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Systems class: (E,A, B, C)

E ẋ(t) = A x(t) +B u(t)
y(t) = C x(t)

E,A ∈ Rn×n

B,C> ∈ Rn×m

Regularity: det(sE −A) ∈ R[s] \ {0}

Solutions: (x, u, y) ∈ C1(R; Rn)× C(R; Rm)× C(R; Rm)
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Funnel control
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1

1− ϕ(t)2 ‖e(t)‖2 e(t)
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Zero dynamics

Def

ZD(E,A,B,C) :=
{

(x, u, y)
∣∣∣∣ (x, u, y) solves (E,A,B,C)

and y ≡ 0

}
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Zero dynamics

Def

ZD(E,A,B,C) :=
{

(x, u, y)
∣∣∣∣ (x, u, y) solves (E,A,B,C)

and y ≡ 0

}

Transfer function G(s) = C(sE −A)−1B ∈ R(s)m×m

has proper inverse: lim
s→∞

G(s)−1 ∈ Rm×m
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Theorem: Zero Dynamics Form

E ẋ(t) = A x(t) +B u(t)
y(t) = C x(t)

& C(sE −A)−1B has proper inverse

=⇒

∃ S, T ∈ Gln(R) :


y(t)
x2(t)
x3(t)
x4(t)

 = T−1 x(t)

solves (SET, SAT, SB,CT ) ∼

0 = A11 y(t) +A12 x2(t) + u(t)

ẋ2(t) = Q x2(t) +A21 y(t)

x3(t) =
∑ν−1
i=0 N

i
33 E31 y

(i+1)(t)
x4(t) = 0

unique: dimxi, A11

unique mod similarity: Q, N33

Zero dynamics and funnel control of linear DAEs Zero Dynamics Form

Thomas Berger (TU Ilmenau) with Achim Ilchmann (TU Ilmenau) and Timo Reis (TU Hamburg-Harburg)
Institute for Mathematics, Ilmenau University of Technology Seite 5 / 14



Stable zero dynamics

Def
(E,A,B,C) has stable zero dynamics :⇐⇒

(x, u, y) ∈ ZD(E,A,B,C) =⇒ (x(t), u(t))→ 0

Prop

(E,A,B,C) has stable zero dynamics ⇐⇒ σ(Q) ⊂ C−

Proof
0 = A11 y(t) +A12 x2(t) + u(t)

ẋ2(t) = Q x2(t) +A21 y(t)

x3(t) =
∑ν−1
i=0 N

i
33 E31 y

(i+1)(t)
x4(t) = 0
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Characterization of stable zero dynamics
Theorem

(E,A,B,C) has stable zero dynamics
⇐⇒

∀ s ∈ C+ : det
[
sE −A B
C 0

]
6= 0

⇐⇒
(i) (E,A,B,C) is stabilizable (∀s ∈ C+ : rk[sE −A,B] = n)

(ii) (E,A,B,C) is detectable (∀s ∈ C+ : rk[sE> −A>, C>] = n)

(iii) U(s)−1 C(sE −A)−1B V (s)−1 = diag
{
ε1(s)
ψ1(s)

, . . . , εm(s)
ψm(s)

}
∀s ∈ C+ : εi(s) 6= 0

⇐⇒
∃ k∗ ≥ 0 ∀ k ∈ R s.t. |k| ≥ k∗ : limt→∞ x(t) = 0

where x(·) solves ‘u(t) = ky(t) & (E,A,B,C)’
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High-gain stabilization: sketch of proof

0 = A11 y(t) +A12 x2(t) + u(t)

ẋ2(t) = Q x2(t) +A21 y(t)

x3(t) =
∑ν−1
i=0N

i
33 E31 y

(i+1)(t)
u(t) = k y(t)

=⇒
−(A11 + kIm) y(t) = A12x2(t)

ẋ2(t) = Qx2(t) +A21y(t)

x3(t) =
∑ν−1
i=0 N

i
33 E31 y

(i+1)(t)
|k| > ‖A11‖=⇒

ẋ2(t) =
[
Q−A21(A11 + kIm)−1A12

]
x2(t)

|k|�1≈ Qx2(t)

x3(t) =
∑ν−1
i=0 N

i
33 E31 y

(i+1)(t) �
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Funnel

u(t) =
k̂

1− ϕ(t)2 ‖e(t)‖2 e(t)

t
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Theorem: Funnel control

Suppose: (E,A,B,C) has stable zero dynamics

and G(s) = C(sE −A)−1B has proper inverse.

Then the funnel controller

u(t) = k(t) e(t)

k(t) =
k̂

1− ϕ(t)2 ‖e(t)‖2

e(t) = y(t)− yref(t)
|k̂| > lims→∞ ‖G−1(s)‖

applied to (E,A,B,C) yields:

x(·) ∈ L∞, k(·) ∈ L∞ ∧ ∃ ε > 0 ∀ t ≥ 0 : ‖e(t)‖ < 1
ϕ(t)

− ε .
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Mass-spring-damper system

s um1 m2s ssc1

d1

c2

d2

-

-

z1

z2

m1z̈1(t) + d1ż1(t) + c1z1(t)− λ(t) = 0
m2z̈2(t) + d2ż2(t) + c2z2(t) + λ(t) = 0

z2(t)− z1(t) = u(t)
y(t) = z2(t),

(1)

Defining x(t) = (z1(t), ż1(t), z2(t), ż2(t), λ(t))>, the model (1) may be
rewritten as a linear differential-algebraic input-output system.
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Simulations
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Def: non-positive strict relative degree

sr degG(s) = sup
{
k ∈ Z

∣∣∣ lim
s→∞

skG(s) ∈ Glm(R)
}
≤ 0 exists
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Strict relative degree and proper inverse
Prop

sr degG(s) ≤ 0 =⇒
6⇐=

i.g.

G(s) has ‘proper inverse’

Proof
ρ ≤ 0 is largest integer : lims→∞ sρG(s) ∈ Glm(R)

=⇒
G(s) = P (s) +Gsp(s), P (s) =

∑N
i=0 Pis

i

=⇒
sr degG(s) = −degP (s), PN ∈ Glm(R)

=⇒
∃ P−1(s)

=⇒
Sherman-Morrison-Woodbury formula:

G−1(s) = P−1(s)− P−1(s)Gsp(s)
[
I + P−1(s)Gsp(s)

]−1
P−1(s)

=⇒
∃ G−1(s) and G−1(s) proper �
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