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ABSTRACT. This work deals with an algebro—geometric theory of solutions of the clas-
sical Yang—Baxter equation based on torsion free coherent sheaves of Lie algebras on
Weierstraf§ cubic curves.

1. INTRODUCTION

This paper is devoted to a study of the classical Yang-Baxter equation (CYBE)
[rlQ(xl,xg),r13(:L‘1,x3)] + [Tlg(xl,xg),r%(@,xgﬂ + [r12(3:1,:v2),7"23(x2,x3)] =0

from an algebro—geometric perspective. Here, g is a finite dimensional complex simple Lie
algebra and 7 : (C?,0) — g ® g is the germ of a meromorphic function. Solutions of
CYBE (also called r—matrices) have numerous applications in mathematical physics, most
notably in the modern theory of classical integrable systems; see for example [1, 4, 34, 55].

The simplest solution of CYBE is the Yang’s r—matrix r(z,y) = L, where v € g® g
y—x

is the Casimir element.

Belavin and Drinfeld proved that any non—degenerate skew—symmetric solution of CYBE
is (up to a certain equivalence relation) either elliptic, trigonometric or rational [10, 11].
Elliptic solutions of CYBE exist only for the Lie algebra g = sl,,(C); explicit formulae for
them were found by Belavin [9]. In [10] the authors showed that Belavin’s list of elliptic
r—matrices is in fact exhaustive. Moreover, Belavin and Drinfeld classified all trigonomet-
ric solutions of CYBE; the underlying combinatorial pattern (including both discrete and
continuous parameters) turned out to be rather complicated [10]. The theory of rational
solutions of CYBE was developed by Stolin in [65, 66, 67].

Let £ = V(u2 —4v3 + gov + gg) C PP? be a Weierstraf8 cubic curve, where go, g3 € C. Tt
is well-known that F is singular if and only if g% — 27g§ = 0; in this case E has a unique
singular point s, which is a cusp for go = 0 = g3 and a node otherwise. Let E be the
regular part of £/, K the field of meromorphic functions on F and w a regular differential
one—form on E (taken in the Rosenlicht sense if E is singular; see e.g. [6, Section IIL.6].
Note that w is uniquely determined up to a non—zero scalar).

Next, consider a coherent sheaf of Lie algebras A on E such that:
(1) HY(E,A) =0= HY(E, A);
(2) A is weakly g-locally free on E, i.e. A‘I >~ g for all z € E.
The first assumption implies that the sheaf A is torsion free (in particular, locally free

when E is smooth). A consequence of the second assumption is that the space Ag of
1
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global sections of the rational envelope of A is a simple Lie algebra over K. In the case
the curve F is singular, consider the C—bilinear pairing x“ given as the composition

AK X AK SN K ﬁ (C,
where £ is the Killing form of Ax and res?(f) = ress(fw) for f € K (the residue of
the meromorphic one—form fw at the singular point s € E is taken in the Rosenlicht
sense, i.e. we take the sum of the residues of the pull-back of the differential form fw
at all preimages of s under the normalization map; see (34)). We impose the following
additional requirement (which is automatically fulfilled provided the sheaf A is locally
free) on the stalk As of the sheaf A at the singular point s:

(3) As is an isotropic Lie subalgebra of Ax with respect to the pairing x“.

The first main result of this article is the following.

Result A. Consider a pair (E,.A), where E is a Weierstrafl cubic and A a sheaf of Lie
algebras on E satisfying the properties (1) — (3) above.

e

Then there exists a distinguished regular section p € F(E x E\A, AKX A) (called in what
follows geometric r—matriz), which is a non—degenerate skew—symmetric solution of the
classical Yang—Baxter equation:

[p12,p13} + [Plz,PQ?)] + [,0137,023] — 07

where A C E x E is the diagonal and both sides of the above equality are viewed as
meromorphic sections of AKX AK A over the triple product E x E x E; see Theorem 4.3.
Trivializing the sheaf A over some open subset of E, we get an elliptic solution of CYBE
in the case F is elliptic, a trigonometric solution in the case E is nodal and a rational
solution in the case F is cuspidal; see Subsection 4.4. It turns out that at least all elliptic
and rational solutions of CYBE arise from an appropriate pair (F,.A); see Remark 4.13
and Theorem 5.3.

Let us now make a brief review of other works, which are related or precede Result
A, stated above. The idea to express solutions of CYBE in algebro—geometric terms was
suggested for the first time by Cherednik [30] in 1983. A certain algebro—geometric re-
formulation of the classification [10] was announced by Drinfeld [31, Section 4] in 1986.
However, a passage to details showed that initial ideas spelled out long time ago, actually
have to be extended by several essentially new ingredients. At this place, we also want to
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mention works of Fay [35], Ball and Vinnikov [5], Ben—Zvi and Biswas [12], Gémez Gonza-
lez and Plaza Martin [39], Polishchuk [51] and Raina [53] on the so—called matriz—valued
Fay’s trisecant identity, where analogous algebro—geometric constructions were studied in
a higher genus case. However, the basic setting of the cited works was restricted to the
case of vector bundles on smooth projective curves, respectively smooth compact Riemann
surfaces.

Going into a different direction, Reyman and Semenov—Tian—Shansky observed in [54]
that all elliptic solutions of CYBE can be obtained from appropriate decompositions of
the Lie algebra g((2)) into a direct sum of Lagrangian subalgebras g((2)) = g[z] + W, where
9((2)) is equipped with the pairing g((z)) x g((z)) — C given by the formula (f,g) —
reso (k(f,g)dz); in this case, (g((2)),g[z], W) is a so-called Manin triple. See also [33,
Lecture 6] for an exposition of the theory of Manin triples, where some basic trigonometric
and rational solutions were described in such a way. The idea to realize Lagrangian
decompositions of g((z)) geometrically was suggested by Drinfeld [31, Section 3|. In fact,
starting with a pair (E,.A) as in Result A, we get a canonical Lagrangian decomposition
Q(/Tp) = Ep +T(E\{p}, A), where p=(0:1:0) is the “infinite” point of the Weierstraf
cubic F, the Lie algebra A\p is the completion of the stalk of A at p, Q(A\p) is the rational
envelope of A\p and the pairing on Q(gp) is given by the global differential one—form w on
E (which is unique up to a scalar); see Proposition 6.1. We show in Theorem 6.4 that
both geometric approaches to CYBE match with each other and lead to the same power
series expansion for a solution of CYBE.

The interest to the algebro—geometric theory of Yang—Baxter equations was revitalized
in 2002 by Polishchuk [50]. He observed that appropriately interpreted triple Massey
products in the perfect derived category Perf(X) of coherent sheaves on a Calabi—Yau
curve X (a reduced projective curve with trivial canonical sheaf) yield solutions of the so—
called associative Yang—Baxter equation (AYBE) with spectral parameters. This new type
of Yang—Baxter equations turned out to be closely related both to CYBE for the Lie algebra
s[,(C) as well as to the quantum Yang—Baxter equation [52]. Let F be a simple locally
free sheaf of rank n > 2 on X. Then the sheaf A = Ad x(F) of traceless endomorphisms of
F is a locally free sheaf of Lie algebras on X with vanishing cohomology, whose fibers are
isomorphic to the Lie algebra sl,,(C). For any two perfect complexes G®, H® of coherent
sheaves on X, we have the canonical non—degenerate Serre pairing

(=, =)+ Homx(G" H") x Extk (K", G%) — C

given as the composition Homx (G*, H®) x Exty (H*,G*) = ExtL(G*,G*) I HY(Ox) &
C, where o is the map of the composition of morphisms and Tr is the trace map; see for
instance [26, Section 2.1] for details. Using the Serre pairing (—, —), one can identify the
triple Massey product

m3 : Homx (F,C,) ® Extx(C,, F) ® Homx (F,C,) — Homx (F,C,)

in the triangulated category Perf(X) with the fiber p,, € A}z ® A|y of the geometric
r—matrix; see [22, Theorem 3.7] for details and a proof. Polishchuk’s observation was that
the As.—constraint of an A..—lift of the triple Massey product m3 can be interpreted as
the Yang-Baxter identity for the geometric r—matrix p € F(X x X \AJAK .A); see [50,
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Theorem 2]. In fact, this approach also allows to show that the section p satisfies a stronger
version of CYBE; see Remark 4.15 and the references therein. However, the analysis
made by Schedler [57] in particular implied that only a small subclass of quasi—constant
trigonometric solutions of CYBE for the Lie algebra sl,(C) satisfies these strengthened
CYBE relations. As a consequence, not all solutions of CYBE for the Lie algebra sl,,(C)
can arise from a geometric r-matrix of the form (X, Adx(F)), where X is a Calabi-Yau
curve and F is a simple locally free sheaf on X.

In the case of singular curves, there is the following subtle technical issue related with
the triple Massey product approach [50]. Namely, the derivation of all types of Yang—
Baxter relations from A.,—constraints essentially uses existence of an A.,—structure for
the triangulated category Perf(X), which is cyclic with respect to the canonical Serre
pairing defined above; see a discussion in [26, Proposition 2.1.7]. In the case of elliptic
curves, Polishchuk proved existence of such an A.,—structure, using complex analytic
techniques; see [49, Theorem 1.1]. Unfortunately, for the degenerate elliptic curves, this
important fact is until now not well-documented in the existing literature. This was
the main reason to derive Yang—Baxter relations in the singular setting [25, 22|, using
a degeneration argument from a smooth (elliptic) case. Namely, using the technique of
relative Fourier—Mukai transforms on genus one fibrations X — 7T', one can construct
locally free sheaves F rank n on the total space X of the fibration, whose restrictions on
the fibers F ‘ x, are simple locally free sheaves on Calabi—Yau curves X; for all t € T'; see
[23, 24, 56, 7, 44]. Next, one can then construct a relative version of the geometric r—
matrix p € I‘(X' xp X\ A, AR A), attached to the pair (X,.A) with A = Adx (F), which
specializes to the geometric r—matrices p; attached to the pairs (X, A;) for any ¢ € T'; see
[22, Theorem 4.4]. A non-trivial analytic consequence of this method was a discovery of
distinguished classes of trigonometric and rational solutions of CYBE for the Lie algebra
sl,(C), which are degenerations (up to a change of variables and a gauge transformation)
of elliptic solutions of Belavin [9]; see [26, 22, 21, 52].

Note that the Result A is valid for an arbitrary complex simple algebra g. However, the
main novelty of this paper is the appearance of torsion free sheaves. In fact, this is not
too surprising because of the following observation. Let X £, E be the Weierstrafl model
of a Calabi-Yau curve X (see Theorem 4.8 for a precise definition) and F be a simple
vector bundle on X. We prove that the torsion free sheaf A := p1,(Adx (F)) satisfies all
properties which are necessary to apply Result A to the pair (E,.A); see Proposition 4.9.
As a consequence, the approach of [50] (see also [22]) to the study of solutions of CYBE
for the Lie algebra sl,(C), based on a computation of triple Massey products for simple
vector bundles over non—integral Calabi-Yau curves, can be naturally included into the
framework, where only Weierstrafl curves are necessary; see Theorem 4.10.

Summing up, precisely torsion free sheaves on Weierstrafl cubics which are not locally
free, underly the combinatorial complexity of the entire panorama of trigonometric and
rational solutions of CYBE [10, 65]. For the Lie algebra g = sl,,(C), the obtained picture
can be informally described as follows. The pairs of the form (E s M (Ad x(F ))), where F
is a simple vector bundle on a Calabi-Yau curve X, lead to the most beautiful (“noble”)
solutions of CYBE, which are known to be degenerations (in an appropriate sense) of the
elliptic solutions. However, the “silent majority” of all solutions of CYBE corresponds
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to the pairs (F, A), for which the sheaf A is not locally free (neither in a direct nor in a
hidden sense).

It is a natural question to ask, to what extend the computations with torsion free sheaves
which are not locally free, could be made constructive. The theory of torsion free sheaves
on singular curves of arithmetic genus one is nowadays relatively well-understood, thanks
to the combination of methods of the theory of matrix problems [32, 20, 18, 17, 14, 19,
13, 15, 16] with the technique of (relative) Fourier-Mukai transforms [23, 24, 25, 56, 7].

We illustrate Result A by the following example. Let g be a simple Lie algebra of
Dynkin type A,_1, realized in the usual way as the algebra sl,(C) of traceless square
matrices. We denote by g = g, ®h@®g_ the conventional triangular decomposition of g
into the direct sum of the Lie algebras of strictly upper triangular, diagonal and strictly
lower triangular matrices. Let ®1 be the set of postive/negative roots of g. Concretely,
o, = {(i,j) € N?|[1 < i < j < n}; for a = (i,j) € P we write eq = €;;. Let

2 .
= exp(ﬂ) be a primitive n—th root of 1 and ¢; = &§’. Then we have the following

“natural” bases of the Cartan subalgebra §:
° (gl, e ,gn,l) with g; = diag(l,Cj, . .,C;L_l) for1<j<n-1.
° (hl, ceey hnfl) with h; = diag(O, ...,0,1,-1,0,..., 0), where 1 stands at the j-th
entry for 1 <j<n-—1.
e In both cases, (¢5,...,95_1) and (h},...,h},_;) are the corresponding dual bases
of the Cartan subalgebra .

Result B. Let E be a singular Weierstrafl cubic and Q a simple torsion free and not
locally free sheaf of rank n > 2 with x(Q) = 1 (such Q is unique up to an isomorphism;
see e.g. [25]). Let A be the sheaf of Lie algebras on E defined by the short exact sequence

0— A— Endp(Q) 5 O — 0,

where O is the direct image of Op1 under the normalization map P! — E and tr is the
trace map. Then the pair (F, A) satisfies all necessary assumptions to apply Result A and
gives the following solutions of CYBE for g = sl,,(C) (see Theorem 7.8).

