THE PARITY OF THE PERIOD OF THE CONTINUED
FRACTION OF d

ETIENNE FOUVRY AND JURGEN KLUNERS

ABSTRACT. We prove that, asymptotically, in the set of squarefree integers d,
not divisible by primes congruent to 3 mod 4, the period of the expansion of
V/d in continued fractions is more frequently odd than even.

1. STATEMENT OF THE RESULTS

The subject of the expansion of the real numbers in simple continued fractions
remains a very opaque domain in the theory of numbers. One of the very few
achievements of this theory is the following famous theorem due to Lagrange (see
[22, Theorem 3 p. 317, for instance).

Theorem A. Let d be a non square positive integer. Then the irrational number
Vd has a periodic expansion in simple continued fractions.

With the classical notations, we have the equality

Vd = lag; a1, Gz, -, as).

In that formula, s = s(d) is the period of the expansion, and we have the equality
ar = ag—¢, for any 1 <t < s —1 and also the inequality s < 2d. Hence Theorem
A defines an application s : d — s(d), from the set of non square integers to N*.
The image of s is equal to N* (see [22, Theorem 6 p.325]) and more precisely for
every positive integer sg, the equation s(d) = so has infinitely many solutions in d.
Recall that if the real number « has an ultimately periodic expansion in continued
fractions, then « is an algebraic number of degree 2 (see [22, p.328] for instance).

The application s is very mysterious at many points of view. Here we shall be
concerned by the frequency of the odd values of this function. We recall a very
useful link between the parity of s(d) and the associated negative Pell equation.

Theorem B. [22, Theorem 9 p.333] Let d be a non square positive integer. Then
the associated period s(d) is odd if and only if the equation

(1) 22 —dy? = —1
is solvable in integers x and y.
By easy congruence considerations, we see that
(1) solvable = (p|d = p # 3 mod 4).
By convention, the letter p is reserved to prime numbers throughout this paper. If

a is a positive integer, then v,(a) and w(a) will denote the p-adic valuation of a
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and its number of distinct prime divisors. The Mobius function of a is u(a) and the
Euler function is ¢(a). If a and k > 0 are integers, we also use the notation p* || a
to say that v,(a) = k.

A classical application of the half dimensional sieve (or of Landau’s Theorem con-
cerning integers which are sums of two squares [1, Satz 1.8.2]) implies the equality

X
d<X:pld=p=2orp=1mod4 :0(7),
Ij { — p | p or p mo } \/m
as X — oo. This proves that, for almost d, the period s(d) is even, more precisely,
we have

X
#{d < X; dnot a square and s(d) = 0 mod 2} =X+O(ﬁ>'
og

Hence the question of the parity of s(d) is highly more interesting if we restrict the
set of definition of s to the set

(2) A= {d; d squarefree, d > 2, p| d=p=2or p =1 mod 4},

and its two natural subsets Aeyen and Ayqq corresponding to the extra condition d
even and d odd, respectively. We introduce the counting function

3) A(X) = 2(AN [2,X]).

and its analogues Aogd (X), Aeven(X). The set A is a rather dense subset of integers,
since, for X — o0, it satisfies

Aoaa(X) ~

©| o
Q

4
Aeven(X) = Aodd(X/2) ~ § .C-

which leads to

4 X
with

o= [T a-»2-
p=1 mod 4
These asymptotic formulae are consequences of Landau’s Theorem (see [23, p.122],
[4, §1]). The intrusion of the condition d squarefree in the definition (2), will be
explained in §1 below. Also let

A = {d; de A, s(d) =1 mod 2},

and its two subsets A_ , and A_,.,. Also let A7(X), A 4(X) and AL, (X) be

even’ even
their counting functions, up to the bound X.

The present work is motivated by the following questions:
(5) What are the relative sizes of A~ (X)and A(X)?
and the easier one
(6) Is it true that asymptotically, 50 % of the elements d € A satisfy s(d)odd ?

Of course, the same type of questions apply to the restricted subsets A,qq and
ACVCH'
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Actually, we shall adopt another point of view of these questions: it is also well
known that the question of the solvability of (1) has a rich interpretation in the
domain of algebraic number theory. To be more precise, to any d € A we associate
the integer D defined by

d if d is odd,
4d  if d is even.

The discriminant of the field Q(v/d) is D precisely. We give the name of special
discriminant to such a discriminant. The set of the special discriminants is denoted
by D. It clearly satisfies the equality

D:={D>2;v,(D)=0if p=3mod4,
vp(D) =0or 1if p=1mod4 and vy(D) =0 or 3},

and is split into two natural subsets Dyqq and Deyen. We also denote a fundamental
unit of Q(v/D) by ep and the norm function in this field is denoted by N. Now we
recall the following classical result (see [23, p. 122]):

Proposition 1. With the above notations, let d an element of A. Then we have
(1) solvable <= N(ep) = —1.

Hence, for d € A, we have seen that the problem of the parity of s(d) is equivalent
to the solvability of (1) and to the value of N(ep). However, the last approach
certainly is the more attractive one, since we can incorporate many of the tools of
algebraic number theory. The results can equivalently enunciated in terms of the
counting functions associated to the set A or to the set D. Let

D™ :={DeD; N(ep) = -1},

and its two natural subsets D_,, and D, be its two natural subsets. For X >
2, the symbols D(X), Doad(X), Deven(X), D™(X), D, 14(X), Deyen(X) are the
associated counting functions defined similarly as in (3). We remark that there are

the following trivial equalities:
Dodd (X) = Aodd(X) and Deven(X) = Aeven(X/4) = Aodd (X/s)

We shall make some progress in the study of the first question (5), but our result,
though not complete, will be strong enough to answer negatively to the second one
(6). The answer to (6) is negative also for the restricted subsets Agyen and Agdq-
To present the results, we firstly introduce the constant

o0
a=[Ja-27)=J[a+27)" =.41942- .
4 odd Jj=1
and
k—1 ]
(7) o =J[@+1), k=012, ...
=0

In [4, Theorem 1] we proved

Theorem C. As X tends to infinity, we have

(0= 0(1)) AX) € A~(X) < (5 +0(1)) A(X).
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Similar inequalities are true for the restricted subsets Aeyen and Aoqq- Analogous
inequalities also hold for the set D and its restricted subsets Doyen and Dogd.

