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Funnel control: an overview and some recent trends

Control objective

System
u(t) y(t)

Controller

yref(t)

ẋ(t) = f
(
t, x(t), u(t)

)
, x(t) ∈ X

y(t) = h
(
x(t)

)
Goal: simple controller, so that “y(t) tracks yref(t)”
only uses y(t), no knowledge of x(t) ∈ X or system parameters
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Goal: simple controller, so that “y(t) tracks yref(t)”
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Funnel control: an overview and some recent trends

F

y

a=const

x

s

[Seifried, Blajer ’13]

angle: 0◦ ≤ α ≤ 90◦

spring, damper with nonlinear character-
istics: K(s), D(ṡ)
u(t) = F
y(t) = x(t) + s(t) cosα

[
m1 +m2 m2 cosα
m2 cosα m2

](
ẍ
s̈

)
=

(
u

−K(s)− D(ṡ) +m2g sinα

)

ẏ = ẋ + ṡ cosα

ÿ = −c1
(
K (s) + D (ṡ)−m2g sinα

)
+ sin2 α

m1+m2 sin
2 α
u

•
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(F)

y

a=const

v
(F)

y

v
(F)
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(F)

y

a=const

v
(F)

y

v
(F)

y

v

0◦ < α ≤ 90◦

ÿ = f1(s, ṡ) +
sin2 α

m1 +m2 sin
2 α

u

relative degree = 2

α = 0◦, D′(ṡ) ̸= 0
y(3) = f2(s, ṡ) +

D′(ṡ)
m1m2

u

relative degree = 3

α = 0◦, D′(ṡ) = 0, K′(s) ̸= 0

y(4) = f3(s, ṡ) +
K′(s)
m1m2

u

relative degree = 4
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sin2 α

m1 +m2 sin
2 α

u

relative degree = 2

α = 0◦, D′(ṡ) ̸= 0
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(F)

y

a=const

v
(F)

y

v
(F)

y

v
Internal dynamics: remaining dynamics
when output is fixed

η̈ = −c3K
(
η−y cosα
sin2 α

)
− c3D

(
η̇−ẏ cosα
sin2 α

)
+ c4g sinα

α = 90◦,m2 = 1 : s̈ = −K(s)− D(ṡ) + g

Lyapunov function: kinetic + potential energy
dissipativity: D (ṡ) ṡ ≥ 0

=⇒ s, ṡ ∈ L∞ (stable internal dynamics)
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Lyapunov function: kinetic + potential energy
dissipativity: D (ṡ) ṡ ≥ 0
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=⇒ s, ṡ ∈ L∞ (stable internal dynamics)

•
•

Thomas Berger 5/17



•
•

•

•

Funnel control: an overview and some recent trends

(F)

y

a=const

v
(F)

y

v
(F)

y

v

(F)

y

a=const

v
(F)

y

v
(F)

y

v

(F)

y

a=const

v
(F)

y

v
(F)

y

v

0◦ < α ≤ 90◦

stable internal dynamics

α = 0◦, D′(ṡ) ̸= 0
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S

y

s

c

du
α

β

[Seifried, Blajer ’13]

Rotational Manipulator Arm
Input: angular velocity of first link
Output: position of S described by
angle y

relative degree = 1

unstable internal dynamics
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Reminder

System

Controller

u(t) y(t)

yref(t)

ẋ(t) = f
(
t, x(t), u(t)

)
, x(t) ∈ X

y(t) = h
(
x(t)

)
no knowledge of system parameters, only: known relative degree and
assumption of stable internal dynamics
Goal: design simple controller such that “y(t) tracks yref(t)”•
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Funnel control

System

u(t) = −k(t)e(t) +

y(t)u(t)

−yref(t)e(t)

t

ψ(t)

∥e(t)∥

k(t) = 1
ψ(t)− ∥e(t)∥

[Ilchmann, Ryan, Sangwin ’02]:
Works, if

relative degree = 1
stable internal dynamics
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Funnel control: an overview and some recent trends

Funnel control for systems with higher relative degree
Funnel control via backstepping: [Ilchmann, Ryan, Townsend ’06 & ’07]
drawbacks: escalating controller complexity for relative degree ≥ 2, hence a
typically bad controller performance

relative degree = 2: [Hackl, Hopfe, Ilchmann, Müller, Trenn ’13]
drawbacks: no generalization to arbitrary relative degree

