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Abstract

In the context of unstable systems with control, a commonly-held precept is that negative and positive feedback cannot
both be stabilizing. The canonical linear prototype is the scalar system ẋ = u which, under negative linear feedback
u = −kx (k > 0) is exponentially stable for all k > 0, whereas the inherent lack of exponential instability of the
uncontrolled system is ampli�ed by positive feedback u = kx (k > 0). By contrast, for nonlinear systems it is shown
that this intuitively-appealing dichotomy may fail to hold.
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1. Nonlinear scalar system

Consider a scalar system, with state x, control u, and
(unknown) bounded perturbation p, of the form

ẋ(t) = f(p(t), x(t)) + g(u(t)), x(0) = x0 ∈ R, (1.1)

where f : R × R → R, g : R → R, and p : R≥0 → R are
continuous. The control objective is to determine a con-
tinuous feedback function h : R≥0×R → R, with an associ-
ated parameter η ∈ {−1,+1}, such that, for every x0 ∈ R
and bounded p ∈ C(R≥0,R), application of the feedback
u(t) = −ηh(t, x(t)) to (1.1) yields a feedback-controlled
initial-value problem

ẋ(t) = f(p(t), x(t)) + g(−ηh(t, x(t)), x(0) = x0

has a solution, every solution has a global extension to a so-
lution on R≥0, every global solution is such that x(t) → 0
as t → ∞, and the control input u : t 7→ −ηh(t, x(t)) is
bounded.

If η = +1 (respectively, η = −1), then the feedback
u(t) = −ηh(t, x(t)) is deemed to be negative (respectively,
positive). If negative feedback ensures benign behaviour
in the form of convergence of the state to zero, then intu-
ition might suggest that positive feedback causes malign
behaviour in the form of non-convergence of the state to
zero.
This intuition �nds voice in, for example, [1]: Feedback can
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upregulate or downregulate a process. We refer to upreg-

ulation as positive feedback and downregulation as nega-

tive feedback. Positive feedback ... acts as a destabilizing

mechanism for the process. Negative feedback ... acts as a

stabilizing mechanism for the process.

We show, by a simple example, that this positive/negative
feedback dichotomy can be invalid. In particular, we con-
struct an example (with arbitrary f and p) which, under
either negative or positive feedback, ensures convergence
of the state to zero whilst maintaining boundedness of the
control input.

2. Feedback function

Let φ : R≥0 → R≥0 be a continuously di�erentiable
bijection with the property that, for some cφ > 0, φ̇(t) ≤
cφ

(
1 + φ(t)

)
for all t ≥ 0 (the simplest example being the

identity function with cφ = 1). De�ne the set

F := {(t, ξ) ∈ R≥0 × R | φ(t)|ξ| < 1}, (2.1)

the continuous function

h : F → R, (t, ξ) 7→ α(φ(t)|ξ|)φ(t)ξ,

with α : [0, 1) → [1,∞), s 7→ 1

1− s
,

(2.2)

and the feedback-controlled initial-value problem, on the
domain F ,

ẋ(t) = f(p(t), x(t)) + g(−ηh(t, x(t)), x(0) = x0 (2.3)

with p ∈ C(R≥0,R). By a solution we mean a continuous
function x on a left-closed interval I (with left endpoint 0)
and graph(x) ⊂ F , satisfying (2.3). A solution is maximal

if it has no proper right extension that is also a solution.
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By the standard theory of ordinary di�erential equations,
for each x0 ∈ R, there exists a solution, and every solution
has a maximal extension; moreover, the closure of graph of
a maximal solution is not a compact subset of F . Loosely

t

x0

graph(x)

Figure 1: Domain F .

speaking, the role of the feedback is to maintain the sys-
tem's evolution away from the boundary of the domain
F (wherein singularity resides), in which case the evolu-
tion continues inde�nitely to the right, with transient and
asymptotic behaviour determined by the choice of φ.

3. E�cacy of both negative and positive feedback

Let g be given by

g : R → R, v 7→ v sin
(
ln(1 + |v|)

)
. (3.1)

The following technicality will play a central role.

