INTEGRATED SEMIGROUPS AND LINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH DELAY

CORNELIA KAISER

Abstract. We study existence and uniqueness of solutions for linear partial differential equations with delay in L^p-spaces using an approach of Batkai and Piazzera and a recent perturbation result for integrated semigroups. We apply our result to an equation with delay in the highest-order derivatives.

1. Introduction

Partial differential equations with delay play an important role in different fields, e.g. in control theory. They have been studied for many years, using different methods.

We want to study equations that can be written as

u^′(t) = Au(t) + Φu_t, t ≥ 0 u(0) = x u_0 = f. (1)

We use the standard notations (see [18]): A is an (unbounded) operator on a Banach space X, Φ is the delay operator, u_t is the history function and x ∈ X, f ∈ L^p([−1, 0], Z) are the initial values at time 0. Here Z is a Banach space such that D(A) → Z → X with continuous embeddings.

Batkai and Piazzera [2, 3] showed that the delay equation (1) is equivalent to an abstract Cauchy problem { U^′(t) = A U(t), t ≥ 0 U(0) =

(_x f ) . on the space X = X × L^p([−1, 0], Z). Then, using perturbation theory of C_0- semigroups, they give sufficient conditions for (A, D(A)) to be the generator of a C_0-semigroup on X . One of these conditions is that (A, D(A)) generates a C_0- semigroup on X. But there are important operators that do not have this property, e.g. the Schrödinger operator iΔ on L^p(R^n) for p ≠ 2 ([14]). A weaker condition on A is that it generates an α-times integrated semigroup. We use the approach of Batkai and Piazzera and a new perturbation theorem for α-times integrated semigroups from [15] to show existence results for solutions of the delay equation (1).

2000 Mathematics Subject Classification. Primary 47D62, 34K30. Secondary 47D06. Key words and phrases. Integrated semigroup, delay equation, perturbation. The research is supported in part by the Landesforschungsschwerpunkt Evolutionsgleichungen des Landes Baden-Württenberg. 1

Another restriction in the results of Batkai and Piazzera is that one can not treat equations of the kind

u^′(t) = Au(t) + γAu(t − 1) +

∫_0 −1 a(s)Au(t + s)ds (2)

where A generates an analytic semigroup on X. On the other hand, in [7] there are wellposedness results for such equations in the case that X is a Hilbert space. With our approach we also can treat equations of the kind (2) on Banach spaces.

This paper is organized as follows. In Section 2 we recall the definition of α-times integrated semigroups and state the perturbation result we will use later. In the third section we prove our main result: If (A, D(A)) is densely defined and generator of an α-times integrated semigroup on X and if there are numbers M ∈ [0, 1) and λ_0 > 0 such that for all Re λ = λ_0 ‖ Φ(e^{λ·}R(λ, A)x + R(λ, A_0)f) ‖ X ≤ M max{‖x‖_X , ‖f‖_Lp_{([−1,0],Z)} }, (3)

then (A, D(A)) generates a β-times integrated semigroup for some β ≥ α. This means that the delay equation has a unique solution for all pairs

(_x f ) of initial values in the domain of A^n for n ∈ N large enough. Finally we give conditions under which (3) is satisfied. In the last section we apply our result to equation (2).

2. A Perturbation Theorem for α-times Integrated Semigroups

We recall the definition of an α-times integrated semigroup.

Definition 2.1. Let α ≥ 0 and (A, D(A)) be a linear operator on a Banach space X. A is called generator of an α-times integrated semigroup if there are nonnegative numbers ω, M and a mapping S : [0, ∞) → L(X) such that

• (S(t))_{t≥0} is strongly continuous and ‖

∫_t 0 S(s) ds‖ ≤ Me^{ωt} for all t ≥ 0,

• (ω, ∞) ⊆ ρ(A) and

• R(λ, A) = λ^α

∫_∞ 0 e^{−λt} S(t) dt for λ > ω.

In this case, the family (S(t))_{t≥0} is the α-times integrated semigroup generated by A. Remarks (1) If (A, D(A)) generates an α-times integrated semigroup (S(t))_{t≥0} , then the halfplane {λ ∈ C : Re λ > ω} is contained in ρ(A) and R(λ, A) = λ^α

∫_∞ 0 e^{−λt} S(t)dt if Re λ > ω.

