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ODE systems
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Si(z(t),y(1)), z(0) =", (1)
y(t) = f2(y(®) + f3(z(t) + T(y()u(t), y(0)=1°. (2)

z:R—=R" u,y:R—=R™; f1, fo, f3 differentiable;
I': R™ — R™*™ differentiable
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(1) internal dynamics

(2) input-output behavior
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Si(z(t),y(1)), z(0) =", (1)
y(t) = f2(y(®) + f3(z(t) + T(y()u(t), y(0)=1°. (2)

z:R—=R" u,y:R—=R™; f1, fo, f3 differentiable;
I': R™ — R™*™ differentiable

(1) internal dynamics

(2) input-output behavior

functional: z=T(y), T:C — ¢!
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() = fi(z(t), (1)), z(0) =", (1)
y(t) = fa(y(®) + f3(z(t) + T(y()u(t), y(0)=1°. (2)

Relative degree:

has strict relative degree r € N :<= [Isidori, 1995]
o VEER"VE=0,...,7 —2: LyL5h(€) =0,
[Lyh = (0h/0z) f]
e VEER": det LyL} 'h(£) #0.
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() = fi(z(t), (1)), z(0) =", (1)
y(t) = fa(y(®) + f3(z(t) + T(y()u(t), y(0)=1°. (2)

Relative degree:

has strict relative degree r € N :<= [Isidori, 1995]
o VEER"VE=0,...,7 —2: LyL5h(€) =0,
[Lyh = (0h/0z) f]
e VEER": det LyL} 'h(£) #0.

(1), (2) has str. rel. deg. 1 <= detI'(y) #0Vy € R™
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() = fi(z(t), (1)), z(0) =", (1)
y(t) = fa(y(®) + f3(z(t) + T(y()u(t), y(0)=1°. (2)

Zero dynamics:

ZD:={ (z,u) | 2(t) = f(2(t)) + g(z())u(t), O0=h(z()) };
ZD stable <= V(z,u) € ZD: tlL%lo(z(t),u(t)) =0

Thomas Berger, Achim lichmann, Timo Reis Funnel control for nonlinear functional DAE systems



UH
Funnel control for nonlinear functional DAE systems
/21 Universitit Hamburg Thomas Berger, Achim lichmann, Timo Reis

() = fi(z(t), (1)), z(0) =", (1)
y(t) = fa(y(®) + f3(z(t) + T(y()u(t), y(0)=1°. (2)

Zero dynamics:

ZD:={ (z,u) | 2(t) = f(2(t)) + g(z())u(t), O0=h(z()) };
ZD stable <= V(z,u) € ZD: tlL%lo(z(t),u(t)) =0

ZD(1),(2) stable, if (1) input-to-state stable: [Sontag, 1989]
JaeKL,BeK V(2% y) € R" x CO(Rso; R™)

Vt>0: [e(t 2%yl < all2’],t) + Sl[lopﬂﬁ(lly(S)ll),
se|0,
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funnel
——QO——
lle(t)
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funnel
——QO——
lle(t)

controller

[llchmann & Ryan, 2009]: Funnel control is feasible if
e strict relative degree 1 and “high-gain Matrix" I'(y) pos. def.
for all y € R™
e (1) is ISS (zero dynamics are stable)
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lEég

a(t)
y(t)

Si(z(t),y(t)), z(0) =2 (1)
F2(y(®) + f3(x () + T(y(0)u(t), y(0) =y’ (2)

<

(1)
T(y(1)) 5(t)

Si(z(t),y(t)), z(0) =2 (3)
fo(y(8)) + f3(z(t) + ult), y(0)=y" (4)

{(1), (2) with str. rel. deg. 1} ~ C {(3),4)}
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0 0 O] fen(?) 0 (1) uy (1)
00 Of | 92@) | ={w@® ]+ 0 |+ |u(t)
0 0 1] \gs(?) y3(t) 0 us(t)

Thomas Berger, Achim lichmann, Timo Reis Funnel control for nonlinear functional DAE systems



UH
Funnel control for nonlinear functional DAE systems
/21 Universitit Hamburg Thomas Berger, Achim lichmann, Timo Reis

0 0 O] fen(?) 0 (1) uy (1)
0 0 0f {52t) | ={2@)]+ + | ua(t)
0 0 1] \gs(?) y3(t) us(t)

