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Abstract

For diagonal cubic surfaces, we give an upper bound for E. Peyre’s Tama-
gawa type number in terms of the coefficients of the defining equation.

1 Introduction

1.1. —— A conjecture, due to Yu. I. Manin, asserts that the number of Q-ratio-
nal points of anticanonical height < B on a Fano variety S is asymptotically equal to
7Blog™ )1 B for B — oco. Further, the coefficient 7 € R is conjectured to be
the Tamagawa-type number 7(5) introduced by E. Peyre in [Pe]. In the particular
case of a cubic surface, the anticanonical height is the same as the naive height.

1.2. E. Peyre’s constant. —— E. Peyre’s Tamagawa-type number is defined
in [PT, Definition 2.4] as

7(5) 1= a(5)-0(5) L (5 = 1/ Llssxpits) - Tl S(A)™)
for t = rk Pic(5).
Here, the factor 3(S) is simply defined as

B(S) = #H* (Gal(@/@), PiC(S@)) )

a(S) is given as follows [Pe, Définition 2.4]. Let Acg(S) C Pic(S) ®z R be the cone
generated by the effective divisors. Identify Pic(S) ®z R with R’ via a mapping
induced by an isomorphism Pic(S) — Z*. Consider the dual cone AY%;(S) C (R)Y.
Then,

a(S):=t-vol{z e Af | (z,—K) <1}.
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L( -, Xpic(s)) denotes the Artin L-function of the Gal(Q)/Q)-representation
Pic(Sg) ®z C which contains the trivial representation ¢ times as a direct summand.
Therefore, L(s, Xpic(sg)) = ¢(s)" - L(s, xp) and

E—IH (S - l)tL(S> XPic(S@)) = L(1> XP)
where ( denotes the Riemann zeta function and P is a representation which does
not contain trivial components. [Mu, Corollary 11.5 and Corollary 11.4] show that
L(s, xp) has neither a pole nor a zero at s = 1.

Finally, 7y is the Tamagawa measure on the set S(Agq) of adelic points on S and
S(Ag)Pr C S(Ag) denotes the part which is not affected by the Brauer-Manin ob-
struction.

1.3. —— As S is projective, we have

Sho) = [ S@.).

veVal(Q)

7 is defined to be a product measure 7 =[], cyay(q) 7o-

For a prime number p, the local measure 7, is given as follows. Let a € S(7Z/p*7Z)
and put 4P = {z € S(Q,) | = a (mod p*) }. Then,

m = k
Tp(u[(zk)) = det(l—p‘1 Frob, | Pic(S@)Ip). lim#{y € S(Z/p™Z) |y = a (mod p) } '

M—00 pm dim S

Here, Pic(Sg)™ denotes the fixed module under the inertia group.
Too is described in [Pe, Lemme 5.4.7]. In the case of a hypersurface of degree d
in P", defined by the equation f = 0, this yields

n+1—4d
Too(U) - ? / WLeray

cU
|-'EO|7 ,‘wn‘gl

for U C S(R). Here, wreray is the Leray measure on the cone C'S(R) associated to
the equation f = 0. Note that for a cubic surface, one hasn+1—d = 1.
The Leray measure is related to the usual hypersurface measure by the for-

mula wreray = m whyp- Observe, m is an integrable function on the whole
of CS(R) since deg f < n.
1.4. The main result. —— For diagonal cubic surfaces, there is an estimate

for 7(.9) in terms of the coefficients of the defining equation. More precisely, we will
prove the following theorem.



Theorem. Let a = (ag, ... ,a3) € (Z\{0})* be a vector. Denote by S* the cubic
surface in Pg’g given by apxd + ... + azxs = 0. Then, for each ¢ > 0 there exists a
constant C(e) > 0 such that

Corollary (Fundamental finiteness). For each T > 0, there are only finitely many
diagonal cubic surfaces S°: agxy + ... + aza} = 0 in PY such that 7(V®) > T.

1.5. Application: The height of the smallest point. —— We denote by
m(S) the smallest naive height of a QQ-rational point on S, or oo if there are no
Q-rational points. The main result implies that there is an estimate for m(.S) in
terms of 7(95).

Corollary (An inefficient search bound). There exists a monotonically decreasing
function F: (0,00) — [0,00), the search bound, satisfying the following condition.

Let S* be the cubic surface given by the equation agry + ... + azzs = 0. As-

sume S*(Q) # 0. Then, S* admits a Q-rational point of height < F(7(5%)).

Proof. One may simply put F'(¢) := max min H,.iw.(P). O
y simply put F'(t) o (P)

In other words, we have m(S*) < F(7(S%)) as soon as S*(Q) # 0.