The purpose is to improve the constant o appearing in the lower bound to a
constant > 1/2. More precisely, we shall prove

Theorem 1. As X tends to infinity, we have

5
A= (X) > (ZO‘ - 0(1)) A(X).
Similar statements are true for the sets A, and A_,,, and also for D=, DZ,.,

and D, 44

In familiar words, Theorem 1 asserts that in .4 (and also in Aygq and in Aeven),
at least 52% of the elements d are such v/d has an odd period for its expansion in
continued fraction. Hence we may now give a negative answer to the question (6).
Similarly, we can state that in D — and also in Deyen, and in Dygq — at least 52%
of the special discriminants D satisfy N'(ep) = —1.

The preceding work [4] was motivated by an important paper of Stevenhagen
[23], where the author constructed a clever and convincing probabilistic model to
guess the answer to the question (5). His investigations led him to enunciate

Conjecture 1. [23, Conj.1.2]. As X tends to infinity, we have
A (X)) ~ (1 - a) AX).
Analogous asymptotic behaviors are also true for Aqad, Aevens D, Dodd and Deyen -
Stevenhagen has chosen to enunciate his conjecture in the context of the set of

the solvability of (1), but his probabilistic model is built on the algebraic structure
of the ideal class group associated with (@(\/5) The inequalities

5a/d = 52475 < 1 — a = 58057+ < 2/3,

show that the results of Theorems C & 1 go in the direction of the truth of Con-
jecture 1. We also remark that it is out of reach of present computers to exhibit a
large X such that A~ (X)/A(X) is close to 0.58 (see [23, p. 123, 2nd column]).

We may ask if it is possible to generalize Theorem 1 to subsets of integers larger
than A. The main question is to know if one can smoothen the condition d square-
free contained in the definition (2) of A. One part of the answer is rather simple
since we have

Lemma 1. Let d be an integer and p an odd divisor of d. Then
(1) solvable for d <= (1) solvable for dp*.

Proof. The only non trivial part is to prove that if (1) is solvable for d, it is also
solvable for dp?. It suffices to check that the integers T and U defined by T+U+/d =
(t + uV/d)P (where t* — du? = —1) are such that p | U and satisfy T2 — dU? = —1
(see [18, Satz 1]). O

So we can extend the results to the set
A:=1{d>2;v,(d) =0if p=3mod 4,
vp(d) €40,1,3,5,7,...} if p=1mod 4 and vo(d) = 0 or 1},
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However, in the literature, we did not find easy criterions which link the solvability
of (1) for d € A and the solvability of the same equation for dp? for p [ d and
p # 3 mod 4. For instance, (1) is solvable for d = 5, solvable for d = 5- 132, but not
solvable for d = 5-29? (we trivially have s(5) = 1 and, with the help of a computer
we find s(5-13%) = 5 and s(5 - 292) = 12). In the opposite direction, if (1) is not
solvable for some d = dg then it is trivially not solvable for any d = dy-p?. Following
these investigations would have led our present work out of its initial scope.

2. SKETCH OF THE PROOF OF THEOREM 1

2.1. The 2*—rank of the class groups. Let D be a fundamental discriminant,
i.e. the discriminant of a quadratic field, real or complex. On the set of non zero
ideals of the ring of integers Op of Q(v/D), equipped with the multiplication of
ideals, we can define two group structures

e the ordinary class group denoted by Clp,
and

e the narrow class group denoted by Cp .

The first one is obtained by saying that two non zero ideals J and J of Op are
equivalent, if and only if, there exists a € Op, such that J = (a) J. For the second
one, we impose the extra condition A(a) > 0. These two definitions of course
coincide when D < 0. Playing with the sign of A'(ep), we have the following well
known result (e.g. see [4, Lemma 8§]):

Lemma 2. Let D € D be a special discriminant. Then
DeD” < Cp=~Clp.
Since the group Clp is factor group of Cp of index at most 2, we have
rkox (Clp) < rkor(Cp) < 1kor (Clp) + 1 for all k > 1,

and
tk,» (Clp) = rk,»(Cp) for all p > 3 and k > 1.
As usual rkyx (A) is the pF-rank of the abelian group A and is defined by the equality

rk,x (A) = dimp, Apk_l/Apk. It is now easy to see that Lemma 2 has the equivalent
form

(8) D e D™ < rko(Cp) =rkox(Clp) for all k£ > 1.
However for D € D, we have the equality
(9) I'kg(ClD) = I'kQ(CD) = w(D) —1.