1. If E is nodal then 7(x,y) = rst(x,y) + ry + 7sp, Where

l/y+x
Tst(,y) = §(Z_x7+ Z e_q /\ea)
046(1)+

is the standard quasi-trigonometric r—matrix [10, 43|, whereas

11+ G ™
Ty = o ]Z_;(l—CJ')gn_j ®gj and rep = Z}; €—a <; eT’“(Oé))’
= acd =

Here, for a = (i,j) € @4 we put: p(a) :=i—1 and 7(a) := (i — 1,5 — 1) € &, provided
i > 2, whereas a Ab:=a®b—b® a for any a,b € g.
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2. If E is cuspidal then

n—1 -1
v *
r(z,y) = Iy + E b A egy1k + § (E €l—j,k—j—1> N e€p,-
k=1

1<kI<n j=0

k>1+2
List of notations. For convenience of the reader we introduce now the most important
notations used in this paper.

— k denotes an algebraically closed field of characteristic zero. From the point of view of
applications to CYBE, the case k = C is of main interest.

— We work in the category of algebraic varieties (respectively, algebraic schemes) over k.
The usage of the Kiinneth isomorphism is one of the reasons for this choice. However, for
k = C it is possible to pass to the complex—analytic category at most places. In particular,
we talk about meromorphic functions on X, whereas the terminology rational functions
would be more consistent.

— Given an algebraic variety (or scheme) X, X always stands for the regular part of
X. Next, Coh(X) (respectively, VB(X), TF(X)) denotes the category of coherent sheaves
(respectively, locally free sheaves, torsion free sheaves) on X; D’(Coh(X)) is the derived
category of Coh(X). We denote by Ox the structure sheaf of X. If X is Cohen—-Macaulay
then Qx denotes the dualizing sheaf of X.

— We write Hom and End when working with global morphisms between coherent sheaves
whereas Hom and End stand for interior Homs in Coh(X). If F is a locally free sheaf on
X then Ad(F) denotes the sheaf of traceless endomorphisms of F.

— For a coherent sheaf F on X and a point € X, we denote by F ‘x the fiber of F over
x and by F, the stalk of F at x. We shall use all possible notations T'(X, F), H’(X, F)
and F(X) for the space of global sections of F. If X is projective then x(F) denotes the
Euler characteristic of F.

— A Calabi-Yau curve X is a reduced projective Gorenstein curve with trivial canonical
sheaf. The irreducible Calabi—Yau curves are the Weierstraf§ cubics

wv? = 4u? — gruw? — gzw?,
where g1, 92 € k. The complete list of Calabi—Yau curves is known; see for example [64,
Section 3]. Namely, a Calabi-Yau curve X is either

e an elliptic curve;

e a cycle of m > 1 projective lines (Kodaira fiber I,,; for m = 1 it is a nodal
Weierstra$l cubic);

e a cuspidal Weierstra$ cubic (Kodaira fiber II), a tachnode plane cubic curve (Ko-
daira fiber III) or a generic configuration of n concurrent lines in P™~! for m > 3.

— In this work, g always denotes a finite dimensional complex simple Lie algebra; g x g —
C is the Killing form of g and v € g ® g is the Casimir element.

Acknowledgement. This work was supported by the DFG project Bu—1866/3-1. We are
grateful to Alexander Stolin for helpful discussions as well as to the anonymous referee for
his/her helpful comments.
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2. SURVEY ON THE CLASSICAL YANG-BAXTER EQUATION

Let g be a finite dimensional simple complex Lie algebra and 7 : (C2,0) — g®g the germ
of a meromorphic function. We begin with the so—called generalized classical Yang—Baxter
equation (GCYBE), which is the following system of constraints on the coefficients of 7:
(1) [7“12(3:1,362),7"13(361,333)] + [T12<$1,$2),T23((I}2,$3)] + [7"32(:6'3,.%'2),7’13(1'1,1'3)] =0.

The upper indices in this equation indicate various embeddings of g ® g into U ® U ®
U, where U is an arbitrary associative algebra containing g (for example, the universal
enveloping algebra of g). The function 73 is defined as
i C? S geg S UURU,
where 113(a ® b) = a ® 1 ® b. The other maps r'2, 723 and 732 have a similar meaning.
Note that for instance
[(a®b)12,(c®d)13} = [a®b® 1,c® 1®d] =la,c]bdecgrg®yg

for arbitrary a,b,c,d € g. Hence, the left-hand side of (1) does not depend on the
embedding of g into an ambient associative algebra U.

The Killing form g x g —— C induces an isomorphism of vector spaces

(2) g®gi>End(g), a®b— (c k(ac)-b).
A solution r of (1) is called non—degenerate, if for some (hence for a generic) point (z1, z2)
in the domain of definition of r, the linear map % (r(z1,z2)) € End(g) is an isomorphism.

One can perform the following transformations with a solution r of (1).

e Gauge transformations. This means that for any holomorphic germ (C,0) 2,

Aut(g), the function
(3) F(x1, 22) := ((21) ® (x2))7r (w1, 22).

is again a solution of (1).
e Rescaling. For any germ of a non-zero meromorphic function (C,0) - C
(4) 7(z1, x2) := u(x)r(z1, x2)
is again a solution of (1).
e Change of variables. Let (C,0) - (C,0) be a germ automorphism for i = 1,2.
Then the function
(5) Fz1, z2) == r(m(z1), m2(x2)).
is again a solution of (1).

It is easy to see that all these transformations preserve non—degeneracy of a solution of
(1). Next, a solution r of (1) is called skew—symmetric if

(6) r(x1,xe) = —O'(T(SUQ,SCl)),

where g ® g — g®g is given by the rule a ® b — b ® a. For skew-symmetric solutions,
the generalized classical Yang-Baxter equation (1) takes the form

(1) [ (er,22), 7P (@, 23)] + [ (1, ), 7% (w2, 25)] + [P (21, 23), 77 (22, 23)] = 0.
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This is the conventional classical Yang—Baxter equation with two spectral variables (CYBE).
Note that the class of admissible transformations of skew—symmetric solutions (1) preserv-
ing the skew—symmetry is more restrictive comparing with the ones of (GCYBE). Namely,
we are allowed to rescale a solution only by a constant function; a change of variables has
to be performed by the same automorphism 1 = 11 = 1y. However, the skew—symmetry
is preserved under arbitrary gauge transformations.

By a result of Belavin and Drinfeld [11], any non—degenerate skew—symmetric solution
of (7) is can be transformed (applying an appropriate change of variables and a gauge
transformation) to a solution r(z1,z2) = (2 — x1), depending just on the difference (or
the quotient) of spectral parameters. In other words, (7) reduces to the equation

(8) [0"(2), 0" (z +y)] + [0"(2), 0®(y)] + [0 (z + ¥), 0 (y)] =0

for the germ of a meromorphic function (C,0) 2. g®g (the so—called CYBE with one
spectral parameter). According to Belavin and Drinfeld [10], any non—degenerate solution
of (8) is automatically skew—symmetric and has a simple pole at 0 with residue equal
to a multiple of the Casimir element v € g®g. This means that the theory of skew-—
symmetric solutions of the classical Yang—Baxter equation with two spectral parameters
(7) basically reduces to a description of solutions of (8). For some applications, dependence
on the difference of spectral parameters is crucial, but from the geometric perspective, the
version of the classical Yang—Baxter equation with two spectral parameters (7) seems to
be more natural.

A few words about the history of the subject. The concept on an R—matrix controlling
exact solvability of certain models of mathematical physics appeared in works of Yang
and Baxter in 60’s—70’s. The development of the underlying algebraic theory, including
in particular the precise formulation of the quantum Yang-Baxter equation itself, was
initiated by Faddeev and his school; see e.g. [34]. The classical Yang-Baxter equation
(8) was introduced by Sklyanin [59] and Belavin [9]. Nowadays, it plays a central role
in the modern theory of classical integrable systems via an appropriate version of the
so—called Adler-Kostant—Symes scheme; see e.g. [1, 4, 34, 55]. The generalized classical
Yang-Baxter equation (1) was discovered by Cherednik [29]. Solutions of this equation are
also interesting from the point of view of applications in the mathematical physics [3, 45].
New non-skew-symmetric solutions of (1) of all types (elliptic, trigonometric, rational)
were constructed by Skrypnyk [60, 61]; applications of (1) both to classical and quantum
integrable systems were extensively studied by this author; see e.g. [60, 61, 63].

3. GEOMETRIC SOLUTIONS OF THE GENERALIZED CLASSICAL YANG—BAXTER EQUATION

3.1. The residue sequence. In this subsection, let X be an algebraic curve over k (not

necessarily integral), C' C X a connected non—empty smooth open subset, C' 2. X xC
the diagonal embedding and A = Im(d).

Proposition 3.1. There exists the following short exact sequence of coherent sheaves on
the algebraic surface X x C (called residue sequence ):

resa

(9) 0 — Oxxc — Oxxc(A) == 8(Home(Qc, Oc)) — 0.
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Proof. We have to define the morphism of sheaves resa. For any point p € C, let U C X xC
be an open neighbourhood of (p,p) € XxC and V := § 1 (UﬂA). Let f € F(U, OXXC(A))
and w € I'(V,Q¢). Diminishing if necessary the open neighbourhood U, we may write in
some local coordinates:

(10) fa,t) = L& tt) and  w = p(t)dt
for some regular functions g € F(U, OXXC) and ¥ € I'(V, C). Then we put:
(11) (resa(f))(w) = (V 2y = ¥(y)g(y,y)-

The map I'(U, Oxxc(A)) — Home, vy (Qc(V), Oc(V)) defined in this way, is indepen-
dent of all the choices made and determines the morphism of coherent sheaves resa. The
exactness of (9) is then obvious. O

Assume that the open subset C' C X is such that there exists a nowhere vanishing regular
differential form w = 7(2)dz € I'(C, Q¢), defining a trivialization of Q¢. Then the short
exact sequence (9) can be rewritten in the following way:

res® A

(12) 0 — Oxxc — Oxxc(A) —> Oa — 0.

For further applications, let us respell the definition of res} explicitly. As above, for any
point p € C, consider an open neighbourhood U C X x C of (p,p), set V := 5_1(U NA)
and take any f € I'(U,Oxxc(A)). Then we put: resi(f) == (V 2 y — 7(v)9(y,v)),

t
where f(x,t) = 9(z, t)' The proof of the next result is straightforward.
x u—

Lemma 3.2. The short exact sequence (12) has the following functorial properties with
respect to restrictions:

e IfC' C C is an open subset and ' := o then the restriction of (12) on the open
subset X x C" C X x C can be canonically identified with the residue sequence
given by the differential form W'.

e For any point p € C, the restriction of (12) on the closed subset X x {p} C X x C
can be canonically identified with the short exact sequence

(13) 0 — Ox — Ox(p) — k, — 0,
where resy (h) := resy(hw) for any local meromorphic function h in a neighbourhood
of p with at most simple pole at p.

3.2. Some basic facts about sheaves of Lie algebras. In this subsection, C' is an
integral curve over k and g a simple Lie algebra over k.

Definition 3.3. Let A be a coherent sheaf of Lie algebras on C. We say that A is weakly
g—locally free if A‘x = g for any z € C.

Remark 3.4. Note that Definition 3.3 does not imply that for any p € C there exists an
open neighbourhood p € V' C C such that T'(V, A) = g®I'(V,O¢) as Lie algebras over
the ring I'(V, O¢). However, because of the vanishing H 2(9 g) = 0 (Whitehead’s lemma),
one can conclude that Ap = ®1k0 for any p € C, where A and O are the completions
of the stalks of A and O¢ at the point p; see for example [36 Sect1on 2] for a proof.
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Proposition 3.5. Let A be a weakly g—locally free sheaf of Lie algebras on C. Then the
following results are true.

o A is locally free on C viewed as a coherent sheaf.
o Let C =V1U---UV, be an affine open covering such that the Lie algebra T'(V;, A) is
free viewed as T'(V;, Oc)—module for any 1 < i < n. Then the local Killing—forms

T(V;, A) x T(Vi, A) =5 T(Vi, Oc),  (f,g) — tr(ad(f)ad(g))

coincide on the intersections V; N'V; for all 1 < i # j < n and define a global
isomorphism of Oc—modules

(14) A® AL Endo(A).
o Let vy eT'(C, A® A) be the Casimir element (i.e. the preimage of the identity map

under T(C, A® A) - Endc(A)). Then we have:
— For any open subset V.C C and f € I'(V, A) it holds:

(15) V] fel+10f]=0eT(V, A A).

— For any x € C, the element of the fiber 7‘1 € A}I Rk A‘w is the Casimir
element of the simple Lie algebra A‘x =g.
o Let IC be the sheaf of meromorphic functions on C, Ax == A® K be the rational
envelope of A and K :=T'(C,K). Then Ag :=T'(C, Ax) is a simple Lie algebra
over the field K (however, in general Ax % g QK ).

Proof. The first statement follows from the assumption that C is reduced. The proof
of the second result is straightforward. The equality (15) follows from the fact that the

isomorphism of O(V')-modules T'(V, A) ®o vy ['(V,.A) - Endoy (T(V;A)) is also an
isomorphism of O(V)-linear representations of I'(V,.A). The second property of 7 is
obvious. The last statement follows from the fact that the Killing form Ax x Agxy — K
is non—degenerate, which insures the semi-simplicity of Ax. Now assume that Ax =
By x--- x By, where m > 2 and By, ..., B, are some simple Lie algebras over K. Then
there exists an open set U C C and Lie algebras Ay, ..., A, over the ring O = O(U)
such that each A; is a finitely generated free O—module satisfying A; ®0 K = B; and
U, A) 2 Ay x --- x Ap,. But then for any x € U, the fiber A‘z splits into a non—trivial

product of Lie algebras, contradiction. ]

3.3. Algebro—geometric approach to GCYBE. We start with the following algebro—
geometric datum ((X,A4), (C,w)), where
e X is a Cohen—Macaulay projective curve over k (which need not be integral in
general).
e A is a coherent sheaf of Lie algebras on X such that H°(X, A) =0 = H'(X, A).
e C C X is a non-empty smooth affine subset such that A° := .A‘ o 1s weakly
g-locally free on C.
e w e I'(C,Q¢) is a nowhere vanishing differential one—form.

