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Funnel MPC for nonlinear systems with arbitrary relative degree

Control objective

System
u(t) y(t)

Controller

yref(t)

ẋ(t) = f
(
x(t)) + g

(
x(t)

)
u(t), x(0) = x0 ∈ Rn

y(t) = h
(
x(t)

)
Goal: ∥y(t)− yref(t)∥ < ψ(t)
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Funnel MPC for nonlinear systems with arbitrary relative degree

F

y

a=const

x

s

[Seifried, Blajer ’13]

angle: 0◦ ≤ α ≤ 90◦

spring, damper with nonlinear character-
istics: K(s), D(ṡ)
u(t) = F
y(t) = x(t) + s(t) cosα

[
m1 +m2 m2 cosα
m2 cosα m2

](
ẍ
s̈

)
=

(
u

−K(s)− D(ṡ) +m2g sinα

)

ẏ = ẋ + ṡ cosα

ÿ = −c1
(
K (s) + D (ṡ)−m2g sinα

)
+ sin2 α

m1+m2 sin
2 α
u

•
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Funnel MPC for nonlinear systems with arbitrary relative degree

(F)

y

a=const

v
(F)

y

v
(F)

y

v

(F)

y

a=const

v
(F)

y

v
(F)

y

v

(F)

y

a=const

v
(F)

y

v
(F)

y

v

0◦ < α ≤ 90◦

ÿ = f1(s, ṡ) +
sin2 α

m1 +m2 sin
2 α

u

relative degree= 2

α = 0◦, D′(ṡ) ̸= 0
y(3) = f2(s, ṡ) +

D′(ṡ)
m1m2

u

relative degree= 3

α = 0◦, D′(ṡ) = 0, K′(s) ̸= 0

y(4) = f3(s, ṡ) +
K′(s)
m1m2

u

relative degree= 4
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Funnel MPC for nonlinear systems with arbitrary relative degree

(F)

y

a=const

v
(F)

y

v
(F)

y

v
Internal dynamics: remaining dynamics
when output is fixed

η̈ = −c3K
(
η−y cosα
sin2 α

)
− c3D

(
η̇−ẏ cosα
sin2 α

)
+ c4g sinα

α = 90◦,m2 = 1 : s̈ = −K(s)− D(ṡ) + g

Lyapunov function: kinetic + potential energy
dissipativity: D (ṡ) ṡ ≥ 0

=⇒ s, ṡ ∈ L∞ (stable internal dynamics)

•
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Funnel MPC for nonlinear systems with arbitrary relative degree
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v
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v
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(F)

y

a=const

v
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v
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0◦ < α ≤ 90◦

stable internal dynamics

α = 0◦, D′(ṡ) ̸= 0

stable internal dynamics

α = 0◦, D′(ṡ) = 0, K′(s) ̸= 0

no internal dynamics
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Funnel MPC for nonlinear systems with arbitrary relative degree

S

y

s

c

du
α

β

[Seifried, Blajer ’13]

Rotational Manipulator Arm
Input: angular velocity of first link
Output: position of S described by
angle y

relative degree= 1

unstable internal dynamics
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Funnel MPC for nonlinear systems with arbitrary relative degree

Reminder

System

Controller

u(t) y(t)

yref(t)

ẋ(t) = f
(
x(t)) + g

(
x(t)

)
u(t), x(0) = x0 ∈ Rn

y(t) = h
(
x(t)

)
relative degree is well-defined and assumption of stable internal dynamics
Goal: design controller such that ∥y(t)− yref(t)∥ < ψ(t)
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Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel control

System

u(t) = −k(t)e(t) +

y(t)u(t)

−yref(t)e(t)

t

ψ(t)

∥e(t)∥

k(t) = 1
ψ(t)− ∥e(t)∥

[Ilchmann, Ryan, Sangwin ’02]:
Works, if

relative degree= 1
stable internal dynamics

•
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Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel control

Advantages:

Tracking of reference signal within predefined boundaries
No systemmodel required; only structural assumptions

Drawbacks:

Large input signal with peaks possible
High sampling rate required

•
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Funnel MPC for nonlinear systems with arbitrary relative degree

Model Predictive Control (MPC)
Algorithm: Set time shift δ > 0, prediction horizon T ≥ δ, maximal control
umax > 0, time t̂ := 0
(a) Obtain state measurement x̂ := x(̂t)

(b) Compute a solution u⋆ of the optimal control problem (OCP)

minimize
u∈L∞([̂t,̂t+T],Rm)

∫ t̂+T

t̂

∥h(x(t))− yref(t)∥2 + λu∥u(t)∥2dt

subject to ẋ(t) = f(x(t)) + g(x(t))u(t), x(̂t) = x̂,
y(t) = h(x(t)),

∥u∥∞ ≤ umax,

∥y(t)− yref(t)∥ ≤ ψ(t).