The second equality of (9) is a particular case of a famous result of Gauss, the first
one is recalled in [4, Lemma 1]. Its proof can be found in [6, p. 518]. Now we
transform (8) into

Lemma 3. Let D € D. Then
D e D™ <= 1kor(Cp) = rkox (Clp) for all k > 2.
In [4, Corollary 2], we proved, that, as X — oo, we have
(10) #H{DeD; D<X,1ky(Cp) =7} ~a(r) - DX) (r=0,1,2,...).
with o

RS )

j=1
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The result (10) is also true for Dyqq and Deyen and perfectly fits to a prediction of
Stevenhagen [23, Conj 3.4 (ii)]. Choosing r = 0 in (10), we obtain

(11) t{D € D; D < X, rky(Cp) = 0} ~ - D(X)
and noticing that Lemma 3 trivially implies
(12) D eDand rky(Cp)=0=D €D,

we recover the proof of the lower bound contained in Theorem C.
To improve the lower bound contained in Theorem 1, we shall consider another
easy consequence of Lemma 3, independent from (12)

(13) D eD, I‘k4(CD) = I'k4(ClD) =1 and I‘kg(CD) =0=DeD".
In §3 we shall deduce from Theorem 3

Theorem 2. The following equalities hold:

#{DeD; D<X, rtky(Cp) = rks(Clp) = 1 and rks(Cp) =0} = (%+0(1)).D(X)

and
#{DeD; D<X, tky(Cp) = rks(Clp) = 1 and rks(Cp) = 1} = (%+o(1))-D(X).
Similar equalities are also true for the restricted subsets Dogq and Deyen-

The set of which the cardinality is asymptotically evaluated in Theorem 2 has
an empty intersection with the set encountered in (11). Adding the cardinalities of
these two sets and using (12) and (13) we see that Theorem 1 is a consequence of
(11) and Theorem 2.

2.2. The central result. We shall be mainly occupied by the proof of

Theorem 3. There exists a function \p defined on the set D satisfying the follow-
ing conditions

(i) the function 2*P takes its values in the set {1,2,3, ...},

(i) for every D € D, we have the inequalities

tks(Cp) < Ap <r1k4(Clp) <rk4(Cp),

(i4i) when tky(Cp) < 1, we have the equality Ap = rkg(Cp),
(iv) for every e > 0, for every k > 0, we have the equality

(14) 37 2ba(Co) L 900 = g (2872 4 1) D(X) + O o (X (log X) 4552 ),

DeD
D<X

where cy, is defined in (7),
(v) equalities similar to (14) are also true for the restricted subsets Doaq and Doqq-

The function Ap will be explicitly defined in Definition 2 below. Since the
definition is not so easy, we prefer to postpone it. Remark that in (14), the last
term is an error term, this follows from (4). We also remark that (10) and (iii)
imply that we have the equality rks(Cp) = Ap at least for 83.8% of the D € D.
This is a consequence of the equality as(0) = aso(l) = .
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3. FROM THEOREM 3 TO THEOREM 2

We assume that Theorem 3 is proved and we restrict the proof of Theorem 2
to the case of the whole set D, since the cases of Dyqq and Deyen are absolutely
similar. What follows already appears in [3] and [4] and is a slight modification of
[4, §2.2]. This illustrates the theory of moments.

For a and b positive integers, and X > 5, let Ax(a,b) be the density of the set
of D € D such that D < X, 21k4(Cp) = ¢ and 2 P = b. In other words

4 {DcD; D<X,2k(Cp) = g and 2*» = b}
1 A = .
(15) x(a,b) DY)

We write (14) in the form

(16) > a* (Y Ax(ah) =Ti+o(l) (X =00, k=0,1,2,--"),
b

a=1
with
(17) T =cp- (28724 1).

By the conditions (i) and (ii) of Theorem 3 we can restrict the summation in (16)
to the cases, where a is a power of 2 and b is a positive integer less than a. Write
a = 2" and

271
(18) £, X) =Y bAx(2",b).
b=1
With these conventions we see that (16) is equivalent to
(19) > &, X) 2" =Ty +0(1) (X — 00, k=0,1,2,...).
n=0

Applying (19) with k replaced by k + 1 and using positivity, we obtain
£(n, X) - 20HDm = Oy(1),

which leads to

(20) 0 < &(n, X) = Op(2”*Fm),

uniformly for X > 5 and n > 0. By an infinite diagonal process, we construct an
increasing sequence M of integers m and real numbers &, > 0 such that for every
n > 0 we have

§(n,m) — &,
as m € M tends to infinity. We can give a better lower bound of &,, by the following
considerations. By the definition of (18) we have the inequality

omn
#{D € D; D < X,1k4(Cp) = n}
, X 75 Ax(2",b) = )

and by (10) we deduce the inequality

(21) &n > aoo(n) for n > 1.
The same type of argument gives

(22) o = Qoo (0).
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The relation (20) allows us to apply Lebesgue’s dominated convergence theorem to
(19). This gives the equality

(23) igna’mzrk (k=0,1,2,...).
n=0
Therefore we are led to consider the infinite system of linear equations
(24) ierkT:Fk (k=0,1,2,---),
r=0
where the unknowns must satisfy 2, > as(r) for r > 1 and zp = ax(0) (see (21)

and (22)). We prove

Proposition 2. The infinite system of linear equations (24) has only one solution
(xr)r>0 satisfying x, > aso(r) for v > 1 and xo = aso(0). It is given by
342"
€T, =
" 4
Proof. The proof is based on the following lemma which is a consequence of formulas
of partition theory and of Jensen’s formula. We recall that ¢y is defined in (7).

C Qoo (T).

Lemma 4. ([4, Lemmata 5 and 7]) The infinite system of linear equations

o0
Sy 2 (k=0,1,2,...)
r=0

has only one solution (yr)r>o satisfying yr > 0. It is given by
Yr = Qoo (T).