(2) By uniqueness of the Laplace transform (S(t))_{t≥0} is uniquely determined. (3) If α = 0, the definition above is consistent with the definition of a C_0-semigroup (see [1, Theorem 3.1.7]). In this case the generator A is densely defined and (S(t))_{t≥0} is exponentially bounded. For α > 0 this may not be true in general. If (S(t))_{t≥0} is exponentially bounded, then the growth bound of (S(t))_{t≥0} is defined by

ω(S) := inf{ω ∈ R : ∃K ≥ 0 such that ‖S(t)‖ ≤ Ke^{ωt}}.

(4) If A generates an α-times integrated semigroup (S_α (t))_{t≥0} then A also generates a β-times integrated semigroup (S_β (t))_{t≥0} for each β > α.

(5) If A generates an α-times integrated semigroup (S(t))_{t≥0} then the abstract Cauchy problem { u^′(t) = Au(t), t ∈ [0, τ], u(0) = x, (4) has a unique classical solution for each x ∈ D(A^{n+1}) where n ∈ N_0 such that n−1 < α ≤ n ([12]). By a classical solution of (4) we mean a function u ∈ C^1([0, ∞), X) such that u(t) ∈ D(A) for all t ≥ 0 and (4) is satisfied.

We will also need the following definition:

Definition 2.2. A Banach space X has Fourier type p ∈ [1, 2] if the Fourier transform extends to a bounded linear operator from L^p(R, X) to L^{p′} (R, X), where 1 p +^1_{p′} = 1.

Each Banach space has Fourier type 1. A Banach space has Fourier type 2 if and only if it is isomorphic to a Hilbert space ([16]). If X has Fourier type p, then it has Fourier type r for each r ∈ [1, p]. Each closed subspace, each quotient space and the dual space X^∗ of a Banach space X have the same Fourier type as X. If X and Y both have Fourier type p, then X × Y also has Fourier type p. The space L^r(Ω, μ) has Fourier type min{r,^r_{r−1} } ([17]). If X has Fourier type p and q ∈ [p, p^′], then L^q(R, X) has Fourier type p ([10]). Each uniformly convex Banach space has Fourier type p > 1 ([4, 5]).

Then the following perturbation theorem holds. For the proof we refer to [15].

Theorem 2.3. Let X be a Banach space of Fourier type p ∈ [1, 2]. Let (A, D(A)) be the generator of an exponentially bounded α-times integrated semigroup (S(t))_{t≥0} on X and let (B, D(B)) be a linear operator in X. Choose β > α+^1_p . If A is densely defined, D(B) ⊇ D(A) and there are constants λ_0 > max{0, ω(S)} and M < 1 such that ‖BR(λ, A)‖ ≤ M for all λ ∈ C with Re λ = λ_0, then (A + B, D(A)) generates a β-times integrated semigroup.

3. Main Results

We consider the equation

u^′(t) = Au(t) + Φu_t, t ≥ 0 u(0) = x u_0 = f. (5) where

• X is a Banach space and x ∈ X, • (A, D(A)) is a closed linear operator in X, • f ∈ L^p([−1, 0], Z), 1 ≤ p < ∞, where Z is a Banach space such that D(A) → Z → X with continuous embeddings, • the delay operator Φ : W^{1,p}([−1, 0], Z) → X is linear and bounded, • u : [−1, ∞) → X and • u_t : [−1, 0] → X is defined by u_t(σ) = u(t + σ) for σ ∈ [−1, 0].

We say that a function u : [−1, ∞) → X is a (classical) solution of (5) if

(i) u ∈ C([−1, ∞), Z) ∩ C^1([0, ∞), X), (ii) u(t) ∈ D(A) and u_t ∈ W^{1,p}([−1, 0], Z) for all t ≥ 0 and (iii) u satisfies (5) for all t ≥ 0.

