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Motivation
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Treto

o feasibility of model-agnostic control requires structural properties
O these properties are independent of the dimension of the state space X
— ODEs and PDEs in the same class!
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[Seifried, Blajer '13]
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Analysis of system-theoretic properties of real-world processes

angle: 0° < o« < 90°

spring, damper with nonlinear character-
istics: K(s), D(s)

u(t)=F
y(t) = x(t) + s(t) cos
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Analysis of system-theoretic properties of real-world processes

angle: 0° < o« < 90°

spring, damper with nonlinear character-
istics: K(s), D(s)

u(t)=F
y(t) = x(t) + s(t) cos

<—K(s) — D(éL)I + mygsin a)
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@;{ angle: 0° < a < 90°
o —const
spring, damper with nonlinear character-

LL(DL J()\J istics: K(s), D(S)

: / u(t) =F
y(t) = x(t) + s(t) cos

[Seifried, Blajer '13]
my+my; mpcosal (X u
mpcosa My s)  \—K(s) — D(S) + mygsin«

y =X+ Scosa

2

y = —c(K(s) +D(5) — mygsina) + —sin"a__

my-+my sin? o
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0° < a <90°
.9
y:ﬁ(s,é)—i——sm @ 5—u

O,. I my -+ my sin” «

relative degree = 2
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0° <a<90°

. sin o

=fi(s,§) + ————u
y=hi(s:3) m1+mzsin2a

relative degree = 2

a=0° D(5)#0

y
Y = hy(s.5) + 26,

mymy

relative degree = 3
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Analysis of system-theoretic properties of real-world processes

0° <a<90°

. sin o

=fi(s,§) + ————u
y=hi(s:3) m1+mzsin2a

relative degree = 2

a=0°, (3)D’(s') # O D
y© =1f(s,s) + m1mzu
relative degree = 3
a=0° D(s)=0, K'(s)#0
!

relative degree = 4
4/
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Internal dynamics: remaining dynamics

(@\ l when output is fixed
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Internal dynamics: remaining dynamics

(@\ l when output is fixed

7'7': —C3K (w> C3D <w) +C4gsina

sin” « sin” «
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Internal dynamics: remaining dynamics

(@\ l when output is fixed

3 hd
i = ek (12522 D (%) + cagsina
a=90°m; =1: s=—K(s)—D(5)+g
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Internal dynamics: remaining dynamics

(@\ l when output is fixed

§ hd
i = ek (12522 D (%) + cagsina
a=90°m; =1: s=—K(s) —D(s) +g

O Lyapunov function: kinetic + potential energy
o dissipativity: D (s)s > O

Thomas Berger 5/



" Analysis of system-theoretic properties of real-world processes
IL UNIVERSITAT

PADERBORN

Internal dynamics: remaining dynamics

(@\ l when output is fixed

§ Y
i = —c3K (%) 3D (“%) 4 cagsina
a=90°m; =1: s=—K(s) —D(s) +g

O Lyapunov function: kinetic + potential energy
o dissipativity: D (s)s > O

’:> 5,5 € L> (stable internal dynamics)‘

Thomas Berger 5/
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0° <a<90°

stable internal dynamics

a=0° D540

stable internal dynamics

a=0° D'(s)=0, K'(s)#0
no internal dynamics
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Rotational Manipulator Arm
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Rotational Manipulator Arm

(38)-2)+ g0

(1) = a(t) + = (1)

[Seifried, Blajer "13]

O relative degree = 2 (for cos(3) > 2/3)

O internal dynamics: highly nonlinear, for s/l > 2/3 the linearized internal
dynamics are unstable

o control: [B., Lanza '21]

Thomas Berger 7/ 2
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Byrnes-Isidori form

x(t) = f(x(t) +g(x(t))u(t),
y(t) = h(x(t)
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Byrnes-Isidori form

x(t) = f(x(t) +g(x(t))u(t),
y(t) = h(x(t)

Lie derivative:
O (L¢h) (2) := W (2)f(2)
o Lkh = Ly(LE"h) with LOh = h
o forg(z) = [gi1(2), .. .,8gm(z)] we define

(Lgh) (2) = [(Lgh)(2), .-, (Lgnh)(2)]

Thomas Berger 8/
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Byrnes-Isidori form

x(t) = f(x(t) +g(x(t))u(t),
y(t) = h(x(t)

Lie derivative:
O (L¢h) (2) := W (2)f(2)
o Lkh = Ly(LE"h) with LOh = h
o forg(z) = [gi1(2), .. .,8gm(z)] we define
(Lgh) (2) = [(Lgh)(2), .-, (Lgnh)(2)]
Relative degree ron U C R™:

OVZEUVI(E{O I’—Z} (Lgl.f )():Omxm
o VzeU: (LgLih)(z) € Gln(R)