By writing x,, = z, + @ (1) we deduce from Lemma 4 that the study of (24) is
equivalent to the study of

(25) D a2 =Tp—c (k=0,1,2,...),
r=0

where now we impose 2, > 0 for > 1 and zy = 0. We remark that I';, —c;, = 2F2¢;,
and use linearity, in order to deduce with p := r—1 that the system (25) is equivalent
to

20 =0,2. >0 for r > 1 and Z(4zp+1)~2kp =c, (k=0,1,2,...).
p=0
Applying Lemma 4 once again, we get that

42541 = o (p) for all p > 0 and zy = 0.
Gathering the above discussions we see that the only solutions to (24) are given by
1
To = Aoo(0) and z, = oo (1) + iaoo(r —1) forr>1.

We finish the proof of Proposition 2 by the equality aoo(r —1) = (27 — 1) oo (1) for
r>1. (]
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Since (24) (with the condition (21) and (22)) has only one solution, we deduce
that the sequence (,),>0 is unique. In other words we proved that
27L
342"
(26) Zb Ax(2™b) — &, = i Qso(n) for X — oo,
b=1 4
without the restriction X € M.
Now we list some applications of the existence and of the value of &,.
For n = 0, we recover the particular case r = 0 of (11).
The particular case n = 1 of (26) and the definition of Ax in (15) will give
Theorem 2 as follows. Asymptotically we have

1
iﬁ {D € D,D < X, I’k4(CD) =1 and 2)\D = 1}

+4{DeD;D < X, tky(Cp) = 1 and 2*? =2} ~ %O‘-D(X).

Appealing to Theorem 3 (iii), we transform the above asymptotic formula into
jj{D €D;D < X, 1ks(Cp) =1 and rks(Cp) = 0}
@7)  +24{DeD;D <X, tku(Cp) = 1 and rks(Cp) = 1} ~ %O‘ . D(X).
Applying (10) for r = 1, we have
jj{D €D;D < X, 1ks(Cp) =1 and rks(Cp) = ()}
+4{D e D;D < X, tks(Cp) = 1 and rks(Cp) = 1} ~ a - D(X).
which combined with (27), gives

3
t{DeD;D < X, tky(Cp) = 1 and rks(Cp) = 0} ~ ZO‘ - D(X)

and

(28)  #{DeD;D < X, tky(Cp) =1 and tks(Cp) = 1} ~ % D(X).
By [4, Theorem 2], we also have the asymptotic relation

(29)  #{DeD;D <X, rky(Cp) =1 and rky(Clp) = 1} ~ % - D(X).

By the inequality (ii) of Theorem 3, we know that the set studied in (28) is a
subset of the one studied in (29). Taking the difference of the two corresponding
cardinalities, we are counting special D < X, satisfying rk4(Cp) = rkys(Clp) =1
and rkg(Cp) = 0. This completes the proof of Theorem 2.

3.1. Another application. Our application concerns the density of special D,
such that Cp contains no element of order 8. Let 7" be the subset of D defined by

T :={D; D € D, rks(Cp) = 0},

and let 77(X) its counting function up to the bound X > 5. In the above paragraphs,
we already studied some subsets of T

{D € D; rky4(Cp) = 0},
{D € D; rks(Cp) = 1, and rky(Clp) = 0},

and
{D € D;rky(Cp) =1, rky(Clp) =1 and rks(Cp) = 0}.
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These three subsets are disjoint and their counting functions up to the bound X
are respectively asymptotic to a - D(X) (by (11)), § - D(X) (by [4, Theorem 2])
and § - D(X) (by Theorem 2). By summing these cardinalities, we get the lower
bound

(30) T(X) > (%a (1)) - D(X) (X — oo).

‘We shall improve this lower bound in
Corollary 1. As X — oo, we have

#{D € D; D < X,rks(Cp) =0} > (120‘ - 0(1)> . D(X).

Note that Ta/4 = 73398 --- and 11a/6 = .76893 - --. As far as we know, there
is no place in the literature, where the distribution law of the function D € D
rks(Cp) is heuristically investigated. Hence, we are unable to measure the quality
of the lower bound in Corollary 1.

Proof. By (26) with n = 2 we have the equality

AX(4, 1) + 2Ax(4,2) + 3Ax(4,3) + 4Ax(4, 4) = Oéoo(2) + 0(1)

T

4

(31) =T ato1)
—12 (0] 0] 5

as X tends to infinity. From the easy fact that, if rky(Cp) = 2, then 2*» =1, 2,3
or 4 and from (10) with » = 2, we obtain the other asymptotic equality

(32) Ax(4,1) + Ax(4,2) + Ax(4,3) + Ax(4,4) = % +o(1).
Multiplying (32) by two and subtracting (31), we get the equality

Ax(4,1) — Ax(4,3) — 2 Ax(4,4) = % +o(1).

By positivity, we have the asymptotic lower bound
«a
Ax(4,1) > <&~ o)

Now we appeal to the general inequality A\p > rks(Cp) (see Theorem 3 (ii)), to
deduce

Theorem 4. As X tends to oo, we have

${DeD;D < X, tky(Cp) = 2 and rks(Cp) = 0} > (% —o(1)) - D(X).
It is now easy to deduce Corollary 1 from (30) and Theorem 4, since the lower
bound (30) is obtained by only considering special D with rks(Cp) < 1 and

I‘kg(CD) =0. [l
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3.2. Remarks on the method. One may ask if, by the same method, it is possible
to obtain some information on the set of special D such that rks(Cp) = 3 and
rkg(Cp) = 0. The formulae (31) and (32) would be replaced by

8
(33) Db Axs) = L o) +oll) = {1t o),
and
8
(34) ZAX(S,I)) = aso(3) +0(1) = % ~a+o(l).

b=1
But it is impossible to deduce the inequality Ax(8,1) > dp—o(1), (for some positive
o) from the equalities (33) and (34) only. However, by linear combination, we easily
obtain )
2-Ax(8,1) +Ax(8,2) = 191 ¢ o(1),
which can be written as

2ﬁ{DED;D<X, rk4(Cp) =3 and Ap :0}
(35) +4{DeD;D <X, rky(Cp)=3and A\p =1} > (% —o(1)) - D(X).