Proposition 3.1. Let f : R× R → R be continuous, g as

in (3.1), and K,P ⊂ R compact. De�ne V := [−1,− 1
2 ] ∪

[ 12 , 1]. The function

χ : R → R,
s 7→ min{vf(ρ, ξ) + vg(sv) | ρ ∈ P, ξ ∈ K, v ∈ V }

is continuous and is such that, for each η ∈ {−1,+1},
sups≥0 χ(ηs) = ∞.

Proof. For notational convenience, introduce the function

F : R3 ×R → R, (z, s) =
(
(ρ, ξ, v), s

)
7→ vf(ρ, ξ)+ vg(sv)

and write Z := P ×K × V , a compact set. Observe that

χ : s 7→ min
z∈Z

F (z, s)

and so, for each s ∈ R, there exists zs ∈ Z such that
χ(s) = F (zs, s). Fix s ∈ R arbitrarily. We will show that
χ is continuous at s. Let ε > 0. By continuity of F , for
each z ∈ Z, there exists δ(z) > 0 such that, for all ζ, σ ∈ R
we have

∥ζ − z∥+ |σ − s| < δ(z) =⇒ |F (ζ, σ)− F (z, s)| < ε

and so ∪z∈Z{(ζ, σ) | ∥ζ − z∥ + |σ − s| < δ(z)} is an open
cover of Z×{s}. By compactness of the latter, there exists

a �nite sub-cover. In particular, there exist �nitely many
points z1, . . . , zn ∈ Z such that

Z × {s} ⊂ ∪n
i=1{(ζ, σ) | ∥ζ − zi∥+ |σ − s| < δ(zi)}.

De�ne δ∗ := min{δ(z1), . . . , δ(zn)} and observe that

∀ ζ, σ ∈ R : z ∈ Z, |σ−s| < δ∗ =⇒ |F (z, σ)−F (z, s)| < ε.

It follows that, for all σ ∈ R with |σ − s| < δ∗ we have

ε > |F (zs, σ)−F (zs, s)| ≥ F (zs, σ)−F (zs, s) ≥ χ(σ)−χ(s)

and, similarly,

ε > |F (zσ, σ)−F (zσ, s)| ≥ F (zσ, s)−F (zσ, σ) ≥ χ(s)−χ(σ).

Therefore, |χ(σ)−χ(s)| < ε for all σ ∈ R with |σ−s| < δ∗,
and so χ is continuous at s.

It remains to show that, for each η ∈ {−1,+1},
sups≥0 χ(ηs) = +∞. De�ne the increasing and unbounded
sequence (sn) by

sn := 1
2e

(n+1)π − 1 > 0 ∀n ∈ N,

whence

ln(1 + sn) = (n+ 1)π − ln 2 ∀n ∈ N.

Also, invoking the inequality eπ/2 > 4,

1 + 1
2sn = 1

2 + 1
4e

(n+1)π > enπ( 14e
π) > e(n+

1
2 )π

and so
ln(1 + 1

2sn) > nπ + π
2 ∀n ∈ N.

We may now infer

nπ+ π
2 < ln(1+sn|v|) ≤ (n+1)π− ln 2 ∀ v ∈ V ∀n ∈ N.

First consider the case of n even and write n = 2k. Since
the function sin is decreasing on the interval

[
π
2 , π− ln 2

]
,

for all v ∈ V and all k ∈ N we have

1 = sin(2kπ + π
2 ) > sin(ln(1 + s2k|v|))

≥ sin((2k + 1)π − ln 2) = sin(π − ln 2) = sin(ln 2) > 0,

whence

vg(s2kv) = s2kv
2 sin(ln(1 + s2k|v|)) ≥ 1

4s2k sin(ln 2).

Therefore, writing

c1 := min{vf(ρ, ξ) | ρ ∈ P, ξ ∈ K, v ∈ V },

we have

χ(s2k) ≥ c1 +min{vg(s2kv) | v ∈ V } ≥ c1 +
1
4s2k sin(ln 2)

for all k ∈ N and so sups≥0 χ(s) = +∞.
Now consider the case of n odd and write n = 2k − 1.

