UNIVERSITAT
'L( PADERBORN

Institute for Mathematics, Paderborn University

CONTROL WITH SAFETY

GUARANTEES

Thomas Berger Halle, November 21, 2024



" Control with safety guarantees
IL UNIVERSITAT

PADERBORN

Control objective

u(t) y(t)

System

~N

~

Controller €

Treatt

x(t) = f(t,x(t) u(t)), x(t)eX
y(t) = h(x(t))
(

O Goal: simple controller, so that “y(t) tracks yr.¢(t) within safety region”

O only uses y(t), no knowledge of x(t) € X or system parameters
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Control objective

u(t) y(t)

System

~N
~

AN

Controller

Trett

x(t) = f(tx(t),u(t)), x(t)eX
y(t) = h(x(1)
O Goal: simple controller, so that “y(t) tracks y,c¢(t) within safety region”

O only uses y(t), no knowledge of x(t) € X or system parameters
— ODEs and PDEs in the same class!
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[Seifried, Blajer "13]

Thomas Berger

Control with safety guarantees

angle: 0° < o« < 90°

spring, damper with nonlinear character-
istics: K(s), D(s)

u(t)=F
y(t) = x(t) + s(t) cos
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[Seifried, Blajer "13]

my+m
My cos o

mpcosa| (X
m»y s

Thomas Berger

Control with safety guarantees

angle: 0° < o« < 90°

spring, damper with nonlinear character-
istics: K(s), D(s)

u(t)=F
y(t) = x(t) + s(t) cos

(—K(s) — D(él; + mygsin a)
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% angle: 0° < a < 90°
o —const
spring, damper with nonlinear character-

LL(DL J()\J istics: K(s), D(s)

: / u(t) =F
y(t) = x(t) + s(t) cos

[Seifried, Blajer "13]
my+my; mpcosal| (X u
mpcosa My s)  \—K(s) — D(S) + mygsin«

Yy =X+ Scosa

2

y=—c(K(s)+D(5) — mygsina) + —Sro,y

my+mj sin® o
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Thomas Berger

Control with safety guarantees

0° <a<90°

. sin o

=FHk(s,5) + ————u
y=h(s3) my + mysin a

relative degree = 2
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Thomas Berger

Control with safety guarantees

0° <a<90°

. sin o

=FHk(s,5) + ————u
y=h(s3) my + mysin a

relative degree = 2

a=0° D(5)#0
yB®) =fy(s,$) +

D'(s
),
mmy
relative degree = 3

4/29
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Thomas Berger

Control with safety guarantees

0° < a<90°
-2
sin” «
y = f(s,s) + ———u
y=h(s3) my + mysin a

relative degree = 2

a=0°, (3)D/($) # O D'(5)
y© =1f(s,s) + m1mzu
relative degree = 3
a=0° D(s)=0, K'(s)#0
!
YO =9+ 1y

relative degree = 4
4/29
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Internal dynamics: remaining dynamics

(@\ | when output is fixed
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Internal dynamics: remaining dynamics
when output is fixed

i = —csk (w) — D (W) +cagsina

sin a sin” «
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Internal dynamics: remaining dynamics

(@\ l when output is fixed

g y
i = —eak (1252 ) — 3D (11522 ) + cogsina
a=90°m; =1: s=—K(s) —D(s) +g
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Internal dynamics: remaining dynamics

(@\ l when output is fixed

3—)’-
i = —c3K (%) c3D (“%) 4 cagsina
a=90°m; =1: s=—K(s)—D(5)+g

O Lyapunov function: kinetic + potential energy
o dissipativity: D (s)s > O
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Internal dynamics: remaining dynamics

(@\ l when output is fixed

3—)’-
i = —c3K (%) c3D (“%) 4 cagsina
a=90°m; =1: s=—K(s)—D(5)+g

O Lyapunov function: kinetic + potential energy
o dissipativity: D (s)s > O

’:> 5,5 € L> (stable internal dynamics)‘

Thomas Berger 5/ 29
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Thomas Berger

Control with safety guarantees

0° < a<90°

stable internal dynamics

a=0° D(5)£0

stable internal dynamics

a=0° D'(s)=0, K'(s)#0
no internal dynamics
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Rotational Manipulator Arm
Input: angular velocity of first link

Output: position of S described by
angley

relative degree = 1

unstable internal dynamics
[Seifried, Blajer "13]
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Reminder

