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Abstract

The Model Predictive Control (MPC) scheme Funnel MPC enables output tracking of smooth reference signals with
prescribed error bounds for nonlinear multi-input multi-output systems with stable internal dynamics. Earlier works
achieved the control objective for system with relative degree restricted to one or incorporated additional feasibility
constraints in the optimal control problem. Here we resolve these limitations by introducing a modified stage cost
function relying on a weighted sum of the tracking error derivatives. The weights need to be sufficiently large and we
state explicit lower bounds. Under these assumptions we are able to prove initial and recursive feasibility of the novel
Funnel MPC scheme for systems with arbitrary relative degree — without requiring any terminal conditions, a sufficiently

long prediction horizon or additional output constraints.
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1. Introduction

Model Predictive Control (MPC) is a nowadays widely
used control technique which has seen various applications,
see e.g. [20]. It is applicable to nonlinear multi-input
multi-output system and able to take state and control
constraints directly into account. MPC relies on the iter-
ative solution of finite horizon Optimal Control Problems
(OCP), see e.g. [21, 14].

Solvability of the OCP at any particular time instance
is essential for the successful application of MPC. In-
corporating suitably designed terminal conditions (costs
and constraints) in the optimization problem is an often
used method to guarantee initial and recursive feasibility,
meaning guaranteeing that the solvability of the OCP at
a particular instance in time automatically implies that
the OCP can be solved at the successor time instance.
However, the computational effort for solving the OCP
and finding initially feasible control signals becomes sig-
nificantly more complicated by the introduction of such
(artificial) terminal conditions. Thus, the domain of ad-
missible controls for MPC might shrink substantially, see
e.g. [10, 13]. Alternative methods relying on controlla-
bility conditions, e.g. cost controllability [11], require a
sufficiently long prediction horizon, see e.g. [8, 12]. Espe-
cially in the presence of time-varying state and output con-
straints these techniques are considerably more involved,
see e.g. [19].

Funnel MPC (FMPC) was proposed in [5] to overcome
these restrictions. It allows for output reference track-
ing such that the tracking error evolves within predefined
(time-varying) performance bounds. While in [5] output
constraints were incorporated in the OCP, it was shown
in the successor work [2] that for a class of systems with
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relative degree one and, in a certain sense, input-to-state
stable internal dynamics, these constraints are superflu-
ous. Utilizing a “funnel-like” stage cost, which penalizes
the tracking error and becomes infinite when approach-
ing predefined boundaries, guarantees initial and recursive
feasibility — without the necessity to impose additional ter-
minal conditions or requirements on the length of the pre-
diction horizon.

FMPC is inspired by funnel control which is an adap-
tive feedback control technique of high-gain type first pro-
posed in [16], see also the recent work [4] for a compre-
hensive literature overview. The funnel controller is in-
herently robust and allows for output tracking with pre-
scribed performance guarantees for a fairly large class of
systems solely invoking structural assumptions. In con-
trast to MPC, funnel control does not use a model of the
system. The control input signal is solely determined by
the instantaneous values of the system output. The con-
troller therefore cannot “plan ahead”. This often results
in unnecessary high control values and a rapidly changing
control signal with peaks. Compared to this, by utiliz-
ing a system model, FMPC exhibits a significantly better
controller performance in numerical simulations, see [2, 5].
A direct combination of both control techniques which al-
lows for the application of FMPC in the presence of distur-
bances and even a structural plant-model mismatch was re-
cently proposed in [3]. This approach was further extended
in [17] by a learning component which realizes online learn-
ing of the model to allow for a steady improvement of the
controller performance over time.

Nevertheless, the results of [2, 3, 17] are still restricted
to the case of systems with relative degree one. Utilizing
so-called feasibility constraints in the optimization prob-
lem and restricting the class of admissible funnel functions,
the case of arbitrary relative degree was considered in [1].
Like in previous results no terminal conditions nor require-
ments on the length of the prediction horizon are imposed.
But then again these feasibility constraints lead to an in-
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creased computational effort and they depend on a number
of design parameters which are not easy to determine. Fur-
thermore, the cost functional used in [1] is rather complex
(using several auxiliary error variables). In the present
paper, we resolve these problems and propose a novel cost
functional to extend FMPC to systems with arbitrary rela-
tive degree. We further enlarge the considered system class
considered in previous works to encompass systems with
nonlinear time delays and potentially infinite-dimensional
internal dynamics. Similar to FMPC for relative degree
one systems, only the distance of one error variable to the
funnel boundary is penalized and no feasibility constraints
are required.

1.1. Nomenclature

IN and R denote natural and real numbers, respectively.
Ny := NU{0} and R>¢ := [0,00). ||z|| = /(z,z) de-
notes the Euclidean norm of z € R™. |A|| denotes
the induced operator norm ||A| := SUD||3 =1 |Az|| for
A € R™™". GL,(R) is the group of invertible R™*"
matrices. CP(V,RR™) is the linear space of p-times con-
tinuously differentiable functions f : V. — R™, where
V C R™ and p € Ny U {c}. C(V,R") := C°(V,R").
On an interval I C R, L*°(I,R™) denotes the space of
measurable and essentially bounded functions f: I — R"
with norm || f||, := esssup,c; || f()]], Lis.(1,R™) the set
of measurable and locally essentially bounded functions,
and LP(I,R™) the space of measurable and p-integrable
functions with norm |-||;, and with p > 1. Further-
more, W (I, R") is the Sobolev space of all k-times
weakly differentiable functions f : I — R”™ such that
foooo, f) € Lo°(1,R™).