In terms of the 8-rank, the inequality Ap > rks(Cp) transforms (35) into the rather
disappointing inequality

${D eD;D < X, tky(Cp) = 3 and rks(Cp) < 1} > (1% —o(1)) - D(X).
There is a way to improve and generalize the results just above, by producing
other linear equations different from (33) and (34) and satisfied by the Ax(2",b)

(1 <b<2m™). This can be accomplished by studying the mixed moments
Z 2k‘rk4(CD) . ZKAD

DeD
D<X

for integral values of £ > 2. The analytic methods which will be developed below
to deal with the case £ = 1, are strong enough to fulfill this desire, at least for
small values of ¢. The case corresponding to a general ¢ will certainly encounter
some interesting combinatorial problems. A deeper question is to better detect the
function rkg(Cp) by symbols and characters, in other words, to replace the function
Ap in Theorem 3, by a more suitable function, which can be handled by present
analytic techniques.

4. AN INCURSION IN ALGEBRAIC NUMBER THEORY

4.1. Definition of characters and symbols. All the following tools are the cor-
nerstone of [4]. They have their origin in several papers of Redei, Scholz, Reichardt,
Lemmermeyer ([13], [15], [16], [18], [19], [21],... ). We briefly mention all these tools.

Definition 1. [4, Def. 2] Let D be a fundamental discriminant. We say that
{D1, D2} is a decomposition of D if D = D1Ds and the integers D1 and Dy are
fundamental or 1. A decomposition {D1, D2} of D is called decomposition of second
type, if the following conditions hold:

(i) Forallp| Dy : (%) =1,
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(i) For allp| Dy : (2) — 1,

p

where (,) denotes the Kronecker symbol.

Since Dy and D, are fundamental discriminants, at most one of them can be
divisible by 2. In the following we assume 2 { Do by changing the order of D; and
D, if necessary. We want to interpret some results in terms of non-trivial zeros of
ternary quadratic forms over Z. For integers a, b, c € Z we introduce the notation
Qa.b,c to be the quadratic form

Qa b, = az? + by? + 2.

Using the classical theorem of Legendre on the non-trivial solvability of the equation
Qap.c(z,y,2) =0 we proved (e.g. see [4, Lemma 13]):

Lemma 5. Let D be a fundamental discriminant and {D1, D2} be a decomposition
of D, where we assume that 24 Dy. Then {D1, D2} is a decomposition of second
type, if and only if the following two conditions hold:

(i) The ternary quadratic form Q1,—p, —p, has a non trivial zero in Z3.

(ii) If 2 | D1, we have Dy = 1 mod 8.

We can omit the second condition of Lemma 5 by only allowing special solutions
of our ternary equation. For this we need a result already known to Dirichlet.

Theorem 5. Let Qg . be given such that a, b and c € Z, with abc squarefree and
w.l.o.g. 21 ab. Assume that Qup. admits a non trivial zero (zo,yo,20) € Z3.

(i) Let k > 1 be an integer. Suppose that —ab is a square modulo 8. Then
Qap,c admits a non trivial zero (x,y, z) € Z* such that 2% | 2 and ax?, by?, cz? are
pairwise coprime.

(i1) Assume that abe is odd and —ab is a square modulo 4. Then Qqp.. admits
a non trivial zero (x,y,z) € Z3 such that 2 | z and and ax?, by?, cz? are pairwise

coprime.

Proof. This is result III in [2, p.425] and the final result of §156 on pages 427-428.
For the convenience of the reader we give a proof of this result. If zy = 0, the result
is trivial. W.l.o.g. we can assume that azg, byy and czg are pairwise coprime and
that zp # 0. Similarly, we can suppose that (a,b) # (1,—1) and (—1,1).

In the first step we parametrize all the solutions in Q3 of az?+ by? +cz? = 0 and
follow an idea given in [14, p. 47]. Let (z,y,2) € Q3. Then we can find rational
numbers 7, s and t such that

T=rTr0+S, Yy=rY0+1, z2=r2.

For this we find r such that z = rzp and then we find s and t € Q. Now (z,y, 2) is
a zero of Qg if and only if we have

a(rzo + 8)% + b(ryo + )2 + c(rzo)? = 0.
We simplify by taking into account that (zg, yo, 20) is a zero and get, that (z,y, 2)
is a zero of Qg if and only if
(36) r(2axos + 2byot) = —as® — bt
We define m := 2azos + 2byot and note that rm = —as? — bt2. We also define

T :=axm, §:=ym and Z := zm.
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We eliminate r by using (36) and get
(37) & = rmag +sm = —xo(as® + bt?) + 2axgs® + 2sbyot = xo(as® — bt?) + 2sbyot,

(38) § = rmyo +tm = —yo(as® + bt?) + 2axgst + 2byot® = yo(bt* — as?) + 2saxot,
and
(39) 7 =rmzy = —20(as® + bt?).
Hence, for any s and t € Q, the triple
(7,79, %) = (zo(as® — bt?) + 2sbyot, yo(bt* — as®) + 2sazot, —20(as® + bt?)),

is a zero of Qq.p,c. In particular, if s and ¢ are integers, the corresponding (%, 7, 2)
belongs to Z3. Note also that Z = 0 if and only if s = ¢ = 0 (a consequence of the
above restrictions).