2



Since the function sin is increasing on the interval
[
−

π
2 ,− ln 2

]
, we have

−1 = sin
(
(2k − 1)π + π

2

)
< sin(ln(1 + s2k−1|v|))

≤ sin(2kπ − ln 2) = − sin(ln 2) ∀ v ∈ V, ∀ k ∈ N,

whence

vg(−s2k−1v) = −s2k−1v
2 sin(ln(1 + s2k−1|v|))

≥ 1
4s2k−1 sin(ln 2) ∀ v ∈ V, ∀ k ∈ N.

Therefore,

χ(−s2k−1) > c1 +
1
4s2k−1 sin(ln 2) ∀ k ∈ N

and so sups≥0 χ(−s) = +∞.

We arrive at the main focus of the note.

Proposition 3.2. Let f ∈ C(R,R) be arbitrary, g as in

(3.1), and h as in (2.2). For each η ∈ {−1,+1}, every
x0 ∈ R, and every bounded p ∈ C(R≥0,R), (2.3) has a

solution and every solution has a global extension. Ev-

ery global solution x : R≥0 → R is such that x(t) → 0 as

t → ∞, and the control function u : t 7→ −ηh(t, x(t)) is

bounded.

Proof. Let η ∈ {−1,+1}, x0 ∈ R and bounded p ∈
C(R≥0,R) be arbitrary. Let compact P ⊂ R be such that
p(t) ∈ P for all t ≥ 0. As already noted, by the standard
theory of ordinary di�erential equations, we know that
(2.3) has a solution and every solution can be maximally
extended. Let x : [0, ω) → R be a maximal solution. It suf-
�ces to show existence of ε > 0 such that φ(t)|x(t)| < 1−ε
for all t ∈ [0, ω), in which case it immediately follows that
ω = ∞ (as, otherwise, graph(x) has compact closure in F
which is impossible), x(t) → 0 as t → ∞ (since φ is un-
bounded), and |u(t)| = |h(t, x(t))| ≤ (1− ε)α(1− ε) < ∞
for all t ≥ 0. The task of establishing the existence of such
ε > 0 is, in turn, equivalent to proving boundedness of the
function k : t 7→ α(φ(t)|x(t)|). This we proceed to show.

Choose τ ∈ (0, ω) arbitrarily, �x µ > 1/φ(τ) such that
µ ≥ maxt∈[0,τ ] |x(t)|, and write φµ : t 7→ max{µ−1, φ(t)}.
Since graph(x) ∈ F and φ (bijective) is strictly increasing,
we may infer that

|x(t)| ≤ 1

φµ(t)
∀ t ∈ [0, ω)

and so, a fortiori, x(t) ∈ K := [−µ, µ] for all t ∈ [0, ω). As
before, de�ne

χ : R≥0 → R,
s 7→ min{vf(ρ, ξ) + vg(sv) | ρ ∈ P, ξ ∈ K, v ∈ V },

V := [−1,− 1
2 ] ∪ [ 12 , 1].

Let ν be the function

ν : R≥0 → R≥0, s 7→ ν(s) := max{χ(ηs), 0}.

By Proposition 3.1, χ is continuous with sups≥0 χ(ηs) =
+∞ and so ν is continuous and surjective. Fix κ0 >
α(1/2) arbitrarily and de�ne an increasing sequence (κn)
in (κ0,∞) as follows: choose κ1 > κ0 such that ν(κ1) =
κ0 + 1 and set

κn := inf{κ > κn−1 | ν(κ) = κ0 + n} ∀n ≥ 2.

κ

ν(κ)

κ0 + 1

κ0 + 2

κ0 + 3

κ1 κ2 κ3

Figure 2: Schematic construction of the sequence (κn).

Now, we address the question of boundedness of k(·).
Seeking a contradiction, suppose that k(·) is unbounded.
This supposition, together with the observation that
k(0) = 1 < κ0, ensures that the following is a well-de�ned
sequence (τn) in (0, ω)

τn := inf{t ∈ (0, ω) | k(t) = κn}, n ∈ N.

with the properties

∀n ∈ N : τn < τn+1, k(τn) = κn, ν(k(τn)) = κ0 + n.