1.2. System class

We consider nonlinear control affine multi-input multi-
output systems of the form

y () = F(T(y, ...,y D))
+9(T(y, ...y )(®) (),
Ylito—orte) = ¥° € C" " H([to — 0, t0], R™), if o >0,
(0),....y"1(0) =4 €R™, if 0 =0,
with tg > 0, “memory” o > 0, functions f € C(R?,R™),
g € C(R?,R™*™), and an operator T. The operator T
is causal, locally Lipschitz and satisfies a bounded-input

bounded-output property and is characterised in detail in
the following definition.

(1)

Definition 1.1. For n,q € IN and ¢ > 0, the set 7"
denotes the class of operators T : C([—0,00),R") —
L2 (R>0, R?) for which the following properties hold:

o Causality: Vy1,y2 € C([—0,00),R"™) Vit >0:

Yill—ot = ¥2li—oy = TW1)ljo,g = T(y2)ljo,1-

e Local Lipschitz: ¥t > 0 Vy € C([—o,t];R")
A 6,¢c > 0 Vy,y2 € C(—o0,00);R™) with
Yill—o] = Y2ll-0,y = vy and [lya(s) —y(t)]| < 0,
lly2(s) —y(t)|| < 6 for all s € [t,t+ A

esssup || T(y1)(s) =T (y2)(s)| <c sup [ly1(s)—y2(s)]|-
s€[t,t+A] sE[tt+A]

e Bounded-input bounded-output (BIBO): Ye¢u > 0
deg >0 Yy € C([—0,00), R™):

sup || T(y)(#)| < cr.
te(0,00)

sup  [ly(t)]| < co =
te€[—o,00)

We note that many physical phenomena such as back-
lash and relay hysteresis, and nonlinear time delays can
be modelled by means of the operator T where ¢ corre-
sponds to the initial delay, cf. [4, Sec. 1.2]. Moreover,
systems with infinite-dimensional internal dynamics can
be represented by (1), see [6]. For a practically relevant
example of infinite-dimensional internal dynamics appear
(modelled by an operator T) we refer to the moving water
tank system considered in [7].

For ty > 0 and a control u € L{2 ([tg,o0),R™), a
function z = (z1,...,2,) with a; : [to — o,w) — R™,
w € (tg,0], i =1,...,r, is called a solution of (1) (in the
sense of Carathéodory), if

{x[tmol = (y°,9% ..., (")),
2(0) = (21(0), .., 2 (0)) = (19, .., 92) = ¢°,

if 0 >0,
if 0 =0,

and z|p, . is absolutely continuous such that i;(t) =
xiq1(t) for @ = 1,...,r — 1, and z,.(¢t) = f(T(x(t))) +
g(T(x(t)))u(t) for almost all ¢ € [tg,w). A solution z is
said to be mazimal, if it has no right extension that is also
a solution. This maximal solution is called the response
associated with u and denoted by z(-;tg,y", u). Its first
component x; is denoted by y(-;to, 4%, u). We summarize
our assumptions and define the general system class under
consideration.

Definition 1.2 (System class). We say that the sys-
tem (1) belongs to the system class N™" for m,r € I,
written (f,g,T) € N™" if, for some ¢ € N and o > 0,
the following holds: f € C(RZ,R™), g € C(RZ,R™*™)
satisfies g(z) € GL,,(R) for all x € R?, and T € 7)™1.

1.3. Control objective

The objective is to design a control strategy which
allows tracking of a given reference trajectory yer €
W™ (R>0, R™) within pre-specified error bounds. To be
more precise, the tracking error t — e(t) := y(t) — yret ()
shall evolve within the prescribed performance funnel

Fyp={(te) € Rxo x R™ | lel| < () }.

This funnel is determined by the choice of the function ¥
belonging to

infi>09(t) > 0,
Ja,>0Vt>0:

P(t) = —ap(t) + B

G:={ ¥ e W"(Rs0,R)

)

see also Figure 1. Note that the evolution in F, does
not force the tracking error to converge to zero asymptoti-
cally. Furthermore, the funnel boundary is not necessarily
monotonically decreasing and there are situations, like in
the presence of periodic disturbances, where widening the
funnel over some later time interval might be beneficial.
The specific application usually dictates the constraints
on the tracking error and thus indicates suitable choices
for 1.



Figure 1: Error evolution in a funnel Fy, with boundary ¢(t).