We now want to investigate existence and uniqueness of solutions of (5) in the space X. To do this we introduce, as in [3], the Banach space X := X × L^p([−1, 0], Z) and the operator

A := ( A Φ 0^d_{dσ} ) (6) in X with domain

D(A) := {(_x f ) ∈ D(A) × W^{1,p}([−1, 0], Z) : f(0) = x } . The matrix operator A is closed, since A is, and it is densely defined, if A is. If (5) has a solution u, then u_0 = f ∈ W^{1,p}([−1, 0], Z) and u(0) = x ∈ D(A) i.e., (_x f ) ∈ D(A).

The problem (5) and the abstract Cauchy problem associated to the operator (A, D(A)) { U^′(t) = A U(t), t ≥ 0 U(0) =

(_x f ) . (7) on the space X are “equivalent”: there is a natural correspondence between the solutions of the two problems (5) and (7). For a proof of the following Proposition see [2, Proposition 2.3 and 2.4].

Proposition 3.1. Let

(_x f ) ∈ D(A).

(a) If u : [−1, ∞) → X is a solution of the delay equation (5) then U : { [0, ∞) → X t → (_{u(t)}

u_t ) is a classical solution of the abstract Cauchy problem (7).

(b) Let U : { [0, ∞) → X t → (_{z(t)}

v(t) ) be a classical solution of the abstract Cauchy problem (7) and u : [−1, ∞) → X defined by

u(t) := { z(t), t ≥ 0 f(t), t ∈ [−1, 0].

Then u_t = v(t) for all t ≥ 0 and u is a solution of the delay equation (5).

We now want to give sufficient conditions such that (A, D(A)) generates an α-times integrated semigroup on X. Then the abstract Cauchy problem (7) has a unique solution for x ∈ D(A^{n+1}) where n ≥ α (see [12]). To be able to use the perturbation result 2.3 we write A as sum A_0 + B, where

A_0 = ( A 0 0^d_{dσ} )

with domain D(A_0) := D(A) and B = ( 0 Φ 0 0 ) ∈ L(D(A_0), X ).

We first look at A_0.

Proposition 3.2. Let α ≥ 0 and (A, D(A)) be the generator of an α-times integrated semigroup (S(t))_{t≥0} on X and let D(A) → Z → X. If

(G) for each t ≥ 0 and each x ∈ X the function s → S(s)x is in L^p([0, t]; Z) and there is a positive constant c_t such that ( ∫_t 0 ‖S(s)x‖^p_Z ds

)_{1/p} ≤ c_t‖x‖,

then (A_0, D(A_0)) generates an α-times integrated semigroup on X .

Remarks. (1) Condition (G) in Proposition 3.2 is automatically satisfied if Z = X. (2) If (A, D(A)) generates an analytic semigroup (T (t))_{t≥0} on X and if there is δ > ω(T ) and 0 < θ <^1_p such that D((δ − A)^θ ) → Z → X with continuous and dense embeddings, then condition (G) is satisfied for (T (t))_{t≥0} (see [3]). (3) Let (A, D(A)) be the generator of an α-times integrated semigroup (S(t))_{t≥0} on X and consider S̃(t) :=

∫_t 0 S(s)ds. Then condition (G) is always satisfied for (S̃(t))_{t≥0} : We have that ( ∫_t 0 ‖S̃(s)x‖^p_Z ds

)_{1/p} ≤ C ( ∫_t 0 ‖S̃(s)x‖^p_{D(A)}ds

)_{1/p}

≤ C ( ∫_t 0 ‖S̃(s)x‖^p_X ds

)_{1/p} + C ( ∫_t 0 ‖AS̃(s)x‖^p_X ds

)_{1/p} . Now we use the Uniform Boundedness Principle and the formula

AS̃(s)x = S(s)x − s^α Γ(α + 1) x (see [13, Proposition 2.4]). But (S̃(t))_{t≥0} is the (α + 1)-times integrated semigroup generated by A. So we always can achieve (G) by enlarging the integration rate α. For the proof of Proposition 3.2 we first compute the resolvent of (A_0, D(A_0)). For λ ∈ C and

(_y g ) ∈ X we look for

(_x f ) ∈ D(A_0) such that

(λ − A)

(_x f ) = (_y g ) . This is the case if and only if there are x ∈ D(A) and f ∈ W^{1,p}([−1, 0], Z) such that (λ − A)x = y, f(0) = x and λf − f^′ = g.