Bang-bang funnel controller: [Liberzon & Trenn ’13]
drawbacks: restricted to SISO systems, strong compatibility assumptions

“Prescribed-Performance Control”: [Bechlioulis & Rovithakis ’14]
drawbacks: restricted to systems with trivial internal dynamics

•
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Funnel control for systems with arbitrary relative degree r ∈ N

e1(t) = e(t), e(t) = y(t)− yref(t),
e2(t) = ė(t) + k1(t)e1(t),

...
er(t) = e(r−1)(t) + kr−1(t)er−1(t),

u(t) = −kr(t)er(t)
ki(t) = 1/(ψi(t)− ∥ei(t)∥), i = 1, . . . , r

Theorem [B., Lê, Reis ’18] & [B., Ilchmann, Ryan ’21]
yref ∈ Wr,∞ =⇒ u, ki, y(i) ∈ L∞ and ∥ei(t)∥ ≤ ψi(t)− εi

•
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Funnel control: an overview and some recent trends

Control of multibody systems – jointly with R. Seifried (TU Hamburg, Germany)

F

y

a=const

x

s

[B., Lê, Reis ’18]: u(t) = uFC(t)
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F

y

a=const

x
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[B., Lê, Reis ’18]: u(t) = uFC(t)
s

α

β

u1

u2

x

y

g
m1

m2, l2, I2

m3, l3, I3d

k s3

FR

[B., Otto, Reis, Seifried ’19]:
u(t) = uFC(t) + uFF(t)
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S

y

s

c
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α

β

[B., Lanza ’20]: u(t) = uFC(t)
unstable internal dynamics

[B., Drücker, Lanza, Reis, Seifried ’21]
u(t) = uFC(t) + uFF(t)
unstable internal dynamics, DAE formulation•

•
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F

y

a=const

x

s

ÿ(t) = T(y, ẏ)(t) + γ u(t)

→
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F
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a=const

x

s

ÿ(t) = T(y, ẏ)(t) + γ u(t)

→

u(t)

y(t)

gh(t, ζ)
ζ0 1

v(t, ζ)

ÿ(t) = T̂(y, ẏ)(t) + γ̂ u(t)

[B., Puche, Schwenninger ’22]
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→

u(t)

y(t)

gh(t, ζ)
ζ0 1

v(t, ζ)

ÿ(t) = T̂(y, ẏ)(t) + γ̂ u(t)

[B., Puche, Schwenninger ’22]

Finite and infinite dimensional systems in the same class!
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Simulation
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ÿ
(m

s−
2 )

ÿ
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Funnel control for ∞-dimensional systems
“Simple” ∞-dimensional systems – there is a concept of relative degree

[Ilchmann, Ryan, Sangwin ’02], [Ilchmann, Selig, Trunk ’16], [B., Puche,
Schwenninger ’20]

“Hard” ∞-dimensional systems – there is NO concept of relative degree
boundary controlled heat equation [Reis, Selig ’15]

∂tx(t) = ∆x(t), u(t) =
(
ν⊤ · ∇x(t)

)
|∂Ω,

y(t) =
∫
∂Ω

x(t)(ζ) dζ

general class of boundary control problems based on m-dissipative
operators [Puche, Reis, Schwenninger ’21], [Puche ’19]
Fokker-Planck equation [B. 21’] → video clip
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Monodomain equations [B., Breiten, Puche, Reis ’21] – (simple) model for the
electric activity of the human heart to describe defibrillation processes

∂tv(t) = ∇ ·
(
D∇v(t)

)
+ p3(v)(t)− w(t) + Is,i(t) + BIs,e(t),

∂tw(t) = cv(t)− dw(t), y(t) = B′v(t)

Control objective: “reentry waves”, which can be interpreted as fibrillation
processes, should be terminated
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Recent research: Funnel MPC [B., Kästner, Worthmann ’20]

OCP: minimize
u∈L∞([̂t,̂t+T],Rm)

∫ t̂+T

t̂
ℓ(t, x(t), u(t)) dt

subject to ẋ(t) = f
(
t, x(t), u(t)

)
,

x(̂t) = x̂, ∥u∥∞ ≤ M

Idea:

ℓ(t, x, u) = ∥h(x)− yref(t)∥2 + λ∥u∥2

−→ ℓ(t, x, u) = 1
ψ(t)− ∥h(x)− yref(t)∥

+ λ∥u∥2

•
•
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