1.6. Remark. —— For diagonal quartic threefolds, these results were known be-
fore [EJ]. The case of the classical cubic surfaces is, however, more complicated.
The reason is that quartic threefolds are of geometric Picard rank one. There-
fore, the factors o and (3 are always the same and could essentially be ignored. Fur-
ther, the L-factor is equal to 1 as the Gal(QY/Q)-representation considered is trivial.
In the situation of diagonal cubic surfaces, all these factors need to be considered.

2 Estimates for Peyre’s constant
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2.1 Estimates for o and

2.1. —— Recall that on a smooth cubic surface . over an algebraically closed
field, there are exactly 27 lines. For the Picard group, which is isomorphic to 77,
the classes of these lines form a system of generators.

2.2. Notation. —— i) The set £ of the 27 lines is equipped with the intersection
product (,): Zx¥% — {—1,0,1}. The pair (&, (,)) is the same for all smooth
cubic surfaces. It is well known [Ma, Theorem 23.9.ii] that the group of permutations
of .Z respecting ( , ) is isomorphic to W (FEg). We fix such an isomorphism.

Denote by F' C Div() the group generated by the 27 lines and by Fy C F the
subgroup of principal divisors. Then, F' is equipped with an operation of W (Eg)
such that Fp is a W (FEg)-submodule. We have Pic(.) = F/F.

i) If S is a smooth cubic surface over @ then Gal(Q/Q) operates canonically on
the set Zs of the 27 lines on Sg. Fix a bijection ig: Zs — & respecting the
intersection pairing. This induces a group homomorphism ts: Gal(Q/Q) — W (Eg).
We denote its image by G C W (Eg).

2.3. Lemma. —— There is a constant ¢ such that, for all smooth cubic surfaces S

over @Q,

1<B(5) <c.
Proof. By definition, 3(S) = #H'(Gal(Q/Q), Pic(Sg)). Using the notation just
introduced, we may write H'(Gal(Q/Q), Pic(Sg)) = H'(G, F/Fy).

Note that this cohomology group is always finite. Indeed, since G is a finite
group and F/Fy is a finite Z[G]-module, the description via the standard complex
shows it is finitely generated. Further, it is annihilated by #G.

H'(G, F/F,) depends only on the subgroup G C W/(Fg) occurring. For that,
there are finitely many possibilities. This implies the claim. U

2.4. Remark. —— A more precise consideration [Ma, Proposition 31.3| yields
a canonical isomorphism H'(Gal(Q/Q),Pic(Sg)) = Hom ((NF N Fy) /NFy, Q/7Z).
Here, N is the norm map under the operation of G.

As an application of this, one may inspect the 350 conjugacy classes of subgroups
of W (Eg) using GAP. The calculations show that the lemma is actually true for ¢ = 9.

2.5. Lemma. —— There are positive constants ¢ and co such that, for all smooth
cubic surfaces S over @ satisfying S(Aq) # 0,

a < a(S) <ec.

Proof. Again, we claim that «(S) is completely determined by the group
G C W(FEg). Thus, suppose that we do not have the full information available
about what surface S is but are given the group G only.
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The assumption S(Ag) # 0 makes sure that Pic(S) = Pic(Sg)“ [KT, Re-
mark 3.2.ii)]. We may therefore write Pic(S) = (F/F;)¢. The effective cone
A (S) C Pic(S)®zC = (F/Fy)“®4C is generated by the symmetrizations of
the classes {1, ..., o7 of the 27 lines in F. In particular, it is determined by G, com-
pletely. Further, we have K = —é(fl + ... 4 ly7). These data are sufficient to
compute «(S) according to its very definition. d

2.6. Remark. —— Here, we do not know the optimal values of ¢; and ¢y in
explicit form. «(S) has not yet been computed in all cases.

2.2 An estimate for the L-factor

2.2.1. —— In the case of the diagonal cubic surface S(@-+®) c P2 given
by aprd + ... + azxd = 0 for ag,...,a3 € Z\ {0}, the 27 lines on S(@09%) may
easily be written down explicitly. Indeed, for each pair (i,7) € (%/37)?, the system

{ag o+ G¥/arx = 0
'\3/672562—1‘@:\3/@73%3 =0

of equations defines a line on §(@+)  Decomposing the index set {0,...,3} dif-

ferently into two subsets of two elements each yields all the lines. In particular, we
see that the 27 lines may be defined over K = (Q(Cg, ayfag, 3/as/ao, {’/ag/ao).

2.2.2. —— This is an abelian extension of QQ((3). Therefore, the irreducible
representations of Gal(K/QQ) are at most two-dimensional. Besides the trivial rep-
resentation, there is the non-trivial Dirichlet character A of QQ({3)/Q. The two-
dimensional irreducible representations are actually representations of a factor group

of the form Gal((Q(Cg, m)/(Q) =~ S3 for eg,...,e3 € {0,1,2}.