To achieve the control objective, we introduce auxiliary
error variables. Define, for parameters k1, ..., k.—1 € R>o,
the functions ¢; : R"™™ — R™,i=1,...,r — 1, by

61:(51,~o~7£r)’_>£1, (2)
eir1: (&1, &) = ei(S(8)) + kiei(§),
fori=1,...,r — 1, where

S : ]er — er7 (fly"')fr) = (§2a"'

) 67‘7 O)
is the left shift operator.

Remark 1.3. Using the shorthand notation

X)) = (C(1),<(). -

for a function ¢ € W™ (R0, R™) and ¢t € R>0, we get
er(x(Q)(t)) = ¢(t),

eir1(X(Q1)) = Fes(x()(1) + kiei(x (O (1))

for i =1,...,r — 1. Furthermore, using the polynomials

pi(s) = [Tj=i(s + k;) € R[s], the function e;+1(x(¢)(t))
can be represented as

ei+1(X(€)(1) = pi(§p)(1)

fori=1,...,r—1.

,C(r_l)(t)) e R™™

(3)

2. Funnel MPC

We propose for 8 € G, design parameter A, € R>o,
and functions eq,...,e, as defined in (2) with parame-
ters k; > 0 for ¢ = 1,...,r — 1, the stage cost function
lo:R>o x R™ x R™ — R U {oo} defined by

M A u2 e 9
e(t)Q_HeT(g)HzﬂL wllulls ller (€)1 # 6(2)

0, else.

Ee(ta g» u) =

(4)

Algorithm 2.1 (Funnel MPC).

Given: System (1), reference signal 1y €
W™ (R>0,R™), funnel function #§ € G, input satu-
ration level M > 0, initial data y° € C"~!([to — o, o], R™)
if 0 > 0ory° € R"™ if 0 = 0, and stage cost function ¢y
as in (4).

Set the time shift § > 0, the prediction horizon T' > §,
and initialize the current time ¢ := t.

Steps:

(a) Obtain a measurement of the output y of (1) on the
interval [f — o,] and set § := y|[£7mﬂ if o > 0 and

= (y(f), e y(r’l)(f)) if o =0.

(b) Compute a solution u* € L>®([t,t + T],R™) of

minimize
w€ L ([¢,i+T],R™),
lull o <M

i+T .
/f ot Xy . 1) — yrer) (£), () .

(5)

(c) Apply the time-varying feedback law p : [£, + &) x
C Y[t — o, 1], R™) — R™ (or, p : [t,1 + ) x R™ —
R™ if 0 = 0), defined by

plt, §) = u*(t), (6)
to system (1). Increase ¢ by § and go to Step (a).

Remark 2.2. For a nonlinear system of the form

() = f(x(t) + gla()ult), =(t°) =2 €R",

(7)

with nonlinear functions f : R* — R", § : R* — R™*™
and h : R™ — R™, there exists, under assumptions pro-
vided in [9, Cor. 5.6], a coordinate transformation induced
by a diffeomorphism & : R™ — RR™ which puts the system
in the form (1) with ¢ = 0, appropriate functions f and g
and an operator T, which is the solution operator of the in-
ternal dynamics of the transformed system. Assuming the
existence of the diffeomorphism ®, the Funnel MPC Algo-
rithm 2.1 can be directly applied to the system (7) with-
out computing ®. In this case, the output derivatives
7, ...,y required in the OCP (5) can be determined as
functions of the state; e.g., () = &' (z(t)) f(z(t)) if r = 1.
All results presented in this paper can also be expressed
for the system (7) using ®. Concrete knowledge about the
coordinate transformation however is not required for the
design and application of the controller — it is merely used
as a tool for the proofs.

In the following main result we show that for a funnel
function ¥ € G, a reference signal y,ef and sufficiently large
k1,...,k.—1 (depending on the choice of ¥, yef and the
initial data y°) there exists a sufficiently large saturation
level M > 0 such that the FMPC Algorithm 2.1 (with a
suitable function § € G) is initially and recursively feasible
for every prediction horizon 7' > 0 and that it guarantees
the evolution of the tracking error within the performance
funnel Fy.

Theorem 2.3. Consider system (1) with (f, g, T) € N™"
and initial data y° € C"Y([to — o,t0], R™) if ¢ > 0 or
WO eR™ if o =0. If o =0, then, for brevity, we identify
(y°) V(o) = 49 fori = 1,...,7 in the following. Let
Yret € W (R0, R™) and choose ¢ € G with associated
constants o, > 0 such that

v € (0,1): ||¥°(to) — yret(to)|| < v (to).

Furthermore, choose parameters ky, ..., k._1 such that for

alli=2,...,r—1 we have

26— dec)to)]| 2 (2 520)

= YL = ) (to) 1—y
k. 2’}/”%62-()((3/0 _yrcf)(to))H 2(14—04)'
T =) (e = wre) (o)l + =) 1=

(8)



Then there exists M > 0 such that the FMPC Algo-
rithm 2.1 with prediction horizon T > 0, time shift 6 > 0,
and stage cost function £y with

016) = = ([ drer-1 (" = her) 1)
e flera (el = wen) ) e + L 0

is initially and recursively feasible, i.e., at time t =ty and
at each successor time t € to + 0N the OCP (5) has a
solution. In particular, the closed-loop system consisting
of (1) and the FMPC feedback (6) has a (not necessarily
unique) global solution x : [tg — 0,00) — R™ with cor-
responding output y = x1 and the corresponding input is
given by

_ pu(t, y‘[ffa,ﬂ>7
ururcit) = {u(t, (y(D), ..

if o >0,
yr (@), ifo=0,
fort e [t,t+6) and t € t° +5IN. Furthermore, each global
solution x with corresponding output y and input upppc
satisfies:

(i) Vt> 19 |lurmpc(t)|| < M,

(i) Vt>to: |[ly(t) = yret (D)l < ().