~N

System

~

AN

Controller

Treatt

x(t) = f(t,x(t),u(t)), x(t)eX

y(t) = h(x(®)

O no knowledge of system parameters, only: known relative degree and
assumption of stable internal dynamics

O Goal: design simple controller such that “y(t) tracks y,e¢(t)

within safety region”
Thomas Berger 8/29
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High-gain based adaptive control

assumption: relative degree = 1, stable internal dynamics

classical (non-adaptive) high-gain controller

u(t) = —ky(t), k > O suff. large = y(t) — O

drawbacks: k unnecessary large; restricted to linear systems

9/29
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High-gain based adaptive control
assumption: relative degree = 1, stable internal dynamics
classical (non-adaptive) high-gain controller
u(t) = —ky(t), k > O suff. large = y(t) — O

drawbacks: k unnecessary large; restricted to linear systems

adaptive high-gain controller (since 1983)
u(t) = —k@)y(D), k() = [ly(®)]?

[Byrnes, lichmann, Logemann, Mareels, Martensson, Morse, Nussbaum, Owens,
Pritzel-Wolters, Willem:s, ...]

drawbacks: k(t) mon. increasing; restricted to linear systems

Thomas Berger 9/29



e
adaptive \-tracker (since 1994)

u(t) = —k(t) (y(t) — yree(t)),
=:e(t)

. max{ e(9) ~1,0}
k(t) = ror 0 €070,
o, e(t)=0

Control with safety guarantees

AV

lle()]

[Allgwer, Ashman, Bullinger, llchmann, Logemann, Ryan, Sangwin, ...]

drawbacks: k(t) mon. increasing; no guaranteed safety

Thomas Berger
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Funnel control

t t
u(t) J[System] y(t) N

| I

P(t)

le(t)]

[llchmann, Ryan, Sangwin '02]:
Works, if

O relative degree = 1
O stable internal dynamics
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Problem: higher relative degree

relative degree 1:

y(t) + cy(t) = u(t) = —ky(t) = as. stable fork > O

Thomas Berger 1 2/ 29
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Problem: higher relative degree

relative degree 1:

y(t) + cy(t) = u(t) = —ky(t) = as. stable fork > O

relative degree 2:

y(t) + cy(t) = u(t) = —ky(t) = notas. stable
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Problem: higher relative degree

relative degree 1:

y(t) + cy(t) = u(t) = —ky(t) = as. stable fork > O

relative degree 2:

y(t) + cy(t) = u(t) = —ky(t) = notas. stable

y(t) +cy(t) = u(t) = —kiy(t) — kay(t) = as. stable fork;,k; > O

Thomas Berger 12/29
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Funnel control for systems with higher relative degree

Funnel control via backstepping: [llchmann, Ryan, Townsend '06 & '07]

drawbacks: escalating controller complexity for relative degree > 2, hence a
typically bad controller performance

relative degree = 2: [Hackl, Hopfe, llchmann, Miiller, Trenn "13]
drawbacks: no generalization to arbitrary relative degree

Bang-bang funnel controller: [Liberzon & Trenn "13]
drawbacks: restricted to SISO systems, strong compatibility assumptions

“Prescribed-Performance Control”: [Bechlioulis & Rovithakis "14]
drawbacks: restricted to systems with trivial internal dynamics

Thomas Berger 13/29
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Funnel control for systems with arbitrary relative degree
[B., L&, Reis 18] & [B., Ilchmann, Ryan '21]

eit) = e(t),  e(t)=y(t) = yrer(t),
et) = é(t) +ki(t)er(t),
e3(t) = &(t) +ka(tea(t),

e(t) _ el=N(t) + k._1(t)e,_1(t),
u(t) = —k(t)es(t)
ki(t) =1/(i(t) — [lei(®)l)), i=1....r

Thomas Berger 14/ 29
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System class

yO(t) = F(d(), T(y,y, -y )(E), u(t))
d e L, T:C— L causal, locally Lipschitz, BIBO, f € C with HG property

loc
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System class

yO(t) = F(d(), T(y,y, -y )(E), u(t))
d e L, T:C— L causal, locally Lipschitz, BIBO, f € C with HG property

loc

Linear prototype:
x(t) = Ax(t) + Bu(t), y(t) = Cx(t) with

(A1) rkc [)\IgA g} =n-+mforall A € CwithRe\ > O;