2.2.3. Lemma. —— Let a and b be integers different from zero. Then,
| Disc (Q(&,Vab?)/Q)| < 3%a'b.

Proof. We have, at first,

| Disc (Q(Gs,Vab?)/Q)| < | Dise (Q(G)/Q) | - Dise (Q(Vab?)/Q)*
— 27 Disc (Q(Vab?)/Q)*.

Further, by [Mc, Chapter 2, Exercise 41], we know | Disc (Q(Vab?)/Q)| < 3%a?b?.
This shows | Disc (Q((s,Vab?)/Q)| < 3%*b*. O



2.2.4. Proposition. —— For each € > 0, there exist positive constants c¢; and co
such that

c1-lag- .. .ras| Tt < £I_I)I% (s — 1)tL(s,XPiC(S%O ,,,,, a3>)) <cg-lag-...-asl®

for all (ag,...,a3) € (Z\{0})*. Here, t = rk Pic(9).

-----

where ( denotes the Riemann zeta function and P is a representation which does
not contain trivial components. All we need to show is

c1-lag- ... -a3| 7 < L(l,xp) <cz2-lag-...-asl.

L(-,xp) is the product [Ne, Chapter VII, Theorem (10.4).ii)] of not more than
six factors of the form L(-,\) for A the non-trivial Dirichlet character of Q((3)/Q
and at most three factors which are Artin-L-functions L( -, v*) for two-dimensional
irreducible representations.

Here, K = Q((3, v/ay’ - ... a3®) for certain eg,...,e3 € {0,1,2}. As L(1,A)

does not depend on ay, ..., as, at all, it will suffice to show
ci(e) -lag-...-as|™° < L(1,v™) < cy(e) - |ag - ... - as|®

for each ¢ > 0.
v is the only irreducible two-dimensional character of Gal(K/@Q) = S;. For that
reason, by virtue of [Ne, Chapter VII, Corollary (10.5)], we have

Ck(s) = Cols) - L(s, A) - L(s,v™)?
= (o (s) - Lis, v™)?

for a complex variable s. It, therefore, suffices in our particular situation to estimate
the residue res;—; (x(s) of the Dedekind zeta function of K.

An estimate from above has been given by C. L. Siegel. In view of the analytic
class number formula, his [Si, Satz 1] gives

res (k(s) < Cllog Disc(K/Q)]°
< Cllog(3'gatazaz))”
= C[4loglag - ... - as| +9log 3]’

for a certain constant C'. The final term is less than cy(g)-|ag-. . .-as|® for every € > 0.
On the other hand, H. M. Stark [St, formula (1)] shows

res Cic(s) > C(e)-Disc(K/Q)~/*

for every € > 0 which implies res Cx(s) > ci(e)]ag- ... ag|™®. O
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2.3 An estimate for the factors at the finite places

2.3.1. Notation. —— i) For a prime number p and an integer x # 0, we
put z() ;= p»@ . Note zP) = 1/||z||, for the normalized p-adic valuation.

ii) For integers x1, ..., z,, not all equal to zero, we write

ngp(«Tl, s 7xn) = [ng(fIfl, o 7:1:”)](17)

Observe, if z1, ..., 2, # 0 then we have ged, (x1,...,2,) = gcd(:cgp), o ,:)sgp)).
iii) By putting v(z) = glgyn v(€), we carry the p-adic valuation from Z, over
tO Z/pTZ z=(¢ m;l:{ p")

Note that any 0 # = € Z/p"Z has the form x = e-p*®) where ¢ € (Z/p"7Z)* is a unit.
Clearly, € is unique only in the case v(x) = 0.

2.3.2. Definition. — For (ay,...,a3) € Z* r € N, and vy, ...,v3 < r, put

ngg,)...,llg;ao,...,ag = { (I()? tt ’xg) 6 (Z/I)TZ)4 |
v(xg) = 1o, ... w(x3) = vs; aoxg 4+ ..+ agxg =0€Z/p7}.

For the particular case vy = ... = 13 = 0, we will write Z&) ., == N 0oz 1€

AR , =1 (wo,...,23) € [(Z/pT’Z)*]A‘ | aoxg + ... +a3x§ =0€Z/pZ}.

ag;.--,a@

We will use the notation 24, == #2) _a..