3. Proof of the main result

Throughout this section, let the assumptions of The-
orem 2.3 hold. Then set e¥ := e;(x(y° — vyref)(to)) and
) = Le;(x(¥° — Yrer)(to)) for i = 1,...,r — 1 and we
define 11 := 1 and o, ..., 1, as follows:

Vi (t) = 3|+ el e+ —

— (10)

B
ay”

fort > tg and ¢ = 1,...,r — 1. Note that ¢; € G for
all ¢ = 1,...,r. Further note that ¢, = 6 as in (9). In
order to achieve that the tracking error e = y —y,f €volves
within the funnel F, we address the problem of ensuring
that, for all ¢ > ¢, x(e)(t) is an element of the set

Di i={&eR™ [ [le;(l <wilt), i=1,....r }. (11)
By construction of 9; and (3) we have
lei(to)ll < lléi—1(to)ll + kiallei—1 (to) [l < vi(to)
forall i =2,...
le(to)ll < " 4(to) < h1(to)-

Therefore, x(y° — yret)(to) € Dy,

We define the set of all functions ¢ € C"([ty —
0,00), R™) which coincide with 4° on the interval [to—o, o]
and for which x(¢ — yret)(t) € D} on the interval Ij :=
[to, T) for some T € (g, o0] as follows; recall that if o = 0,
then we identify (y°)0=D(tg) =49 fori=1,...,7.

e m (Clto Uto) X(y )
{CEC NIy R )Vte[ﬁ (]C yref)(t)epf}'

r, and by assumption we have

Lemma 3.1. Consider the system (1) with (f,9,T) €
N™T . Letap; € G, fori=1,...,r with parameters k; > 0
fori=1,...,r —1. Further, let yref € W">°(R>o,R™)
and y° € C"([to — o,to],R™) if 0 > 0 or y° € R™
if o = 0, with x(y° — yret)(to) € Dy, where we identify
(y°)=D(tg) = 4 fori =1,...,r if o = 0. Then, there
exist constants fmax, gmax > 0 such that for all T € (to, 0],
CelYr, andt € [to,T)

fmax > ||f(T X C |[t0,7) Hoo’
9max > Hg(T X C to T) 1H

Proof. We prove the Lemma by adapting the proof of [18,
Lem. 1.2] to the given setting. By definition of )7 and
Di, we have forall i =1,...,r

lles(x (€ = yret) ()| < i(2).

Due to the definition of the error variables e; there exists
an invertible matrix S € R™*"™™ such that

el(X(C - yref))

VCEYL V>t

: = SX(C = Yret)- (12)
eT(X(C - yref))

Hence, by boundedness of v; and yr(é)f foralli=1,...,r,
there exists a compact set K C R™ with

x(Q)(t) € K.

Invoking the BIBO property of the operator T, there exists
a compact set K, C R? with T(§)([to, 00)) C K, forall€ €
C([to, 00), R"™™) with £([tg,00)) C K. For arbitrary 7 €
(to,00) and ¢ € VI, we have x(¢)(t) € K for all ¢ € [tg, 7).
For every element ¢ € Y] the function x(¢)|, -+, 7) can be
smoothly extended to a function ¢ € C([ty — o, o), R™)"
with ((t) € K for all t € [tg,00). We have T(C)(t) €
K, for all t € R>( because of the BIBO property of the
operator T. This implies T(x(¢))li,,-) € Kq for all £ €
[to,T) and ¢ € VI since T is causal. Since f(-) and g(-)~*
are continuous, the constants fmax = maxecr, || f(z)|| and
Jmax = MaXgek, Hg 1” are well-defined. For all 7 €
(to,o0] and ¢ € yT we have

VCEVL V>t

Vit e fto,7): T(x(Q))() € Ky,

which proves the assertion. O

Lemma 3.2. Under the assumptions of Theorem 2.3, con-
sider the functions v, ..., %, € G defined in (10). Let
t >ty and ¢ € C"([t, 00), R™) be such that x(¢)(f) € D.
If llex(x(Q) ()| < ¥ (t) for all t € [t,T) for some T > {,
then x(¢)(t) € D} for allt € [t, 7).