We shall use the following notation: A = I'(C,.A°) and O = T'(C,O¢); C X x O s
the diagonal embedding and A = Im(J).
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Proposition 3.6. Let ((X,A),(C,w)) be a datum as above.

C
R /

?S“@ﬂ
Then the following results are true.

o The coherent sheaf A is Cohen-Macaulay.
o The residue sequence (12) induces a short exact sequence
(16) 0 — AR A — AR A (A) =2 5, (A° @ A°) — 0.
e We have the vanishing H' (X x C, AN AO) =0 for all i € Ny.
Proof. From I'(X, A) = 0 we conclude that A is torsion free, hence Cohen-Macaulay.

Let X &~ X x €' 22 C be the canonical projections. Since A° is locally free over C, the
induced sequence

0 — p3A° — p3 A°(A) — p3A° ® Opx — 0

is still exact. Next, the shealf On is flat over X, hence Tor{{ XC(p’{ (A),p3A° @ OA) =
0. This proves exactness of (16). According to Kiinneth formula, we have a quasi-
isomorphism of complexes of vector spaces:

RI'(X x C,AX A°) 2 RI'(X, A) & RI'(C, A°%) 0.
This implies the third statement. g
Corollary 3.7. Applying the functor F(X x C, —) to the short exact sequence (16), we
get an isomorphism of vector spaces: F(X x C,AK AO(A)) R, I'(C, A° ® A°).

Definition 3.8. Consider the following diagram of vector spaces over k:

(O, A° ® A°) 2 P(X x C, AR A°(A))

|

(17) 7 (X xC\A AR A)

T J

Endc(A°) — 2 T (C' x C\ A, A° K A°).

Here, both right vertical maps are the canonical restrictions, k is the isomorphism induced
by the Killing form, res® is the isomorphism from Corollary 3.7 and 7, is the unique linear
map making the diagram (17) commutative. The section

(18) p=pui=T,(dg) eT(Cx C\A, A K A)

is canonical up to a choice of the differential form w and is called geometric r—matrix

attached to the datum ((X,A), (C,w)).
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1

Lemma 3.9. Assume that in some local coordinates on the curve C, w = ﬁdm, where
v(x

v € I(C,O¢) is nowhere vanishing. Then there exists a lift 7 € T'(C x C, A° K A°) of the

Casimir element v under the canonical surjective map F(C'XC', AO&AO) -, F(C, A°®AO)
and v € I'(C x C, A° K A°) such that for any point (z1,22) € (C x C)\ A we have:

v(z2)

19 =
(19) p(z1,72) pa—

¥+ v(w1, z2).
Proof. First observe that the following diagram of vector spaces

I'(C x C,A° K A°) I'(C,A° @ A°)

% F

T(C, A°) @1 D(C, A°) —— T(C, A°) ®0 [(C, A°)

is commutative (here, all maps are the canonical ones). Since the lower horizontal map is
obviously surjective, the map §* is surjective, too. Let ¥ be any preimage of ~ under §*.
Consider the following commutative diagram:

T(X x C, AR A°(A))

W
resy
restr

0 T(Cx O, A BA) —T(C x C,A° K A(A)) =2 T(C, 4° @ A°) —— 0,

§*

where the lower sequence is induced by the residue sequence on C x C and restr is the
restriction map. By Corollary 3.7, the linear map resy is an isomorphism. Let

(20) 0:=(resi) (1) €T(X x C, A° K A°(A)),
then by the definition we have: p = restr(g). On the other hand, consider the section p €

F(C x C, A° @Ao(A)) given for any x; # x2 € C by the expression p(z1,x2) = ;(mQQ):N.
1— X2

If v := p — p then res{ (v) = v — v = 0. This implies that v € F(C x O, A° @.AO). O

Remark 3.10. The element 7 € F(C, .AO) K I‘(C, AO) i F(C’ x C;A° K AO) in the
presentation (19) is unique only up to transformations of the form ¥ — 5 + 1, where
n e F(C x C, A° K AO) is any section such that n’A =0.

Theorem 3.11. The section p satisfies the generalized classical Yang—Bazter equation:
(21) [p12,p13] + [,012,,023] + [p32,p13] —0
where both sides are viewed as meromorphic sections of the sheaf A°KA°KA° on CxCxC.

Proof. We first explain the main steps of the proof.
o Let p€ F(X x C,AK AO) be the section given by (20). We shall prove that

(22) [o; o] := [0 0] + [0%, 0] + [0, 0"°] =0,
where both sides are viewed as meromorphic sections of the sheaf AX A° X A° on
X x C x C. The equality (21) is obtained by restricting (22) on C' x C x C.
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e Let Yq9,Y13,%93 C X x C x C be the divisors given by the rules
Y12 = {(t1,t1, t2)|(t1,12) € C x C}

etc. We put ¥ = Y19 + Y13 + Yoz = X9 U X133 U Xog (viewing X as a divisor
respectively as a subvariety of X x C' x C'). Then we have:

[o,0] ET(X x C x C, AR A° K A°(%)).

In other words, [o, o] is a rational section of AKX A° X A° having at most simple
poles along the divisors Y12, 313 and Yo3.
e Computing the residues, we show that the section [g, o] has no poles meaning that

lo, o] € Im(T(X x € x C,AR A B A°) — T(X x € x C, AR AR A(X)))

e By Kiinneth formula, I'(X x C x C, AR A° K A°) = 0, implying (21).

Now we proceed with the details. To simplify the notation, we shall write: T := C' x C;
let T - C be the canonical projection on the first component and ¥ = X x T. Next,
consider the map T -2+ Y given by the rule: (t1,t2) — (t1,t1,t2); let © := Im(0) = Zpo.
Finally, put B:= AKX A° K A°.

Consider the following short exact sequence of coherent sheaves on Y

res,

0 — Oy — 0y(0) —2 o, (HomT(w*Qc, (’)T)) — 0,

which is an analogue of the residue sequence (9). The morphism resg is given by the

9(@, 21, 22)
r — 21

(21, 29)dz is a local section of Q¢ (in some local coordinates) then

following rule: if f = f(z,21,22) = is a local section of Oy (X) and o =

(resz(f)) (a) = (T > (tl,tg) — ¢(t1,t2)g(t1,t1,t2)).

1
v(z)

Oc -5 Qe We get an induced short exact sequence of coherent sheaves

The nowhere vanishing differential form w = dz € F(C’, Qo) yields a trivialization

res¥

(23) 0— Oy — Oy(0) =3 0.(0r) — 0,
t1,t1,t

where resg(f) = <T 3 (t1,t2) — W) for a local function f as above. Arguing as
T l1

in the proof of Proposition 3.6, we get a short exact sequence

W
rese

0 — B(S - 0) — B(E) 2 B(S - 0)|, — 0,
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Note that B(X — ©) }6 =~ B(2A), where B = (A° ® A°) K A° and A C T is the diagonal.
Consider the following commutative diagram:

o

D(T,B(2A)) (T \ A,B) —— (A®0 A®@r A) @ S

W
y

I'(X x T,B(%)) resg

M

T(C x T,B(£))——T(C x T\ £,B) —— (A® Ay A) @ R,

where R := F(C x C xC\ E,OCxCxC) and S := F(C x C'\ A,OCXC). Our goal is to
show that res“é([[g, g]]) = 0. It is equivalent to the statement that @“é([[p, p]]) =0.

Recall that p € T'(C x C'\ A, A° K A°) admits a presentation (19). Then we get: [p, p] =

viTre) v\rs3) -
|: ( ) 712 + 012(1'1,1'2), ( ) 713 + ’U13(.%'1,.CU3):| +
xr1 — X2 €Tl — X3

v(T2) ~ v(r3) ~
[ (22) 712+012(3:1,x2), (x3) ’y23

2
+v 3(1‘2,563):| +
Tr1 — X2 To — I3

v(ze) - v\rs3) -
[()732 + 0% (23, 22), MYB + 0, 553)} ’

where the entire expression is viewed as an element of (A®]kA®]kA) ®iR. Then resg ([[p, p]])
viewed as an element of ((4A ®o A) ®x A) ®x R, is given by the formula:

rest (Ip, o) = v(22) [¥12,72 + 7] + [412,53 (21, 20) + 7521, 29)|.

Here we apply the canonical morphism A @y A @k A — (A®p A) QK A to define all the
terms. Now, the equality (15) implies that both summands of the above expression for
resg ([p, p]) are actually zero.

In a similar way, one can prove that the section [g, o] has no poles along the other two
divisors 13 and Y3, which finishes the proof of the identity (21). O

Remark 3.12. The idea to construct solutions of CYBE from an algebro—geometric data
was suggested for the first time by Cherednik [30], who stated a version of Theorem 3.11
in the case of smooth curves and briefly outlined an idea of the proof.

Definition 3.13. Let x # y € C. Then we have two canonical maps of vector spaces

res¥

e the residue isomorphism I'(X, A(z)) —> A‘x

e the evaluation map F(X,A(x)) =, A‘y
defined as follows. Tensoring (13) with A, we get a short exact sequence

ress

(24) 0— A— Afzx) = A|, — 0.
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Since H°(X, A) = 0 = H'(X, A), applying to (24) the functor of global sections F(X, - ),
we get the residue isomorphism res? (we use the same notation for a morphism of sheaves
and the map of global sections). Next, ev, is the unique map making the following diagram

P(X, Ax)

!
vy &

o)

Al ¢ A(z)]

Y

Y

commutative, where ev assigns to a global section of A(x) its value in the fiber over y.

Lemma 3.14. Let ((X, A), (C,w)) be a geometric datum as in the beginning of this sub-

8
pH(z1,32)
— Al

section. For any x1 # xo € C, consider the linear map A‘m making the

following diagram of vector spaces

(X, A(z2))
(25) / \

Al
commutative. Then the following results are true.
o The tensor p(z1,x2) € A‘ml ® A‘xz (which is the value of the geometric r—matriz

Z1,T2

p at the point (x1,x2)) is the image of the linear map p*(x1,x2) under the isomor-
phism Homy (A‘M,A‘m) — A‘m ® A‘m induced by the Killing form of .A‘m.

e There exists a non—empty open subset C° C C such that for all x1 # xo € C°, the
linear map pﬁ(xl,azg) s an isomorphism. In particular, the geometric r—matriz p
given by (21) leads to non—degenerate solution of the generalized classical Yang—
Baaxter equation (1).

Proof. The first result is a consequence of the functoriality of the residue sequence (12);
see Lemma 3.2. To prove the second statement, let 1 # xo € C be arbitrary points.
Consider the short exact sequence

(26) 0 — Az — 1) — A(z) — A‘xl —0

as well as the coherent sheaf C := p*(A(—21)) ® Ox xc(A) on X x C, where X x C LXx
is the canonical projection. Obviously, C is flat over C' and B ‘ X {x) = .A(x — x1) for
all z € C. Therefore, X(B‘XX{I}) = X<B‘X><{z1}) = x(A) = 0 for all z € C. Since
F(X’B‘Xx{xl}) =TI'(X,A) = 0, by semi—continuity there exists an open subset C° C C
containing x1 such that F(X, B‘XX{I}) = 0 for all z € C°. Applying to (26) the functor of

global sections I'(X, —), we conclude that the linear map ev,, is an isomorphism, which
implies the statement. ]

Remark 3.15. Assume that a geometric datum ((X, A), (C,w)) is such that there exists

an O-linear isomorphism of Lie algebras I'(C, .A) £, g ®1O. This trivialization £ allows to
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present the geometric 7—matrix p as a meromorphic function r = p¢ : O x C\ A — g® g,
which is a non—degenerate solution of the generalized classical Yang-Baxter equation (1).
This tensor—valued function can be written in the form:

v(x2)
r1 — T2

r(x1, x2) = ¥+ v(x, z2),

where C' x C — g®g is a regular function.

e Let us take any other O-linear isomorphism of Lie algebras I'(C, .A°) <, g ®%0.
Then we get an automorphism ¢ of g®yO making the following diagram of Lie
algebras

I'(C, A°)
/ \
g @0 ¢ > g RO

commutative. This automorphism ¢ establishes a gauge equivalence between the
solutions p¢ and p¢ of (GCYBE).

~ 1 .
o If we replace the differential form w by any multiple 0 = —w, where « is some mero-
o

morphic function on C' (and diminish C' to make w regular), then the corresponding
solution 7(x1,x2) will be transformed into the equivalent solution a(z2)r(x1, x2).

Lemma 3.16. Let ((X,A), (C,w)) be a geometric datum as at the beginning of this section
and Z be the irreducible component of X containing C. Then the geometric genus of Z is
at most one.

Proof. We first show the following

Claim. Assume that we have a smooth connected projective curve Y and a coherent sheaf
of Lie algebras B on Y such that

e Bis locally free and H'(Y, B) = 0;
e there exists a non—empty open subset Y° C Y such that B‘y is a semi—simple Lie
algebra for all y € Y°.

