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Asymptotic tracking by funnel control with internal models

Control objective

System
u(t) y(t)

Controller

yref(t)

ẋ(t) = Ax(t) + Bu(t), x(0) = x0 ∈ Rn

y(t) = Cx(t)

Goal: ∥y(t)− yref(t)∥ < ψ(t) and y(t) → yref(t)

No knowledge of system parameters!
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Asymptotic tracking by funnel control with internal models

Class of linear systems with relative degree r ∈ N

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t), x(0) = x0

A ∈ Rn×n, B,C⊤ ∈ Rn×m, x0 ∈ Rn

CB = CAB = . . . = CAr−2B = 0, CAr−1B ∈ Gln(R)
minimum phase:

∀λ ∈ C, Reλ ≥ 0 : rk

[
A− λIn B

C 0

]
= n+m

•
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Asymptotic tracking by funnel control with internal models

Funnel control

System

u(t) = −k(t)e(t) +

y(t)u(t)

−yref(t)e(t)

t

1/φ(t)

∥e(t)∥

k(t) = 1
1− φ(t)2∥e(t)∥2

[Ilchmann, Ryan, Sangwin ’02]:
Works, if

relative degree= 1
minimum phase

•
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Asymptotic tracking by funnel control with internal models

Funnel control for systems with arbitrary relative degree r ∈ N

e1(t) = e(t), e(t) = y(t)− yref(t),
e2(t) = ė1(t) + k1(t)e1(t),

...
er(t) = ėr−1(t) + kr−1(t)er−1(t),

u(t) = −kr(t)er(t)
ki(t) = 1/(1− φi(t)2∥ei(t)∥2), i = 1, . . . , r

Theorem [B., Lê, Reis ’18]
yref ∈ Wr,∞ =⇒ u, ki, y(i) ∈ L∞ andφi(t)∥ei(t)∥ ≤ 1− εi

•
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Theorem [B., Lê, Reis ’18]
yref ∈ Wr,∞ =⇒ u, ki, y(i) ∈ L∞ andφi(t)∥ei(t)∥ ≤ 1− εi

[B., Ilchmann, Ryan ’21]: 1/φ1(t) → 0 possible, but very high noise sensitivity!
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Asymptotic tracking by funnel control with internal models

Funnel control for systems with arbitrary relative degree r ∈ N

e1(t) = e(t), e(t) = y(t)− yref(t),
e2(t) = ė1(t) + k1e1(t),

...
er(t) = ėr−1(t) + kr−1er−1(t),

u(t) = −kr(t)er(t)

kr(t) = k̂/(1− φr(t)2∥er(t)∥2)

k1, . . . , kr−1, k̂ > 0
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Asymptotic tracking by funnel control with internal models

Funnel control with constant gains

Given: φ1 → chooseφ2, . . . , φr and k1, . . . , kr−1 > 0 such that

(K1) ki >
∥∥∥ φ̇i
φi

∥∥∥
∞

+
∥∥∥ φi
φi+1

∥∥∥
∞
, i = 1, . . . , r − 1

(K2) φi(0)∥ei(0)∥ < 1, i = 1, . . . , r

Lemma [B., Hackl, Trenn ’24]
φr(t)∥er(t)∥ < 1 for all t ∈ I
=⇒ ∀ t ∈ I : φi(t)∥ei(t)∥ ≤ εi < 1, i = 1, . . . , r − 1

Idea for proof: Ifφi+1(t)∥ei+1(t)∥ < 1, then
1
2
d
dtφi(t)

2∥ei(t)∥2

≤
(∥∥∥ φ̇i

φi

∥∥∥
∞

+
∥∥∥ φi
φi+1

∥∥∥
∞

− kiφi(t)∥ei(t)∥
)
φi(t)∥ei(t)∥
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Asymptotic tracking by funnel control with internal models

Internal models
α(s) ∈ R[s]monic polynomial such that

∀λ ∈ C : α(λ) = 0 =⇒ rk

[
A− λIn B

C 0

]
= n+m.

Class of reference signals yref :

R (α) :=
{
w ∈ C∞(R≥0,Rm)

∣∣∣ α( ddt )w = 0
}
.

Internal model: Choose β(s) Hurwitz s.t. α(s) and β(s) are coprime,
degα(s) = deg β(s) and lims→∞

β(s)
α(s) = 1

Find minimal realization β(s)
α(s) Im:

ż(t) = Ãz(t) + B̃w(t), u(t) = C̃z(t) + Imw(t)

•
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Asymptotic tracking by funnel control with internal models

Internal models

Funnel
controller

Internal
model

Linear
system

w u−yref e y

Augmented system

Lemma [B., Hackl, Trenn ’24]
The interconnection of system and internal model,(

ẋ(t)
ż(t)

)
=

[
A BC̃
0 Ã

](
x(t)
z(t)

)
+

[
B
B̃

]
w(t),

y(t) =
[
C 0

](x(t)
z(t)

)
,

has relative degree r and is minimum phase. •
•
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Asymptotic tracking by funnel control with internal models

Asymptotic funnel control with internal models

e1(t) = e(t), e(t) = y(t)− yref(t),
ei+1(t) = ėi(t) + kiei(t), i = 1, . . . , r − 1

w(t) = −kr(t)er(t)

kr(t) = k̂/(1− φr(t)2∥er(t)∥2)

Theorem [B., Hackl, Trenn ’24]
yref ∈ R (α), internal model (Ã, B̃, C̃, Im), givenφ1 chooseφ2, . . . , φr and
k1, . . . , kr−1 > 0 s.t. (K1) and (K2) hold
=⇒ x, z, u, k ∈ L∞ and φi(t)∥ei(t)∥ ≤ εi;

k̂ > 0 sufficiently large =⇒ limt→∞ e(i)(t) = 0, i = 0, . . . , r − 1
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Asymptotic tracking by funnel control with internal models

Simulation (third order, relative degree two)

[ ] without internal model
[ ] with internal model

•
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Asymptotic tracking by funnel control with internal models

Outlook

gain adaptation for k̂
extension to nonlinear systems
proof of robustness w.r.t. measurement noise

Thanks for your attention!

•
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