Thomas Berger 8/
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Byrnes-Isidori form

x(t) = f(x(t)) +gx(®)u(t),
y(t) = h(x(t))
3 diffeomorphism & : U — W st (f“)) = d(x(t)). £(t) € R™, p(t) € R1—m

n(t)
transforms the system into Byrnes-Isidori form:

y(t) = &(t),
&(t) = &(1),

&1(t) = &(1),
&(t) = (Lih) (®7 (& (1), n())) +T (®7XE(E), (1)) u(b),
1(t) = q(&(), n(t)) + p(&(t), n(t))u(t)

Thomas Berger 8/
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Byrnes-Isidori form

x(t) = f(x(t) +g(x(t))u(t),
y(t) = h(x(t)

im(g(x)) involutive:
Vgr,g2 : R" — R" with gi(x) € im(g(x)) : [g1,82](x) € im(g(x)),

where [g1, g2](x) = gj(x)g2(x) — g3(x)g1(x)
= p(-) = OinByrnes-Isidori form  [lsidori "95]

Thomas Berger 8/
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Byrnes-Isidori form

Analysis of system-theoretic properties of real-world processes

x(t)
y(t)

im(g(x)) involutive:

Vgi,g2 1 R" — R" with gi(x) € im(g(x)) : [g1,82](x) € im(g(x)),

where [g1, g2] (x) = gj(x)g2(x)

— &()g(x)

= p(-) = OinBymes-Isidori form [Isidori’95]

internal dynamics:  7)(t) = q(&(t), n(t))

Thomas Berger

8/21
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Byrnes-Isidori form

y(t)

Y ()
Ny, y")

= Byrnes-Isidori form is equivalent to

yOm) =F(Tly.....y" () + G(T(y.....y" ")(®))u(t)

with F=(Lth)yod™ ', G=Tod™

Thomas Berger 8/
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Byrnes-Isidori form

y(t)

Y ()
Ny, y")

= Byrnes-Isidori form is equivalent to

yOm) =F(Tly.....y" () + G(T(y.....y" ")(®))u(t)

with F=(Lth)yod™ ', G=Tod™

internal dynamics stable < T is BIBO

Thomas Berger 8/
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Control of multibody systems — jointly with T. Reis and R. Seifried

[B., L&, Reis 18]

Thomas Berger I
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Control of multibody systems — jointly with T. Reis and R. Seifried

[B., Otto, Reis, Seifried '19]

[B., L&, Reis 18]
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Control of multibody systems — jointly with T. Reis and R. Seifried

ma,l3, I3

[B., Otto, Reis, Seifried '19]

[B., Lanza '20]: unstable internal
dynamics

Thomas Berger I
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Control of multibody systems — jointly with T. Reis and R. Seifried

5
<
o= const

D——0)
——

[B., L&, Reis 18]

F

[B., Lanza '20]: unstable internal [B., Driicker, Lanza, Reis, Seifried 21]
dynamics unstable internal dynamics,
Thomas Berger DAE formulation 9o/
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Multibody systems in DAE formulation

q(t) = v(t),

M(q(D)v(t) = F(q(t), v(t)) +J(q(t)) " u(t) + G(q(t)) " A(t) + B(q(1)) u(t),
0 = J(q(t))v(t) +j(q(t)),
0 =g(q(t)),
y(t) = h(q(t),v(1)),

with

o generalized mass matrix M : R" — R"*",
O generalized forcesf : R" x R" — R",
o holonomic constraints g : R” — Rfand G : R — R*",
o nonholonomic constraints / : R” — RP*™andj : R" — RP,
O input distribution matrix B : R" — R™™,
O output measurement functionh : R” x R” — R™
Thomas Berger IO/ 2
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Multibody systems in DAE formulation
_( X2 >+[I,, 0] }[O 0] O]u
M(xr) "' (xa, x2) MOe) 7' JOoa) T Gla)T B(xa)] T

Yaux = H(X)7
with x; = g, x, = v and auxiliary inputs and outputs

Q) J(q(t))v(t) +j(q(t))
Uaux(t) == Agt; , Yaux(t) := H(q(t), v(t)) = g(q(t))
u(t

Thomas Berger 12
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Multibody systems in DAE formulation

X2 In 0 0 0 0
- (M(Xl)'f(xhxz)> " [ M(X1)1} [/(M)T G(xa)' B(X1)] e
Yaux = H(X)’
with x; = g, x, = v and auxiliary inputs and outputs

(1) J(q(t))v(t) +j(q(t))
Uaux(t) == ((t; , Yaux(t) := H(q(t), v(t)) = g(q(t))
u(t