Then the genus of Y is at most one.
Proof of the claim. Indeed, since B is locally free, for any open subset V' C Y, we have
a well-defined Killing-form T'(V,B) x I'(V,B) — T'(V,Oy). It defines a morphism of
sheaves B —— BY, which is moreover an isomorphism when restricted to Y°. Since B and
BY have the same rank, we conclude that the morphism & is a monomorphism, whose
cokernel is a torsion sheaf. From H'(Y,B) = 0 it follows that H'(Y,BY) = 0, too. By the
Riemann—Roch formula, we get two inequalities:

0 < x(B) = deg(B) + (1 — g)rk(B) and 0 < x(BY) = —deg(B) + (1 — g)rk(B).
Adding them, we conclude that g < 1, as claimed.

Now we are prepared to prove the statement of the lemma. Let Z —» X be the
canonical inclusion and D := y*A/tor(y*A). Since the canonical morphism A — 7,D is
an epimorphism and the functor H*(X, — ) = 0 is right exact, the vanishing H'(X, A) =0
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implies that H'(X,72.D) = H'(Z,D) = 0, too. Let Y —— Z be the normalization of Z
and B := 7*D/tor(7*D). Then we have a short exact sequence of coherent sheaves on C

0—D—m(B)— T —0,

where 7 is a torsion sheaf. Since H'(Z,D) = 0= H'(Z,T), it follows that H'(Z, m.B) =
HY(Y,B) = 0. Hence, the pair (Y,B) satisfies the assumptions of the claim we started
with, finishing the proof of the lemma. O

4. ON THE SKEW—SYMMETRY OF THE GEOMETRIC R—MATRIX

In Section 3, we introduced a certain geometric datum ((X,.A), (C,w)) and then assigned
to it a section p € T'(C' x C'\ A, A° K A°).

Definition 4.1. The geometric r—matrix p is called skew-symmetric, if
o(p)=—1"(p) eT(Cx C\ A A KA,

where ¢ is the automorphism of the surface C' x C permuting both components and o is
an automorphism of the coherent sheaf A° X A° permuting both factors on the level of
appropriate local sections.

Note that after passing to a local trivialization of A, we obtain the conventional notion of
skew—symmetry given by (6). The goal of this section is to answer the following natural

Question. What are additional assumptions on the geometric datum ((X yA), (C,w)),
which insure that the corresponding geometric r—matrix p is skew—symmetric?

4.1. Criterion of skew—symmetricity. Let © # y € C and U = C'\ {z,y}. Consider
the following k—bilinear pairing

w: ['(X,A(r)) x T'(X, A(y)) == T(U, A) x T(U, A) = T(U, O¢)
Proposition 4.2. We have: p*2(x,y) = —p* (y,z) if and only if
(27)  resy(w(a,b)w) + resy(w(a,b)w) = 0 for all (a,b) € I'(X, A(z)) x T'(X, A(y)).

Proof. It follows from Lemma 3.14 that the equality p'?(z,y) + p*'(y,2) = 0 can be
rewritten in the following form:

(28) /{y((pﬁ(l‘, y))(oz),ﬁ) + Ky (a, (pﬁ(y,x))(ﬁ)) =0 for all (o, B) € A’x X A’y,

where k, (respectively, ;) is the Killing forms of the Lie algebra A‘x (respectively, A}y).
Given (o, f3) € A‘x x A o let (a,b) € T'(X, A(z)) x I'(X, A(y)) be the element, uniquely
determined by the properties a = resj(a) and 3 = resy'(b). Taking into account that the
Killing form &, is symmetric, we can rewrite (28) as follows:

(29) ko (resy(a), evqe(b))+ry(res (b),evy (b)) = 0 for all (a,b) € T(X, A(z)) xI'(X, A(y)).
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Let U == X be the canonical embedding. Then the following diagram

Alz) ® Aly) ——— 3.(A],) ® 2.(A])

resy @ evml J

A’1®A’x j*('A’U®'A‘U)
-] Js
C. + 5. (0v)
of quasi—coherent sheaves on X is commutative. From this diagram we conclude that
Kz (res? (a), evy (b)) = res, (w(a, b)w), implying the statement. O

4.2. Geometric r—matrices arising from Calabi—Yau curves. Belavin—Drinfeld tri-
chotomy result [10, Theorem 1.1] on the classification of non—degenerate skew—symmetric
solutions of (7) suggests to restrict our attention on those geometric data ((X,.A), (C,w)),
for which X is a Calabi—Yau curve and C is a smooth part of an irreducible component of
X. This case is “deterministic” since there exists a unique (up to a scalar) natural choice
of the differential form w: a generator of the vector space I'(X, Qx) = k.

Let E = Egy g, := V(u? — 403 + gov + g3) C P? be a WeierstraB cubic curve, where
g2,93 € k. Weierstraf3 cubics are precisely the integral Calabi—Yau curves. The curve

Ey, g, is singular if and only if g5 = 27g§. In this case, £ has a unique singular point
s=(A0)=(A:0:1) with

393 .
——= s is a node,
A=9q 29
0 s isacusp.
We may put:
d d
(30) U _dv

Y g 2w

In the case E is smooth, the differential form w is nowhere vanishing. If F is singular,

w is a regular Rosenlicht one—form [6, Section II.6]. Let P! - E be the normalization

map. Denote by Qpi and QF the sheaves of meromorphic differential 1-forms on P! and
E respectively; note that Q% = 7, (Qg‘,l) Then the canonical sheaf of E can be realized as
the subsheaf Qg of 27 such that for any open subset U C E one has

Qp(U)=qacQp(V)fforallpeUand f € Op(U): Y resg((foma) =0,
q: m(q)=p
where V = 771(U) C P!. Then the differential form w, given by (30), generates I'(E, Q).

Alternatively, we can choose homogeneous coordinates (zg : z1) on P! such that

1\ {0,00} E' is nodal,
(31) ™ (s) _{ {oo}  E is cuspidal,
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where 0 = (1:0) and co = (0:1). Then z = “L is a local coordinate in a neighbourhood
2

0
of 0 and we can define a generator of I'(F, Q) by the formula:

d
(32) w:{ et FE is nodal,

z
dz FE is cuspidal.

Theorem 4.3. Let E be a Weierstraf§ cubic, w a generator of T'(E,Qg) and A be a
coherent sheaf of Lie algebras on E satisfying the following conditions:

(1) HY(E,A) =0= HYE, A).
(2) A is weakly g—locally free over E.

If E is singular, we impose a third condition on the stalk As of the sheaf A at the singular
point s. Consider the C—bilinear pairing

res¥

(33) K AKXAKL>K—S>(C,
where Kk is the Killing form of Ax and
(34) resy(f) = D resy(fw)
q€P:mt(q)=s
for f € K. We require that
(3) As is an isotropic Lie subalgebra of Ax with respect to the pairing K, i.e.
k“(f,g) =0for all f,g € As.
Then the geometric r—matriz p € F(E x F \AAKX .A), corresponding to the datum

((E,.A), (E’,w)), is a skew—-symmetric solution of the classical Yang—Bazter equation

[012,p13] + [p12’p23] + [,0137,023] —0.

Remark 4.4. Note that the condition (3) is automatically satisfied provided the sheaf .4
is locally free.

Proof. According to Theorem 3.11, the section p satisfies GCYBE. Hence, it is sufficient
to prove skew—symmetry of p. Let z # y € F and U := E \ {z,y}. Consider the following
canonical map

w:T'(E, A(z)) xT(E, A(y)) — T'(U,A) x T(U, A) — Ag x Ax — K.
Then for any (f,g) € T'(E, A(z)) x I'(E, A(y)) we have: w(f,g) € KﬂF(E\{x,y}, Og).
By the residue theorem, we have the identity:

0= Z res, (w(f,g)w) = resg (w(f,g)w) + res, (w(f, g)w) + res, (w(f,g)w),

qelE

since resq(w(f,g)w) =0forq¢ {s,x,y}. However, resg (w(f, g)w) = 0 since Ay C Ak is
isotropic. As a consequence:

resy (w(f, g)w) + resy(w(f, g)w) = 0 for all (f,g) € I'(E, A(z)) x T'(E, A(y)),
what is equivalent to the skew-symmetry p'?(z,y) = —p?!(y, #) due to Proposition 4.2. [J
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Remark 4.5. Let E be a singular Weierstral curve, P! — E its normalization, ¢ € P!
such that v(q) = s and Z be the ideal sheaf of q. Consider the sheaf of Lie algebras

7 7T ... T
T 7T ... T
A=wv,|sl| . . .
7T ... T

Obviously, we have: H(E, A) =0 = H'(E, A) and T'(E, A) = g®F(E, Og). Moreover,
e If F is cuspidal, then A; is an isotropic Lie subalgebra of Ax and the corresponding
5.
-

e If Fisnodal then A; is not isotropic in Ax. The corresponding geometric r—matrix

solution of (7) is the solution of Yang: r(z,y) =

isr(x,y) = Lfy. It satisfies the generalized classical Yang—Baxter equation (1)
-
but does not satisfy (7).
Theorem 4.6. Let X be a Calabi—Yau curve and A a coherent sheaf of Lie algebras on
X such that
(1) H(X,A) =0= H'(X, A).
(2) The sheaf A is weakly g-locally free on X.
Let w be a generator of T'(X,Qx) and C = ZNnX, where Z is an irreducible component of

X and X is the reqular part of X. The the geometric r—matriz p € F(C xC\AAK A),
attached to the datum ((X, A), (C,w)), s a skew-symmetric solution of CYBE.

Proof. Here we basically give a replica of the proof of Theorem 4.3. We know that p
satisfies GCYBE, thus it suffices to prove the skew—symmetry of p. Let x # y € C and
U := X\ {z,y}. Consider the following canonical map

@ : T'(X, A(2)) x I'(X, A(y)) — T (U, A) x T(U, A) — Ag x Ax — K.
Then for any (f,g) € F(X, A(a:)) xF(X,A(y)) we have: w(f,g) € I‘(X\{x,y}, (’)X) CK.
The residue theorem implies that
0= Z resq(ww(f, g)w) = resy(w(f, g)w) + resy (= (f, g)w),
qgeX

since res; (w( 7 g)w) = 0 for any smooth point ¢ ¢ {x, y} as well as for any singular point
of X (at this place, the assumption that the sheaf A is locally free, plays a crucial role).
By Proposition 4.2 we get: p'%(z,y) = —p*'(y, x). O

Remark 4.7. Let X be a Calabi—Yau curve and F a simple locally free sheaf on X
(i.e. Endx (F) = k) of rank n > 2 and multi-degree d. Consider the sheaf A := Adx(F)
of traceless endomorphisms of F, defined through the short exact sequence

(35) 0— A— Endx(F) - Ox — 0,

where tr is the trace map. Clearly, A is s, (C)-locally free and H°(X, A) =0 = H'(X, A).
Moreover, at least for elliptic curves and Kodaira fibers of types I,,, (m > 1), II,III and
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IV it is known that the isomorphy class of A is determined by purely discrete data: the
rank n and the multi-degree of d of F; see [22, Proposition 2.19] and references therein.

4.3. Minimal model of a geometric datum. At the first glance, the setting of Theorem
4.6 seems to be more general than in the case of Theorem 4.3, because of the occurrence
of non—integral Calabi—Yau curves. However, the contrary happens to be true.

Theorem 4.8. Let X be a singular Calabi—Yau curve and Y an irreducible component of
X. Then the following results are true.

o There exists a Weierstrafl curve E and a morphism pu = ,uff : X — E (called
minimal model of X relative to Y ) collapsing all irreducible components of X
different to Y to the singular point of E and mapping Y surjectively on E.

K=<

° Ifw is a generator of I'(X,Qx), then [i. w|Y is a generator of T'(E,Qg), where

Y 25 E is the restriction of w on'Y (note that since [i is a birational isomorphism,
it induces an isomorphism of the corresponding sheaves of meromorphic differential
one—forms, allowing to define the push—forward fi, (w!Y))

e The canonical adjunction morphism Og <, R, (OX) in the derived category
DP(Coh(E)) is an isomorphism.

Proof. The list of Calabi—Yau curves is actually known, see e.g. [64, Section 3]. For the
proof of the first statement, see [58, Proposition 3.8]. The second result is a straightforward
computation.

To prove the third statement, consider the right adjoint functor Db(Coh(E)) £,
DP(Coh(X)) to the functor Ry, which exists according to the Grothendieck duality

[40, 47). We have another canonical adjunction morphism Rp.u'(Op) £, Opg, which
is compatible with restrictions on open sets in E. Since both curves E and X are Calabi-

Yau, and u!(QE) > Oy, we get a morphism of sheaves i, ((’)X) £, Op, which is an
isomorphism when restricted to the open set E. On the other hand, we have another

canonical morphism of sheaves O N L ((’)X). It is clear that pu. ((’)X) is a sheaf of
Cohen—Macaulay rings, finite as a module over Op. Therefore, i, (OX) is torsion free
viewed a Op-module, thus £ is a monomorphism. Since F(E s M (O X)) = k, we conclude
that £ is an isomorphism. But it implies that ¢ is an isomorphism, too.

Since the fiber of the morphism p over the point s has dimension one, the cohomol-
ogy sheaves R’y ((’)X) are automatically zero unless ¢ = 0 or 1. We have proved that
Ro,u* (OX) ~ Og. The sheaf T := Rl,u>k (OX) is automatically torsion. Assume that 7 is
non—zero. Then its support must be the singular point s. We have an exact triangle

Op — Ru.(Ox) — T[-1] — Op[1]
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in the derived category Db(Coh(E)). Applying the derived functor of global sections
RT (E , —), we get an exact triangle

RU(B,05) ™ RO(E, Ry, (Ox)) — RT(E,T)[~1] — RU(E,Og)[1]

in the derived category D? (Vect(]k)) of vector spaces over k. We have a canonical isomor-
phism of complexes RF(E,R,LL* (OX)) = RF(X, (’)X) and Hi(X, OX) >k Hi(E, (’)E)
for i = 0,1. It implies that the class of the complex RI'(F,7) in the Grothendieck group

of D?(Vect(k)) is zero. On the other hand, R'T'(E,T) = H'(E,T) = 0 for i # 0, whereas
['(E,T) # 0, contradiction. Hence, the morphism ( is an isomorphism, as claimed. ]

Proposition 4.9. Let X 5 E be the minimal model of a Calabi-Yau curve X (with
respect to some irreducible component of X ). Then the following results are true.

e The functor Perf(E) L pb (Coh(X)) is fully faithful.
e Let F be a coherent sheaf on X such that H*(X,F) = 0 = HYX,F). Then
R'ps(F) =0 and H(X,G) = 0= HY(X,G) for G := p.(F).