Now we want to construct our special solution, i.e. a solution satisfying 2¥ | z.

e Assume that zgyg is odd. This implies that czg is even, and therefore we only
need to prove something in the case when —ab is a square modulo 8 (case (i) of
Theorem 5), which means that a = —b mod 8. Our goal is to choose the integers
s and t in a way that the corresponding  and y are congruent to 4 mod 8. For
simplicity let us assume that a —b = 2a = 2 mod 8. The other case (a — b =
6 mod 8) is symmetric. Then, if we impose s and ¢ to be odd integers, we have
as? — bt? = a — b =2 mod 8, hence by (37) and (38), we deduce

(40) Z = 2(zp — saypt) mod 8 and § = 2(3yg + saxot) mod 8,
Since 2 { astzoyo, we have
(41) 3yo + saxot = 1o — saxgt mod 4.

W.lo.g. we can choose the signs of xy and yo in our special solution (xg,¥o, 20)
(depending on s, t and a) such that

(42) xo — sayot = 2 mod 4 and yy — saxgt = 2 mod 4.

For this we choose x¢p — yp = 2 mod 4, if sat = 1 mod 4 and zg — yg = 0 mod 4,
if sat = 3 mod 4. Combining (40), (41) and (42), we deduce that & and § are
exactly divisible by 22 and we only used the fact that s and t are odd. Note that
as® +bt> = a+b = 0 mod 8. This means that —(b/a)t? is an odd square modulo 8.
It is also an odd square modulo 2¥. Therefore, we can find odd s and t such that
2F | as? + bt? for any given k. By (39), this implies that 2% | Z.

In conclusion, for any k > 0, we have constructed a zero (Z,7,2) € Z> of Qap.c
such that 22 || #, 22 || § and 2* | Z (# 0). Removing the g.c.d., we obtain a zero
(z,y, 2) of Qqp, which satisfies the condition of coprimality (az?,by?, cz?) =1 and
2F | z, by changing the value of k.

e Assume that xgyg is even. This means that abc is odd. Note that in both cases

of Theorem 5, we suppose that —ab is a square modulo 4, i.e. ab = 3 mod 4. This
implies

(43) a—b=2mod 4 and for all odd s, t € Z : as* — bt?> = 2 mod 4.

Therefore 2 || as? — bt?. Assume that o is even (hence yo is odd). Let £ be the
integer (1 < £ < o) such that 2¢ || 29. Then, by (37) and (43), we see that 2 || Z.
Similarly, by (38) we see that 2 || ¢.
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Similarly as before, we have to look at the maximal power of 2 which can divide
Z. Since a = —b mod 4 we see that as? + bt?> = 0 mod 4. By (39), we see that 22 | 2.
Hence we constructed an integral zero (Z,9,Z) of Qqup. such that 2 || &, 2 || §
and 22 | Z. After clearing the common factors, we arrive at a zero (v,y,z) € Z3
satisfying the conditions 2 { zy and 2 | z. The proof of Theorem 5 (ii) is now
complete.

If we additionally assume that —ab is a square mod 8, similarly to the first case
we get as? + bt?> = 0 mod 8, for odd s and t. Then we choose s and ¢ such that
an arbitrary chosen 2-power divides as® + bt?, hence Z. In other words, for every
k > 0, we constructed a zero (Z,7,2) € Z3 of Qup., such that 2 || &, 2 || § and
2F+1 | 2. Removing the common factor, we arrive at a solution as required in the
part (i) of Theorem 5. It is now proved in all the cases. (]

We shall use Theorem 5 to characterize decompositions of the second type in
terms of quadratic forms. We have

Lemma 6. Let D be a fundamental discriminant and { D1, D2} be a decomposition
of D, where we assume that 24 Dy. Then {D1, D2} is a decomposition of second
type, if and only if the quadratic form Q1,_p,,—p, has a non trivial zero (z,y,z) €
73, such that x, Dy and Doz are pairwise coprime and 4 | y when D; = 12
mod 16 and 2 | y when D =1 mod 4 or D; = 8 mod 16.

Proof. Assume that we have an integral solution (x,y, z) of the ternary equation
22 — Dyy? — Dy2? = 0, with y even and zz odd. We apply Lemma 5 and there is
nothing to show when D; is odd. When D is even we get that Dyy? = 0 mod 8
(since 2 | y), we also have 22 = 22 = 1 mod 8. Therefore looking at our ternary
equation modulo 8, we see that Dy = 1 mod 8. So {D1, D>} is a decomposition of
second type of D.

Now assume that we have a decomposition of second type of D. So, the quadratic
form Q1,—p,,—p, has a non trivial integral zero, coming from Lemma 5. Our proof
depends on the congruence of D; mod 16.

e Case D; =1 mod 4.
We apply Theorem 5 to Qg p,c = Q1,—D,,—p, and note that —ab = Dy =1 mod 4.

e Case Dy = 8 mod 16 or D; = 12 mod 16.

We apply Theorem 5 (i) to Qap,c = Q1,—p,,—D,/4- Note that abc is squarefree.
Furthermore —ab = Dy = 1 mod 8, and therefore it is a square modulo 8. Therefore
we know that there exists a (u, v, w) € Z? such that u, vb and wc are coprime, such
that 2F | w, for a given k > 1 and such that

u? —v?Dy —w?(D1/4) = 0.