Proof. Seeking a contradiction, we assume that for at least
one i€ {1,...,r — 1} there exists ¢t € (f,7) such that
lle:(x (O NI > ¥i(t). W.lo.g. let i be the largest in-
dex with this property. In the following we use the short-
hand notation e;(t) := e;(x(¢)(t)) and e(t) = ey (¢). How-
ever, we like to emphasize that e;(to) # €? (if e; is defined
at to) in general, since x({)(to) # x(y¥°)(to) is possible.
Invoking ||e;(¢)|| < ;(f) and continuity of the involved
functions, define t* := min { t € [{,7) | |le;(t)[| = :(t) }.



Set ¢ := (0,1). Due to continuity there ex-

el(t)
Pi ()

[t«, t*]. Utilizing (3) and

omlttlng the dependency on t, we calculate for t € [t,,t*]:
? ez 61% - zwz
(AT
eZ % €it1
ki+—1]— +
Wi
ki +— ) ||—
( [
werl

b
=" ('“ WZ) b

where we used ||e;+1(t)]| < ©;41(t) due to the maximality
of i. Now we distinguish the two cases ¢ = 1 and i > 1.
For i« = 1 we find that ¢ = ¢ and by properties of G it

follows ( ) ®
P(t a(t) — B
oS e S

Furthermore, we have that (t) > v (tg)e”*(t—t0) 4 ﬁ for
all ¢ > ty. Therefore,

\/%(l—i-’y) €
ists t, := max{ teft,tr)

} hence we have

€

Yi

1d
2dt

|
—
?

€ lleirl

i

I /\

Q.

¢2(t) < (||61|| +k ||60|| ) —a(t—to)
Y(t) — wfl Y(tg)e—ali—to) 1 B
+ B
ay" 1 ((tg)e—t—to) 4+ g)
Ll kel el
k1
_WT ' ¥(to) +7T p=ht yrlp(te) Tt

for all t > tg, where we have use that |le(to)| < "9 (to)-
Hence we obtain that

vallel o I 1
vir ||| STz — )+ y) F ok + Y lto)
-0
L1k [e9]] ! <0
s (l=htat oS 5 S

forallt € [t,,t*], where the last inequality follows from (8).

Now consider the case i > 1. Then we have —zlgg <«
for all ¢ > 0 and, invoking that by (3)

el < [|ed— || + K- [le?—a ]l

we find that
Yina () _ e ([l kil e t°)+w :
I —— g P P )P

2] + s <2l
s ]| + kima lle?-all + G==

el
1e2]] + 2=

+1

<vki+

for all t > ty3. Hence we obtain that
2 )
e

<—1(ki—o)(1 +7)+vk¢+7| i

e'L

I
100+ s

for all ¢ € [t,,t*], where the last inequality follows from (8).
Summarizing, in each case the contradiction

1< () /9i(t)I* < lles(t) aa(t)]? = * < 1

arises, which completes the proof. O

<—5(1=ki+a+y

For t > tg, M >0, T >0 and § € C""!([t — 0,1, R™)
if o > 0or € R™ if o = 0 we denote by Up(M,t,7) the
set

{UELOO([I?, f+T],Rm) m(t;f,g),u) — X(ret) (1) € Dy }

for all t € [t,+T), ||lul|, < M
(13)

This is the set of all L>°-controls u bounded by M which, if
applied to the system (1), guarantee that the error signals
ei(x(t;t,9,u) — X(yrer)(t)) evolve within their respective
funnels defined by ; on the interval [t,f + T]. We note
that the conditions in (13) implicitly require the solution
x(+; 1,9, u) to exist on the interval [t,f + T].

Lemma 3.3. Under the assumptions of Theorem 2.3, con-
sider the functions s, ... ¢, € G defined in (10). Fur-
ther, let t > to and § € C"~ ([t — 0,f,R™) if 0 > 0 or
GER™ ifo =0. If x(§—yret)(f) € Df (where we identify
() V(E) =g fori=1,...,7 if o =0), then there exists
M > 0 such that for all T > 0 we have

Ur(M,t,§) # 0.

Furthermore,

V11, To >0Vu EUTl(M,f,g)) Vit e [f,l?‘i’Tl] :

Ur, (Mvtvy(';fvgau)“t—a,t]) #0, ifo>0,
Z/[Tz (M7t7y(t;£u ZQ7U)) 7é (Z), ZfU = 0

Proof. Step 1: We define M > 0. To that end, define, for
t=1,...;,7rand 5 =0,...,7r—i—1

1 =il ™= g+ Rl (15)

Using the constants fiax and gmax from Lemma 3.1, define

+ Z kJ'uJ
j=1

Step 2: Let T > 0 be arbitrary. We construct a con-
trol function u and show that u € Uy (M,t,7). To this
end, for some u € L®([t,f + T],R™), we use the short-
hand notation y(t) := y(t; £, 9,u), e(t) := y(t) — yret(t) and
e;(t) == e;(x(y — yret)(t)) for e = 1,...,r. The application
of the output feedback

(14)

(r)

M := gmax fmax + ‘ Yref

ult) == g(P(w) ()™ (~FTOw) (1) + i (1)

> kel (W) + e () D] (16)



to the system (1) leads to a closed-loop system. If this
initial value problem is considered on the interval [t, ¢+ T
with initial conditions

if o >0,
if o =0,

Yli—oiy =95
(y(@®),...,y" V@) =1,

then an application of a variant (a straightforward modi-
fication tailored to the current context) of [15, Thm. B.1]
yields the existence of a maximal solution z : [f — o, w) —
R"™. If z is bounded, then w = oo, so the solution exists
on [t — o, + T]. Utilizing (3) one can show that

er(t) = el

+Zk el I (17)

Omitting the dependency on t, we calculate for t € [f,w):

érwr - erwr _

e 1+ 5 kje w)_eT%br
" >

U

=F(T(x())+9(T(x(y)))u— yf;)Jer (r— J)—erw —0.