2.3.3. Sublemma. — If pFlag,...,as and r > k then we have
(1) _ p4k N Gt

ag,...,a3 ao/pkv"'7a3/pk ’

Proof. Since agxd+. ..+ azz3 = pF(ag/p" - x3+ ...+ az/p" - 3), there is a surjection

AR BN Gl

ao,---,a3 ao/p¥,...,az/pk
given by (zo,...,23) — ((zo mod p"*),..., (x5 mod p"~*)). The kernel of the ho-
momorphism of modules underlying ¢ is (p"~*Z/p"7Z)*. O

2.3.4. Lemma. —— Assume ged,(ag, ..., as) = p¥. Then, there is an estimate

Z(T’) < 3p37“+k ]

ag,...,04 —

Proof. Suppose first that £ = 0. This means, one of the coefficients is prime to p.
Without restriction, assume pfag.

For any (z1, 9, z3) € (Z/p"Z)3, there appears an equation of the form agzd = c.
It cannot have more than three solutions in (Z/p"7Z)*. Indeed, for p odd, this follows
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directly from the fact that (Z/p"Z)* is a cyclic group. On the other hand, in the
case p = 2, we have (Z/2"7)* = 7./2" 27 x 7./27.. Again, there are only up to three
solutions possible.

The general case may now easily be deduced from Sublemma 2.3.3. Indeed, if
k < r then

T r—k r— s
21(10)7--.@3 = p4k ’ t(zo/pk),__.,aa/pk < p4k : 3]93( k) = 3p3 .
On the other hand, if £ > r then the assertion is completely trivial since
Z[(lg)’m’a3 — #ngg?...,ag < p4r < p3r+k < 3p3r+k' 0
2.3.5. Remark. —— The proof shows that in the case p =2 (mod 3) one could

reduce the coefficient to 1. Unfortunately, this observation does not lead to a sub-
stantial improvement of our final result.

2.3.6. Lemma. — Let r € N and vyp,...,v3 <r. Then,
Z;(JQ’an,...,pS%ag ’ go(pT—VO) et SD(pT_VS)
w(pn)*
Proof. As p*agxd + ...+ p*azzs = ag(p™x0)® + ... + az(p”x3)?, we have a sur-
jection

() _
#NV07~~~7V35[107---,“3 -

.70 (r)
T ZpS"anv---,pS%ag ]Vl/o,~~.7l/3;ao,...,as7
1 14 Vs
given by (xq,...,x3) — (pPxo, ..., p"x3).

For i =0,...,3, consider the mapping ¢v: Z/p"Z — Z/p"Z, x — p"ix. f v, =r
then ¢ is the zero map. All p(p") = (p — 1)p"~! units are mapped to zero. Other-
wise, observe that ¢ is p* : 1 on its image. Further, v(:(z)) = v; if and only if z is

a unit. By consequence, 7 is (K®0) .. ... K®)): 1 when we put K*) := p” for v < r
and K := (p—1)p"~!. Summarizing, we could have written K®) := o(p")/p(p"™").
The assertion follows. O
2.3.7. Corollary. — Let (ag,...,a3) € (Z\{0})*. Then, for the local factor

T (5(007---@3) (Qp)) , one has

7, (S 13)(Q,)) = det (1 — p~" Frob, | Pic(S5)™)

T (r) r—1 r—u
. lim Z “pP0ag, ... p*3as e(P) () ‘

3 - p(pr)t

vo,...,v3=0

Proof. [PT, Corollary 3.5] implies that

: NIET) v3;a a
7 (S0 93)(Q,)) = det (1 — p~' Frob,, | Pic(Sg)"™) - lim # 0’"];;’ 03
v,...,v3=0

Lemma 2.3.6 yields the assertion. U



2.3.8. Proposition. —— Let (ag,...,a3) € (Z\{0})*. Then, for each & such
that 0 < e < —, one has

1N\7 1 1 3 —e e
7, (S(e03)(Q,)) < (1 + 5) -3(1 — ;> <1 — L) (e a )aé’”) (a°.
p173s ps

Proof. We use the formula from Corollary 2.3.7. The eigenvalues of the Frobenius
on Pic(Sg)"™» are all roots of unity. Therefore, the first factor is at most (14 1/p)”.
Further, by Lemma 2.3.4,

Z(r) /p3r < 3gcd ( 3”°a0, 7p31/3a )

p?)l/()ao7 3V3(13
= 3gcd(p3”°a(()p), . ,p3”3a(p)).
Writing k; := v,(a;) = 1,(a)), we see
. pvsa /D7 S Baed(p?otRe, L pPe )
— 3pmin{3z/0+ko, ,31/3—1—]63} .