It is easy to see that the triple (x,y, z) = (u,w/2,v) fulfills the required conditions,
by choosing k = 3. a

The generalizes the result of Lemma 19 in [4] to fundamental discriminants. As
in the proof of this lemma we can reach the third condition by choosing the sign of
x.

Note also that in the case D; = 12 mod 16 we really need a special zero of
Q1,-p,,—D,- E.g. we get for D = 156:

52 —12-1%2 —13-12 = 0 and {12,13} is not of second type.
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When D is a special discriminant, this definition of a decomposition of second
type is equivalent to the following one:

o If D € Dyqq, then {D1, Dy} is a decomposition of the second type of D if and
only if Dy and Dy belong to Doqq U {1}, are such that D = D; D, and such that
D+ is a square modulo Dy and Ds is a square modulo D,

o If D € Deyen, write D = 8D', with D’ € Dyqq. Then {Dq, Do} is a de-
composition of the second type of D if and only if (D, D2) = (8D7, D)) (or
(D1,D3) = (D},8D4)), where D} and D} € Dygq U {1} are such that D’ = D} D}
and are such that 2D is a square modulo D} and D), a square modulo D} (or D}
is a square modulo Dj and 2D} is a square modulo D}).

First note that in a decomposition {Dj, Da} of a special D, both Dy and Dy
are positive and recall that the Kronecker and Legendre symbols coincide when
the denominator is an odd prime. The proof of the above equivalent form of a
decomposition of second type for an odd special D is straightforward when starting

with Definition 1. When D and D; are even, we deduce the two equalities (%’ﬁ) =
2

(%) = 1. But since D] = D5 = 1 mod 4, we have (%) = (%)7 from which we

deduce (%) =1 hence Dy = D) =1 mod 8 and (%) =1.
2
The first application of this decomposition of second type is (see [4, Prop. 3]):

Proposition 3. Let D be a special discriminant. Then we have the equality
1
2rka(Cp) = 3 ﬁ{{Dl,Dg}; {D1, D3} is a decomposition of second type of D}.

Actually, this proposition, originally due to Redei [15], is true for any fundamen-
tal discriminant D and a proof is given in [4, §3.2] in the simpler case when D is
special.

The construction of the function Ap requires more sophisticated tools. It is
based on the symbol [a, bl4 which is defined as follows. Let p be an odd prime and
a be an integer. Then we define

1 if % =1 and if a is a fourth power mod p,
[a,pla:=<¢ -1 if % =1 and if a is not a fourth power mod p,
0 otherwise.
We also define
1 if a =1 mod 16,
[@,2]4:==¢ —1 if a =9 mod 16,

0 otherwise.
Finally, for b and ¢ positive integers, we impose multiplicativity with the formula
[a, bc)s = [a, bla [a, c]a.

We remark that this symbol is not multiplicative in the first component. However,
when both [a, ¢]4 and [b, c]4 belong to {41, —1}, then we have the equality [ab, |4 =
[a, c]4 [b, c]4. This symbol was introduced in [4] to prove
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Proposition 4. ([4, Theorem 5]) For any special discriminant D, we have the
equality

1
orka(Clp) _ iﬁ {{Dl,DQ} ;{D1, D2} is a decomposition of second type of D
such that [D13D2]4 = [D27D1]4 =1or [D1,D2]4 = [D27D1]4 = —1}
4.2. Definition of Ap. It is time to give the following definition:

Definition 2. For any special discriminant D, the number Ap is defined by the
equality

1
XD — 511 {{Dl,Dg} i {D1, D2} is a decomposition of second type of D
such that [Dy, Da]s = [D2, D1]s = 1}.

By this definition we easily get the property (i) of Theorem 3 by observing that
the decompositions {1, D} and {D,1} are always present, and by grouping the
decompositions {D1, Do} and {Ds, D1} together. Proposition 4 directly implies
the inequalities Ap < rk4(Clp) < rkq(Cp). This constitutes the easy part of the
property (ii) of Theorem 3.

However, the number Ap is not necessarily an integer as the following example
shows.

Example 1. Take D = 135505 =5-41-661. By using a computer algebra system
equipped with PARI/GP or Magma, we easily get that Cp = C(4) x C(8) and
Clp = C(4) x C(4), where C(m) is the cyclic group of order m. The special
discriminant D has eight decompositions {Dy, D2}. It is easy to check that all of
these are of the second type. Hence we recover the fact the equality rky(Cp) = 2,
via Proposition 3.

We see that 41 and 661 are fourth powers modulo 5, and by using a computer (or
by computing quartic symbols), we see that 5 and 661 are not fourth powers modulo
41, that 5 is not a fourth power modulo 661 and that 41 is a fourth power modulo
661. From the multiplicative properties of the symbol [a,b]s, we deduce the values

[135505,1], =1, [1,135505], =1,
[27101,5]y =1, 5,27101]y =1,
[3305,41]; =1, [41,3305), =1,
[205,661], = —1, [661,205]; = —1.

Using Proposition 4, we recover the equality tky(Clp) = 2, and Definition 2 gives
Ap =In3/In2 (> 1 =rks(Cp))-

It remains to prove the inequality rks(Cp) < Ap for any special D and the
property (iii) of Theorem 3. Their proofs will be given in §4.3 and 4.4 and require
algebraic considerations, which can be considered as variations and extensions of
the proof of Proposition 4. The items (iv) and (v) concerning the sum

(44) Smix,/\(X’ k) — Z 2krk4(CD) . 2,\D

DeD
D<X

(and its natural subsums Sﬁg’)‘(X, k) and SmXA(X | k)) are of analytic nature and

even
will be proved in §5 and §6.
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4.3. A criterion for the 8—rank. The aim of this section is to prove some criteria
when unramified C(8)-extensions of Q(v/D) may occur. We follow closely old works
of Reichardt and Redei. Let us give the main field diagram we are going to use.
The fields L; and Lo are conjugated with Galois closure K4. We denote by N the
narrow Hilbert class field of K which is the maximal at all finite places unramified
extension of K. By class field theory it satisfies Gal(N/K) = Cp.