(A2) CB=CAB=...=CA"2B=0andCA~'B>0

Thomas Berger 15/29
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System class

yO(t) = F(d(), T(y,y, -y )(E), u(t))
d e L, T:C— L causal, locally Lipschitz, BIBO, f € C with HG property

loc

Linear prototype:
Is equivalent to z(t) = Az(t) + Bu(t), y(t) = Cz(t) with

0lnO -0 o
A= |56 m6l-B=] & |- C=1[mo~ 0o0], o@cC-

R] Rz - Ry S CAI’71B

PO - 0Q 0

= yO(t) = Riy(t) + ... Ry (t) + Se®n(0)
t
+ / 5e®t=")py(7)dr + CA"'Bu(t)
0]

Thomas Berger 15/29
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System class

yO(t) = F(d(), T(y,y, -y )(E), u(t))
d e L, T:C— L causal, locally Lipschitz, BIBO, f € C with HG property

loc
Linear prototype:
— YO =T,y ...y N)(t) + Tu(t)
with " = CA~"'Band
T(y. ...y

= Riy(t) + ... Ry (t) + Se%y(0 / 5e9t=")py (7

Thomas Berger 15/29
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Funnel control for systems with arbitrary relative degree r ¢ N
yOt) = F(d(t). T(y.y. ....y"V)(e), u(t))

et) = e(t),  e(t)=y(t) — yrt(t),
er(t) = e(t) +k(te(t),

e(t) _ e N(t) + k,_1(t)e, (1),

u(t) = —ke(t)e (1)

ki(t) =1/(4i(t) — lle(O)]), i=1,....r
Theorem [B., L&, Reis 18] & [B., llchmann, Ryan '21]
Vet € W = u,k;,y) € L>°and ||e;(t)|| < vi(t) — &

Thomas Berger 1 6/ 29
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Control of multibody systems — jointly with R. Seifried (TU Hamburg, Germany)

[B., L&, Reis 18]: u(t) = urc(t)

Thomas Berger 1 7/ 29
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Control of multibody systems — jointly with R. Seifried (TU Hamburg, Germany)

§:y - [B., Otto, Reis, Seifried 19]

[B, L&, Reis 18] u(t) = upc(t)  U(t) = urc(t) +urr(t)
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Control of multibody systems — jointly with R. Seifried (TU Hamburg, Germany)
oo T
§l [B., Otto, Reis, Seifried 19]:

u(i’) = UFc(t) + UFF(t)

[B., L&, Reis 18]: u(t) = urc(t)

[B. Lanza 20]: u(t) = urc(t)
unstable internal dynamics
17/29
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Control of multibody systems — jointly with R. Seifried (TU Hamburg, Germany)
oo T
§l [B., Otto, Reis, Seifried 19]:

u(i’) = UFc(t) + UFF(t)

[B., L&, Reis 18]: u(t) = urc(t)

[B. Lanza 20]: u(t) = urc(t) [B., Driicker, Lanza, Reis, Seifried '21]
unstable internal dynamics u(t) = urc(t) + urr(t)
unstable internal dynamics, DAE formulation 1729

Thomas Berger
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X u(t) }
o—const m v(t, Q) lg
OOe)

L)) i
S / — y(t)
y(t) = Ty, y)(t) + yu(t) y(t) = T(y,y)(t) + 7 u(t)

[B., Puche, Schwenninger '22]

Thomas Berger 1 8/ 29
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gg}g u(t),
o—const m v(t, Q) lg
=y OO}

L0 :
s — y(t) |
y(t) = Ty, y)(t) + yu(t) y(t) = T(y,y)(t) + 7 u(t)

[B., Puche, Schwenninger '22]

Finite and infinite dimensional systems in the same class!
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Funnel control for co-dimensional systems

yO(t) = F(d(0), T(y.y. ...y )(e), u(t))

allows for a “simple” class of co-dimensional systems
— internal dynamics described by PDE

Thomas Berger 19/29
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Funnel control for co-dimensional systems
yO () = £(d(0), T(y.y, ..y )(0), u(t))

allows for a “simple” class of co-dimensional systems
— internal dynamics described by PDE

r =1 [lichmann, Ryan, Sangwin '02, etc.]
t
(T7)(0) = Ay(t) + A2 [ T(E=Mhay(s)ds

o (T(t))r>0 exp. stable CO-semigroup on real Hilbert space X with
generator A4 : D(A4) C X — X (finite dimensional: T (t) = e*+!)