We estimate the minimum by a weighted arithmetic mean with weights %, %,

== and €,
. 1— 1—
II11I1{31/0 + k‘o, .. 31/3 + k‘g} < T (31/0 + k’o) + T (31/1 + k’l)

1-—
+ T (3vg + ko) + €(3v3 + k3)

= (1 —¢)(vo+ 11 + 1) + 3ev;

1—¢
3 (k‘o+k’1+k’2)+€k‘3.
This shows
z(Jg)Vo ao, ... ,p*¥3as /p37’ < 329(1_5)(V0+V1+V2)+3EV3+ 55" (kotkithe) ks

_ Bp(l—e)(ug-i-ul-i-uz)—i-?)aug . (aép)agp)aép)) 1g5 (agp))e.

We may therefore write

7
(S (@) < (1+%) 3(aPa? 0 (a)°

. 27’: p(l—s)(uo+u1+1/2)+3€1/3 . QO(pT_VO) Co QP(pT_VS)
r—o0 e(pr)?

vQ,...,v3=0

Here, the term under the limit is precisely the product of three copies of the fi-

nite sum )
Z pU=E - p(pr) _ 1 L P 1
— e(p) — (p°)  p—1(p7)"




and one copy of the finite sum

T

p— e\ )
v=0 ('0

351/, 7” I/

For r — oo, geometric series do appear while the additional summands tend to zero.
O

2.3.9. Remark. —— Unfortunately, the constants

1\7 1 1 3
b p 1 - plifis 1 - I}s

have the property that the product H C dlverges On the other hand, we have
at least that C is bounded for p — o0, say C < C®

2.3.10. Lemma. —— Let C' > 1 be any constant. Then, for each € > 0, one has

HC’<C x°

P prlme

for a suitable constant ¢ (depending on €).

Proof. This follows directly from [Na, Theorem 7.2] together with [Na, Section 7.1,
Exercise 7). O

2.3.11. Proposition. —— For each € such that 0 < ¢ < %, there exists a con-
stant ¢ such that

HTp Glaoa Qp)) <c-lag - ag% 5 H mln |a1]|p

p prime pprlme
for all (ag, ...,a3) € (Z\{0})*.

Proof. The product over all primes of good reduction is bounded by virtue of
Sublemma 2.3.12 below. It, therefore, remains to show that

HTP(S(GO,n.,aS)(Qp)) S C- |a0 %_g . H mln Haal—E'
p prime pprlme
pl3ag...a3

For this, by Proposition 2.3.8, we have at first

7 (503 (@,)) < CO - (al PP )i (o) ie

l_e
= O (@) )
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Here, the indices 0, ... , 3 are interchangeable. Hence, it is even allowed to write

1_e
Tp( Glao,....a (Qp)) e)_( () () (p) (P))s 1 (

“BA

Now, we multiply over all prime divisors of ag - ... - asz. Thereby, on the right hand
side, we may twice write the product over all primes since the two rightmost factors
are equal to one for pt3aq - ... - az, anyway.
lao.. ) ONONON St
HT e HC’ . H ao al ay’ay”) H mln ||a,||p
p prime p prime pprime p pr1mc
pl3ag...a3 pl3ag...a3
1_ e
. 1_e
H CIS) “lag ... ag3TT - H Z1%1111 ||aZ||p
p prime pprime d
pl3aq...a3

when we observe that [], a®?) = |a|. Further, we have C’,(f) < (C®© and, by
Lemma 2.3.10,
HC’@) SC'|3(L0'...'CL3|§.

p prime

pl3ag...a3
We finally estimate 35 by a constant. The assertion follows. O
2.3.12. Sublemma. —— There are two positive constants ¢, and co such that,

for all ay, ..., a3 € 7Z\{0},

< HT Sla--93)(Q,)) < ep.

p prime
pt3ag - a3

Proof. For a prime p of good reduction, Hensel’s Lemma implies

(ao,...,a3)
(56099 (@,)) = det (1 — p~ Frob, | Pic(Sg)) - 7o )

p2

Further, for the number of points on a non-singular cubic surface over a finite field,
the Lefschetz trace formula can be made completely explicit [Ma, Theorem 27.1].
It shows #S5(0--5)(IF,) = p? + p - tr(Frob, | Pic(Sg)) + 1.

Denoting the eigenvalues of the Frobenius on Plc(S ) by A1,..., A7, we find

Tp (S(“O’“"“g)(Qp)) =1-2p HA=Ap™H)- .- (1=Aph)
L+ W+ -+ A 4 p7Y

=(l—op ' +op? F...—op Nl+op ' +p7?)
=14+ (l—o0i+o0o)p ?— (o1 —oa+o3)p° £
+ ... — (0'5 — 010g + 07)]9_7 + (0'6 - 010'7)]9_8 - 0729_9
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where 0; denote the elementary symmetric functions in Ay, ..., A7
We know |\;| = 1 for all i. Estimating very roughly, we have |o;| < (]7) <7
and see

1—99p72 —7-99p7% — ... = 77-99p™" < 7,(S%-)((Q,)) <
<1499 247993 +. . .+ 779977,

Le., 1 —99p~2; 17/p < 7p(8e03)(0Q,)) < 1+ 99p~2 1_17/p. The infinite product
over all 1 —99p~2 (respectively 1+99p~2 1_17 p) is convergent.

