK ] =

[[
E 0
0 0

]
,

[
A B
K1 K2

]
,

[
Q
0

]
, [C, 0]

]
Def.: K = [K1,K2] is compatible for [E,A,B,C], if

∀ (x, u, y) ∈ B[E,A,B,C] ∃ (x̃, ũ) ∈ B[EK ,AK ,0,0] : Ex(0) = Ex̃(0)
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Thm.:

∃ compatible K = [K1,K2]: [EK , AK , QK , CK ] is DD

⇐⇒ imQ ⊆ EV ∗[E,A,B,C] +AW∗[E,A,B,C] + imB

Still a lot of freedom in the choice of K!
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Open problem due to [Lebret ’94]

Disturbance decoupling does not guarantee disturbance rejection!

Example:
ẋ1(t) = x2(t) + d(t), y(t) = x1(t)

is DD since Φ(d1) = Φ(d2) = C∞ for all d1, d2 ∈ C∞

but: y still depends on d

y(t) = x1(0) +

∫ t

0
d(s)− x2(s) ds
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Example:

ẋ1(t) = x2(t) + x3(t), 0 = u(t) + d2(t)

ẋ2(t) = d1(t), y(t) = x1(t),

state feedback u = f1x1 + f2x2 + f3x3, when y = 0

0 = x2(t) + x3(t), 0 = f2x2(t) + f3x3(t) + d2(t)

ẋ2(t) = d1(t),

⇒ d2 = (1− f2)x2 ∧ ẋ2 = d1,

f2 = 1⇒ d2 = 0,

f2 6= 1⇒ ḋ2 = (1− f2)d1
behavioral feedback x3 = −x2

ẋ1(t) = 0, 0 = u(t) + d2(t)

ẋ2(t) = d1(t), y(t) = x1(t)
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ẋ2(t) = d1(t), y(t) = x1(t),

state feedback u = f1x1 + f2x2 + f3x3, when y = 0

0 = x2(t) + x3(t), 0 = f2x2(t) + f3x3(t) + d2(t)
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ẋ2(t) = d1(t),

⇒ d2 = (1− f2)x2 ∧ ẋ2 = d1,
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additional assumption: d
dtE

Kz(t) = AKz(t) has unique solutions

i.e., [EK , AK ] is autonomous ⇐⇒ kerR[s](sE
K −AK) = {0}

Aim: Characterize existence of compatible K s.t.

• [EK , AK , QK , CK ] is DD

• [EK , AK ] is autonomous
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Let inv. S, T be s.t.

S[sE −A,−B]T =

[
sIn1 −A11 −A12 0

0 0 sE22 −A22

]
where rk(λE22 −A22) = n3 for all λ ∈ C;

SQ =

[
Q1

Q2

]
, [C, 0]T = [C1, C2, C3], KT = [K1,K2,K3]

Lemma:

K is compatible for [E,A,B,C] s.t. [EK , AK ] is autonomous

⇐⇒ imK1 ⊆ imK2 ∧ rkK2 = n2
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[EK,AK,QK,CK ] is DD ⇐⇒ ∀ d∈C∞ ∃x∈C∞ : (x, d, 0) ∈ B[EK,AK,QK,CK ]

∀ d ∈ C∞ ∃ (x1, x2, x3) ∈ C∞ : ẋ1 = A11x1 +A12x2 +Q1d

E22ẋ3 = A22x3 +Q2d

0 = C1x1 + C2x2 + C3x3

0 = K1x1 +K2x2 +K3x3

By Lemma: ∃ inv. V s.t.: V [K1,K2,K3] =

[
Z1 In2 Z2

0 0 Z3

]

∀ d ∈ C∞ ∃ (x1, x3) ∈ C∞ : ẋ1 = (A11 −A12Z1)x1 −A12Z2x3 +Q1d

E22ẋ3 = A22x3 +Q2d

0 = (C1 − C2Z1)x1 + (C3 − C2Z2)x3
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=⇒ ∃ F = [Z1, Z2]:In1 0
0 E22

0 0

 ,
A11 0

0 A22

C1 C3

−
A12

0
C2

F,
Q1

Q2

0

 , 0
 is DD

equivalently, by [Banaszuk et al. ’90], with

[Ẽ, Ã, B̃, Q̃] =

In1 0
0 E22

0 0

 ,
A11 0

0 A22

C1 C3

 ,
A12

0
C2

 ,
Q1

Q2

0

 ,
• im Q̃ ⊆ ẼV ∗

[Ẽ,Ã,B̃,0]
+ ÃW∗

[Ẽ,Ã,B̃,0]
+ im B̃,

• dim
(
ẼR̃ ∗ + im Q̃

)
≤ dim R̃ ∗

where R̃ ∗ = V ∗
[Ẽ,Ã,[B̃,Q̃],0]

∩W∗
[Ẽ,Ã,[B̃,Q̃],0]
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