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Regularization of linear systems

d
dtEx(t) = Ax(t) +Bu(t) [E,A,B]

E,A ∈ R`×n, B ∈ R`×m

Aim: [E,A,B]  [Ê, Â, B̂]
s.t. sÊ − Â is regular

1. approach: state feedback

2. approach: behavioral equivalence

3. approach: 1. + 2. + permutation
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Some basic notions
sE −A is regular, if ` = n and det(sE −A) ∈ R[s] \ {0}

regular sE −A has index ν ∈ N0, if

S(sE −A)T =

[
sIr − J 0

0 sN − In−r

]
,

then ν :=

{
0, if r = n,
min

{
k ∈ N0

∣∣ Nk = 0
}
, if r < n

augmented Wong sequences:

V0 := Rn, Vi+1 := A−1(EVi + imB), i ≥ 0, V ∗ :=
⋂
i≥0

Vi

W0 := {0}, Wi+1 := E−1(AWi + imB), i ≥ 0, W∗ :=
⋃
i≥0
Wi
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Approach 1: State feedback

Here: ` = n, u(t) = Fx(t) for some F ∈ Rm×n

d
dtEx(t) = (A+BF )x(t)

Thm. [Bunse-Gerstner et al. ’92]:
∃ F ∈ Rm×n : sE − (A+BF ) is regular and has index ≤ 1
⇐⇒ [E,A,B] is impulse controllable (imE+A kerE+imB=Rn)

Thm.: ∃ F ∈ Rm×n : sE − (A+BF ) is regular
⇐⇒ dim(EV ∗ + imB) = dimV ∗ [Özçaldiran/Lewis ’90]
⇐⇒ dim(AW∗ + imB) = dimW∗ [Özçaldiran/Lewis ’90]
⇐⇒ rkR(s)[sE −A,B] = n [Duan/Zhang ’03]
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⇐⇒ rkR(s)[sE −A,B] = n [Duan/Zhang ’03]

Thomas Berger, Timo Reis On the regularization of linear descriptor systems



On the regularization of linear descriptor systems
Thomas Berger, Timo Reis

Def.: [E,A] is autonomous, if

d
dtEx(t) = Ax(t) ∧ Ex(0) = 0 =⇒ x = 0

Lemma:
sE −A is regular ⇐⇒ ` = n ∧ [E,A] is autonomous

Thm. [Fletcher ’86]:

∃ F ∈ Rm×n : [E,A+BF ] is aut. ⇐⇒ rkR(s)[sE −A,B] ≥ n

Thm. [B./Reis ’15]:

∃ F ∈ Rm×n : [E,A+BF ] is autonomous

⇐⇒ rkR(s)[sE −A,B] ≥ n
⇐⇒ dim(EV ∗ + imB) ≥ dimV ∗

⇐⇒ dim(AW∗ + imB) ≥ dimW∗.
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Approach 2: Behavioral equivalence
Example:1 0

0 1
0 0

 ẋ(t) =
0 0
1 0
0 1

x(t) beh.⇐⇒
[
0 0
0 0

]
ẋ(t) =

[
1 0
0 1

]
x(t)

s

[
0 0
0 0

]
−
[
1 0
0 1

]
is regular

Def.: The behavior of [E,A,B] is

B[E,A,B] = { (x, u) ∈ C∞ × C∞ | Eẋ(t) = Ax(t) +Bu(t) } .

Two systems [Ei, Ai, Bi], i = 1, 2, are behaviorally equivalent
([E1, A1, B1] 'B [E2, A2, B2]), if

B[E1,A1,B1] = B[E2,A2,B2] .
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ẋ(t) =

[
1 0
0 1

]
x(t)

s

[
0 0
0 0

]
−
[
1 0
0 1

]
is regular

Def.: The behavior of [E,A,B] is

B[E,A,B] = { (x, u) ∈ C∞ × C∞ | Eẋ(t) = Ax(t) +Bu(t) } .
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Def.: [E,A,B] is minimal, if

∀ k ∈ {1, . . . , `} ∀ [Ẽ, Ã, B̃] with k rows :(
[E,A,B] 'B

[[
Ẽ

0`−k,n

]
,

[
Ã

0`−k,n

]
,

[
B̃

0`−k,m

]]
=⇒ k = `

)
.

Thm. : [E,A,B] is minimal

⇐⇒ rkR(s)[sE −A,B] = ` [Polderman/Willems ’98]

⇐⇒ EV ∗ +AW∗ + imB = R` [B./Reis ’15]
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[E,A,B] 'B

[[
Ẽ

0`−k,n

]
,

[
Ã
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Approach 3: Combination of 1 and 2 + permutation

Feedback transformation of [E,A,B]:

S [sE −A,−B]

[
T 0
F V

]
Lemma: [E1, A1, B1] 'B [E2, A2, B2] ⇐⇒ ∃U(s) ∈ Gl`(R[s]) :

[sE1 −A1,−B1] = U(s)[sE2 −A2,−B1]

Behavioral and feedback transformation of [E,A,B]:

U(s) [sE −A,−B]

[
T 0
F V

]
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Example: [
1 0 0
0 0 0

]
ẋ(t) =

[
0 1 0
0 0 0

]
x(t) +

[
0
1

]
u(t)

Approaches 1 and 2 do not work!

x2, x3 are free  x2, x3 are inputs in the behavioral framework

u = 0  u is a state in the behavioral framework

Permutation:[
1 0
0 0

](
ẋ1(t)
u̇(t)

)
=

[
0 0
0 1

](
x1(t)
u(t)

)
+

[
1 0
0 0

](
x2(t)
x3(t)

)
s

[
1 0
0 0

]
−
[
0 0
0 1

]
is regular and has index 1

→ general (numerical) procedure derived by [Campbell et al. ’12]
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Thm. [B./Reis ’15]:

∃U(s) ∈ Gl`(R[s]), T ∈ Gln(R), V ∈ Glm(R), F ∈ Rm×n and a
permutation matrix P ∈ Gln+m(R) such that

U(s) [sE −A,−B]

[
T 0
F V

]
P =

[
sÊ − Â −B̂
0r,n̂ 0r,m̂

]
,

where sÊ − Â ∈ R[s]n̂×n̂ is regular and has index at most 1

• [Ê, Â, B̂] is minimal

• explicit construction of transformation matrices using
feedback canonical form [Loiseau et al. ’91]

• the subsystem [Ê, Â, B̂] is fully determined by the augmented
Wong sequences
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Proof: Feedback canonical form [Loiseau et al. ’91]

Nk :=

[
0
1

1 0

]
∈ Rk×k, Kk :=

[
0 1

0 1

]
, Lk :=

[
1 0

1 0

]
∈ R(k−1)×k

α = (α1, . . . , αk) ∈ Nk multi-index, |α| =
∑k
i=1 αi, `(α) = k

Nα := diag(Nα1
, . . . , Nαk) ∈ R|α|×|α|,

Kα := diag(Kα1
, . . . ,Kαk) ∈ R(|α|−k)×|α|,

Lα := diag(Lα1 , . . . , Lαk) ∈ R(|α|−k)×|α|,

Eα := diag(e[α1]
α1

, . . . , e[αk]αk
) ∈ R|α|×k

[SET, SAT + SBF, SBV ] =

I|α| 0 0 0 0 0

0 Lβ 0 0 0 0

0 0 K>γ 0 0 0

0 0 0 L>δ 0 0
0 0 0 0 Nκ 0
0 0 0 0 0 Inc

 ,

N>α 0 0 0 0 0
0 Kβ 0 0 0 0

0 0 L>γ 0 0 0

0 0 0 K>δ 0 0
0 0 0 0 I|κ| 0

0 0 0 0 0 Ac

 ,
Eα 0 0

0 0 0
0 Eγ 0
0 0 0
0 0 0
0 0 0
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(
νκ−1∑
k=0

skNk
κ

)
(sNκ − I|κ|) = −I|κ|, νκ = max

i
κi

νγ−1∑
k=0

skNk
γ

 [sK>γ − L>γ ,−Eγ ] = [−L>γ ,−Eγ ], νγ = max
i
γi

Shift: NkL
>
k =

[
0
1

1 0

] [
1 0

1 0

]>
=

[
0 1

0 1

]>
= K>kνγ−1∑

k=0

skNk
γ

 (sK>γ − L>γ ) = sνγN
νγ−1
γ K>γ − L>γ

and: 0 = N
νγ
k = N

νγ−1
k [K>k , 0]
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and: 0 = N
νγ
k = N

νγ−1
k [K>k , 0]
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U(s)[sE −A,−B]
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T 0
F V

]
=


sI|α|−N>α 0 0 0 0 0

0 sLβ−Kβ 0 0 0 0

0 0 −L>γ 0 0 0

0 0 0 sL>δ −K
>
δ 0 0

0 0 0 0 −I|κ| 0

0 0 0 0 0 sInc−Ac

,
−Eα 0 0

0 0 0
0 −Eγ 0
0 0 0
0 0 0
0 0 0
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Pδ(s) (sL
>
δ −K>δ ) =

[
−I|δ|−`(δ)
0`(δ),|δ|−`(δ)

]

Pδ(s) =

[
Lδ
E>δ

]
diag

([
Iδi−1 0

s(e
[δi−1]
1 )> 1

][
0
∑δi−2

k=0 s
k
(
N>δi−1

)k
1 0

])
i=1,...,`(δ)
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[
sLβ −Kβ 0 0

0 −L>γ −Eγ

]L>β 0 Eβ
0 Lγ 0
0 E>γ 0
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[
sLβ −Kβ 0 0

0 −L>γ −Eγ

]L>β 0 Eβ
0 Lγ 0
0 E>γ 0


[
1 0

1 0

] [
1 0

1 0

]>
= Ik−1,

[
0 1

0 1

] [
1 0

1 0

]>
= N>k−1

=⇒ (sLβ −Kβ)L
>
β = sI|β|−`(β) −N>β−1
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[
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1 0
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1 0

1 0
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= Ik−1,

[
0 1

0 1
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1 0

1 0
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= N>k−1

=⇒ (sLβ −Kβ)L
>
β = sI|β|−`(β) −N>β−1[

1 0

1 0

]> [
1 0

1 0

]
=

[
Ik−1 0
0 0

]
, eke

>
k =

[
0 0
0 1

]
=⇒ L>γ Lγ + EγE

>
γ = I|γ|
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U(s)[sE −A,−B]

[
T 0
F V

]
P =

[
sÊ − Â −B̂
0`(δ),n−µ 0`(δ),m+µ

]
,

where µ = `(β)− `(γ) ∈ Z

sÊ − Â =


sI|α|−N>α 0 0 0 0 0

0 sI|β|−`(β)−N>β−1 0 0 0 0

0 0 −I|γ| 0 0 0

0 0 0 −I|δ|−`(δ) 0 0

0 0 0 0 −I|κ| 0

0 0 0 0 0 sInc−Ac

 ,

B̂ =

Eα 0 0
0 Eβ−1 0
0 0 0
0 0 0
0 0 0
0 0 0


�

• the number of redundant equations is `(δ)

• the number of free states is `(β)

• the number of constrained inputs is `(γ)

Thomas Berger, Timo Reis On the regularization of linear descriptor systems



On the regularization of linear descriptor systems
Thomas Berger, Timo Reis

U(s)[sE −A,−B]

[
T 0
F V

]
P =

[
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