Now de�ne the sequence (σn) in (0, ω) by

t

ν(k(t))

κ0 + n

κ0 + n+ 1

τn σn τn+1

Figure 3: Schematic construction of the sequence (σn).

σn := sup{t ∈ [τn, τn+1] | ν(k(t)) = κ0 + n}, n ∈ N.

Observe that σn < τn+1, k(σn) < k(τn+1) and

κ0 + n < ν(k(t)) = χ(ηk(t)) ≤ ν(k(τn+1)) = κ0 + n+ 1

for all t ∈ (σn, τn+1] and all n ∈ N. Let n ∈ N be arbitrary
and suppose that, for some t ∈ [σn, τn+1], φ(t)x(t) ̸∈ V .
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Then φ(t)|x(t)| < 1/2 and

α(φ(t)|x(t)|) = k(t) < α(1/2) < κ0 < κn < κn+1 = k(τn+1)

Therefore, there exists t∗ ∈ (σn, τn+1) such that k(t∗) =
κn whence the contradiction

κ0 + n < ν(k(t∗)) = ν(κn) = κ0 + n.

Thus, we have shown that

φ(t)x(t) ∈ V ∀ t ∈ [σn, τn+1] ∀n ∈ N.

By symmetry of V , we know that φ(t)x(t) ∈ V if, and only
if, −φ(t)x(t) ∈ V , and so we may infer that

− φ(t)x(t)f(p(t), x(t))− φ(t)x(t)g(−ηk(t)φ(t)x(t))

≥ min{vf(ρ, ξ) + vg(ηk(t)v) | ρ ∈ P, ξ ∈ K, v ∈ V }
= χ(ηk(t)) ∀ t ∈ [σn, τn+1] ∀n ∈ N

Also (noting that, by bijectivity, φ is strictly increasing),
we have

φ(t)φ̇(t)x(t)2 ≤ φ̇(t)

φ(t)
≤ cφ

(
(1/φ(t)) + 1

)
≤ cφ

(
(1/φ(τ1)) + 1

)
=: γ ∀ t ∈ [τ1, ω).

We may now deduce that

1
2

d
dt (φ(t)x(t))

2 = φ(t)φ̇(t)x(t)2

+ φ(t)2x(t)
(
f(p(t), x(t)) + g(−ηh(t, x(t))

)
≤ γ − φ(t)

(
− φ(t)x(t)f(p(t), x(t))

− φ(t)x(t)g(−ηk(t)φ(t)x(t))
)

≤ γ − φ(t)χ(ηk(t))

≤ γ − φ(τ1)ν(k(t)) ≤ γ − (κ0 + n)φ(τ1)

for all t ∈ [σn, τn+1] and all n ∈ N. Choose n ∈ N suf-

�ciently large so that γ − (κ0 + n)φ(τ1) < 0, in which
case (

φ(τn+1)x(τn+1)
)2

<
(
φ(σn)x(σn)

)2
and we arrive at a contradiction

k(σn) < k(τn+1) = α(φ(τn+1)|x(τn+1)|)
< α(φ(σn)|x(σn)|) = k(σn).

Therefore, the supposition of unboundedness of k(·) is
false.

4. Conclusion

The claim in this note is purely existential in nature
in the sense that a commonly-perceived dichotomy of neg-
ative and positive feedback is shown not to be valid in
general. This has been done by proving the existence of a
nonlinear counter-example: the practical utility and quan-
titative behaviour of the feedback employed therein has
not been addressed. Whilst the counter-example is open
to a criticism of arti�ciality, it does, however, serve to il-
lustrate that the dichotomy �negative/positive feedback�
equates to �good/bad behaviour� may be inaccurate. The
counter-example is based on a wider body of work in the
area of �funnel control� (a terminology consistent with Fig-
ure 1). The interested reader is referred to [2] for a review
of this area.
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