O (A4,As,A) “regular well-posed”, Ay € R™*™

19/29
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Funnel control for co-dimensional systems
yO 1) = F(d(t), T(y.y. ...y V)(e), u(?))

r € N:  [lichmann, Selig, Trunk '16]
Byrnes-Isidori form for linear co-dimensional systems

1(t) = Aan(t) + Asy(t),
yOt) = Ry() + ... Ry "D (t) + Agnp(t) + u(t)

Thomas Berger 20/29
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Funnel control for co-dimensional systems
yO 1) = F(d(t), T(y.y. ...y V)(e), u(?))

r € N:  [lichmann, Selig, Trunk '16]
Byrnes-Isidori form for linear co-dimensional systems

1(t) = Agn(t) + Asy(t),
yO(t) = Riy(t) + ... Ry D (2) + Aan(t) + yu(t)
=Ty, -y O)(E) +yu(t)
with T(y,...,y")(t)

t
= Riy(t) + ... Ry D(t) + A, / T(t — s)Asy(s)ds
0

Thomas Berger 20/29
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Funnel control for co-dimensional systems
yO 1) = F(d(t), T(y.y. ...y V)(e), u(?))
r € N:  [B., Puche, Schwenninger '20]

y e (A, B,C) reg-
( ; 1)) =< P X(t) = Ax(t) + B((t), x(0) = x° ular well-posed
’ x e f >
L L 7))« f
: s c bousnded ['
e S nonlinear,
D(S) = X,
S(x) =2 =13 (A,B,S) BIBO
) l stable
Q) == | F(z1.22.23) T(¢) N

Thomas Berger 21/29
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Rolling water tank - [B., Puche, Schwenninger '22]

Control with safety guarantees

e | |e

@)

dth + 0 (hv) = 0, UN)

2 h(t, )

v + ¢ (2 +gh> OEQ
vy t |
+hS (E) =y y(®) ,

Thomas Berger

22/29
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Rolling water tank - [B., Puche, Schwenninger '22]

u(t)
h + d¢(hv) = 0, I
) v2 c(hv) h(t. <) v(t.Q) lg
OV + 3g (2 +gh> OQ ‘ 01
v . !
+hs (1) =7 — Y0

Linearized model:
Oz = —h08<lz, OhZy = —g8<Z1 — Uz =y, Zz(l’7 O) = Zz(t, 1) =0
j(t) = %T (z(t,1) — z1(t, 0)) (2ho + z(t,1) + z1(t, 0))
h ! ! u(t
2% [ae0ac+ 2 [ a om0 + 20
mr Jo mr Jo

mr

Thomas Berger 22/29
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Rolling water tank - [B., Puche, Schwenninger '22]

dth + 0 (hv) = 0, L0,
o h(t., ) vt Q) lg

OV + (9g (‘/22 +gh> OEQ ¢ 01
+hS (%) -y y(t)

Linearized model:

Ocr + pza

2(t,1) - 21(t, 0) = Cz(t) = CT(H)2(0 +C/Tf*5Aby()
= c(t) + ((hur + bs) *y) (1)

Thomas Berger 22/29
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Rolling water tank - [B., Puche, Schwenninger '22]

Oth + 8<(hv) =0, —X

h(t, ¢) v(t, Q) lg

OV + O (‘/22 +gh> 03@ ¢ 01

+hS (%) -y y(t)

Linearized model:

. - . o hoaclz o 0]
z(t) = Az(t) + Aby(t), Az = <g8421 . u22> , b= (_1>

BN u(t)
Yo =100 + -

Lemma: b; =do +2 > (—1T)ke */Vhoes, i — TisBIBO

keN

Thomas Berger 22/29
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Simulation
1.0
0.02
50.5 0.01
il ——— _
— Jref g 0.00
0.0 ©
-0.01
:0.4 _0.02
.
Eoz —
= y 5.0
— Vref
0.0 25
1 —
Z 0.0
S =
Im
£ P -2.5
= . -
0 — Jref _50
0 5 10 15 20 5 10 15 20
t(s) t(s)
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Funnel control for co-dimensional systems
“Hard” co-dimensional systems — there is NO concept of relative degree
O boundary controlled heat equation [Reis, Selig '15]
ox(t) = Ax(t), ut) = (v" - Vx(1))|aq

v = [ xo)dc
Glel
O general class of boundary control problems based on m-dissipative
operators [Puche, Reis, Schwenninger '21, Puche '19]
x(t) = 2Ax(t), x(0) =x0 € D(A) C X,
u(t) = Bx(t),  y(t) = (1)

e.g. lossy transmission line, wave equation, diffusion equation
O Fokker-Planck equation [B. '21]

