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Funnel control for linear non-minimum phase systems

Linear systems with relative degree r ∈ N

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t), x(0) = x0 (Σ)

A ∈ Rn×n , B, C> ∈ Rn×m , x0 ∈ Rn

CB = CAB = . . . = CAr−2B = 0, CAr−1B ∈ Gln(R)

minimum phase ⇐⇒

∀λ ∈ C− : rk

[
A− λIn B
C 0

]
= n + m
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Funnel control for linear non-minimum phase systems

Linear systems with relative degree r ∈ N

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t), x(0) = x0 (Σ)

A ∈ Rn×n , B, C> ∈ Rn×m , x0 ∈ Rn

CB = CAB = . . . = CAr−2B = 0, CAr−1B ∈ Gln(R)

minimum phase ⇐⇒

∀λ ∈ C− : rk

[
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C 0
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Funnel control for linear non-minimum phase systems

Control objective

(Σ)

ż(t) = F
(
t , z(t), x(t), yref(t)

)
u(t) = G

(
t , z(t), x(t), yref(t)

) +

y(t)u(t)

−yref(t)e(t)

t

1/ϕ(t)

‖e(t)‖

Φr =

ϕ ∈ Cr (R≥0 → R)

∣∣∣∣∣∣
ϕ, ϕ̇, . . . , ϕ(r) bounded,
ϕ(τ) > 0 for all τ > 0,
and lim infτ→∞ ϕ(τ) > 0
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Funnel control for linear non-minimum phase systems

Basic idea

1. Define a new output such that
• the new system has a higher relative degree r + `
• the unstable part of the internal dynamics is eliminated

2. Define a new reference signal s.t. it belongs toW r+`,∞

3. Apply the available funnel controller to the system with new output and
new reference signal

4. Show that the original tracking error satisfies the control objective
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Funnel control for linear non-minimum phase systems

Definition of new output

Byrnes-Isidori form: ∃U ∈ Gln(R) s.t.
Ux(t) =

(
y(t)>, ẏ(t)>, . . . , y (r−1)(t)>, η(t)>

)> transforms (Σ) into

y (r)(t) =
r∑
i=1

Riy (i−1)(t) + Sη(t) + Γ︸︷︷︸
=CAr−1B

u(t),

η̇(t) = Py(t) + Qη(t)

Assumption: TQT−1 =

[
Q̂1 Q̂2
0 Q̃

]
, TP =

[
P̂
P̃

]
Q̃ ∈ R`m×`m and Q̂1 ∈ Rk×k with σ(Q̂1) ⊆ C−, k = n − rm − `m ≥ 0

•
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Funnel control for linear non-minimum phase systems

Definition of new output

y (r)(t) =
∑r

i=1
Riy (i−1)(t)+S1η1(t)+S2η2(t)+Γu(t),

η̇1(t) = Q̂1η1(t) + Q̂2η2(t) + P̂y(t),
η̇2(t) = Q̃η2(t) + P̃y(t)

K := [0, . . . ,0, Γ−1][P̃ , Q̃P̃ , . . . , Q̃`−1P̃ ]−1︸ ︷︷ ︸
Assumption

ynew(t) := Kη2(t)

η2(t) =
∑`

i=1
Fi y (i−1)new (t),

y(t) = Γy (`)new(t) +
∑`

i=1
ΓK Q̃`Fi y (i−1)new (t)

•
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Funnel control for linear non-minimum phase systems

Definition of new output

→ ynew is flat output for η̇2(t) = Q̃η2(t) + P̃y(t)

y (r+`)new (t) =
∑r+`

i=1
R̂i y (i−1)new (t) + S1η1(t) + u(t),

η̇1(t) =
∑`+1

i=1
P̂i y (i−1)new (t) + Q̂1η1(t)

•
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Funnel control for linear non-minimum phase systems

Definition of new reference signal

η̇2,ref(t) = Q̃η2,ref(t) + P̃yref(t), η2,ref(0) = η02,ref

ŷref(t) = Kη2,ref(t)

