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sE −A ∈ Km×n[s] regulär ⇐⇒ m = n und det(sE −A) 6≡ 0.

Weierstraß-Normalform [Weierstraß 1868]:

∃S, T ∈ Cn×n inv. : S(sE −A)T = s

[
I 0
0 N

]
−
[
J 0
0 I

]
Quasi-Weierstraß-Form [B.,Ilchmann&Trenn 2011]:
−→ Wong-Sequenzen [Wong 1974]

V0 := Kn, Vi+1 := A−1(EVi), V∗ :=
⋂
i∈N
Vi,

W0 := {0}, Wi+1 := E−1(AWi), W∗ :=
⋃
i∈N
Wi.

imV = V∗, imW =W∗:

[EV,AW ]−1(sE −A)[V,W ] = s

[
I 0
0 N

]
−
[
J 0
0 I

]
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Thomas Berger (TU Ilmenau) und Stephan Trenn (U Würzburg)
Institut für Mathematik, Technische Universität Ilmenau Seite 2 / 17



Beispiel: elektrischer Schaltkreis

I

I

L

iL

−
+

∞

RG

iG

RF
iF −

+

V

iV

C

iC

R

iR

i−

i+

iT

io

p−

p+

po po

pT pT

−→ Eẋ = Ax+ f

x = (p+, p−, po, pT , iL, ip, im, iG, iF , iR, io, iV , iC , iT )>

f = Bu mit u = (I, V )>
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0 0 0 0 L 0 0 0 0 0 0 0 0 0
0 0 -C C 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0


ẋ

=



1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 -1 0 0 0 0 0 RG 0 0 0 0 0 0
0 1 -1 0 0 0 0 0 RF 0 0 0 0 0
0 0 0 -1 0 0 0 0 0 R 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 -1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 -1 -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 -1 0 0 0 0 0
0 0 0 0 0 0 0 0 -1 0 1 -1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1
0 0 -1 0 0 0 0 0 0 0 0 0 0 0


x+



0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
1 0
0 0
0 0
0 0
0 1


(
I
V

)
.
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Matrizen-Büschel sE − A

sE −A ∈ Km×n[s], K = Q,R oder C

Kronecker Normalform [Kronecker 1890, Gantmacher 1959]:

S(sE −A)T = diag(P1(s), . . . ,PP (s),J1(s), . . . ,JJ(s),
N1(s), . . . ,NN (s),Q1(s), . . . ,QQ(s))

Pi(s) = s

[
0 1
. . .

. . .
0 1

]
−
[
1 0
. . .

. . .
1 0

]
, Jj(s) = sI −

 λ 1
. . .

. . .. . . 1
λ

 ,
Nk(s) = s

[ 0 1
. . .

. . .. . . 1
0

]
− I, Ql(s) = s

 0

1
. . .. . . 0

1

−
 1

0
. . .. . . 1

0

 .
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Pi(s)↔
[
0 1
. . .

. . .
0 1

]
ẋ =

[
1 0
. . .

. . .
1 0

]
x −→ unterbestimmt

Jj(s)↔ ẋ =

 λ 1
. . .

. . .. . . 1
λ

x
Nk(s)↔

[ 0 1
. . .

. . .. . . 1
0

]
ẋ = x


−→ regulär

Ql(s)↔

 0

1
. . .. . . 0

1

 ẋ =

 1

0
. . .. . . 1

0

x −→ überbestimmt
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Ziel: Quasi-Kronecker-Form

S(sE −A)T =

nP nR nQsEP −AP 0 0
0 sER −AR 0
0 0 sEQ −AQ

 mp

mR

mQ
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Wong-Sequenzen [Wong 1974]

Kn

nQ

V∗ +W∗

nR

V∗ ∩W∗
nP

Km

mQ

EV∗ +AW∗

mR

EV∗ ∩AW∗
mP

V0 := Kn

Vi+1 := A−1(EVi)
V∗ :=

⋂
i∈N
Vi

W0 := {0}
Wi+1 := E−1(AWi)

W∗ :=
⋃
i∈N
Wi

S(sE −A)T =

nP nR nQsEP −AP 0 0
0 sER −AR 0
0 0 sEQ −AQ

 mp

mR

mQ
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Quasi-Kronecker-Dreiecks-Form [B.&Trenn 2011]

imP1 = V∗ ∩W∗ imP2 = EV∗ ∩AW∗
V∗ ∩W∗ ⊕ imR1 = V∗ +W∗ EV∗ ∩AW∗ ⊕ imR2 = EV∗ +AW∗

(V∗ +W∗)⊕ imQ1 = Kn (EV∗ +AW∗)⊕ imQ2 = Km

[P2, R2, Q2]
−1(sE −A)[P1, R1, Q1]

