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ẋ1ẋ2
ẋ3
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⇐⇒ x1 = −u1, x2 = −u̇1, u2 = 0, x3 free
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Linear systems

d
dtEx(t) = Ax(t) +Bu(t) (E,A,B)

E,A ∈ R`×n, B ∈ R`×m

B =
{
(x, u) ∈ C1 × C

∣∣ Eẋ(t) = Ax(t) +Bu(t)
}

Def.: V ⊆ Rn is controlled invariant :⇐⇒
∀x0 ∈ V ∃ (x, u) ∈ B ∀ t ≥ 0 : x(0) = x0 ∧ x(t) ∈ V
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Theorem (controlled invariance)

The following is equivalent for (E,A,B) and V ⊆ Rn:

(1) V is controlled invariant

(2) AV ⊆ EV + imB

(3) ∃F ∈ Rm×n : (A+BF )V ⊆ EV

Proof: (1)⇒(2):

x0 ∈ V ⇒ Ax0 = Ax(0) = Eẋ(0)−Bu(0) ∈ EV + imB

(2)⇒(3):

imV = V , AV = EVW +BU ⇒ F := −U(V >V )−1V >
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Existence lemma: E,A ∈ R`×n such that imA ⊆ imE, then

∀x0 ∈ Rn ∃x ∈ C∞ ∀ t ∈ R : x(0) = x0 ∧ Eẋ(t) = Ax(t)

(3)⇒(1):

x0 = V w0 ∈ V , im(A+BF )V ⊆ imEV

lemma
=⇒ ∃w ∈ C∞ : w(0) = w0 ∧ EV ẇ(t) = (A+BF )V w(t),

=⇒ x := V w, u := FV w satisfy

(x, u) ∈ B, x(0) = x0 and x(t) ∈ V , t ≥ 0 �
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Nonlinear systems

d
dtE(x(t)) = f(x(t)) + g(x(t))u(t) (E, f, g)

X ⊆ Rn open, 0 ∈ X, E, f : X → R`, g : X → R`×m diff., f(0) = 0

B =
{
(x, u) ∈ C1 × C

∣∣ (x, u) is a maximal solution of (E, f, g)
}

M – connected submanifold of X with 0 ∈M

Def.: M is locally controlled invariant :⇐⇒
∃ open neighborhood U of 0 ∈ X such that

∀x0 ∈M ∩ U ∃ (x, u) ∈ B ∃ t0 ∈ domx, x(t0) = x0 :(
∀ t ∈ domx, t ≥ t0 : x(t) ∈M ∩ U

)
∨
(
∃ t̂ ∈ domx, t̂ > t0 ∀ t ∈ [t0, t̂) : x(t) ∈M ∩ U ∧ x(t̂) ∈ ∂(M ∩ U)

)
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Theorem (local controlled invariance)

E ∈ C2, f, g ∈ C1, M connected submanifold of X with 0 ∈M
such that, in a neighborhood of 0 ∈M ,

dimE′(x)TxM = const ∧ dim
(
E′(x)TxM + im g(x)

)
= const

Then the following is equivalent:

(1) M is locally controlled invariant.

(2) f(x) ∈ E′(x)TxM + im g(x) in M ∩ U .

(3) ∃ u ∈ C1(M ∩ U → Rm) : f(x) + g(x)u(x) ∈ E′(x)TxM in
M ∩ U .

Proof: (1)⇒(2): x0 ∈M ∩ U

⇒ f(x0) = E′(x(0))ẋ(0)−g(x(0))u(0) ∈ E′(x0)Tx0M +im g(x0)

(2)⇒(3): technical, but not difficult
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Existence lemma: U ⊆ Rn open, E, f : U → R` diff. and

∀x ∈ U : rkE′(x) = r ∧ f(x) ∈ E′(x)TxU,

=⇒ ∀x0 ∈ U ∃x ∈ C1(I→Rn) ∀ t ∈ I : x(0) = x0 ∧ d
dtE(x(t)) = f(x(t))

(3)⇒(1): x0 = ψ(w0) ∈M ∩ U, ψ : G→M ∩ U parametrization of M

def. Ẽ := E ◦ ψ, f̃ := f ◦ ψ + (g ◦ ψ)(u ◦ ψ)
=⇒ rk Ẽ′(x) = rkE′(ψ(x))ψ′(x) = dimE′(ψ(x))Tψ(x)M = const,

f̃(x) ∈ E′(ψ(x))Tψ(x)M = E′(ψ(x))ψ′(x)TxG = Ẽ′(x)TxG

lemma
=⇒ ∃w ∈ C1(I → G) : w(0) = w0 ∧ d

dtẼ(w(t)) = f̃(w(t)),

=⇒ (x := ψ ◦ w, u ◦ w) ∈ B, x(0) = x0

and x(t) ∈M ∩ U, ∀ t ∈ I, t ≥ 0

Remains: show that (x, u ◦ x) can be extended to a maximal sln.
→ Zorn’s Lemma �
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lemma
=⇒ ∃w ∈ C1(I → G) : w(0) = w0 ∧ d
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