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ÿ(t) = u(t)

u(t) = −kP (t)
2e(t)

− kD(t) ė(t)
+

y(t)u(t)

−yref(t)e(t)

t

ψP (t)

|e(t)|

kP (t) =
ψP (t)

ψP (t)− |e(t)|
,

kD(t) =
ψD(t)

ψD(t)− |ė(t)|
,

0 < δ ≤ d
dtψP (t) + ψD(t)

[Hackl, Hopfe, Ilchmann,
Müller, Trenn ’13]:
This works!

Problem: derivative of y not available!
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High-gain observer for ÿ = u

ÿ(t) = u(t)

Observer

u(t) y(t)

x̃(t)

d
dt x̃1 = x̃2 + p1k(y − x̃1),
d
dt x̃2 = u+ p2k

2(y − x̃1),
p1, p2 > 0

[Tornambe ’92]:

k > 0 large enough

=⇒ x̃1 ≈ y ∧ x̃2 ≈ ẏ
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High-gain observer for ÿ = u

ÿ(t) = u(t)

Observer

u(t) y(t)

x̃(t)

d
dt x̃1 = x̃2 + p1k(t)(y − x̃1),
d
dt x̃2 = u+ p2k(t)2(y − x̃1),

k̇(t) = γd2
λ,λ̂

(y(t)− x̃1(t)),

dλ,λ̂(z) =

{
λ̂− λ, |z| ≥ λ̂
|z| − λ, λ ≤ |z| ≤ λ̂

0, |z| ≤ λ

[Bullinger, Ilchmann,

Allgöwer ’98]:

x̃, k ∈ L∞ and

dist
(
y − x̃1, [−λ, λ]

)
→ 0
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Achim: “It should be possible with k(t) = ψO(t)
ψO(t)−|y(t)−x̃1(t)| !”
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Consider a modified observer for ÿ = u

d
dt x̃1 = x̃2 +

(
q1 + p1k(t)

)
(y − x̃1), k(t) =

ψO(t)

ψO(t)− |y(t)− x̃1(t)|
d
dt x̃2 = u+

(
q2 + p2k(t)

)
(y − x̃1),

e1 := y − x̃1, e2 := ẏ − x̃2, k(t) =
ψO(t)

ψO(t)− |e1(t)|
ė1 = e2 −

(
q1 + p1k(t)

)
e1,

ė2 = −
(
q2 + p2k(t)

)
e1,

A :=

[
−q1 1
−q2 0

]
, P =

[
p11 p12
p12 p22

]
s.t. A>P + PA = −I

p1, p2 s.t. ( p1p2 ) =
(

1
− p12

p22

)
; ė = Ae− k(t) ( p1p2 ) e1
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ė = Ae− k(t) ( p1p2 ) e1

d
dte
>Pe = e>(A>P + PA)e− k(t)

(
e1 ( p1p2 )> Pe+ e>P ( p1p2 ) e1

)
= −‖e‖2 − k(t)

(
p11 −

p212
p22

)
e21 ≤ −‖e‖2

=⇒ e1, e2 ∈ L∞[0, ω), standard funnel argument : k ∈ L∞
=⇒ ω =∞ ∧ e(t)→ 0 ∧ k(t)→ 1
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λ-strip observer [BIA ’98]: funnel observer:
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ÿ(t) = u(t)

d
dt
x̃1 = x̃2 +

(
q1 + p1k(t)

)
(y − x̃1)

d
dt
x̃2 = u+

(
q2 + p2k(t)

)
(y − x̃1)

funnel controller

u(t) y(t)

x̃2(t)

x̃1(t)

yref(t) ẏref(t)

• given ψ(t), we have |y(t)− yref(t)| < ψ(t) for all t > 0

• controller only needs y, x̃1, x̃2
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straightforward approach:

u(t) = −kP (t)2(y(t)− yref(t))− kD(t)(x̃2(t)− ẏref(t)),
x̃2(t) = ẏ(t)− e2(t)

Problem: performance depends on ‖e2‖∞; we need inf
t>0

ψD(t) > ‖e2‖∞

alternative approach: What if we put x̃1 − yref into the funnel?

|y(t)− yref(t)| ≤ |x̃1(t)− yref(t)|+ |e1(t)| < ψP (t) + ψO(t)

Given ψ(t), let ψP (t) = ψO(t) = 1
2ψ(t)

Seek a system of relative degree 2 with output ŷ := x̃1!
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Σ =


d
dt x̃1 = x̃2 +

(
q1 + p1k(t)

)
e1, ė1 = e2 −

(
q1 + p1k(t)

)
e1,

d
dt x̃2 = u+

(
q2 + p2k(t)

)
e1, ė2 = −

(
q2 + p2k(t)

)
e1,

ŷ = x̃1
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e1,

( d
dt)
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)
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(
q1 + p1k(t)

)
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ė1︸ ︷︷ ︸

T (ψO,ψ̇O,e1,e2)∈L∞

[Hackl et al. ’13]: PD-funnel controller can be applied to Σ!