= s

EP EPR EPQ

0 ER ERQ

0 0 EQ

−
AP APR APQ

0 AR ARQ

0 0 AQ


• EP , AP ∈ KmP×nP , mP < nP ,
∀λ ∈ C ∪ {∞} : rkC(λEP −AP ) = mP

• ER, AR ∈ KmR×nR , mR = nR, sER −AR ist regulär

• EQ, AQ ∈ KmQ×nQ , mQ > nQ,
∀λ ∈ C ∪ {∞} : rkC(λEQ −AQ) = nQ
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[P1, R1, Q1] =



0 0 0
0 0 0
0 0 0
R 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 -1 1
-1 1 -1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0
0
0
0
1
0
0
0
0
0
0
0
0
0


, K :=

RG +RF
RG

,

[P2, R2, Q2] =



0
1
0
0
0
0
0
0
0
0
0
0

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 -1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

-K -
RF
RG

1 0 0 -RF K RF 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
1 0
0 0
0 0
0 0

0 1
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sE−A ∼= s



CR 0 0 0 0 -C 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 L
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0LK


−



0 -1 1 0 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 -1 0 0 0RG 0 0 0 0 0
0 0 0 0 1 -1 0 0 0 RF 0 0 0 0
0 0 0 0 0 0 0 0 0 0 R 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 -1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 -1 0 0 0 0
0 0 0 0 0 0 0 0 0 -1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 -1

0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Quasi-Kronecker-
hhhhhhDreiecks-Form [B.&Trenn 2011]

S

s
EP EPR EPQ

0 ER ERQ

0 0 EQ

−
AP APR APQ

0 AR ARQ

0 0 AQ

T

= s

EP 0 0
0 ER 0
0 0 EQ

−
AP 0 0

0 AR 0
0 0 AQ



S :=

I −G2 −H2

0 I −F2

0 0 I

−1

T :=

I G1 H1

0 I F1

0 0 I



0 = ERQ + ERF1 + F2EQ

0 = ARQ +ARF1 + F2AQ

0 = EPR + EPG1 +G2ER

0 = APR +APG1 +G2AR

0 = (EPQ + EPRF1) + EPH1 +H2EQ

0 = (APQ +APRF1) +APH1 +H2AQ
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Thomas Berger (TU Ilmenau) und Stephan Trenn (U Würzburg)
Institut für Mathematik, Technische Universität Ilmenau Seite 12 / 17



0 =M + PX + Y Q

0 = R+ SX + Y T

[
I ⊗ P Q> ⊗ I
I ⊗ S T> ⊗ I

](
vec(X)
vec(Y )

)
= −

(
vec(M)
vec(R)

)
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F1 =


0
0
0
0
0
0
0
0
0
0

, F2 =


0 - 1

K
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

, G1 =

[
0 0 1

R 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

]
,

G2 = [ -1
RG

-1
RG

0 0 0 -1 1
RG

1 -1 0 ],

H1 =
[
0
0
0

]
,

H2 = [ 0 0 ] .

T =



0 0 0
0 0 0
0 0 0
R 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 -1 1
-1 1 -1

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 1

R 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 -1

R 0 0 0 0 0 0 1

0
0
0
0
1
0
0
0
0
0
0
0
0
0


, S =



0 1 -1
RGK

-1
RGK 0 0 -1

K 0 0 1
K -1 0 1

RGK

0 0
-RF
RGK

1
K 0 0

-RF
K 1 0

RF
K 0 0 -1

K

0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 0

K 0
RF
RG

-1 0 0 RF -K 0 -RF 0 0 1


.
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Thomas Berger (TU Ilmenau) und Stephan Trenn (U Würzburg)
Institut für Mathematik, Technische Universität Ilmenau Seite 14 / 17



sE−A ∼= s



CR 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0LK


−



0 -1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 -1 0 0 0RG 0 0 0 0 0
0 0 0 0 1 -1 0 0 0 RF 0 0 0 0
0 0 0 0 0 0 0 0 0 0 R 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 -1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 -1 0 0 0 0
0 0 0 0 0 0 0 0 0 -1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 -1

0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Char. der Lsg. der DAE [B.&Trenn 2011]

S(sE −A)T =


sEP −AP 0 0 0

0 sI − J 0 0
0 0 sN − I 0
0 0 0 sEQ −AQ


(sEP −AP )[MP (s),KP (s)] = [I, 0] und

[
MQ(s)
KQ(s)

]
(sEQ −AQ) =

[
I
0

]
.