If (A, D(A)) generates an α-times integrated semigroup on X, then the set {λ ∈ C : Re λ > λ_0} is contained in the resolvent set of A for some λ_0 ∈ R. Therefore x = R(λ, A)y for Re λ > λ_0. The differential equation λf − f^′ = g with initial condition f(0) = x has a unique solution f ∈ W^{1,p}([−1, 0], Z) for all λ ∈ C which is given by

f(σ) = e^{λσ} ( x + ∫_0 σ e^{−λt} g(t)dt ) . On the other hand, the operator

A_0f = f^′

with domain D(A_0) = {f ∈ W^{1,p}([−1, 0], Z) : f(0) = 0} has empty spectrum and

(R(λ, A_0)g)(σ) = e^{λσ}

∫_0 σ e^{−λt} g(t)dt.

Therefore the resolvent of (A_0, D(A_0)) is given by

R(λ, A_0)

(_y g ) = ( R(λ, A)x e^{λ·}R(λ, A)y + R(λ, A_0)g )

= ( R(λ, A) 0 e^{λ·}R(λ, A) R(λ, A_0)

) (_y g ) (8)

for Re λ > λ_0.

We fix some notations. It is well known ([9, I.4.17, II.2.11]), that (A_0, D(A_0)) generates the nilpotent shift semigroup (T_0(t))_{t≥0} in L^p([−1, 0], Z) given by

(T_0(t)f)(σ) := { f(σ + t), σ + t ≤ 0, 0, σ + t > 0.

In particular, (A_0, D(A_0)) generates an α-times integrated semigroup (S_0(t))_{t≥0} , where S_0(t) =

∫_t 0 (t − s)^{α−1} Γ(α − 1)

T_0(t)dt.

Moreover we define

(S_tx)(τ) := { S(t + τ)x, −t < τ ≤ 0 0, −1 ≤ τ ≤ −t.

where (S(t))_{t≥0} is the α-times integrated semigroup generated by (A, D(A)). If (G) is true, then it easily follows that S_t : X → L^p([−1, 0], Z) is bounded for all t ≥ 0. Now we prove Proposition 3.2:

Proof of Proposition 3.2 . Let

S_0(t) := ( S(t) 0 S_t S_0(t) ) , t ≥ 0.

For each t ≥ 0, S_0(t) ∈ L(X ). Moreover (S_0(t))_{t≥0} is strongly continuous since (S(t))_{t≥0} and (S_0(t))_{t≥0} are strongly continuous. Then, for λ ∈ R large,

λ^α

∫_∞ 0 e^{−λt} S(t)dt = R(λ, A) bzw. λ^α

∫_∞ 0 e^{−λt} S_0(t)dt = R(λ, A_0).

Hence we get for x ∈ X and τ ∈ [−1, 0]

λ^α

∫_∞ 0 e^{−λt} (S_tx)(τ)dt = λ^α

∫_∞ −τ e^{−λt} S(t + τ)xdt

= e^{λτ} λ^α

∫_∞ 0 e^{−λt} S(t)xdt = e^{λτ} R(λ, A)x.

This shows R(λ, A_0) = λ^α

∫_∞ 0 e^{−λt} S_0(t)dt, i.e., (S_0(t))_{t≥0} the α-times integrated semigroup generated by (A_0, D(A_0)). □

From now on we assume that (A, D(A)) generates an α-times integrated semigroup (S, D(S)) on X such that condition (G) in Proposition 3.2 holds. We use the perturbation results from Section 2 to find conditions on the delay operators Φ such that (A, D(A)) generates a β-times integrated semigroup on X for some β ≥ α.

If Re λ > λ_0 then ‖ ‖BR(λ, A_0) ( x f ) ‖ ‖ X = ‖ ‖ ( 0 Φ 0 0 ) ( R(λ, A)x e^{λ·}R(λ, A)x + R(λ, A_0)f ) ‖ ‖ X = ‖ Φ(e^{λ·}R(λ, A)x + R(λ, A_0)f) ‖ X für

(_x f ) ∈ X . Here ‖ · ‖_X is one of the equivalent norms on X × L^p([−1, 0], Z). Using Theorem 2.3 we get