Thomas Berger, Achim lichmann, Timo Reis Funnel control for nonlinear functional DAE systems



UH
Funnel control for nonlinear functional DAE systems
/21 Universitit Hamburg Thomas Berger, Achim lichmann, Timo Reis

0 0 O] fen(?) 0 (1) uy (1)
0 0 0f {52t) | ={2@)]+ + | ua(t)
0 0 1] \gs(?) y3(t) us(t)

Thomas Berger, Achim lichmann, Timo Reis Funnel control for nonlinear functional DAE systems



UH
Funnel control for nonlinear functional DAE systems
/21 Universitit Hamburg Thomas Berger, Achim lichmann, Timo Reis

Theorem (funnel control)

&(t) = fi(z(t), y(1)), (0) = 2°, (3)
Dy() §(t) = f2(y(1) + f3(z(t) +ult),  y(0) =y’ (4)
e (3)isISS

I'(y) = RG(y)R", where G(y) > 0 Vy € R™

im K =ker R" and K" f4K bounded

k> [(KTE) 7] - supyern [ K fo(y) K]l

y such that K7 (fa(y%) + f3(2°) = k(y° — yret(0))) =0

Then the funnel controller
u(t) = —k(t) e(t), where  e(t) = y(t) — yret(t)
k() =k/(1—®)le®)]?)

achieves: (x,1,k) € L™, A Je >0Vt >0: [le(t)|| < @(t)t—¢
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funnel e —  Yref

controller ~
e(t _1
e e

t
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k-condition
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o) = 1) |G oo [0 =t
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k-condition

() = fr(z(t),y(1)), z(0) =% (3)
D(y() 9(t) = foly(®) + fo(a(®) +u(t),  y(0)=y". (1)

)
T —15-T
i) =) | (oo w0 =t (120))

R (1 Rt 1 (1]

K'(4): 0= K" (fa(y(®)y(t) + faz(t
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k-condition
x(t)
D(y(t)) 9(t)

y(t) = [K,

RT(4): (RTR)G(y(t
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= fi(z(t), y(t)), z(0) =% (3)

= fa(y(t) + fa(x(t)) +ult), y(0) =y (4)
(KTK)'KT y1(?)
1y | 0 - <y;< )
RU{R( t; (RTR)G(y(t))(R" R)ija(t)=. ..
KT(4): 0= KT (f5(y(0)g(t) + f5(x(t) f1(x(t), y(t) — k(t)e(t) — k(t)é(t))

= 0= (K"

fa(y(6) K — k(t )(KTK+H(1‘ y1(t),2(1))) )i (1)

Tt (1), (1), 2(0))
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k-condition

H(0) = Fl(0). y(), H0) =2, ()
Pu(O)5(1) = foly(®) + fo(a®) +ud), 9(0) = ()
T 15T
o0 = 0 G 0 = @lﬁ )

RT(4): (R"TR)G(y(t))R" K, R] ( =(R"R)Gy(t))(R"R)ja(t)=...

(t
(t
KT(4): 0= KT (F3(y(0)5(t) + fix(t) fi(e(t), y(t) - ()e(t)—k(t)é(t»

= 0= (K" f(y(t)K — k(t )(KTK+H(T yi(t), y2(1))) )9 (t)

+ Yt y1(t), y2(t), 92(t))

H>0, k(t) 2 k> |(K"K)7| - sup [|[KT fy(9)K|| = T inv.
ye]R'm
Thomas Berger, Achim lichmann, Timo Reis Funnel control for nonlinear functional DAE systems




UH
Funnel control for nonlinear functional DAE systems
/21 Universitit Hamburg Thomas Berger, Achim lichmann, Timo Reis

Comparison of ODEs and DAEs

w(t) = fr(z(t), y(t)), z(0) =2, (1)
9(t) = f2(y(1) + f3(x(t) + T(y@®)u(t), y(0)=y". (2)
t) = fi(z(@),y(t)), (0) =2, (3)

ODEs DAEs

(1) is ISS (3) is ISS

['>0 (rel. deg. 1) | ' > 0 (mixed rel. deg.)

k=1 k> (|(KTE) Supyein 1T f5(y) K ||
yOGRm KT(fQ( )+f3( ) k(y _yref( )))
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