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Definition (solution)

x ∈ C1
(
(a, b),Rn

)
is called:

• solution :⇔ x(·) fulfills (E,A) for all t ∈ (a, b)

• (right) extension of another solution x̃ : (a, b̃)→ Rn

:⇔ x(·) is a solution ∧ b̃ ≤ b ∧ x̃ = x |(a,b̃)

• right maximal :⇔ b = b̃ for every extension x̃ : (a, b̃)→ Rn

• right global :⇔ b =∞

• global :⇔ (a, b) = R
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Equivalence relation

S ∈ C, T ∈ C1, detS(t), detT (t) 6= 0, t ∈ R:

E1(t)ẋ = A1(t)x

⇔ S(t)E1(t)ẋ = S(t)A1(t)x

x=Ty⇔ S(t)E1(t)T (t)︸ ︷︷ ︸
=:E2(t)

ẏ =
(
S(t)A1(t)T (t)− S(t)E1(t)Ṫ (t)

)︸ ︷︷ ︸
=:A2(t)

y

→ (E1, A1) ∼ (E2, A2).
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Definition (SCF)

(E,A) is called transferable into standard canonical form (SCF)
:⇐⇒ ∃n1, n2 ∈ N:

(E,A) ∼
([
In1 0
0 N

]
,

[
J 0
0 In2

])
,

J : R→ Rn1×n1 , N : R→ Rn2×n2 , and N(t) =
[

0 0

∗ 0

]
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[
J 0
0 In2

])
,

J : R→ Rn1×n1 , N : R→ Rn2×n2 , and N(t) =
[

0 0

∗ 0

]

E(t)ẋ = A(t)x
x=Ty∼ ẏ1 = J(t)y1

N(t)ẏ2 = y2
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Definition (consistent initial values)

V :=
{

(t0, x0)
∣∣ ∃ solution to (E,A), x(t0) = x0

}
V(t0) :=

{
x0
∣∣ (t0, x0) ∈ V

}

• ∀ t0 ∈ R : V(t0) is a linear subspace of Rn

• x : J → Rn solution to (E,A) ⇒ x(t) ∈ V(t) for all t ∈ J

Lyapunov equations for time-varying DAEs Standard canonical form
Consistent initial values

Thomas Berger
Institut für Mathematik, TU Ilmenau Seite 5 / 12



Definition (consistent initial values)

V :=
{

(t0, x0)
∣∣ ∃ solution to (E,A), x(t0) = x0

}
V(t0) :=

{
x0
∣∣ (t0, x0) ∈ V

}
• ∀ t0 ∈ R : V(t0) is a linear subspace of Rn

• x : J → Rn solution to (E,A) ⇒ x(t) ∈ V(t) for all t ∈ J

Lyapunov equations for time-varying DAEs Standard canonical form
Consistent initial values

Thomas Berger
Institut für Mathematik, TU Ilmenau Seite 5 / 12



Definition (consistent initial values)

V :=
{

(t0, x0)
∣∣ ∃ solution to (E,A), x(t0) = x0

}
V(t0) :=

{
x0
∣∣ (t0, x0) ∈ V

}
• ∀ t0 ∈ R : V(t0) is a linear subspace of Rn

• x : J → Rn solution to (E,A) ⇒ x(t) ∈ V(t) for all t ∈ J

Lyapunov equations for time-varying DAEs Standard canonical form
Consistent initial values

Thomas Berger
Institut für Mathematik, TU Ilmenau Seite 5 / 12



Theorem

(E,A) transferable into SCF via S, T :

(t0, x0) ∈ V ⇐⇒ x0 ∈ imT (t0)
[
In1

0

]
.

x : R→ Rn, t 7→ T (t)
[
ΦJ(t, t0) 0

0 0

]
T (t0)−1︸ ︷︷ ︸

=:U(t,t0)

x0,

is the unique global solution to (E,A), x(t0) = x0 for (t0, x0) ∈ V.

U(· , ·) is the generalized transition matrix of the system (E,A); it is
well-defined.
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Proposition (properties of U(· , ·))

(E,A) transferable into SCF. ∀ t, r, s ∈ R:

• E(t) d
dtU(t, s) = A(t) U(t, s)

• im U(t, s) = V(t)

• U(t, r) U(r, s) = U(t, s)

• U(t, t)2 = U(t, t)

• ∀x ∈ V(t) : U(t, t)x = x
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exponential stability:

∃α, β > 0
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exponential stability:

∃α, β > 0 ∀ t0 ∈ R ∃ δ > 0 ∀x0 ∈ Bδ(0)
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exponential stability:

∃α, β > 0 ∀ t0 ∈ R ∃ δ > 0 ∀x0 ∈ Bδ(0) ∀x(·) ∈ S(t0, x0) :

[t0,∞) ⊆ domx ∧ ∀ t ≥ t0 : ‖x(t)‖ ≤ αe−β(t−t0)‖x0‖.
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Projected generalized time-varying Lyapunov equation (PGTVLE)

A(·)>P (·)E(·) + E(·)>P (·)A(·) + d
dt

(
E(·)>P (·)E(·)

)
=G −Q(·).
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∃Q(·) ∈ PG , P (·) ∈ C with E(·)>P (·)E(·) ∈ PG ∩ C1 and
(PGTVLE) holds =⇒

∃α, β > 0 ∀ (t0, x0) ∈ R× Rn ∀x(·) ∈ G0(t0, x0)
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function V : G → R, (t, x) 7→ (E(t)x)>P (t)(E(t)x);
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(E,A) exponentially stable =⇒ ∃ solution P (·) to (PGTVLE)
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P : R→ Rn×n, t 7→ S(t)>T (t)>
∫∞
t U(s, t)>Q(s)U(s, t) ds T (t)S(t)
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E(t) =
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1 0
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Q(·) ≡ I ⇒ P (t) =
[

1
2 0
0 p(t)

]
, p(·) ∈ C is a solution

Lyapunov equations for time-varying DAEs Exponential stability
Lyapunov equations

Thomas Berger
Institut für Mathematik, TU Ilmenau Seite 11 / 12



Proposition (uniqueness)

(E,A) transferable into SCF and exponentially stable, Q(·) ∈ C;
P1(·), P2(·) ∈ C solutions to (PGTVLE) with E(·)>Pi(·)E(·) ∈ C1,
i = 1, 2 and

∀ i = 1, 2 ∃αi, βi > 0 : αiIn ≤G E(·)>Pi(·)E(·) ≤G βiIn.

=⇒ E(·)>P1(·)E(·) =G E(·)>P2(·)E(·)

Sketch of proof: Let s ∈ R and consider

M(t) := U(t, s)>E(t)>(P1(t)− P2(t))E(t)U(t, s), t ≥ s.

Show Ṁ(t) = 0 and limt→∞M(t) = 0 =⇒ M(s) = 0
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