Theorem 3.3. Let X be a Banach space and let (A, D(A)) be densely defined and generator of an α-times integrated semigroup on X, where α is chosen such that condition (G) in Proposition 3.2 holds. Let D(A) → Z → X and Φ ∈ L(W^{1,p}([−1, 0], Z), X), 1 ≤ p < ∞. If there are numbers M ∈ [0, 1) and λ_0 > 0 such that for all Re λ = λ_0 ‖ Φ(e^{λ·}R(λ, A)x + R(λ, A_0)f) ‖ X ≤ M ‖ ‖ ‖ ( x f ) ‖ ‖ ‖_X , (9)

then (A, D(A)) generates a β-times integrated semigroup for all β > α +^1_r , where X = X × L^p([−1, 0], Z) is of Fourier type r. In particular, if X is of Fourier-type q ∈ [1, 2], then one can choose r = min{p, 1 −^1_p , q}.

In the following we give examples for delay operators Φ that satisfy the condition (9).

Example 3.4. Let D(A) → Z → X and Φ ∈ L(L^p([−1, 0], Z), X). Then

‖Φ(e^{λ·}R(λ, A)x + R(λ, A_0)f‖_X ≤ ‖Φ‖ ( ‖R(λ, A)x‖_Z + C Re λ

‖f‖_p )

for all x ∈ X, all f ∈ L^p([−1, 0], Z) and all Re λ large enough. Hence there is λ_0 ∈ R such that (9) is satisfied for Re λ = λ_0 provided that ‖Φ‖ is small enough and ‖R(λ, A)‖_{L(X,Z)} is uniformly bounded for λ in a half-plane. □

Example 3.5. Let D(A) → Z → X and let η : [−1, 0] → L(Z, X) be of bounded variation. If Φ : C([−1, 0], Z) → X is given by

Φf :=

∫_0 −1 dηf, f ∈ C([−1, 0], Z)

then Φ ∈ L(C([−1, 0], Z), X). In particular, Φ is bounded from W^{1,p}([−1, 0], Z) to X since W^{1,p}([−1, 0], Z) is continuously embedded C([−1, 0], Z). If the real part of λ is large enough we get

‖Φ(e^{λ·}R(λ, A)x)‖_X = ‖ ‖ ∫_0 −1 dη(σ)e^{λσ} R(λ, A)x ‖ ‖ X ≤ ∫_0 −1 e^{Re λσ} d|η|(σ) ‖R(λ, A)x‖_Z

≤ |η|([−1, 0])‖R(λ, A)x‖_Z and ‖ΦR(λ, A_0)f‖_X = ‖ ‖ ∫_0 −1 dη(σ)(R(λ, A_0)f)(σ) ‖ ‖ X = ‖ ‖ ‖ ∫_0 −1 dη(σ)

∫_0 σ e^{−λ(t−σ)} f(t)dt ‖ ‖ ‖_X ≤ ∫_0 −1 ∫_0 σ e^{− Re λ(t−σ)} ‖f(t)‖_Z dt d|η|(σ) ≤ ∫_0 −1 ( ∫_0 σ e^{− Re λ(t−σ)q} dt

)_{1/q} dt d|η|(σ)‖f‖_p

≤ (Re λq)^{−1/q} |η|([−1, 0]) ‖f‖_p, where^1_p +^1_q = 1 and |η| is the positive Borel measure on [−1, 0] defined by η. Hence there is λ_0 ∈ R such that (9) is satisfied for Re λ = λ_0 provided that |η|([−1, 0]) is small enough and ‖R(λ, A)‖_{L(X,Z)} is uniformly bounded for λ in a half-plane. □ Example 3.6. Let D(A) → Z → X, Ψ ∈ L(C([−1, 0], X), X) and B ∈ L(Z, X) such that ‖BR(λ, A)‖ ≤ M < ‖Ψ‖^{−1} for Re λ large enough. We define the delay operator Φ ∈ L(C([−1, 0], Z), X) by Φf = Ψ(s → B(f(s))).