Idea:
O transform auxiliary ODE system into Byrnes-Isidori form
O add the constraints y,ux,1 = O and y,ux 2 = O afterwards to derive the
internal dynamics of the original MBS

> =

Thomas Berger 1/21
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Multibody systems in DAE formulation

X2 In 0 0 0 0
- (M(Xl)'f(xhxz)> " [ M(X1)1} [/(M)T G(xa)' B(X1)] e
Yaux = H(X)’
with x; = g, x, = v and auxiliary inputs and outputs

(1) J(q(t))v(t) +j(q(t))
Uaux(t) == ((t; , Yaux(t) := H(q(t), v(t)) = g(q(t))
u(t

Idea:
O transform auxiliary ODE system into Byrnes-Isidori form
O add the constraints y,ux,1 = O and y,ux 2 = O afterwards to derive the
internal dynamics of the original MBS

> =

stability analysis without Byrnes-Isidori form: [Lanza '21]

Thomas Berger 1/21
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Magnetic levitation system — cooperation with TU llmenau and Max Bogl

| I|\|

N E) N [ M\mnl YKL

Bildquelle: https://transportsystemboegl.com, Pressemitteilung vom 26.04.2024

Thomas Berger 12/21
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Magnetic levitation system — cooperation with TU llmenau and Max Bogl

supporting structure

Trcosne

car body

Fo caj/

AJEEAEIEIAIIEAIEAEAAAAIAEAARIAAIEAAIAIAAIAAANNNNNEN
Thomas Berger 13/
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Magnetic levitation system — cooperation with TU llmenau and Max Bogl
x4(t)
x5(t)
Xe(t)

X(t) — mma (FG 1nag+Fs D( ( )) Fmag(x(t)))

@(FG cs—Fs,p(x(1)))

(Fa,aw—Fs,p (x(1))+Fmag (x(1)))
Rl (x(1))

u(t),

—000000

mGW
y(t) = x(t) —x3(t)
Input:  voltage at the electromagnet

[Oppeneiger, Lanza, Schell, Dennstadt, Schaller, Zamzow, B., Worthmann '24]:
relative degree = 3 on {x; # O} and internal dynamics are stable

Thomas Berger 14/21
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Magnetic levitation system — cooperation with TU llmenau and Max Bogl
x4(t)
x5(t)
Xe(t)

X(t) — mma (FG 1nag+Fs D( ( )) Fmag(x(t)))

@(FG cs—Fs,p(x(1)))

(Fa,aw—Fs,p (x(1))+Fmag (x(1)))
Rl (x(1))

u(t),

—000000

mGW
y(t) = x(t) —x3(t)
Input:  voltage at the electromagnet

[Oppeneiger, Lanza, Schell, Dennstadt, Schaller, Zamzow, B., Worthmann '24]:
relative degree = 3 on {x; # O} and internal dynamics are stable

Open problem: relative degree not well-defined everywhere

Thomas Berger 14/21
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X u(t)
—
%nst h(t7 C) V(t7 é-) lg

—0J ONLO)

x B — Y(t)
y(t) = Ty, y)(t) + yu(t) y(t) = T(y,y)(t) + 7 u(t)

[B., Puche, Schwenninger '22]
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" Analysis of system-theoretic properties of real-world processes
L UNIVERSITAT
A\ PADERBORN

X u(t)
—
%nst h(t7 C) V(t7 é-) lg

—0J ONLO)

x B — Y(t)
y(t) = Ty, y)(t) + yu(t) y(t) = T(y,y)(t) + 7 u(t)

[B., Puche, Schwenninger '22]

Finite and infinite dimensional systems in the same class!

Thomas Berger 15/21
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Class of co-dimensional systems
yO) =F(T(y, -,y )() + G(T(y, ...y ")) u(t)

allows for a “simple” class of co-dimensional systems
— internal dynamics described by PDE

Thomas Berger 16/21
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Class of co-dimensional systems
yO) =F(T(y, -,y )() + G(T(y, ...y ")) u(t)

allows for a “simple” class of co-dimensional systems
— internal dynamics described by PDE

r =1 [llchmann, Ryan, Sangwin ‘02, etc.]

(1)) = Aw(0) + As [ Tt — $)Asy(s) ds

o (T (t))>0 exp. stable CO-semigroup on real Hilbert space X with
generator A4 : D(A4) € X — X (finite dimensional: T (t) = *!)