Proof. By the projection formula, for any complex H® from Perf(E) we have:

* ° L] L L J
Ry (Lp*(H®)) & H® © Ry (Ox) = H®,
which implies the first statement. To prove the second result, let 7 := R'y,(F). Then T
is a torsion sheaf and we have an exact triangle

(36) T[—-2] — G[0] — Rpu.(F) — T[-1],
HO(2)

where the morphism of sheaves G ——— R%u,(F) is an isomorphism. Because of the
vanishing H'(X,F) = 0 = HY(X,F) we have: RI(E,Ru.(F)) = 0 in D°(Vect(k)).
Applying the functor RI'(E, —) to the exact triangle (36), we conclude that H'(E,G) =0
and H°(E,T) = 0. The last vanishing implies that 7 = 0. O

Theorem 4.10. Let X be a Calabi—Yau curve, Y an irreducible component of X and
c=Yn )Z', where X is the reqular part of X. Let X 25 E be the minimal model of X

relative to Y and @ the restriction of a generator of T'(X,Qx) on C. Let B be a sheaf of
Lie algebras on X such that

(1) H°(X,B) =0 = HY(X, B).

(2) B is weakly g-locally free on X.
Let A := ps(B) and w = [L*(@‘Y). Then the geometric r—matrices, corresponding to the
data ((X,B),(C,®)) and ((E,A), (E,w)), lead to the same solution of (7).
Proof. Let & # § € C are such that H (X, B(z —§)) = 0= H'(X,Ox(Z —)) for i =0, 1;
let = := pu(Z) and y := p(g). Then the following diagram of coherent sheaves on E

res

0 Og Og(x) 0

| e J

1%
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is commutative, where all vertical maps are the canonical ones (the exactness of the lower
sequence follows from the fact that Ry, (Ox) = 0). Analogously, because of the vanishings
R'Y.(B) =0 = R'1u, (B(Z — §)), we get commutative diagrams

0 A Alz) —=2 5 4| 0

(37) % f E

s (res?)

0 — p1x(B) — p (B(E)) — pa (B[ .) —— 0

and

0—— A(x —y) Alw) ——— Al 0
(38) % J~ E

0 —— u(B(E — 7)) — . (B@) " . (B];) — 0.

Applying the functor of global sections I'(E, —) to both diagrams (37) and (38), we get
a commutative diagram of vector spaces

Al = P(BA) —2 Al
B, — = P(X,B() —L 8],

where all vertical isomorphisms are the canonical ones. The statement of the theorem
follows now from Lemma 3.14. g

Remark 4.11. So far, a Calabi—Yau curve by definition was assumed to be reduced.
However, this assumption can be weakened. Namely, it would be sufficient to consider a
Gorenstein projective curve X with trivial dualizing sheaf, which has at least one reduced
component Y (e.g. the plane cubic V (uv?) C P2). If F is a simple locally free sheaf on X
then the sheaf B := Adx(F) of traceless endomorphisms of F has vanishing cohomology.

Let X - E be the minimal model of X relative to Y’

| y

and w be a generator of the vector space I‘(E, Q E) Let @ be a meromorphic 1-form
on C =Y N X such that w = (&) and A := p,(B). Then (X,B),(C,w)) is a well-
defined geometric datum in the sense of Subsection 3.3. Moreover, Op = . ((’)X) and

HY(E,A) =0 for i = 0,1, since the proof of Proposition 4.9 does not use the assumption
that X is reduced. By Theorem 4.10, the r—matrices, corresponding to the geometric data
((X,B),(C,&)) and ((E,A),(F,w)), are equivalent. Moreover, the obtained solution of
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GCYBE is also skew—symmetric. Indeed, for any open subset U C FE, the following
diagram of vector spaces

D(U,A) xT(U,A)——— A x Ax ————— K

IR

|
I'(U,Op)

U(pH(U),B) x T (p=}(U), B) i I'(u'(U), Ox),

is commutative, implying that Im(I'(U, A) x I'(U, A) - K) = I'(U, Og). Hence, A, is an
isotropic Lie subalgebra of A with respect to the pairing k“ given by (33). By Theorem
4.3, the geometric r—matrix corresponding to ((E, A), (E,w)) is skew—symmetric. It is an
interesting open problem to classify simple locally free sheaves on non-reduced Calabi—Yau
curves and compute the corresponding solutions of CYBE.

4.4. Geometric r—matrices and bialgebra structures. In this subsection, let E be
a Weierstrafl cubic, p € E its “infinite point” and s € F its singular point provided E is
singular. Let A be a coherent sheaf of Lie algebras on F, satisfying all properties from
Theorem 4.3. Consider the smooth affine curve

B — E\ {p} FE issmooth,
" | E\{s} FE issingular

and put A := F(Eo, A). According to Theorem 4.3, the geometric r—matrix p € F(EO X
E°\ALAK .A) is a skew—symmetric solution of the classical Yang—Baxter equation.

Proposition 4.12. The k-linear map A A QK A given by the formula f — [f ®1+
1® f, p] , 18 skew—-symmetric and satisfies the so—called co—Jacobi identity

(39) To((9®id)®9) =0, where 7(a1Ra2®a3) = a1®az3®az+azRa;Raz+az®@az@ay

for any simple tensor a; ® aa @ ag € AR ARy A. In other words, the pair (A,0) is a Lie
bialgebra.

Proof. For any f € A we have: g :=0(f) = [f®14+1® f,p] e(E° x E°\ A, AK A).
We first have to show that g has no pole along A, i.e. g € F(EO x E°AK A). For any
v(z2)

x1 # x9 € E° we have: g(x1,19) = [f(:z:l) ®R1+1® f(x2), F?%—v(ajl,m)}, where a
1— &2

local presentation (19) of p is used. Next, we have:

([fener+1e f@). 3]+ 1o (fan) - f@2).5] )+

g(x1,m0) = _viws)
r1 — T2
[f(xl) 2141 @f(@),v(zl,xz)]

Hence, the section g is indeed regular, as claimed. The co—Jacobi identity (39) can be
proven along the same lines as in [28, Lemma 2.1.3]. O
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Remark 4.13. Let E be an elliptic curve. All indecomposable (in particular, all simple)
locally free sheaves on E were described by Atiyah [2]. According to his classification,
a simple locally free sheaf F on FE is uniquely determined by its rank n, degree d and
determinant det(F) = Og/([q] + (d — 1)[p]) € Pic’(E) = E; in this case we automatically
have: gecd(n,d) = 1. It follows from [2], that the sheaf of Lie algebras A, 5 = Ad(F)
does not depend on the moduli parameter ¢ € E and is determined by the pair (n,d),
which can be without loss of generality normalized by the condition 0 < d < n. It is easy
to show, that A, 4y = A(,,n—a) as sheaves of Lie algebras; see [22, Proposition 2.14].

The geometric r—matrix, attached to the pair (E, A, q), gives precisely an elliptic so-
lution of Belavin; see [22, Theorem 5.5]. In particular, all elliptic solutions of (8) can
be realized geometrically. The Lie algebra A1) = I (EO, A(271)) (expressed in terms of
generators and relations) appeared for the first time in a work of Golod [38]. Combining
22, Proposition 5.1] and [62, Theorem 3.1}, one gets a description of the Lie algebra A, 4)
in terms of generators and relations for general mutually prime (n, d). Poisson structures,
related with the Lie bialgebra structure of A, 4) as well as applications to the theory of
classical integrable systems were studied in works of Reyman and Semenov—Tian—Shansky
[54] and Hurtubise and Markman [41]. See also [42] for yet another appearance of this Lie
bialgebra in conformal field theory. In [37, Section 5|, Ginzburg, Kapranov and Vasserot
studied A, 4y with tools of the geometric representation theory.

Remark 4.14. Let (E, A) be a pair from Theorem 4.3. Assume additionally that E is
singular and A = g® K. In this case, it can be shown?!, that A = g @I’ (EO, OE). Let

P! % E be the normalization map. Then the following results are true.
1. Assume F is nodal. We can choose homogeneous coordinates on F in such a way that

d
v~!(s) = {(0:1),(1:0)}. Then we can put w = 72 and write I'(E°, Op) = C[z,27].

Then there exists an isomorphism A £, [z, 27!] and the corresponding skew—symmetric
solution 7 = p¢ of (7) takes the form

(40) r(z1,z2) = 2

v+ U(l’l,mg),
r1 — T2

where v € (C[a:f, in] In other words, under these assumptions, we get a bialgebra structure
on the Lie algebra g[z, 2~ !]. By the same argument as in [43, Theorem 19], one can prove
that r is gauge—equivalent to a trigonometric solution of (8).

Now, assume X is a cycle of projective lines, F a simple vector bundle on X and Y an
irreducible component of X. Let X —“+ E be the minimal model of X relative to Y and

A = p1,(Ad(F)). In this case it can be shown that v € Clzy, ), i.e. the solution r is
quasi-trigonometric in the sense of [43].

2. If E is cuspidal, then we can choose homogeneous coordinates on E in such a way
that v~ '(s) = (1 : 0). Then take w = dz and write I'(E°,Op) = C[z]. Similarly to

1We are thankful to Oksana Yakimova for explaining this fact to us.
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the previous case, there exists an isomorphism A LR g[z] and the corresponding skew—
symmetric solution r = p¢ of (7) has the form

(41) r(x1,xe) =

v+ U('T 1 332)’

T1 — T2
where v € Clxy, z2]. In other words, r is a rational skew—symmetric solution of (7) in the
sense of Stolin [65].

All Lie bialgebra structures on the Lie algebras g[[z] and g[z] were classified by Montaner,
Stolin and Zelmanov in [46]. It is an interesting open problem to extend their methods to
the case of the Lie algebra gz, 27 1] as well as to relate their classification to the geometric
approach to CYBE, developed in this paper.

Remark 4.15. Let X be a Kodaira cycle of projective lines, C' the regular part of its
irreducible component and F a simple locally free sheaf on X of rank n > 2. According
to Polishchuk [50], the geometric r—matrices arising from a datum ((X, Ad(F)), (C,w))
satisfy a stronger version of CYBE:

(42) { 73 (r (21, w2) (g, 23)* — r(21, 23)Br (w1, 22)'? — r(22, 23)®r (21, 23)'%) = 0

7®3 (r(xl, 22) 20 (2, 23)"3 4 (21, 23)Br (22, 23)%3 — (22, 23) 27 (21, 22)12) = 0,

where gl,,(C) — pgl,,(C) is the canonical projection.

Assume that r is a quasi-constant trigonometric solution of CYBE (i.e. the function v
in (40) is constant). According to Belavin and Drinfeld [10], such solutions are classified
by a discrete datum (Fl,FQ,T) (called Belavin—Drinfeld triple; see Theorem 7.8 for an
example) and a continuous part (which is an element of h Ah controlled by (I'1, 9, 7)).
It has been proven by Schedler in [57, Theorem 3.4] that only some special Belavin—
Drinfeld triples (I'y, s, 7') give quasi—constant trigonometric solutions of CYBE satisfying
the strengthened conditions (42) and moreover the continuous part underlying (I'1, 'y, 7')
is uniquely determined, when we require (42) to be fulfilled. This shows that the class
of pairs ((X, Ad(F)), (C,w)) is too narrow to realize all quasi-trigonometric solutions of
CYBE in a geometric way.

5. GEOMETRIZATION OF THE RATIONAL SOLUTIONS

The goal of this section is to show that any non—degenerated skew—symmetric rational
solution of the classical Yang-Baxter (7) arises from a pair (E,.A) as in Theorem 4.3,
where E is the cuspidal Weierstrafl cubic.

5.1. Lie algebra over the affine cuspidal curve from a rational solution of CYBE.
In what follows, g is a finite dimensional simple Lie algebra over C of dimension d and
C? 5 g® g a non—degenerate skew—symmetric solution of CYBE of the form (41).

e Consider the following symmetric non—degenerate pairing of the Lie algebra g((z)):
(43) 9((2) x a((2)) £, ¢, 7(az', bzF) = resg (k(a, b)zl+kdz) for any a,b € g.

e Let e1,...,eq be some orthonormal basis of g with respect to the Killing form k.
Obviously, we have: v = Zle e; ® e;. Moreover, we have a formal power series
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expansion

1 oo d
(44) r(z,y) = rv—i—v x,y) ZZ Lo+ pri(y)) @ aPe,
=1

where py; € g[2] for any k € Ny and <1 <d. Clearly, py; =0 for any k >t +1,
where t = deg,.(v).
e For any pair (k,[) as above, we put fi; := ;2 "1 + py; € g[z, 27!] and denote

(45) W= (fiy | k €No,1 <1< d), Caglz,z7"] Ca().

In order to show, how a rational solution r defines a sheaf of Lie algebras on the cuspidal
Weierstrafl curve, we begin with the following statement.

Theorem 5.1. Let r be a non—degenerate skew—symmetric rational solution of (7). Then
the following results are true.

o We have a direct sum decomposition
(46) 9(2) = alz] + W,
i.e. glz] + W =g((2)) and g[z] "W =0.
e The vector space W is a Lagrangian Lie subalgebra of g((2)), i.e. W+ = W with
respect to the pairing k. In other words, the decomposition (46) is a Manin triple.
o Let S := C[Z_Q,Z_S]. Then we have: S - W = W. Moreover, W is a finitely
generated torsion free S—module such that C((2)) ®s W = g((2)).