Thomas Berger and Timo Reis Some ideas on the funnel observer



Some ideas on the funnel observer
Thomas Berger and Timo Reis

Σ =


d
dt x̃1 = x̃2 +

(
q1 + p1k(t)

)
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[Hackl et al. ’13]: PD-funnel controller can be applied to Σ!

u(t) = −kP (t)2(x̃1(t)−yref(t))−kD(t)( d
dt x̃1(t)−ẏref(t))

= −kP (t)2(x̃1(t)−yref(t))
− kD(t)

(
x̃2(t)+

(
q1 + p1k(t)

)
(y(t)−x̃1(t))−ẏref(t)

)
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ÿ(t) = u(t)

d
dt
x̃1 = x̃2 +

(
q1 + p1k(t)

)
(y − x̃1)

d
dt
x̃2 = u+

(
q2 + p2k(t)

)
(y − x̃1)

u = −kP (t)
2(x̃1−yref)

− kD(t)
(
x̃2+

(
q1 + p1k(t)

)
(y−x̃1)−ẏref

)

u(t) y(t)

x̃2(t)

x̃1(t)

yref(t) ẏref(t)

|y(t)− x̃1(t)| < ψO(t), |x̃1(t)− yref(t)| < ψP (t)

| ddt x̃1(t)− ẏref(t)| < ψD(t), |y(t)− yref(t)| < ψP (t) + ψO(t)
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Simulation

s u(t) = Fm1 m2s ssc1

d1

c2

d2
-

-

z1(t)

y(t) = z2(t)

Figure: Mass-spring-damper system

yref(t) = sin t
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ẏ

z1
z2

0 2 4 6 8 10
-5

0

5

t

 

 

y ! yref
AP +*O

0 2 4 6 8 10
0

100

200

300

400

500

600

700

t

 

 

kP
kD
kO

Thomas Berger and Timo Reis Some ideas on the funnel observer



Some ideas on the funnel observer
Thomas Berger and Timo Reis

0 1 2 3 4 5
-3

-2

-1

0

1

2

3

t

 

 
z1 ! yref
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Extensions
ẋ1 = x2

...
ẋr−1 = xr
ẋr = T (x1, . . . , xr)+γu
y = x1


y,u−→



d
dt x̃1 = x̃2+

(
q1+p1k(t)

)
(y−x̃1)

d
dt x̃2 = x̃3+

(
q2+p2k(t)

)
(y−x̃1)

...
d
dt x̃r−1 = x̃r+

(
qr−1+pr−1k(t)

)
(y−x̃1)

d
dt x̃r = γ̃u+

(
qr+prk(t)

)
(y−x̃1)

∀x1, . . . , xr ∈ L∞ : T (x1, . . . , xr) ∈ L∞, γ 6= 0, γ̃ ∈ R

A :=

 −q1 1

...
. . .

−qr−1 1
−qr 0

 , P =

[
P11 P12

P>12 P22

]
P11 ∈ R, P22 ∈ R(r−1)×(r−1)

s.t. A>P + PA = −I and

(
p1
...
pr

)
=

(
1

−P−122 P
>
12

)
Theorem:
y, . . . , y(r−1) ∈ L∞ =⇒ x̃1, . . . , x̃r, k ∈ L∞ ∧ |y(t)−x̃1(t)| < ψO(t)
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Extensions

ẋ1 = x2
ẋ2 = T (x1, x2)+γu
y = x1

+


d
dt x̃1 = x̃2+

(
q1+p1k(t)

)
(y − x̃1)

d
dt x̃2 = γ̃u+

(
q2+p2k(t)

)
(y − x̃1)

u = −kP (t)2(x̃1−yref)
−kD(t)

(
x̃2+

(
q1+p1k(t)

)
(y−x̃1)−ẏref

)
γ > 0, γ̃ > 0
∀x1, x2 ∈ C : x1 ∈ L∞ ⇒ T (x1, x2) ∈ L∞

Theorem:

|y(t)− x̃1(t)| < ψO(t), |x̃1(t)− yref(t)| < ψP (t)

| ddt x̃1(t)− ẏref(t)| < ψD(t), |y(t)− yref(t)| < ψP (t) + ψO(t)

Proof: use saturation of T
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−kD(t)

(
x̃2+

(
q1+p1k(t)

)
(y−x̃1)−ẏref

)
γ > 0, γ̃ > 0
∀x1, x2 ∈ C : x1 ∈ L∞ ⇒ T (x1, x2) ∈ L∞

Theorem:

|y(t)− x̃1(t)| < ψO(t), |x̃1(t)− yref(t)| < ψP (t)

| ddt x̃1(t)− ẏref(t)| < ψD(t), |y(t)− yref(t)| < ψP (t) + ψO(t)

Proof: use saturation of T
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Extensions

ẋ1 = x2
ẋ2 = T (x1, x2)+γu
y = x1

+


d
dt x̃1 = x̃2+

(
q1+p1k(t)

)
(y − x̃1)

d
dt x̃2 = γ̃u+

(
q2+p2k(t)

)
(y − x̃1)

u = −kP (t)2(x̃1−yref)
−kD(t)

(
x̃2+

(
q1+p1k(t)

)
(y−x̃1)−ẏref

)
γ > 0, γ̃ > 0
∀x1, x2 ∈ C : x1 ∈ L∞ ⇒ T (x1, x2) ∈ L∞

Theorem:

|y(t)− x̃1(t)| < ψO(t), |x̃1(t)− yref(t)| < ψP (t)

| ddt x̃1(t)− ẏref(t)| < ψD(t), |y(t)− yref(t)| < ψP (t) + ψO(t)

Proof: use saturation of T
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Open problems

• choice of design parameters ?

• γ → g(x1, x2) > 0 ?

• condition on T : ∀x1, x2 ∈ L∞ : T (x1, x2) ∈ L∞ ?

• higher relative degree ?
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ÿ(t) = u(t)

d
dt
x̃1 = x̃2 +

(
q1 + p1k(t)

)
(y − x̃1)

d
dt
x̃2 = u+

(
q2 + p2k(t)

)
(y − x̃1)

u = −kP (t)
2(x̃1−yref)

− kD(t)
(
x̃2+

(
q1 + p1k(t)

)
(y−x̃1)−ẏref

)

u(t) y(t)

x̃2(t)

x̃1(t)

yref(t) ẏref(t)

Happy Birthday, Achim!
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