(c) Implement the feedback law µ : [̂t, t̂+ δ)×Rn → Rm, µ(t, x̂) := u⋆(t),
increase t̂ by δ and go to step (a)

•
•
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Funnel MPC for nonlinear systems with arbitrary relative degree

Model Predictive Control (MPC)

Drawbacks:
Accurate model is required
Initial and recursive feasibility have to be guaranteed
Time varying output constraints

•
•
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Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel MPC

Idea: Use cost function inspired by funnel control:

ℓ(t, x, u) =


1

ψ(t)− ∥h(x)− yref(t)∥
+ λu∥u∥2, ∥h(x)− yref(t)∥ ≠ ψ(t)

∞, else.

Theorem [B., Dennstädt, Ilchmann, Worthmann ’22]

relative degree= 1,
stable internal dynamics

=⇒ ∃ umax > 0: Funnel MPC is initially & recursively feasible.

•
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Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel MPC

Remarks:

no terminal costs or conditions required
no additional state constraints in the OCP
independent of the length of the prediction horizon T > 0

How to treat higher relative degree?

funnel control→ [B., Lê, Reis ’18] & [B., Ilchmann, Ryan ’21]
funnel MPC→ [B., Dennstädt ’22] (but: feasibility constraints!)

•
•

Thomas Berger and Dario Dennstädt 14/17



•
•

•

•

Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel MPC

Remarks:

no terminal costs or conditions required
no additional state constraints in the OCP
independent of the length of the prediction horizon T > 0

How to treat higher relative degree?

funnel control→ [B., Lê, Reis ’18] & [B., Ilchmann, Ryan ’21]
funnel MPC→ [B., Dennstädt ’22] (but: feasibility constraints!)

•
•

Thomas Berger and Dario Dennstädt 14/17



•
•

•

•

Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel MPC

Remarks:

no terminal costs or conditions required
no additional state constraints in the OCP
independent of the length of the prediction horizon T > 0

How to treat higher relative degree?

funnel control→ [B., Lê, Reis ’18] & [B., Ilchmann, Ryan ’21]

funnel MPC→ [B., Dennstädt ’22] (but: feasibility constraints!)

•
•

Thomas Berger and Dario Dennstädt 14/17



•
•

•

•

Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel MPC

Remarks:

no terminal costs or conditions required
no additional state constraints in the OCP
independent of the length of the prediction horizon T > 0

How to treat higher relative degree?

funnel control→ [B., Lê, Reis ’18] & [B., Ilchmann, Ryan ’21]
funnel MPC→ [B., Dennstädt ’22] (but: feasibility constraints!)

•
•

Thomas Berger and Dario Dennstädt 14/17



•
•

•

•

Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel MPC for systems with relative degree r
Idea: For k1, . . . , kr−1 > 0 define a function er such that

er(t, x(t)) := ( ddt + k1) · · · ( ddt + kr−1)
(
h(x(t))− yref(t)

)
and use the cost function:

ℓ(t, x, u) =


1

ψr(t)− ∥er(t, x)∥
+ λu∥u∥2, ∥er(t, x)∥ ≠ ψr(t)

∞, else.

Theorem [B., Dennstädt ’23]
relative degree= r,
stable internal dynamics

=⇒ ∃ umax > 0 ∃ k1, . . . , kr−1 > 0 ∃ψr : Funnel MPC is initially &
recursively feasible and ∥y(t)− yref(t)∥ ≤ ψ(t)

•
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Funnel MPC for nonlinear systems with arbitrary relative degree

Funnel MPC for systems with relative degree r
Recipe: Construction of k1, . . . , kr−1 andψr
Assume ψ̇(t) ≥ −αψ(t) + β and ∥e1(0)∥ ≤ γrψ(0), then choose

k1 ≥
2 ∥ė1(0)∥

γr−1(1− γ)ψ(0) +
2
(
α+ 1

γr−1

)
1− γ

,

ki ≥
2γ ∥ėi(0)∥

(1− γ)
(
∥ei(0)∥ + β

αγ i−2

) +
2(1+ α)

1− γ
,

ei(t) = ( ddt + k1) · · · ( ddt + ki−1)e(t), e1(t) = y(t)− yref(t)

and
ψr(t) :=

1
γ

(
∥ėr−1(0)∥ + kr−1 ∥er−1(0)∥

)
e−αt +

β

αγr−1

•
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Funnel MPC for nonlinear systems with arbitrary relative degree

Simulation

Mass-on-car system: relative degree r = 2, umax = 20
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