Then, for all x ∈ S, f ∈ L^p([−1, 0], Z) and all Re λ large enough, ‖Φ(e^{λ·}R(λ, A)x)‖_X = ‖Ψ(e^{λ·}BR(λ, A)x)‖_X ≤ ‖Ψ‖ sup_{−1≤s≤1} ‖e^{λs} BR(λ, A)x‖_X ≤ ‖Ψ‖‖BR(λ, A)x‖ ≤ M‖Ψ‖ < 1 and ‖ΦR(λ, A_0)f‖_X = ‖Ψ(s → B((R(λ, A_0)f)(s))‖_X = ‖ ‖Ψ ( s → B

∫_0 s e^{−λ(t−s)} f(t)dt ) ‖ ‖ X ≤ ‖Ψ‖ sup_{−1≤s≤0} ‖ ‖ ∫_0 s e^{−λ(t−s)} B(f(t))dt ‖ ‖ X ≤ ‖Ψ‖ sup_{−1≤s≤0}

∫_0 s e^{− Re λ(t−s)} ‖B(f(t))‖_X dt

≤ ‖Ψ‖‖B‖ sup_{−1≤s≤0}

∫_0 s e^{− Re λ(t−s)} ‖f(t)‖_Z dt

≤ ‖Ψ‖‖B‖(Re λq)^{−1/q} ‖f‖_Lp_{([−1,0],Z)} Using the triangle inequality we obtain that there is λ_0 ∈ R such that (9) is satisfied for Re λ = λ_0. □

4. Applications We consider the equation

u^′(t) = Au(t) + γBu(t − 1) +

∫_0 −1 a(s)Bu(t + s)ds, u(0) = x, u_0 = f,

(10)

where γ ∈ C and a ∈ L^1([−1, 0]).

First we assume that (A, D(A)) generates a bounded analytic semigroup on a Banach space X and that B ∈ L(D(A), X) is relatively bounded with respect to A, i.e., there are nonnegative α, β with ‖Bx‖ ≤ α‖Ax‖ + β‖x‖, x ∈ D(A).

Let K := sup_{Re λ>0} ‖λR(λ, A)‖. Then

‖BR(λ, A)‖ ≤ α(K + 1) + βK |λ| , Re λ > 0.

Define Ψ ∈ L(C([−1, 0], X), X) by

Ψf := γf(−1) +

∫_0 −1 a(s)f(s)ds

and let Φf := Ψ(s → Bf(s)) = γBf(−1) +

∫_0 −1 a(s)Bf(s)ds.

Now we apply Example 3.6 which yields that condition (9) is satisfied for Re λ large enough if α(K + 1) < ‖Ψ‖^{−1} .

In particular, this is the case if α(K + 1) < (|γ| + ‖α‖_1)^{−1} . Now Theorem 3.3 yields the following proposition:

Proposition 4.1. Let (A, D(A)) be the generator of a bounded analytic semigroup on a Banach space X with K := sup_{Re λ>0} ‖λR(λ, A)‖ and let B be a linear operator in X bounded from D(A) to X such that there are numbers α, β > 0 with ‖Bx‖ ≤ α‖Ax‖ + β‖x‖ for all x ∈ D(A). Let γ ∈ C and a ∈ L^1([−1, 0]) such that α(K +1) < (|γ|+‖a‖_1)^{−1} . Then there is n ∈ N such that (10) has a unique solution for all

(_x f ) ∈ D(A^n), where A is the matrix operator associated to (10).

For a second application let X = L^p(R) where 1 < p < ∞ and let m ≥ 2 be an integer. We define the operator (A_m, D(A_m)) by A_mf := if^{(m)} if m is even, and by A_mf := f^{(m)} if m is odd, with domain D(A) := W^{m,p}(R) in L^p(R).

Then (A_m, D(A_m)) generates a C_0-semigroup on X if and only if p = 2 ([12]). For m = 2 this was proved first by Hörmander [14] in 1960. If p ≠ 2, (A_m, D(A_m)) generates an α-times integrated semigroup on X for α > | |^1_2 −^1_p | | ([12]).

We again consider the Delay equation (10) where A = A_m and (B, D(B)) is given by Bf := V · f^{(l)} with maximal domain D(B) := {f ∈ L^p(R) : V · f^{(l)} ∈ L^p(R)} in L^p(R). Here, V is a potential and l ∈ N ∪ {0}. We will use the following lemma from [15].