O (A4,As3, A7) “regular well-posed”, Ay € R™*™

Thomas Berger 16/21
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Class of co-dimensional systems
yO) =F(T(y, -,y )() + G(T(y, ...y ")) u(t)

r € N:  [lichmann, Selig, Trunk '16]
Byrnes-Isidori form for linear co-dimensional systems

n(t) = Aan(t) + Asy(t),
yO(t) = Riy(t) + ... Ryl D(t) + Agn(t) + yu(t)

Thomas Berger 17/
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Class of co-dimensional systems
yO) =F(T(y, -,y )() + G(T(y, ...y ")) u(t)

r € N:  [lichmann, Selig, Trunk '16]
Byrnes-Isidori form for linear co-dimensional systems

n(t) = Aan(t) + Asy(t),
yO(t) = Riy(t) + ... Ryl D(t) + Agn(t) + yu(t)
=T(y,....y" ")(t) + u(t)

with T(y,...,y""(t)

t
= Riy(t) + ... Ry D(t) + A, / T(t — s)Asy(s)ds
0

Thomas Berger 17/
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Class of co-dimensional systems
yO @) =F(T(y,....y" N)(®) + G(T(y ...y ") (®)u(t)
r € N:  [B., Puche, Schwenninger '20]

e (A, B,C) reg-

y
( G 1)) =< P (1) = Ax(t) + BL(t), x(0) = x° ular well-posed
g x o f —
i L £7(6) = f
: s c bousnded ['
e S nonlinear
1 '
D(S) = X,
S(x) =2 =13 (A,B,S) BIBO
) l stable
T(¢) =z | F(z1.22.23) T(C) N

Thomas Berger 18/21
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Rolling water tank - [B., Puche, Schwenninger '22]

deth + d¢(hv) = 0, —

2 h(t, ¢) v(t,¢) lg
v + ¢ (2+gh> 0§© ¢ 01

+hS (%) — y(t)

Thomas Berger 19/21
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Rolling water tank - [B., Puche, Schwenninger '22]

u(t)
h + d¢(hv) = 0, I
e o FSwo | s
OV + 3g (2 +gh> OQ ‘ 01
% . !
+hs (1) =7 0

Linearized model:
Oiz1 = —hoO;z3, Okzy = —g0cz1 — puzy —y, 7;(t,0) = z5(t,1) =0
j(t) = %T (z(t,1) — z1(t, 0)) (2ho + z(t,1) + z1(t, 0))
h ! ! u(t
2% [ae0ac+ 2 [ a om0 + 20
mr Jo mr Jo

mr

Thomas Berger 19/21
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Rolling water tank - [B., Puche, Schwenninger '22]

Oth + 3<(hv) =0, —X

2 h(t, <) vt lg
OV + O¢ (2 +gh> 01@ ¢ ©1
M t
+hS ( h) =y y(t)
Linearized model:

Ocr + pza

2(t,1) - 21(t, 0) = Cz(t) = CT(H)2(0 +C/Tt*5Aby()
= c(t) + ((hur + bs) *y) (1)

Thomas Berger 19/21
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Rolling water tank - [B., Puche, Schwenninger '22]

Oth + 3<(hv) =0, —X

h(t, ¢) v(t, Q) lg

OV + O (VZZ +gh> 03@ ¢ 01

+hS (%) -y y(t)

Linearized model:

. - . o hoaclz o 0]
z(t) = Az(t) + Aby(t), Az = <g8421 . #Zz> , b= (_1>

BN u(t)
Yo =100 + -

Lemma: b; =do +2 > (—1T)ke */Vhoes, i — TisBIBO

keN

Thomas Berger 19/21
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“Hard” class of oo-dimensional systems
— there is NO concept of relative degree
O boundary controlled heat equation [Reis, Selig '15]
ox(t) = Ax(t), ut) = (v" - Vx(1))|aq

v = [ xo)dc
Glel
O general class of boundary control problems based on m-dissipative
operators [Puche, Reis, Schwenninger '21, Puche '19]
x(t) = 2Ax(t), x(0) =x0 € D(A) C X,
u(t) = Bx(t),  y(t) = (1)

e.g. lossy transmission line, wave equation, diffusion equation
O Fokker-Planck equation [B. '21]

Thomas Berger 20/21
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Monodomain equations [B., Breiten, Puche, Reis '21] — (simple) model for the

electric activity of the human heart to describe defibrillation processes
Ov(t) =V - (DVV(t)) +p3(v)(t) — w(t) + Is(t) + Blse(t),
ow(t) = cv(t) — dw(t), y(t) =B'v(t)

Thomas Berger 21/
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Monodomain equations [B., Breiten, Puche, Reis '21] — (simple) model for the
electric activity of the human heart to describe defibrillation processes

Owv(t) =V - (DVV(t)) + p3(v)(t) — w(t) + Is(t) + Bls(t),
ow(t) = cv(t) — dw(t), y(t) =B'v(t)

Control objective: “reentry waves”, which can be interpreted as fibrillation
processes, should be terminated

1
0.8
0.6

&

0.4

0.2

0
0 0.2 0.4 0.6 0.8 1
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