Lemma: We have ŷref ∈ W r+`,∞, if

WQ̃W−1 =

Q1 0 0
0 Q2 0
0 0 Q3

 with σ(Q1) ⊆ C−, σ(Q2) ⊆ C+,

σ(Q3) ⊆ iR

η02,ref = W−1
[
0k1×k2
−Ik2
0k3×k2

]
∞∫
0
e−Q2sP2yref(s) ds

ż(t) = Q3z(t) + P3yref(t), z(0) = 0 has a bounded solution z(·)
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ŷref(t) = Kη2,ref(t)
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Funnel control for linear non-minimum phase systems

Controller structure

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

ynew(t) = Kη2(t)

e1(t) = ė0(t) + k0(t) e0(t)
e2(t) = ė1(t) + k1(t) e1(t)

...
er+`−1(t) = ėr+`−2(t) + kr+`−2(t) er+`−2(t)

ki (t) = 1/(1− ϕi (t)2‖ei (t)‖2)
u(t) = −kr+`−1(t) er+`−1(t)

+

η̇2,ref(t) = Q̃η2,ref(t) + P̃yref(t)
ŷref(t) = Kη2,ref(t)

η2,ref(0) = η02,ref

From [B., Lê, REIS ’18]

+

ynew(t)

+

yref(t)

ŷref(t)

−e0(t)

u(t)

y(t)

+ −

e(t)
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Funnel control for linear non-minimum phase systems

Theorem

yref ∈ W r−1,∞, ϕi ∈ Φr+`−i , ϕi (0)‖ei (0)‖ < 1 for i = 0, . . . , r + `− 1

=⇒ x , η2,ref , u, k0, . . . , kr+`−1 ∈ L∞ and

‖ei (t)‖ ≤ ϕi (t)−1 − εi

Original tracking error satisfies: ‖e(t)‖ ≤ Ψ(t)

Ψ is known a priori and depends onϕi and ei (0), i = 0, . . . , r + `− 1
ϕ ∈ Φr given→ chooseϕ0, . . . , ϕr+`−1 s.t. Ψ(t) < ϕ(t)−1

•
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Funnel control for linear non-minimum phase systems

Simulation

A =

[
−1 1 0 0
0 −3 0 1
1 0 −2 0
0 0 3 −1

]
, B =

[ 0
2
0
0

]
, C = [1,0,−3,0], x0 = 0, r = 2

yref(t) =

{
(1− cos t), t ∈ [0, 2π],

0, t > 2π.

ÿ(t) = −18y(t)− 7ẏ(t) + η1(t)− 8η2(t) + 2u(t)
η̇1(t) = −η1(t) + η2(t)
η̇2(t) = η2(t) + 3y(t)

` = 1, Q̃ = 1, P̃ = 3, K = 1
6 → ynew(t) = 1

6η2(t) = 1
2x3(t)

•
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ÿ(t) = −18y(t)− 7ẏ(t) + η1(t)− 8η2(t) + 2u(t)
η̇1(t) = −η1(t) + η2(t)
η̇2(t) = η2(t) + 3y(t)

` = 1, Q̃ = 1, P̃ = 3, K = 1
6 → ynew(t) = 1

6η2(t) = 1
2x3(t)
•

•
Thomas Berger 11



•
•

•

•

Funnel control for linear non-minimum phase systems

Simulation

η02,ref = − 1069
714 ,

ϕ0(t) =
(
e−2t + 0.01

)−1,
ϕ1(t) =

(
2e−2t + 0.01

)−1,
ϕ2(t) =

(
2e−10t + 0.01

)−1
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Funnel control for linear non-minimum phase systems

Outlook

1. features of funnel control are lost: not model-free, not robust
2. additional measurements required: ynew, ẏnew, . . . , y r+`−1new

3. construction method forϕi so thatΨ(t) < ϕ(t)−1 not available yet
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