Proof. 1t follows from the definition of the vector space W that any 0 # w € W has a
non—trivial Laurent part. This implies that g[z] N W = 0. Next, for any & € Ny and
1 <1 <dwehave: ez "t = fr; — prs € W + g[2]. Therefore, z~1g[z71] C W + g[2],
hence g[z] + W = g((2)) as claimed.

Next, let us prove that W is an isotropic subspace of g((2)), i.e. W C W+. We have to
show that &(wy,ws) = 0 for any wy,ws € W. To do this, it is sufficient to take elements
of the basis of W. We have:

R(fk,u fr,t) = R(ezz’k’1 + Dkl erz "t +pr,t) = E(elz’k’l,pr,t) + R(pk,l, etzﬂ"*l).

Let us write py;(z) = Z Z a ( ™), where a ; € C. Then the statement that the

m=0j=1
subspace W is isotropic, is equivalent to
(47) 0= Fc(fk,l,fr,t) art —|—akl for any k,r € Ngand 1 < [,t < d.

It is not difficult to show, that the equality (47) is equivalent to the skew—symmetry of the
solution 7. Moreover, it is easy to see that g[z]*+ = g[z]. Since we already proved that
a((2)) = g[z] + W, the non-degeneracy of the pairing % implies that W = W+,
The statement that T is a Lie subalgebra of g((z)) is a consequence of the assumption
that r satisfies the Yang-Baxter equation (7); see for example [33, Proposition 6.2].
Now, let us prove that the Lie subalgebra W is stable under the multiplication by the
elements of the ring S. We start with the observation that z~ g[z_l] C W, thus

W =W+t C (z—t—lg[z—l])L _ zt_lg[z_l].
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Therefore, we have shown that
(48) Pt g[z_l] CW Ctt g[z_l].
Consider the C-algebra T := (C[z*%, Z721 ] C (C[zfl]. Since,

T. (Zt—l g[Z_l]) — Z_t_lg[Z_l],

it follows from (48) that T'- W = W and moreover, that W is a torsion free finitely
generated module over T'. Consider the ring of multiplicators of the Lie subalgebra W:

B={feC(e)|f WCW}.

Claim. We have: T'C B C (C[z_l].
Indeed, the inclusion T' C B is clear. Let us first show that B C (C[z, zfl]. Assume there
exists f € BN (C((2)) \ C[z,27!]) (in other words, f is a multiplicator of W which is an
infinite Laurent series). Since z~'"1 gz~ C W, we have: a(z7""1f) € W for any a € g.
But obviously, a(z7""' f) ¢ g[z, 27|, which contradicts (48).
Now, let us prove that B C C[z7!]. Put ¢ := max{deg(w) |w € W}. According to (48)
we have: ¢ <t — 1. Let wy € W be such that deg(wg) = t. If there exists a Laurent
polynomial f € B with deg(f) > 0 then deg(f - wg) >t + 1, contradiction.
Denote now Y := Spec(T"). Then Y is an affine curve with a unique singular point s
corresponding to the maximal ideal m = (272!, 2721 )¢ in T. The normalization
map A = Y is bijective, implying that s is a (higher) cusp. Now, we may pass to the
completions at the point s:

° @yﬂ; = (C[[z’Qt,z’Qtfl, .. ]]

e Q(Oy,;) = C((271)) (the quotient field of Oys).

—

e IV is the m—adic completion of the T—module W.
Because of (48) we have: W = 2 gl + (frg }O <k<tl1<i< d>(C‘ From this

description of W we derive that W = W N g [z, z_l}. Furthermore, the following results
are true.

e The symmetric C-bilinear pairing
(49) a((z7h) x g((z7h) *, C, where R(az!,bz") := resg (k(a, b)zl+kdz) fora,beg

is well-defined and non—degenerate.
e We have a Lagrangian decomposition (with respect to the pairing r):

(50) oY) = glz] + W,

Actually, the Lagrangian decomposition (50) is precisely the one occurring in Stolin’s
theory of rational solutions of CYBE. According to results of [65, 66], there exists an

automorphism ¢ € Autgy, (g[z]) such that W= w(W) C zg[z~']. Therefore,

(zol7')" =#"gle7' ] € (W) =W C zg[7"].
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Hence, the ring S = C[z72, 273] stabilizes W' Hence, it stabilizes W, too. Since W =
Wng [z, zil], we have: S-W = W, as claimed. Since W is a finitely generated torsion free
module over 7', it is finitely generated and torsion free over S, too. Theorem is proven. []

5.2. Spectral data and Beauville-Laszlo construction. The affine cuspidal cubic
E, := Spec(S) admits a one—point—compactification to a projective cuspidal cubic E =
V(v2 —ud) C P2, Let p € E be the “infinite” point of E. Let 0= @E,p be the completion
of the local ring of E' at p and @ be the quotient field of O. Then we have a canonical

1, -~
map ['(E,, Og) — Q, assigning to a regular function on E, its formal Laurent expansion
at the point p. We have the following commutative diagram of C—algebras:

lp ~ ~
['(E,, Op)¢ Q °0

(51) ~] NT Tg

Clz72, 23— C((2)) +—C[7]

To simplify the notation, we shall view the vertical isomorphisms as the identity maps.
Let V := 2=t 1 g[27!]. According to (48) we have: V C W. Moreover, it is not difficult
to see that the quotient vector space W/V is finite dimensional. Therefore, the induced
map @ ®RsV — @ ®s W is an isomorphism. Let F' := g[[z]. Let ¢ be the @—linear
isomorphism of Lie algebras making the following diagram

DosWi———0ogV—"g(2)

R | I
QugF = (=)

commutative. According to a construction of Beauville and Laszlo [8], the datum (W, F,, ¢)
defines a sheaf of Lie algebras A on the projective curve E, together with isomorphisms

of Lie algebras F(Eo, A) %, W and Xp 5, W such that the following diagram

Q @5 T (Eoy A) —"— Q&5 A,

(52) id®al lid@ﬁ
~ I ~

Qs W Qs F

is commutative. Here, the Lie algebra A, is the stalk of the sheaf A at the point p and Xp
is its completion. An interested reader might look for a more detailed exposition in [27,
Section 1.7], where the Beauville-Laszlo construction occurred in another setting. The
following sequence of vector spaces (which is a version of the Mayer—Vietoris sequence)

(53) 0 — HYE,A) — T'(E,, A) & 4, — Q(A,) — HY(E,A) — 0

is exact; see e.g. [48, Proposition 3|. Since W + F = g((z)) and W N F = 0, we may
conclude that HY(E, A) =0 = HY(E, A).
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Lemma 5.2. As usual, let E be the regular part of E. Then we have:
I'(E, A) = gocl (B, Op) = g[z].

Proof. 1t follows from (48) that I'(Ep \ {s}, A) = g[z,27']. Again, we have the Mayer—
Vietoris exact sequence 0 — F(E’,A) — I‘(E \ {p}, A) ® /Tp — Q(A\p) — 0. Since
alz, 271 N g[z] = g[z], we get the result. O

5.3. Comparison theorem. Let us first summarize the results and constructions made
in the previous two subsections. We have started with a non—degenerate skew—symmetric
rational solution r of CYBE (41). Then we attached to it a Lagrangian Lie subalgebra
W C g((2)) with respect to the pairing (43). Next, we proved that the ring S = C[z72, 273]
stabilizes W and that W is a finitely generated torsion free S—module. Hence, we get a
sheaf of Lie algebras on the affine cuspidal curve E, = Spec(S). The curve E, can be
completed by a single smooth point p to a projective curve F, which is isomorphic to
the Weierstral cubic. As usual, we denote by s the unique singular point of E and by E
the regular part of E. Using a construction of Beauville and Laszlo [8], we extended the
S-module W to a torsion free coherent sheaf of Lie algebras on E such that

e there exists an S-linear isomorphism of Lie algebras I'(Es, A) — W and a C((2))~

linear isomorphism of Lie algebras A\p LR 9((2)), satisfying the condition (52);

e we have: H(E, A) =0= H'(E, A).

According to Lemma 5.2, we have an isomorphism F(E,A) 2, g[z] induced by the iso-
morphisms « and (. In particular, the sheaf A is weakly g—locally free over E. In these
notations, z is a local parameter of the point p and w = dz spans the vector space I' (E, QE)
Since the Lie algebra W C g((271) is Lagrangian with respect to the pairing (50), the Lie
algebra Ay is a Lagrangian subalgebra of Ax. Summing up, (F,.A) is a pair satisfying all
conditions, which are necessary to apply Theorem 4.3. Now we are prepared to prove the
main result of this section.

Theorem 5.3. Let r be a non—degenerate skew—symmetric rational solution of CYBE
and A the sheaf of Lie algebras on the cuspidal cubic E, described above. Let p € I‘(E X
E\A AR A) be the geometric r—matriz, attached to the datum ((E,A), (E,w)) and
7= p’: C2 — g®g be the corresponding solution of CYBE, where F(E,A) N g[z]
is the trivialization described above. Then for any point (z1,79) € E x E\ A = C?\ A

we have: 7(x1,x2) = r(xy,x1) = —r(x1,22), i.e. we essentially get the same solution of
CYBE we started with.

Proof. For any n € Ny, consider the scheme P, := Spec((C[ac] /:1:”“) and the morphism

P, FE mapping the closed point of P, to the “infinite” point p of E. Note that

(Eo X {p}) N A = (), where the intersection is taken inside of E, x E. Therefore, we

have a morphism of schemes E, x P, M (EO X E) \ A. Consider now the following
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commutative diagram

I'(E x E, AR A(A))

IN(ExE\AARA) T (Ex E\A AR A)
(54) (idx g )* l(idmn)*
F(an -A) 02y F(Pna];sz)C—> F(Em -A) X F(PTZ?]:LA)

IR6 la@g
W ® (glz]/a") —"—— (g®g) [z,y,y ] /(z"H).

Here, B, = E \ {s,p} and j is the morphism induced by the trivialization ﬁp 2, alz],
whereas 7, is the isomorphism of vector spaces induced by the isomorphism W =

128
(g ®g)[z, 27 ], which is obtained by localizing (48) with respect to the multiplicative subset
{z‘k‘k‘ € No\ {1}} € S. Recall that we have a distinguished element ¢ € T'(E x

E, AR A(A)), which restricts to the geometric r—matrix p € F(E x E\AAK A).
The corresponding solution of CYBE has the form 7(y,z) = S v(x,y), where v €
y—x

(g®g)[z,y]. Next, we have the following equality in the ring C|z,y,y '] /(z"):

1 n
_ Z y_k_lﬂjk;
k=0

y—x L

in particular, y —x € (C[a:, Y, y‘l]/(x”+1) is a unit. Similarly to (44), we get an expansion

n d
(55) Fuly,) =D ) (v " e+ raly)) @ e,
k=0 l=1
where py; are some elements of g[y| for k € Ng and 1 <[ < d. In fact, (55) is precisely
the image of the geometric r—matrix p in the vector space (g ®g) [x, Y, y_l]/(x”H).
Since the diagram (54) is commutative, the element 7,(y,z) is equal to the image of
some element of the vector space W @ (g[z]/z" ') under the map 7, (one can for instance

take the image of p under the map I'(E x E AR A(A)) — W @ (g[z]/z"1)). Any
element 7 of W @ (g[z]/2"!) can be written as

n d
=3 > T e+ pray) @ ey

ki=01,j=1

=3

for some uniquely determined constants )‘21 € C. Looking at the Laurent part of the
identity 7, (7) = 7n(y, ), we conclude that
B0 i G) £ (kD)



32 IGOR BURBAN AND LENNART GALINAT

and that py; = py, for any 0 <k <nand 1 <[ <d. Since n € Ny can be taken arbitrary
large, we arrive to the claimed statement. O

Corollary 5.4. Theorem 5.3 implies that any non-degenerate skew—symmetric rational
solution of CYBE arises from a geometric r—matriz for an appropriate pair (E,A), where
E is the cuspidal Weierstraf§ cubic.

Remark 5.5. Of course, it is natural to expect that an analogue of Theorem 5.3 is also true
for the trigonometric solutions of CYBE, i.e. that any trigonometric solution of (8) arises
as the geometric r—matrix attached to a pair (E,.A), where E is a nodal Weierstrafl cubic.
On the other hand, the appearance of the Fukaya categories of higher genus Riemann
surfaces [44] in a classification of the trigonometric solutions of AYBE indicates, that a
geometrization of trigonometric solutions of CYBE could lead to further surprises.