Lemma 4.2. Let X = L^p(R), 1 < p < ∞, and let one of the conditions

(i) l ≤^1_p (m − 1) and V ∈ L^p(R) or (ii) l = 0 and V ∈ L^p(R) + L^∞(R)

hold true. Let (A_m, D(A_m)) and (B, D(B)) be defined as above. Then D(A) ⊆ D(B) and for each M ≥ 0 there is a λ_M ∈ R such that ‖BR(λ, A_m)‖ ≤ M for all λ ∈ C such that Re λ ≥ λ_M .

In particular, D(A) → D(B) → X and B ∈ L(D(B), X), since B is closed. If we define Ψ and Φ as above, then Example 3.6 yields that condition (9) is satisfied for Re λ large enough. We again use Theorem 3.3 and obtain

Proposition 4.3. Let X = L^p(R) and let A = A_m and B be defined as above, where

(i) l ≤^1_p (m − 1) and V ∈ L^p(R) or (ii) l = 0 and V ∈ L^p(R) + L^∞(R).

Let γ ∈ C and a ∈ L^1([−1, 0]). Then there is n ∈ N such that (10) has a unique solution for all

(_x f ) ∈ D(A^n), where A is the matrix operator associated to (10).

References

[1] Wolfgang Arendt, Charles J. K. Batty, Matthias Hieber, and Frank Neubrander, Vector-valued Laplace transforms and Cauchy problems, Birkhäuser Basel Boston Berlin, 2001.

[2] András Bátkai and Susanna Piazzera, Semigroups and linear partial differential equations with delay, J. Math. Anal. Appl. 264 (2001), 1–20.

[3] , A semigroup method for delay equations with relatively bounded operators in the delay term, Semigroup forum 64 (2002), 71–89.

[4] Jean Bourgain, A Hausdorff-Young inequality for B-convex Banach spaces, Pacific J. Math.

101 (1982), no. 2, 255–262.

[5] , Vector-valued Hausdorff-Young inequalities and applications, Geometric aspects of functional analysis (1986/87), Lecture Notes in Math., 1317, Springer, 1988, pp. 239–249.

[6] R.F. Curtain and H.J. Zwart, An introduction to infinite-dimensional linear systems theory, Springer-Verlag, 1995.

[7] G. Di Blasio, K. Kunisch, and E. Sinestrari, L^2-regularity for parabolic partial integrodifferential equations with delay in the highest-order derivatives, J. Math. Anal. Appl. 102 (1984), 38–57.

[8] O. Diekmann, S.A. van Gils, S.M. Verduyn Lunel, and H.-O. Walther, Delay equations.

functional-, complex-, and nonlinear analysis, Springer-Verlag, 1995.

[9] Klaus-Jochen Engel and Rainer Nagel, One-parameter semigroups for linear evolution equations, Graduate Texts in Mathematics, 194, Springer-Verlag, New York, 2000.

[10] Maria Girardi and Lutz Weis, Operator-valued Fourier multiplier theorems on Besov spaces, to appear in Math. Nachrichten.

[11] Jack K. Hale and Sjoerd M. Verduyn Lunel, Introduction to functional differential equations, Springer-Verlag, 1993.

[12] Matthias Hieber, Integrated semigroups and differential operators on L^p, Dissertation, Tübingen, 1989.

[13] , Laplace transforms and α-times integrated semigroups, Forum Math. 3 (1991), 595– 612.

[14] Lars Hörmander, Estimates for translation invariant operators in L^p-spaces, Acta Math. 104 (1960), 93–139.

[15] Cornelia Kaiser and Lutz Weis, Perturbation theorems for α-times integrated semigroups, Arch. Math. 81 (2003), 215-228.

[16] S. Kwapien, Isomorphic characterisations of inner product spaces by orthogonal series with vector valued coefficients, Studia Math. 44 (1972), 583–595.

[17] Jaak Peetre, Sur la transformation de Fourier des fonctions à valeurs vectorielles, Rend.

Sem. Mat. Univ. Padova 42 (1969), 15–26.

[18] Jianhong Wu, Theory and applications of partial functional differential equations, Springer- Verlag, 1996.

Mathematisches Institut I, Universität Karlsruhe, Englerstraße 2, 76128 Karlsruhe, Germany E-mail address: cornelia.kaiser@math.uni-karlsruhe.de