The left hand Slde 1s positive for p > 13. For the small primes remaining, we need
a better lower bound. For this, note that a cubic surface over a finite field I, always
has at least one IF,-rational point. This yields 7, (S@~%)(Q,)) > (1-1/p)"/p* > 0.

O

2.4 An estimate for the factor at the infinite place

2.4.1. Fact. —— Let U C R"" be an open subset and X C U be a hypersurface
defined by the equation f = 0. Assume that g—x{) # 0 outside a zero set of X.
Then, on X, Wieray @5 given by the differential form

e

Proof. Let z € X be a point such that %(m) # 0. The theorem on implicit

functions yields an open neighbourhood O of x and a function g: O — R such that

flg(xq,...;xn), 21, ..., ) = 0. This means, near x, X is given by the parametrization

i: (21, ey my) = (g(x1, ooy ), X1, ooy T,) . We immediately see dg/0x; = /amo
The hypersurface measure on the image of ¢ is classically given by

Whyp = [\/1 (0g/0x1)? + ... + (0g/0x,)> dxy A ... A dl’n]

which may be rewritten in the form whyp ['Trg;i‘f Lday A A dxn]. Recall that the

Leray measure is defined by wreray = |gra 7 Whyp. O

2.4.2. Corollary. — Let ao,...,a3 € R\{0}. Then,

Leray

Ay, a 1
wcs( o (R) 5 dr1y Adzy A dzs).
3|ao|x3
Proof. We apply Fact 2.4.1 to U = R* and f(x,...,73) := apzd + ... + azzi.
Note that {(zg,...,r3) € CS@0-3)(R) | o = 0} is a zero set according to the

Leray measure as it is for the hypersurface measure. O
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2.4.3. Lemma. — Let ay,...,a3 € R\{0}. Then,

1 Cs(l ,,,,, 1)(]R)
( ( )) 23 |a0.”‘-a3| Leray

cs,..., 1) (]R)

lzo|< R/ lacl, ... ,|z3|< R /]as]

Proof. According to the definition of 7, ($(®+%)(RR)) and the corollary above, we
need to show

1 1 1 1

— — dxy Ndxry Ndrg = — dX; NdXy ANdXs.

6 ao] / A T Fre /Xg A ERe A ds
cSlag,--- a3)(]R) cs,..., U(]R)

lzo|<1, ..., |wa|<1 | Xo|<}/laol, - ,| X3 < }/|as]
For that, consider the linear mapping [: C'S@0a)(R) — CS®D(R) given by

(zo,...,23) — (V/aoxo, ..., v/asrs). Then,

* 1 Y a1a203 1
0
This immediately yields the assertion when we take into consideration that orienta-
tions are chosen in such a way that both integrals are positive. 0
2.4.4. Proposition. ——  For real numbers 0 < by < by < by < bs, we have

,,,,, 64 1 b
/ wfosr;; Vw) (64 - 0 log 3 + §\7§w2>b0 + 64b, logb—(l)

oS- (R)
|zo|<bo, ... ,|z3|<b3

where wy 1s the two-dimensional hypersurface measure of the l3-unit sphere
52 = { (LL’l,LL’Q,SL’g) c R3 | ‘1’1‘3 + ‘1’2‘3 + |LL’3‘3 = 1}

Proof. First step. We cover the domain of integration by 25 sets as follows. We put
Ry = [—bo, bo]* N CSE1(R). Further, for each o € S;, we set

R, == {(wg,...,73) € R"| |Zo)] < - <o), @] < bs, and by < |23 }
N Cs(l,,l)(lR> )

cs@,..., U(]R) cs@,..., U(]R)
Second step. One has [, wii. < Jr., Wreray for every o € Sy.

Consider the map i,: R* — R* given by (2¢,...,23) — (Zo),---,Lo®))-
Since ¢SV (R) is defined by a symmetric cubic form, it is invariant under 4.
We claim that

iv(Ry) C Riq .
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Indeed, let (xo,...,23) € R,. Then, i (xo,...,23) = (To():---,Te(3)) has
the properties |z, < ... < |2o@)| and by < |Te)|. In order to show
io(To, ..., x3) € Rig, all we need to verify is |2, < b; fori =0,...,3.