Therefore,

Er

Ur

d1
dt 2

2 Cr Erthr — er'(br -0
o U3 o

‘ < 1 by the assumption x(§ — yrer)(£) € D,

:Z((tt)) This im-

plies, according to Lemma 3.2, x(y — ywet)(t) € Dj for
all t € [f,w), ie., [le;(t)]| < u(t) for all i = 1,...,r
Thus, |le;(t)|| < p? for all i = 1,...,r. Invoking bound-
edness of yg, i =0,...,r, and the relation in (12), we
may infer that 2 = x(y) is bounded on [f,w). Hence,
w = oo. Furthermore, AT @) < fmax and
19(Tx@)®)) 7| < gmax for all ¢ € [¢,£+ T accord-
ing to Lemma 3.1. Finally, using (3) and the definition
of p! it follows that

(8)||= e (1)~ Riel?

67‘(5)
¥ (f)

this yields

Since

< 1 for all t € [f,w).

(0)]| <ot bapsd =l (18)

r—1—1.
< M and

inductively for all ¢ = 1,...,7 and j = 0,...,
Thus, by definition of v and M we have [Jul|_
hence u € Ur (M, i, 7).

Step 3: We show implication (14). If, for any 73 > 0 an
arbitrary but fixed control @ € Uy, (M,t,7) is applied to
the system (1), then z(t; R u) — X(yrer)(t) € Dy for all
t € [t,t + Ty). If for any € [t,# + T, the system is con-
sidered on the interval [t,t + T3] with T, > 0 and initial
data 7 := y(-;f,g},u)htga’ﬂ if o > 0o0r g = x(t;t,4,u)
if ¢ = 0, then one can show by a repetition of the argu-
ments in Step 2 that the application of the control @ €
L>=([t,t + Tz), R™) as in (16), mutatis mutandis, guaran-
tees x(t; 1,9, %) — X(yret)(t) € DI for all t € [, + Ty).
Since the prerequisites for Lemmata 3.1 and 3.2 are still
satisfied, the control @ is bounded by M as constructed in
Step 1. Thus, @ € U, (M,t,7) # 0. O

Lemma 3.4. Under the assumptions of Theorem 2.3, con-
sider the functions s, ... 1%, € G defined in (10). Fur-
ther, let T >0 M >0, t > tq, and §j € C"~ ([t — o, 1], R™)
ifo >0 o0rge€R™ ifo =0 such that Ur(M,t,7) # 0.
Then, Up (M, t,§) is equal to the set Up(M,t,4) defined by

z(t; T, 9,u) satisfies (1) for all

o rlh ; my |t € [EEHTT, lull,, < M,
w& LR HTLRY)) pir (4 (o), mt) dt < oo,
C(t) 7$(t t yv ) X(yref)(t)

Proof. We adapt the proof of [2, Thm. 4.3] to the current
setting. Given u € Up(M,1,7), it follows from the defini-
tion of Uz (M, L, ) that ((t) := x(t; £, 9, u) =X (yret ) (t) € DF
for all t € [£, + T]. Thus,

vttt +T]: Jle(CO) < ¢r(®).

We use the shorthand notation e, (¢) := e,({(¢)). Due to
continuity of the involved functions, there exists ¢ € (0,1)

with [e.(t)||> < ¢n(t)2 — € for all ¢ € [, + T]. Then,
Oy, (t,C(t),u(t)) > 0 for all t € [£, + T] and
i+T
[ e ) ar
t
i+T Lt 2
i ()2 = e (D)l
t+T
t

Therefore, Ur (M, t ;) is contained in Up(M,1,9).

Let u € Up(M,1,7). We show that ¢(t) € D} for all
t € [t,t + T)]. Since Up(M,t,§) # 0, we have x(C)(f) =
X( — tret)(£) € D} (where we identify (§)71 (1) = g,
for i = 1,...,r if 0 = 0). According to Lemma 3.2 it
suffices to show that ||le,.(t)| < v,(t) for all t € [£, 1+ T).
Assume there exists t € [f,+T] with [le,(¢)|| > 1,(t). By
continuity of the involved functions, there exists

M =v:(t) }.

Recalling the definition of the Lebesgue integral, see
e.g. [22, Def 11.22], ft+T€wT (t,¢(t),u(t))dt < oo implies

ST (0, (4, (1), u())t dt < co. Thus,

[
i1 -1l

t:=min{ te[t,i+T] | [le(t

£ 2
le- (@)
T dt:/ - S+ 1dt
- £ r()? = lle-@)]l

Il
Pr(t)?