6. MANIN TRIPLES AND THE GEOMETRIC r—MATRIX

Proposition 6.1. Let E be a Weierstrafl cubic, p € E its “infinite” point, @p the field of

fractions of the local ring 6p, w a generator of I'(E,Qg) and A a sheaf of Lie algebras on
FE satisfying the conditions of Theorem 4.3. Then we have a Lagrangian decomposition

(56) Q(Ay) = A, + T (B, A),
where Q(gp) = @p ®(3p Zp and the C—bilinear pairing on Q(gp) is given by the rule
~ -~ K ~ resy
Q(Ap) x Q(Ap) — Qp — C.
Proof. The fact that we have a direct sum decomposition (56), is a consequence of the
Mayer—Vietoris exact sequence (53) and the assumption that H*(E, A) = 0 = H'(E, A).
Hence, we have to show that (56) is a Lagrangian decomposition. To do this, it is
sufficient to prove that both Lie algebras A, and F(EO,A) are isotropic subspaces of
Q(ﬁp). Obviously, the differential form w is regular at the point p. Next, the Killing form
;[p X ;[p L, @p actually takes value in the ring 61,. Therefore, the Lie algebra A\p is an
isotropic subspace of Q(A4,), as claimed.
To prove that F(EO,A) is an isotropic Lie subalgebra of Q(A,) as well, take any two

elements f,g € I‘(EO,A). Then we get a rational function (f,g) € K, where here k is
the Killing form on the rational envelope Ax. The residue theorem implies that

0= Z resq(K(f, 9)w) = ress(k(f, g)w) + Z resq (k(f, 9)w) + res, (k(f, g)w).
qeE quo

We have: resy(k(f,g)w) = 0, because A, C Ak is isotropic (if E is smooth then this
contribution is void). Next, res, (/{(f, g)w) — 0 for any ¢ € E., since k(f,g) € F(Eo, OE)
and w is regular at ¢g. Hence, res, (/i(f, g)w) =0 for any f,g € F(Eo, A) as claimed. [

Remark 6.2. Let r be an arbitrary non—degenerate skew—symmetric solution of (7) of

the form r(z,y) = A u(z,y), where (C2,0) - g® g is holomorphic (note that any
y—
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solution of CYBE with one spectral parameter (8) automatically has this property by a
result of Belavin and Drinfeld [10]). In the domain |z| < |y|, we can write an expansion

© d
(57) r(zy) =Y ) (v ¥ e+ upi(y) @ afey,

k=0 =1

where (C,0) B g are germs of holomorphic functions for £ € Ny and 1 <1 < d. Consider
the vector space

(58) W= (z"" e +ura(2) | k € No, 1 <1< d)e. Cgl(2)
Then we get a Lagrangian decomposition (Manin triple)
(59) 8(2) = al] + W

with respect to the pairing (43); see for example [33, Proposition 6.2]. Conversely, starting
with a Manin triple (59), we can take the “topological basis” (6le|k‘ eNpg, 1 <1< d)
of g[z]. Then we get a uniquely determined dual basis ( fkl}k €Ny, 1 <1< d) of the
Lie algebra W. If (59) is a decomposition arising from an r—matrix (57) then fi;(2) =
Zﬁk*lel + uk’l(z).

Manin triples of the form (59), leading to the elliptic solutions of CYBE, were con-
structed by Reyman and Semenov-Tian—Shansky [54]. In fact, let (E,.A) be as in Remark
4.13. Then the resulting Manin triple (56) can be identified with the one from [54]. It fol-
lows for example from a straightforward computation [22, Theorem 5.5], that the geometric
r—matrix attached to the pair (F,.A) leads to the power series expression as the one ob-
tained by the approach via Manin triples. As we shall see later in Theorem 6.4, this result
can be deduced without doing any explicit computations. The algebro—geometric origin
of Manin triples (59) was pointed out (in slightly different terms) by Drinfeld [31]. O

Remark 6.3. Let us now discuss the case of a nodal Weierstrafl curve F, since some extra
steps to identify the Manin triples (56) and (59) have to be done. Consider the C-algebra
S = {p € Clw] ! p(—1) :p(l)} = C[w2 — 1,w(w2 — 1)] C Clw].

Then E, := Spec(S) is isomorphic to an affine nodal Weierstral curve. Of course, E,
admits a one—point compactification by a smooth point p. Algebraically, this compactifi-
cation can be formalized by the commutative diagram

l ~ ~
I'(E,, Op)¢ - Qp °0,
(60) 4 4 Tg
S¢ » C(w™1) «+———CJw™1].
1
Consider the differential one—form w := — 2 on FE and put y := ot Then y is a local

parameter at the point p and w = . It is not difficult to check that w generates

1—192
F(E , E) Consider the algebra isomorphism

1 2
(C[[y]] L(C[[Z]]v yHtanh(z) =z — §ZS+T525+...
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It is easy to see that w := ¥ (w) = dz. Moreover, the following diagram
C(y) ———

C
J| J
C(z) ————C

is commutative; see for example [68]. Note that under these identifications, we get an
)

h
inclusion S C C[coth(z)] = C [:hz)} :
Let A be a sheaf of Lie algebras on a nodal Weierstrafl cubic E and p € F(E x E\A, AR A)
be the corresponding geometric r—matrix constructed in Theorem 4.3. Let us choose local
coordinates in a neighbourhood of the point (p,p) € E x E, following (60). According to

1—a2 _ v
2 3+ v(a1,22), where v € T'(E x E, AR A). Let us

(19), we can write: p(z1,x2) =

put z; = tanh(y;) for j = 1,2, then we get:

Y
ch?(ys) - (tanh(yl) — tanh(yg))

p(y1,y2) = + v (tanh(y1), tanh(yz)).

Taking a formal trivialization A\p £, g[z], we obtain a skew—symmetric solution of CYBE
as in Remark 6.2. g

Summing up, let us start with an arbitrary pair (F,.4) as in Theorem 4.3. We can
always find an algebra isomorphism 6p -, C[~#] such that a generator w € T’ (E, Qp)

takes the form: w = dz. Choose an isomorphism of Lie algebras A\p £, g[z]. Then the
Lagrangian decomposition (56) gets the form (59), where W is the image of F(EO,A)

under the map Q(A\p) £, 9((2)) induced by &.

Theorem 6.4. Let (E,A) be a pair as in Theorem 4.3 and (fk’l keNg, 1 <1< d) be the
basis of the Lie algebra W, which is dual to the “topological basis” (elzk|k‘ €Ng, 1 <1< d)
of g[z]. Then fr; = z=%"te; + pry for some py; € g[z] and the formal power series

co d

4 T Z Zpk,l(y) ® atey,

y- k=0 I=1

(61) r(y,z) =

coincides with the geometric r—matriz p trivialized at the formal neighbourhood of (p,p) €
E x E by the map induced by &.

Proof. Consider the point (p,p) € E x E (we intentionally underline the asymmetry of
these two factors); let y be a local coordinate at the point p € E and z a local coordinate
of p € E chosen in the way explained above. For any n € Ny, consider the scheme
P, = Spec((C[z] / z"“) and the morphism P, -+ F mapping the closed point of P, to
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p € E. We have a commutative diagram

I'(Ex E,AKAA))

I'(E, x B\ A, AK A) T(ExE\A AKA)
T'(Eo, A) @ T(Py, 75.A)C I'(Es, A) @ T(Py, j5A)
gy@le
W ® (glz]/(z"+1))C (9®9) ® (C(y)[z]/(=")).

By the same argument as in Theorem 5.3 one can show that the image of the distinguished
element ¢ € T'(E x E, AR A(A)) in the vector space (g ® g) ® (C((y))[z]/(z"1)) is equal
d

n
to ra(y,z) == > Y fru(y) ® 2¥e;, implying the result. O
k=01=1

7. SOME EXPLICIT COMPUTATIONS

In this section, we compute the solutions of CYBE for the Lie algebra sl,(C) arising
from pairs (F,.A) by the recipe of Theorem 4.3, where F is a singular Weierstrafl curve
and A a certain sheaf of Lie algebras, which is not locally free at the singular point s € E.

7.1. Category of triples. We first recall some general techniques to describe torsion
free sheaves on singular curves, following [32, 18, 13]|. Let X be a reduced singular curve,

X - X its normalisation and Z := Homo (Tr*((’);(), O) the conductor ideal sheaf. Denote
by Z = V(I) 1, X the closed subscheme defined by 7 (whose topological support is

precisely the singular locus of X) and by 7 1 X its preimage in X , defined by the
Cartesian diagram

Z%X
(62)
I}

Definition 7.1. The category of triples Tri(X) is defined as follows.
e Its objects are triples (.7?7 V,0), where F € VB(X), V € Coh(Z) and #*V 2, i F
is an epimorphism in Coh(Z) such that the adjoint morphism in Coh(Z2)

v — o.(5'V) 29 5, (7 )

is a monomorphism.
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e The set of morphisms Homy;(x) ((ﬁl, Vi,01), (ﬁQ, Vs, 92)) consists of all pairs (f, g),

where .7?1 7, .7?2 and V; g, V5 are morphisms of coherent sheaves such that the
following diagram

0 ~
vV —— i Fy

* (g)J lﬁ* (f)
02

V'Vog ————— i* Fy
is commutative.

Theorem 7.2. Let X be a reduced curve. For any torsion free sheaf F on X, consider the
canonical morphism 0r : 7 (n*F) — 0% (n*F) — 7*(V*F Jtor(v*F)). Then the functor

(63) TR(X) = Tri(X), F — (V*Fftor(v*F), n* F, 05)

is an equivalence of categories. Moreover, let Tri'f(X) be the full subcategory of Tri(X)
consisting of those objects (.7-', V, 9), for which V is a free Oz—module and 0 is an isomor-

phism. Then F restricts on an equivalence of categories VB(X) — Tri'' (X). Finally, for
any torsion free sheaf F and locally free sheaf G we have an isomorphism

F(F®G)=F(F)®F(9),
where the tensor product in Tri(X) is defined in a straightforward way.

A proof of this Theorem can be found in [18, Theorem 1.3] or [13, Theorem 16]. O

7.2. Torsion free sheaves on singular Weierstrafl curves. Let E be a singular Weier-
straB cubic, P! = F its normalization. In both cases we have: Z = Spec(C), whereas

7 Spec(C x C) nodal case
~ | Spec(Cle]/(?)) cuspidal case.

Choose homogeneous coordinates (zg : z1) on P! so that the condition (31) is satisfied. We
shall identify y € C we the point (1 : %) of P!. The choice of homogeneous coordinates on
P! defines two distinguished sections zg, 21 € H° (Pl, O[pl(l)). As a consequence, for any
c € N, we get a distinguished basis of the vector space Homp: (O]pl, O]pl(c)) given by the

monomials 2, z(‘j_lzl, ..., 2{. It is convenient to choose the following trivialization:
J|c , |f ) nodal case
20 z1
Op(1)| 50z [ Vo “Hvee
Z f .
— cuspidal case,
1 |Voo

where f is a local section of Op1(1), whereas Vj and V, are open neighbourhoods of 0 = (1 :
0) and oo = (0 : 1) respectively. This choice then defines trivializations Op1 (c)’Z e, Oz
for any ¢ € Z, which are compatible with the isomorphisms Op1(c1) ® Op1(c2) = Opi(c1 +
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¢2). By Theorem 7.2, any torsion free sheaf F of rank n on E is determined by the
corresponding triple (f ,C™, @) >~ F(F), where

. (@0, @oo) nodal case
(64) 0= { O, + 0. cuspidal case

It is not difficult to show that
(65) X(F) = deg(]?) + (m —n);
see e.g. [26, Lemma 5.1.6]. Next, by the theorem of Birkhoff-Grothendieck, any vector

bundle F on P! splits into a direct sum of line bundles: F = @ (Op (c))®mc. Therefore,
cEL
a description of the isomorphism classes of objects in the category Tri(F) (and, as a

consequence, of TF(E)), reduces to a certain matrix problem [32, 18, 17, 14, 13, 15].

With @0, 90@, 90, @5 S MatnXm(C).

Lemma 7.3. Let E be a singular Weierstraf$ curve and y € E a smooth point. In terms
ob the identifications made above, we have:

(66) IF(OE(y)> = (OP1(1>7 Ca Qy)v
where 6, = ((1), (—y)) in the nodal case and 6, = ((1) — £(y)) in the cuspidal case.

Proof. We refer to [26, Lemma 5.1.2 and Lemma 5.1.27] for a detailed treatment, both of
the nodal and the cuspidal cases. Note that in the nodal case, slightly different conventions

to trivialize Op1 (1)’2 were made in [26, Lemma 5.1.2], leading to a deviation in the final

description of the corresponding triples. O

Proposition 7.4. Let Q be a torsion free sheaf on a singular Weierstraf$ curve E, n =
rk(Q) and d = x(Q). Then the following results are true.
o If Q is simple (i.e. Endg(Q) = C) then ged(n,d) = 1.
e Conwversely, for any (n,d) € N x Z such that gcd(n,d) = 1, there exists a unique
(up a an isomorphism) simple torsion free and not locally free sheaf Q of rank n

and Fuler characteristic d.
e For d =1, this torsion free sheaf is given by the triple (O@n cntl, @), where

Pl
01 ... 0 1 ... 00
00 ... 1 0 ... 10
in the nodal case, and by
1 ... 00 0 1 0
(68) O=0,+eO.=| : . 1 L |+el oo ],
0O ... 10 00 ... 1

in the cuspidal case (here, we follow the notation (64)).
e Let O be the completion of the local ring Os and O be its normalization. Then we

have: @S ~ o1 g 0.
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Proof. The first two statements are consequences of [25, Corollary 4.3 and Corollary 4.5].
It follows from the definition of the category Tri(E) that triples defined by (67) and (68)
are actually simple. Hence, the third statement follows from the formula (65). Finally,
the last statement follows from the fact that the functor F from Theorem 7.2 commutes
with the functors of taking localizations and completions. O

Remark 7.5. In the case of a nodal Weierstrafl cubic F, the simple sheaf Q of rank n
and Euler characteristic one admits the following geometric description. Let I = I, be a
chain of n projective lines and w = w,, : I — F a finite morphism of degree n:

—

1y E
Then we have: Q = w, ((’)1); see also [13, Theorem 19].

Proposition 7.6. Let Q be a simple torsion free and not locally free sheaf on E of rank n
and Euler characteristic one. Consider the sheaf of Lie algebras A = Ad(Q) on E defined
by the short exact sequence

(69) 0— A— Endp(Q) 5 O — 0,
where tr is the composition Endg(Q) RN (Endpl(é)) i 1) for O =, (Oﬂml) and
Q = v, (V*F/tor(v*F)) = O%™. Then the following results are true.

o H(E,A)=0=HYE, A) and I'(E, A) = g&I'(E,Og).
o A, is an isotropic Lie subalgebra of Ax with respect to the pairing (33).