For this, we use that the b; are sorted. We have [2,3)| < by3) < bs. Further,
|To2)| < boe) and |To(2)| < |Tos)| < boes) one of which is at most equal to b,.
Similarly, |:E0(1)| S bo’(l)7 |:L’U(1)| S |:L’U(2)| S bo(g), and |:L’U(1)| S |$0(3)| S bo(g), the
smallest of which is not larger than b;. Finally, |z,0)| < bs(0), |To(0)| < |Zo)| < Do),
|Zo(0)] < |Zo(2)] < bo(2), and [25(0)| < [Zo(3)] < bo(). This shows [z4()| < bo.

Since a3 + ...+ 23 is a symmetric form, the Leray measure on CSL-D(R) is
invariant under the canonical operatlon of S; on CSU-Y(R) C R*. Therefore, we
L oS U(]R) - cs,.. ) f h g

ave (ZU)*wLeray wLeray or each o € »y.

Altogether,

CS(l ,,,,, 1)(]R) s 1)(]R) o . Cs(l ,,,,, 1)(]R) . CS(l ,,,,, 1)(]R)
/wLoray S wLeray - (ZU)* wLoray - wLoray :
Ro iz (Riq) Riq Riq

Third step. We have [, wfef;;m’l)(m < $V/3wobo.
By virtue of Corollary 2.4.2, we have

(o) ) 1 1
/ wcsl DR _ 2 — dzg A dxy A dry
Ro Ro 3

- ///R 550+1'1 %)2/3d$od$1d$2

where m: CSUD(R) — R3, (29, 21, T, T3) — (20,1, 22), denotes the projection
to the first three coordinates.

We enlarge the domain of integration to
R = {(z1, 29, 23) € R® | |mo|® + |21 > + |22 < 303 }.

Then, by homogeneity, we see

1 %bol
_ 2 5 _ 3
////(Igjtx‘;’—l—a?%)w?’ dxo dzy dzy —wQ-/ﬁ-r dr = wy - V/3by .
0
Fourth step. We have fR wgei;“ﬂ)(lfi) < (54 Slog3)by + by log Z—(l)
Observe |zs] = | /23 + 23 + 23| < /w0l + |21]> + |22, For (wo,...,33) € R,

this implies 23| < V/3 |z2| and |z5| > by/v/3. We find
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oS, 1) (]R)
wLeray -
Riq

1
—/ 2d!L’0/\dZL’1/\dZL’2
3 R T3

1/ 1
3 SRy 73

/ / / d!L’Q d!L’l d!L’Q

—bo |z1|€[|zol,b1] \12\>b0/\/_
|zo| >z |

/ / max{bo/2\/7 3, |z1|} e do

_b() ‘Z‘ﬂEon‘ b1

dl‘o VAN d.ﬁ(]l VAN dl’g

1
S / / —d.ilfl d.f(f(] + / / | | d.ﬁlfl dl‘o
x1
b0 |1 |€[|wol,bo/V/3] ~bo |z1|€[bo/V/3,b1]
bo
2 42 /3 2 v/3b
g—-—o-\/_+ /21ogfldzo
3 V3 by 3 bo
—bo
8 8 V/3by
= —by+ =by1
3 o + 3% 0g o
8 8 8 by
= (5 + 5108 3)bo + 5ho! O
<3 9 0g ) 0p + 0o Ogbo
2.4.5. Corollary. —— For every € > 0, there exists a constant ¢ such that
ag,...,a S . 1
Too (S0 ®)(R)) < c-fag - ... as| 73" - Join [lagls
for each (ag, ..., a3) € (Z\{0})*.
Proof. We assume without restriction that |ag| < ... < |ag|. Then, Lemma 2.4.3

and Proposition 2.4.4 together show that, for certain explicit positive constants ¢,
and cg,

Too (S@0%3)(R)) < Jag - ... - as| 3 - <cl|a0|§ + calao|s log %)
Qo
_ - 1 |ai]
= |a0-...-a3| 3 |a0|3 Cl+—0210g
3 |aol
_1 1
<lag-...-as|"3- I{)un ||aZ||oo- (cl+50210g|a0-...-a3|).
There is a constant ¢ such that ¢; + +cyloglag - ... - as] < clag - ... - agl|® for ev-
ery (a'Oa - '>a3) € (Z\{O})4 O
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2.5 The Tamagawa number

2.5.1. Proposition. — For every ¢ > 0, there exists a constant C > 0
such that . e
1 >C'Hnaive(%:...:£)3
T(ao,...,ag) — ‘CLO .o CL3‘€

for each (ag, ..., a3) € (Z\{0})*.

