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Control objective

u(t) y(t)

System

~N

~

Controller [

Tt

x(t) = Ax(t)+Bu(t), x(0)=x°cR"
y(t) = Cx(t)

Goal: [ly(t) — yrer(t)l| < ¢(t) and  y(t) — yrer(t)
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Control objective

u(t) y(t)

System

~N

~

Controller [

Tt

x(t) = Ax(t)+Bu(t), x(0)=x°cR"
y(t) = Cx(t)

Goal: [ly(t) — yrer(t)l| < ¢(t) and  y(t) — yrer(t)

No knowledge of system parameters!
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Class of linear systems with relative degree r ¢ N

x(t) = Ax(t) 4+ Bu(t), y(t) = Cx(t), x(0)=x°

0 AcR™" B CT € R™M x0 ¢ R"
OCB=CAB=...=CA~2B=0, CA'BcGly(R)
O minimum phase:

A— M, B

YAeC,ReA>0: rk[ C O]:n—l—m
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0° < a<90°
. sin? o

=f(y,y,n) + ——————u
y = fily,y,n) s a

relative degree = 2
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0° < a<90°
. sin? o

:f !.7 —|——u
y =fiy,y,n) s a

relative degree = 2
a=0° d#0
y(3) :fZ(yayayv’r])+

relative degree = 3

u
mymy
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0° <a<90°

. sin? o

:f 5.7 + ——u
y =fiy,y,n) s a

relative degree = 2

a=0° d#0
Y& = faly.yom) +
relative degree = 3
a=0° d=0, k#0
y& =f3(y,...,y®) + mﬁnzu

relative degree = 4
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Funnel control
u(t) T y(t) N
M System 3

1/(t)

~ _yrgf(t)

e Vi

le(®)l]

[llchmann, Ryan, Sangwin '02]:
Works, if

O relative degree = 1

1

O = e
O minimum phase
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Funnel control for systems with arbitrary relative degree r ¢ N

ei(t) = e(t),  e(t)=y(t) - yret(t),
ez(t) = é](t)+k1(t)€1(t),

et) = & 1(t)+k 1(tle, 1(0)

u(t) = —k(t)e:(t)

ki(t) =1/(1= @i®)?[lei(®)?), i=1,....r
Theorem [B., L&, Reis 18]
Veet € W = u ki, y") € L and ¢i(t)[|e;(t)]| <1— ¢
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Funnel control for systems with arbitrary relative degree r ¢ N

ei(t) = e(t),  e(t)=y(t) - yret(t),
ez(t) = é1(t)+k1(t)€1(t),

e(t) = & 1(t) +k1(Der (),

u(t) = —ke(t)er(t)

ki(t) =1/(1 = @i(®)?llei(®)[?), i=1,....r
Theorem [B., L&, Reis 18]
Veet € W = u ki, y") € L and ¢i(t)[|e;(t)]| <1— ¢

[B., llchmann, Ryan "21]: 1/¢4(t) — O possible, but very high noise sensitivity!
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Funnel control for systems with arbitrary relative degree r ¢ N

et) = e(t),  e(t)=y(t) - yret(t),
ez(t) = é](t)+k161(t),

et) = éa(t) + krer(t)
u(t) = —ki(t)e (t)

~

ke(t) = k/(1 = or(8)?[ler(t)]])

k1,...,k,,1,l2> 0
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Funnel control with constant gains
Given: ¢;1 — choose 3, ..., prandky, ... k.1 > O such that

(K1) k >H H +Hw
(K2) ¢i(O)e(O)| <1, i=1,....r

Lemma [B., Hackl, Trenn '24]

or(t)|le(t)]| < Morallt €/
= Vtel: p(O)le®)) <e <1 i=1...,r—1

Thomas Berger, Christoph M. Hackl, Stephan Trenn 712



" Asymptotic tracking by funnel control with internal models
I! UNIVERSITAT

PADERBORN

Funnel control with constant gains

Given: ¢;1 — choose 3, ..., prandky, ... k.1 > O such that

> 2]+l
(K2) ©i(O)|lei(O)|| <1, i=1...,r

Lemma [B., Hackl, Trenn '24]

or(t)|le(t)]| < Morallt €/
= Vtel: p(O)le®)) <e <1 i=1...,r—1

Idea for proof: If p;,1(t)||ej11(t)|| < 1,then

b0 ei(t)|
< (|2 + & - kalen) ol
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Internal models
a(s) € R[s] monic polynomial such that

VAeC:a(A)=0 = rk[A_Mn B}

C 0

Class of reference signals yc;:

R(a) == {w € C°(Rxo,R™) ] o(dyw =0 } .
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Internal models
a(s) € R[s] monic polynomial such that

VAEC: a(A)=0 = rk[A_CM" B}:n+m.

Class of reference signals yc;:

R(a) == {w € C°(Rxo,R™) ] o(dyw =0 } .

Internal model: Choose 3(s) Hurwitz s.t. «(s) and 3(s) are coprime,

deg a(s) = deg B(s) and lim; o0 5 = 1
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Internal models
a(s) € R[s] monic polynomial such that

VAEC: a(A)=0 = rk[A_CM" B}:n+m.

Class of reference signals yc;:

R(a) == {w € C°(Rxo,R™) ] o(dyw =0 } .

Internal model: Choose 3(s) Hurwitz s.t. «(s) and 3(s) are coprime,

deg a(s) = deg B(s) and lim; o0 5 = 1

Find minimal realization 2 gs; Ion:

2(t) = Az(t) + Bw(t), u(t) = Cz(t) + Imw(t)
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Internal models

Augmented system

_yrefce Funnel | w | Internal | u | Linear y
controller model system

Lemma [B., Hackl, Trenn '24]

The interconnection of system and intNernal model,
() -[6 %51 Go) « 3] o
y(t)=[C O] (’;EQ) ,

has relative degree r and is minimum phase.
Thomas Berger, Christoph M. Hackl, Stephan Trenn 9 N 2
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Asymptotic funnel control with internal models

eit) = e(t),  e(t)=y(t) - yret(t),
eivi(t) = ei(t) +kei(t), i=1...,r—1
w(t) = —k(t)e(t)

k() = k/(1—@(0?]e()]?)

Theorem [B., Hackl, Trenn '24]
Yret € R (), internal model (A, B, C, I,), given 1 choose o, . . ., ¢r and
ki, ... k—y > Os.t (K1) and (K2) hold

g X,Z,U,k €L> and Qpl(t)Hel(t)H < &i
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Asymptotic funnel control with internal models

eit) = e(t),  e(t)=y(t) - yret(t),
eivi(t) = ei(t) +kei(t), i=1...,r—1
w(t) = —k(t)e(t)

k() = k/(1—@(0?]e()]?)

Theorem [B., Hackl, Trenn '24]
Yret € R (), internal model (A, B, C, I,), given 1 choose o, . . ., ¢r and
ki, ... k—y > Os.t (K1) and (K2) hold

g X,Z,U,k €L> and Qpl(t)Hel(t)H < &i

k > Osufficiently large =  limaoe®(t)=0, i=0,...,r—1
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Simulation (third order, relative degree two)
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Outlook

O gain adaptation for k
O extension to nonlinear systems
O proof of robustness w.r.t. measurement noise
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Outlook

O gain adaptation for k
O extension to nonlinear systems
O proof of robustness w.r.t. measurement noise

Thanks for your attention!
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