In other words, the pair (E, A) satisfies all conditions of Theorem 4.3.

Proof. Let Q := @S. It follows from the last part of Proposition 7.4 that

OO0 ... O

I O ... O
(70) EndO(Q) = . . . . )

I O ... O

where [ := Homo(a7 O) is the conductor ideal. Therefore, the morphism tr in the exact
sequence (69) is an epimorphism, as claimed. Consider the long exact cohomology sequence
of (69). Taking into account that H'(E,O) = H° (P!, Op1) = 0, we get:

0 — H°(E, A) — Endg(Q) — H(E,0) — HY(E, A) — H(E, Endp(Q)) — 0.

Since HY(E, ) = C and tr(ido) = n, we conclude that H(E, A) = 0 and H'(E, A) =
H'(E, Endg(Q)). According to [25, Corollary 4.3], there exists an auto-equivalence of the
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derived category Db(Coh(E)) mapping the torsion free sheaf Q to the structure sheaf of
the singular point Cs. Therefore,

Extj;(Q, Q) & Extp(Cs, Cy) 2 T'(E, Exty(Cy, Cy)) = C?,

where the last isomorphism follows from a local computation. Next, we have the following
local-to—global exact sequence:

0 — H'(E, Endg(Q)) — Extp(Q, Q) — I'(E, Exty(Q, Q)) — H?*(E, Endg(Q)).

From the dimension reasons we have: H?(E, Endp(Q)) = 0. The local structure of the
O-module Q is known: Q =2 O™ ! @ O. We have the following vanishings:

Exth (O, 0) = Ext(0,0) = Ext5(0,0) = 0

(the last one follows for example from the fact that the local ring O is Gorenstein). A local
computation shows that both in nodal and cuspidal cases we have: Ext})(é , 6) >~ C2. This
implies that H'(E, Endg(Q)) = 0. The isomorphism I(E,A) =gl (E, Op) obviously
follows from the fact that Q| = (’)g”. The first part of the proposition is proven.

Consider the following short exact sequence of O—modules:

OO0 ... O
I O ... O I
0— A, — ) L . — 0 — 0.

I O ... O

O O O

I O ... O ~

It follows, that As C L . . Since I-O =1 C O, we may conclude that the
I O ... O

trace form Ay x Ag 0 actually takes values in the ring O. It follows from the definition
of Rosenlicht differential forms that A, is an isotropic Lie subalgebra of Ax with respect
to the pairing (33). O

Remark 7.7. Using the technique of [15] on the description of Schurian objects in brick—
tame matrix problems, one can construct canonical forms (67) and (68) for arbitrary
mutually prime (n,d) € N x Z and prove that the last statement of Proposition 7.4 holds
in the general case as well. Therefore, Proposition 4.7 is true in a greater generality, too.

7.3. Examples of solutions of CYBE, arising from torsion free sheaves. Let
(E,.A) be a pair from Proposition 7.6. The main result of this section are concrete formu-
lae for the corresponding geometric r—matrix. We denote by s[,(C) :=g =g, ©@hPdg_
the conventional triangular decomposition of g into the direct sum of the Lie algebras of
strictly upper triangular, diagonal and strictly lower triangular matrices. Let &1 be the
set of postive/negative roots of g. Then we have: &, = {(i,]) € Nz‘l <i<j<n};for
2mi
a = (i,j) € P+ we write eq = €; ;. Let £ = exp(l> be a primitive n—th root of 1 and
‘ n
¢j = &. Then we have the following “natural” bases of the Cartan subalgebra b:
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. (gl, .. ,gn,l) with g; = diag(l,Cj, . .,C;Lil) for1<j<n-1
° (hl, . .,hn,l) with hj = diag(O, ...,0,1,-1,0,.. .,O), where 1 stands at the j-th
entry for 1 <j<n-—1.
In both cases, (gi‘, e ,g;‘l_l) and (hf, R ) denote the dual bases of b.

» tfn—1

Theorem 7.8. Let p € T(E x E\ A, AR A) be the geometric r—matriz. Then there exists
a trivialization F(E', A) LR g®F(E, OE) such the corresponding solution r = p* of the
classical Yang—Baxter equation is the following.

(1) If E is nodal then r(zx, y) = rst(x,y) + 1y + Tsp, where

( Zg] ®g;+ Z e_ a®€a) =*<yi—i’y+ Z e,a/\ea>

(71) ree(z,y) =
OtG‘I)+ y OéE(I)+

is the standard quasz—trzgonometmc r-matriz [10, 43],

p(a)

g on s 3o (3 en)

j=1 acd

Here, for a = (i,5) € &4 we put: p(a) :=i—1 and 7(a) :== (i —1,j — 1) € &4
provided i > 2, whereas a Ab:=a®@b—b®a fora,be g. In fact, rsp € g g is the
constant solution of the classical Yang—Baxter equation, satisfying the constraint
Tsp + 7"52,} = =, which is given by the Belavin—Drinfeld triple (I'y,T, 7), where

Iy
1 2 n—2n—1
0-0-0- -+ -0-0
/7 I a /7

’ / T / /

’ ’
v v v
1

Oo-0O- OOO

Iy
(2) If E is cuspidal then

r(z, 7+th/\ek+lk+ Z <Z€z ik 1>/\€kl

1<k,<n j=0
k>HQ
Proof. It was explained in [26, Subsection 5.1.4] and [22, Corollary 6.5] that a choice of

homogeneous coordinates on P! together with a choice of trivializations Opi (c) ‘Z L, >

specify a trivialization D(E, A) LR gl (E, Op) and an embedding I'(E, A(z)) £, gz]
such that the following diagram of vector spaces

evy

AbéﬁiruaA@»A——hﬂy

(72) sml Jg _ ny

Sol g

resy
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is commutative, where

e The vector space Sol := Im(§) C g[z] has the following description:

AOy = —z26¢C

(73) SoIz{A—i—zB’ Bo. — 6.0

for some C € g[nH(C)}

in the nodal case, and

Bo, = 0O.,D

(74) SoI:{A+zB‘ AO. + BO. = (0.-20.)-D for someDEg[nH((C)}

in the cuspidal case.
e For ® = A+ 2B € Sol we have:

1

ev,(P) = L(A +yB) and Tes,(®) = ;(A +xB)  nodal case
Y
y—z A+ xB

cuspidal case.

We denote by rgy ;= &V, otes, ' € Homc(g, g), which is the image of the tensor r(z,y) €
g ® g under the isomorphism g ® g — Homg¢(g, g) induced by the trace form.

1. The nodal case. To begin with, let us observe that

Sd::{_$<€3+g)‘*z<g+;;> l)eg%_ﬁC%/3=—¢dD)}

a,b e Matlx(n—l) ((C)
From this description of Sol it is easy to conclude that for any 1 < i < j < n we have:

@;1 (ei,j) _ { ze; 5 + (z — x) (61;17];1 + -+ 81’]',141) 1> 2

zeLj 1=1
Consider the linear automorphism C* —— C" given by the formula T7(B1, B2,y ..., PBn) =
(B2, -, Bn,B1). Clearly, the spectrum of 7 is {1,{,...,5”_1} = {1,(1,...,Cn_1}. We
view C™ as the space of the diagonal matrices of size (n x n). Then (g1,...,9n—-1) is a

1
basis of h and moreover: 7(g;) = (jg; and g; = —gn—j forall1 < j <n—1. For any h € b
n

fes, 1 ev.
we have: h — 7(h) —2— zh — z7(h) =, ; g . (h — 7(h)) + 7(h). Therefore, we get:
Tgc,y(gj) - gj + 4 gj forall 1<j<n-—1,
y—x 1—=¢j
4 y p(a)
rey(€a) = ea+ (Z eTk(a)) forall ae€ ®,.
y—x acdy k=1

From these formulae we obtain: r(x,y) = re(z,y) + 1y + 7sp =

n—1

T - 1 1+ ne)
(H’Y+’Y> + 2,’1;(1 _<j>gn—j ®g;+ Z e_aq N (; eq-k(a)>’

acd

N 1n=1 1 n=1
where 7 = (* 29 ®g+ e—a®€a) = (* > G- ®git+ > €—a®€a)-
20 a€dy 2n j= acdy
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2. The cuspidal case. Let C € g and ves; ' (C) =: A+ 2B € Sol. Then we have:

— v 1 1
C&A+ZBW—?’>H(A+$B)+B:HC+B.

It follows from the description (74) that the matrices A, B € sl,(C) and C € gl, ,(C)
obey the following relation:

{(CIO) = ©6.D—(0|B)
O.D.

(Bl0) = O,
Therefore, we get the following formulae:
Tgﬂ,y(hj) = yixhj +€j+1,5 forall 1<j<n-1,
Tg,y(ej,jJrl) = yiwej,jﬂ - h; forall 1<j<n-—1,
Tg,y(ek,l) = y i L (61@171 +ep_14-2+--+ elyk,l) forall k—12>2,
which imply the result. O

Lemma 7.9. Let Q be the (uniquely determined) simple torsion free and not locally free
coherent sheaf of rank three and FEuler characteristic two on a modal Weierstraf§ cubic
E and A = Ad(Q). Then the solution of CYBE for g = sl3(C), corresponding to the
geometric r—matriz attached to the pair (E,A), is given by the following expression:

1
(75) r(x,y) = rse(2,y) + (re13 © ea3 — yeas ® e13) + éhz A hq,
where r(x,y) is the standard quasi—trigonometric r—matriz (71).

Proof. It is a straightforward computation to check that the following object ((9]?312 &3]
Op1(1), C4, @) of the category Tri(E) is simple, where

0100 0001
(76) O = (09,0) = 0010],({1000
0001 0010

Hence, this triple defines the simple torsion free sheaf Q we are interested in. In the
terms of Remark 7.5 we have: Q = w, ((’)1(0, 1,0)), where I = I3 and w = w3 (note
that Pic(I,) = Z" for any n € N). Now we apply the computation scheme described by
diagram (72). In this case, the vector space Sol C g[z] has the following description:

Ao@o = —:L‘@()C

Sol =< A= A3 + psz A+ paz V2 A 0. = O.C

AL+ p1z A2 + poz 1 ’
o1 +mz+ 012" b4zt 60227 | a+ Bz

where C € gl;(C) is some matrix, whereas
A1 A2

A3 Mg
01 02

n

AO = and AOO ==
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We have the following basis of the vector space Sol:
{e12, €13 — wesgy, weag — 2es1, zea, zesz, ze31, why — zha, zhy + w(hy + ha) }.

Now we convert the linear map ev, o res, € Endc(g) into a tensor in g ® g and then apply
the gauge transformation given by the Lie algebra automorphism g — g, X — —X°.
This gives us precisely the expression (75). O

Remark 7.10. It would be interesting to find out an explicit description of a sheaf of Lie
algebras A on a nodal Weierstrafl cubic E, which gives the standard quasi—trigonometric
solution (71) for the Lie algebra sl,(C) for n > 3. Even more important would be to
develop explicit techniques, allowing to construct pairs (E,.A), which geometrise solutions
of CYBE for an arbitrary finite dimensional simple Lie algebra g.

7.4. Geometrization of the solutions of CYBE for the Lie algebra sly(C). Ac-
cording to results of Belavin and Drinfeld [10] and Stolin [65], there are precisely six
non—equivalent solutions of the classical Yang—Baxter equation (8) for the Lie algebra
sla(C): one elliptic, two trigonometric and three rational. Fix the following basis of

5MC)h:<é_i>,w:<gé>aMf:(? 8)

1. The elliptic solution of Baxter

_cn(z) 1+ dn(z) 1 —dn(z)
rz) = heh+ sn(z) sn(z)

sn(z)
corresponds to the geometric r—matrix associated with the pair (F,.A), where E is an
elliptic curve and A = Ad(P) for a simple vector bundle P of rank two and degree one;
see for example [26, Theorem 4.3.6].

(e@f+f®e)+ (e@e+ f®f)

2. The trigonometric solution of Baxter

cot(z)
= h® h
r(z) 2 @t sin(z)
corresponds to the geometric r—matrix associated with the pair (E,A), where E is a nodal
Weierstraf cubic and A = Ad(Q) for the simple torsion free sheaf Q of rank two and Euler

characteristic one, which is not locally free; see Theorem 7.8.

(e f+f®e)

3. The trigonometric solution of Cherednik [29]
cot(z)
= h®h
r(z) 2 wht sin(z)

corresponds to the geometric r—matrix associated with the pair (E, .A), where E is a nodal
Weierstrafl cubic and A = Ad(P) for a simple locally free sheaf P of rank two and degree
one; see [26, Subsection 5.2.3].

(e@f+f®e) +sin(z)f® f

1/1
4. The rational solution of Yang r(z) = — ih Qh+exf+[f® e) corresponds to the
z

geometric r—matrix associated with the pair (E,.A), where E is the cuspidal Weierstrafl

. AA
cubic and A = v, <Sl(I 7

ideal sheaf of the point v~!(s); see Remark 4.5.

)) , where P! -2 E is the normalization map and Z is the
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5. The rational solution of Stolin [65]

T(Z)Zi(;h®h+e®f+f®e)+z(f®h+h®f)—z3f®f

corresponds to the geometric r—matrix associated with the pair (E,.A), where E is the
cuspidal Weierstrafl cubic and A = Ad(P) for a simple locally free sheaf P of rank two
and degree one; see [26, Subsection 5.2.5].

6. The rational solution

r(z):l(;h®h+6®f‘f‘f®€>‘f‘;(h@f_f@h)

z

corresponds to the geometric r—matrix associated with the pair (E,A), where E is the
cuspidal Weierstrafl cubic and A = Ad(Q) for the simple torsion free sheaf Q of rank two
and Fuler characteristic one, which is not locally free; see Theorem 7.8.
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