Thomas Berger 24/29
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Monodomain equations [B., Breiten, Puche, Reis '21] — (simple) model for the
electric activity of the human heart to describe defibrillation processes
v (t) =V - (DVV(t)) +p3(v)(t) — w(t) + Is(t) + Bls.(t),
Ow(t) = cv(t) — dw(t), y(t) = B'v(t)

Thomas Berger 25/29
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Monodomain equations [B., Breiten, Puche, Reis '21] — (simple) model for the
electric activity of the human heart to describe defibrillation processes

Bu(t) = ¥ - (DVV(t)) + pa(v)(t) — w(t) + Isi(t) + Blse(t),
ow(t) = cv(t) — dw(t), y(t) = B'v(t)

Control objective: “reentry waves”, which can be interpreted as fibrillation
processes, should be terminated

1
0.8
0.6

&

0.4

0.2

0

0 0.2 0.4 0.6 0.8 1
z

Thomas Berger ‘ 25/29
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An optimization-based approach: Funnel MPC [B., Kastner, Worthmann "20]

T
OCP:  minimize ﬁ 0t x(8), u(t)) dt

ueL>([LH+TI,R™) Jt
subjectto  x(t) = f(t,x(t),u(t)),

X®) =% [uloc <M

Thomas Berger 26/ 29
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An optimization-based approach: Funnel MPC [B., Kastner, Worthmann "20]

t+T
OCP:  minimize ﬁ 0t x(8), u(t)) dt
uel>([ELE+T],R™) Jt

subjectto  x(t) = f(t,x(t),u(t)),
x(t) =%, |ullc <M

Idea:
0(t,x,u) = [|h(x) = yree(t)]|> + AlJul|?
1

2
O =70 o Y

— £(t,x,u):w

Thomas Berger 26/ 29
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An optimization-based approach: Funnel MPC

Funnel MPC Algorithm
Choose time shift § > O, prediction horizon T > 4, initialize  := to

1. Obtain a measurement of the state at , set X = x(t)

2. Compute a solution u* € L*°([t,t 4 T],R™) of the OCP
3. Apply the feedback law y(t, %) = u*(t),t € [t,T + 6)

4. Sett:=t+dandgotol.

Thomas Berger 27/29
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An optimization-based approach: Funnel MPC

Theorem [B., Dennstadt, Ilchmann, Worthmann '22]

relative degree = 1, stable internal dynamics =— 3M > O: Funnel MPCis
initially and recursively feasible such that ||u(t)|| < Mand ||e(t)|| < ¥(t)

Thomas Berger 28/ 29
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An optimization-based approach: Funnel MPC

Theorem [B., Dennstadt, Ilchmann, Worthmann '22]

relative degree = 1, stable internal dynamics =— 3M > O: Funnel MPCis
initially and recursively feasible such that ||u(t)|| < Mand ||e(t)|| < ¥(t)

1. no terminal costs or conditions required
2. no additional state constraints in the OCP
3. independent of the length of the prediction horizon T > O

Thomas Berger 28/ 29
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An optimization-based approach: Funnel MPC

O extension to arbitrary relative degree in [B., Dennstadt '22 & '24]

Future goals:

O extend control scheme so that robustness is inherited from funnel control
(first results for relative degree one systems in [B., Dennstddt, Lanza,
Worthmann '24])

O combine with machine learning for continuous model adaptation and
improvement of controller performance (results for relative degree one
systems submitted [Lanza, Dennstédt, B., Worthmann '23])

O application to magnetic levitation systems (first results in [Oppeneiger,
Lanza, Schell, Dennstadt, Schaller, Zamzow, B., Worthmann '24])

Thomas Berger 29/29
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Magnetic levitation system — cooperation with TU llmenau and Max Bogl

| I|\|

N E) N [ M\mnl YKL

Bildquelle: https://transportsystemboegl.com, Pressemitteilung vom 26.04.2024
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Magnetic levitation system — cooperation with TU limenau and Max Bogl

supporting structure

Trcosne

car body

Fo caj/

OO S S>>
Thomas Berger 29/ 29

Foow