• f ∈ C∞: ∃ Lsg. x von Eẋ = Ax+ f ⇐⇒ KQ(
d
dt
)(fQ) = 0, fQ = [0, 0, 0, I]Sf

• ∃ Lsg. x des AWP Eẋ = Ax+ f , x(0) = x0 ⇐⇒

x0
Q =

(
MQ(

d
dt
)(fQ)

)
(0) und x0

N = −

(
nN−1∑
k=0

Nk( d
dt
)k(fN )

)
(0)

•

T−1x =


xP

xJ

xN

xQ

 =


MP (

d
dt
)(fP ) +KP (

d
dt
)(ux0

P
)

eJ·x0
J + eJ·

∫ ·
0
e−JsfJ(s) ds

−
∑nN−1

k=0 Nk( d
dt
)k(fN )

MQ(
d
dt
)(fQ)
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Char. der Lsg. der DAE [B.&Trenn 2011]

S(sE −A)T =


sEP −AP 0 0 0

0 sI − J 0 0
0 0 sN − I 0
0 0 0 sEQ −AQ


(sEP −AP )[MP (s),KP (s)] = [I, 0] und

[
MQ(s)
KQ(s)

]
(sEQ −AQ) =

[
I
0

]
.

• f ∈ C∞: ∃ Lsg. x von Eẋ = Ax+ f ⇐⇒ KQ(
d
dt
)(fQ) = 0, fQ = [0, 0, 0, I]Sf

• ∃ Lsg. x des AWP Eẋ = Ax+ f , x(0) = x0 ⇐⇒

x0
Q =

(
MQ(

d
dt
)(fQ)

)
(0) und x0

N = −

(
nN−1∑
k=0

Nk( d
dt
)k(fN )

)
(0)

•

T−1x =


xP

xJ

xN

xQ

 =


MP (

d
dt
)(fP ) +KP (

d
dt
)(ux0

P
)

eJ·x0
J + eJ·

∫ ·
0
e−JsfJ(s) ds

−
∑nN−1

k=0 Nk( d
dt
)k(fN )

MQ(
d
dt
)(fQ)



Die Quasi-Kronecker-Form für Matrizen-Büschel DAEs
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Char. der Lsg. der DAE [B.&Trenn 2011]

S(sE −A)T =


sEP −AP 0 0 0

0 sI − J 0 0
0 0 sN − I 0
0 0 0 sEQ −AQ


(sEP −AP )[MP (s),KP (s)] = [I, 0] und

[
MQ(s)
KQ(s)

]
(sEQ −AQ) =

[
I
0

]
.

• f ∈ C∞: ∃ Lsg. x von Eẋ = Ax+ f ⇐⇒ KQ(
d
dt
)(fQ) = 0, fQ = [0, 0, 0, I]Sf

• ∃ Lsg. x des AWP Eẋ = Ax+ f , x(0) = x0 ⇐⇒

x0
Q =
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MQ(

d
dt
)(fQ)
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Nk( d
dt
)k(fN )
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[MP (s),KP (s)] =

 0 1 0
0 0 1
−1 CRs 1

 und

[
MQ(s)
KQ(s)

]
=

[
1 0

−LKs 1

]
fP = V

RG+RF
, fJ = [],

fN = V
K [−1,−1,−K, 0, 0,− 1

RG
,− 1

RG
, 0,− 1

RG
, 1
RG

]>, fQ = [I, V ]>

• ∃ Lösungen ⇐⇒

0 = KQ(
d
dt )(fQ) = −LK d

dtI + V bzw. V = LK d
dtI ,

• x0 ist konsistent ⇐⇒
x0 = T [∗, ∗, ∗,−fN (0)>,MQ(

d
dt )(fQ)(0)]

>,

• jede Lsg. x hat die Form

x = T [u1, u2,
−V

RG+RF
+RCu̇1 + u2

V
K ,

V
K ,

V, 0, 0, V
RF+RG

, V
RF+RG

, 0, V
RF+RG

, −V
RF+RG

I]>
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