BT e, ()] )*
< d T
</ @ leorr) 7

i S I S W
é/{ (wr(t)Q—Iler(t)V) + Ay [Jul|” dt +
t+T
- [ e,

We seek to apply [2, Lem. 4.1]. To this end, we show that

2 A~
1-— M is Lipschitz continuous on [t, t].

u(®)) T dt + T < oco.

- If a function
is bounded, with bounded derivative, then it is Lipschitz
continuous. Hence, since v, € G it is Lipschitz continu-
ous on [£,t]. Clearly, e, is bounded by ., and we show



that é, is bounded. First observe that, since m(-;f,@u)
is continuous, it is bounded on the compact interval [t,].
Since f and g are continuous and by the BIBO property of
the operator T, f(T(z(-;£,9,u))) and g(T(x(;t,9,u))) are
bounded on the interval [£,#]. As in (18) in the proof proof
of Lemma 3.3, for e;(t) := €;(¢)(¢), we may show that eE])
is bounded by u{ as defined in (15) for ¢ = 1,...,r and

j=0,...r —i—1. Finally, it follows from (17) that
r—1 )
ér = FT(x®))()) + 9T — 5+ kyel ™7,
j=1

which is bounded on [£, 7] by the above observations. Since
1, and e, are Lipschitz continuous and products and sums

of Lipschitz continuous functions on a compact interval are

2
again Lipschitz continuous, we may infer that 1 — %
is Lipschitz continuous on [f,7]. Now [2, Lem. 4.1] yields
that it is strictly positive, i.e., 1,(£)2 > |len(t)]|* for all
t € [t,t], which contradicts the definition of ¢. Hence,

Ur (M, t,9) € Ur(M,1,75). O

Lemma 3.5. Under the assumptions of Theorem 2.3, con-
sider the functions vq,..., ¢, € G defined in (10). Fur-
ther, let T > 0, M >0, t > to, and gy € C"~*([t—0, 1], R™)
ifo >0 org € R™ if o =0 such that Ur(M,t,5) # 0.
Then, there exists u* € Up (M, t,7) such that u* solves the
OCP (5) for 6 = ,.

Proof. As a consequence of Lemma 3.4, solving the
OCP (5) is equivalent to minimizing the function

J: L®([L, 4+ T),R™) = RU{cc},

t+T
/{ Ly, (t,¢(t),u(t))dt, ueUr(M,t,7),

00, else,

U

where ((t) = x(t;t,9,u) — X(yret)(t). For every u €
Ur(M,t,5) we have |le.(C(t))|| < o.(t) for all t €
[t,£ + T], thus J(u) > 0. Hence, the infimum J* :=
inf, 0y (a0 9) () exists. Let (uy) € (Ur (M, 1, j)))]N be
a minimizing sequence, meaning J(ux) — J*. By defi-
nition of Uz (M, t,7), we have |lug|| < M for all k € IN.
Since L>®([t,t +T],R™) C L?([t,t +T],R™), we conclude
that (uy) is a bounded sequence in the Hilbert space L2,
thus ug converges weakly, up to a subsequence, to a func-
tion w* € L2([t,t + T),R™). Let (x3) := (x(:;;9;ur)) €
C([t — o,t + T],R™™)N be the sequence of associated re-
sponses. By up € Ur(M,t,7) we have xy(t) € Dj for
all ¢t in [£,# + T]. Since the set Useji i Dt is compact
and independent of k € IN, the sequence (xy) is uniformly
bounded. A repetition of Steps 2—4 of the proof of [2,
Thm. 4.6] yields that (xj) has a subsequence (which we do
not relabel) that converges uniformly to z* = x(-;; J; u*)
and that ||u*|| < M. Along the lines of Steps 5-7 of the
proof of [2, Thm. 4.6] it follows that u* € Ur (M, t,7) and
J(u*) = J*. This completes the proof. O

3.1. Proof of Theorem 2.3

Choosing the bound M > 0 from Lemma 3.3 and uti-
lizing Lemma 3.5 this can be shown by a straightforward
adaption of the proof of [2, Thm. 2.10]. |

4. Simulations

To demonstrate the application of the FMPC Algo-
rithm 2.1 we consider the example of a mass-spring sys-
tem mounted on a car from [23]. Consider a car with
mass m1, on which a ramp is mounted and inclined by the
angle 6 € [0, 5). On this ramp a mass my, which is cou-
pled to the car by spring-damper component with spring
constant k > 0 and damping coefficient d > 0, moves fric-
tionless, see Figure 2. A control force F' = u can be applied

oo

Y

Figure 2: Mass-on-car system.

to the car. The dynamics of the system can be described
by the equations

mi+me M2 cos(ﬁ)] (z(t)) +< 0 > _ (u(t))
ma cos(19) ma 5(¢) ks(t) 4 ds(t) (N
(19)

where z(t) is the horizontal position of the car and s(¢)
the relative position of the mass on the ramp at time t.
The output y of the system is the horizontal position of
the mass on the ramp, given by

y(t) = z(t) + s(t) cos(V).