Proof. We may assume that € is small, say ¢ < 3. Then, immediately from the
definition of 7(#0--3) we have

T(a07"'7a3)

s—1

< a(S(aO,...,%))./@(S(a(),...,cm)) . lim (S _ 1)tL($, XPic(S(_aO VVVV ag))) Ty (S(aO,...,aa)(AQ))
Q

— a(S(aO,...,%)) ./6(5(110,---7(13)) . lim (S _ 1)tL(S, XPic(S(_aO VVVV ag))) Ty (S((IO,---,(IB)(AQ)Br)
Q

s—1
= q(§a0ra3)). g(§(a0:a3)) lirri (s —1)'L(s, Xpic(gta0+ ag) H 7, (Sla0a (Q.))-
o Q veVal(Q

Let us collect estimates for the factors. First, by Proposition 2.2.4, we have

lim (s — 1)tL(3’XP1C(sL“0 ,,,,, a3>)) <c¢-lag ... -ag|T
Q

s—1
for a certain constant ¢;. Further, Proposition 2.3.11 yields

1_ e . 12
[[ 7 (s (@) <e2-lag- ... as]s~% - [T min [laifls ™.

p prime pprime

Finally, Corollary 2.4.5 shows

Too (@03 (RY) < ¢-ag - ... - ag|"5+3 - min_ s .

I8 7

We assert that the three inequalities together imply the following estimate for Peyre’s
constant 7(%0-3) = 7(§(@0-a3))

_E&

T(ao""’ag) §C3.‘a0.._..a3‘% . H mln ||aal . n(’]lln ||al||oo H |: Holln HaZH ] 2
pprlme p prime B
Indeed, this is trivial in the case 7(%0%) = (. Otherwise, S(@~%) has an

adelic point. Lemmas 2.5 and 2.3 show that we may estimate the factors o and 3

16



by constants. By consequence,

1l

W=

1
3

min flaifl,| " | min flailo]

1 > 1 pprimo 1= 07 7 . 7
7(a008) 7y lag - ... aslz - [] [ min ||aZ|| } 2
pprime i=0,....3
1 1
[T max |[X]|° max || L]
1 pprime =03 19 11p i=0,...3 11 % {loo
e lag-... a3z ] [ max aﬁp)]ﬁ
pprime =0,...,
1
_ 1 Hnawo(loz...:%)?’
€3 lag-... a3z ] [ max a(p)]E
pprime =0,...,3
It is obvious that n%axga(p) <|a® .. a?and TT|a ... a?| =lag- ... as.
This shows =0 pprime
1
1 >l. Hnaivo(%:...:%)f’
T(ao"“’a3) T3 |a0-...-a3|% -|a0-...-a3|%
1
1. .1\3
:i.Hnaivo(%-----E)S 0
C3 |a0-...-a3|€
2.5.2. Lemma. — Let (ag : ... : a3) € P*(Q) be any point such that
agp #0, ... ,03 #0 Th@’ﬂ,
Huaive(ag @ .. 1 a3) < Hnam(al0 S é)?’
Proof. First, observe that (ag : ... : a3) — (i Do %) is a well-
defined map. Hence, we may assume without restriction that ag, ... ,as € Z and
ged(ag, - .. ,a3) = 1. This yields Hpaive(ao : ... @ ag) = max, |a;|.
On the other hand, (% D é) = (ajasas : ... &Balag) Consequently,
H,ive (% oL a%) < [ii%z?igmiug = Hnaivc(ao DL a3)3-
From this, the asserted inequality emerges when the roles of a; and ai are inter-
changed. O
2.5.3. Corollary. — Let ay, ... ,a3 € Z such that ged(ag, ... ,a3) = 1. Then,
12
‘CL(]'...'CL3| SHnaivc(%: Z%) .
Proof. Observe that |ag - ... a3 < max, la;|* = Hpaive(ao : ... : az)* and apply
Lemma 2.5.2. T 0
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2.5.4. Theorem. —— For each € > 0, there exists a constant C(g) > 0 such that,
for all (ag,...,a3) € (Z\{0})%,

1 > H 1 . .1 %_8
(a0,..a3) = (E) ’ naive(% ceee s g)
Proof. We may assume that ged(ag, ... ,a3) = 1. Then, by Proposition 2.5.1,
1
1 I_InauivoL:---:LE
——>C(e) - (ao i’“) .
7(a0,--.a3) lag - ... - as|2
Corollary 2.5.3 yields |ag - ... - as|iz < Hnaive(% Sl a—13)€ O
2.5.5. Corollary (Fundamental finiteness). —— For each T' > 0, there are only
finitely many diagonal cubic surfaces S\@0-%): qoad + ... + azxs = 0 in Pg’g such

that 7(a0--a3) > T

Proof. This is an immediate consequence of the comparison to the naive height
established in Theorem 2.5.4. U
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