For the simulation we choose the parameters m; = 4,
me = 1, k = 2,d =1, 0 = 7, and initial values
2(0) = s(0) = 2(0) = $(0) = 0. As outlined in [4], for these
parameters the system (19) belongs to the class N2, The
objective is tracking of the reference signal y,.¢(t) = cos(¢)
within predefined boundaries described by a function ¥ €
G. This means that the tracking error e(t) = y(t) — yrer ()
should satisfy ||e(t)|| < ¢ (t) for all ¢ > 0.

We compare the FMPC Algorithm Algorithm 2.1 with
the original FMPC scheme from [2], for which only feasi-
bility for systems with relative degree one has been shown
so far, and the FMPC scheme from [1], which uses feasi-
bility constraints to ensure recursive feasibility for systems
with higher relative degree. Since, in comparison to the
set G, the set of admissible funnel functions for control
scheme from [1] is quite restrictive, the same funnel func-
tion (t) = 1/10+11e~272/20 _7¢=3%/2 35 in [1] was chosen.
Straightforward calculations show that o = 1.5, 8 = 2%,
v = 0.5, and k; = 14 satisfy the requirements of The-
orem 2.3. With these parameters, the funnel function 6
in (9) is given by

1
O(t) = 28¢73/2 4 5
For the stage cost function ¢y as in (4) the parame-

ter A\, = Wlo has been chosen. Further, the maximal in-
put was limited to |lu||, < 20, i.e., M = 20 was chosen.



Inserting the definition of the function ey from (2) with
parameter ki, the stage cost thus reads

€2 + k&1
0(t)2 — ||& + ki&a|?

for ||&a + k1&1|| # 0(t). With this and e(t) = y(t) — yrer ()
the OCP (5) becomes

2
|

69(75761’527“): +/\UHu

+T
minimize Lo(t,e(t), é(t), u(t)) dt.
weL ([t,t+T],R™), Ji
llull oo <M

As in [1] and [2] only step functions with constant step
length 0.04 are considered in the OCP (5) due to discreti-
sation. The prediction horizon and the time shift are cho-
sen as ' = 0.6 and § = 0.04.

1 r
\ (t) — yret(t) of FMPC with (4)
\ y(t) — yret(t) of FMPC from [1]
05} \ y(t) — yret(t) of FMPC from [2]
) N +y(t)
3 N —— _ _ _ ____
|
= 0o 4 - T
Il P -
; s
051 /
/
W ‘ ‘ ‘ .
0 2 4 6 8 10
time ¢
(a) Tracking error e and funnel boundary
20
15 u(t) of FMPC with (4)

u(t) of FMPC from [1]
10 u(t) of FMPC from [2]

control u
o

time ¢

(b) Control input

Figure 3: Simulation of system (19) under FMPC Algorithm 2.1 and
FMPC from [1, 2]

All simulations are performed with MATLAB and the
toolkit CASADI on the interval [0,10] and are depicted
in Figure 3. The tracking errors resulting from the ap-
plication of the different FMPC schemes from [1], [2] and
Algorithm 2.1 to system (19) are shown in Figure 3a. The
corresponding control signals are displayed in Figure 3b.
It is evident that all three control schemes achieve the con-
trol objective, the evolution of the tracking error with in
the performance boundaries given by .

Overall, the performance of all three FMPC schemes
is comparable. After ¢ = 4 the computed control signals
and the corresponding tracking errors of all three control
schemes are almost identical. However, FMPC from [1]
requires feasibility constraints in the OCP to achieve ini-
tial and recursive feasibility; together with the more com-
plex stage cost, this severely increases the computational
effort. Furthermore, the parameters involved in the feasi-
bility constraints are very hard to determine and usually

(as in the simulations performed here) conservative esti-
mates must be used. But then again, initial and recursive
feasibility cannot be guaranteed. Concerning the FMPC
scheme from [2], it is still an open problem to show that it
is initially and recursively feasible for systems with relative
degree larger than one.

5. Conclusion

In the present paper we proposed a new model pre-
dictive control algorithm for a class of nonlinear systems
with arbitrary relative degree, which achieves tracking
of a reference signal with prescribed performance. The
new FMPC scheme resolves the drawbacks of earlier ap-
proaches in [2] (no proof of initial and recursive feasibility
for relative degree larger than one) and [1] (requirement of
feasibility constraints, design parameters difficult to deter-
mine, high computational effort). All advantages of these
approaches (no terminal costs or conditions, no require-
ments on the prediction horizon) are retained. Essentially,
this solves the open problems formulated in the conclu-
sions of [1, 2]. Compared to previous works on FMPC, the
class of nonlinear systems considered here includes systems
with nonlinear delays and infinite-dimensional internal dy-
namics. An interesting question which remains for future
research is, whether the weighted sum of the tracking error
derivatives e, ¢, ..., ("1 used in the cost functional in (5)
can be replaced by a sole error signal e, when instead the
prediction horizon T is chosen sufficiently long.
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