N
M
Ky
L1 L2 K2
\ /2 \
Q(v/D1) K=Q(VD) Q(v/D2)

Q

We already defined decompositions of second type. Let us introduce the decom-
positions of n-th type which have been introduced by Reichardt [20].

Definition 3. Let n > 2 be an integer, D be a fundamental discriminant, and
{D1, D3} be a decomposition. Then this decomposition is called a decomposition of
n—th type, if there exists a field Kyn—1 having the following properties:

(i) K2 :=Q(VD1,v/D3) C Kyn-1,
(i) Gal(Kqn-1/K) = C(2"71),
(iii)) Kon—1/K is unramified at all finite places.
(iv) All primes ideals in K dividing D are split in Kon—1.

It is easy to see that for n = 2 this definition coincides with the previous definition
of a decomposition of second type (see Definition 1). Indeed, we know that for a
decomposition of second type every prime ideal in K dividing D is split in Ks. A
decomposition of n—th type is also a decomposition of m—type for any 2 < m < n.
Note that we consider the decompositions {D1, Dy} and {Ds, D} as distinct. The
main theorem of the paper of Reichardt [20, 1. Satz] is:

Theorem D. Let n > 2 be an integer, D be a fundamental discriminant, and

K =Q(VD). Then
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(i) If M/K s a cyclic and an at finite places unramified degree 2" —extension
containing Q(v/D1,v/Ds), then {D1, Do} is a decomposition of n—th type.

(ii) Let {D1,Ds} be a decomposition of n—th type with associated field Kon—1
as in Definition 3. Then there corresponds a cyclic and an at finite places
unramified degree 2™ —extension M of K containing Kon-1.

Combining this theorem with the fundamental theorem of class field theory we
deduce (see also [20, 2. Satz]):

Corollary 2. Let n > 2 and D be a fundamental discriminant. Then 2'%2"(Cp) jg
equal to half of the number of decompositions of n—type of D.

We remark that it is well known that the Galois group of such an extension M/Q
is the dihedral group Da» with 277! elements. Let us specialize to the situation that
there exists such an extension M over K of degree 8. Such an extension possesses
a unique subfield K4 which corresponds to the same decomposition {Dq, D2}. The
first part of Theorem D tells us that this decomposition is of third type, which
means that every prime ideal of K dividing D is split in K4. One important trick
is to look at the fields L; and Ly in the above diagram. These two fields are
conjugated and will be generated by the square roots of the numbers « and 3, resp.
(see equation (45) below). The normal closure of those extensions over Q is the
field K4, which means that the splitting behavior of primes in K, can already be
decided by looking at the splitting behavior of the corresponding primes in L;. The
following lemma of Redei [17, I. Teil] is an application of the criterion of Reichardt
given in Theorem D.

Lemma 7. Let D be a fundamental discriminant and {D1, D2} be a decomposition
of third type. Let M be a corresponding extension with subfields K4, L1, Lo. Then
the following holds:

(i) Let p be a prime dividing Dy. Then there exists a unique prime ideal p in
Q(v/D1) containing p. This prime ideal splits totally in K4 and therefore in
Kg,Ll,Lg, too.

(ii) Let p be a prime dividing Dy. Since {D1, D2} is a decomposition of second
type, p splits into two prime ideals py,p2 in Q(v/D1). Since p is ramified
in Ko and therefore in Ky, p; (i = 1,2) is ramified in ezxactly one of the
extensions Ly and Lo. In the other extension p; s split.

Proof. Since {D1, Dy} is a decomposition of third type we know that every prime
ideal in K4 which contains a prime dividing D has inertia degree 1 and ramifica-
tion index 2. In case (i) p has already ramification index 2, which means that in
K4/Q(+v/Dy) it must be unramified and split. In case (ii) p; is ramified in Ky and
must be ramified in at least one of the fields Ly, Ly Assuming the opposite would
mean that p; is unramified in Ly Ly, = K4 which is a contradiction. If p; is ramified
in all of the three extensions Ks, L1, Lo, then the ramification index in K4 would be
4, which is a contradiction. The inertia degree of all primes lying above p; in K is
one. The same is true for all intermediate fields and the last assertion follows. [

Using symbols defined over Q(v/D;) we want to test, if an unramified prime ideal
is split, which means that the generator of L; is a square modulo the corresponding
prime ideal in Q(v/Ds). In order to apply this we need the converse of this lemma.
The problem with the definition of the decomposition of third type is that it is
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stated, if there exists a field K corresponding to { D1, D2} such that some proper-
ties hold. Given a decomposition {D1, D2} of second type, the corresponding field
K, is not uniquely defined. Given one extension K; = Ky(y/a) corresponding to
{D1, D3} we can get all possible extensions by defining

K4,E = KQ(\/ Eloz) = KQ(\/ EQO{),
where E := {E1, E»} is a decomposition of D, i.e. D = E;E, and the E; are
fundamental discriminants. We remark that these two extensions are the same
because Fha and Fsa differ by a square. In order to get the converse using the
criterion of Reichardt it is sufficient that there exists a decomposition E such that
K, g fulfills the criterion that all prime ideals in K4 above p’s dividing D have
inertia degree 1 and certainly ramification index 2. So a general criterion has to
check all these extensions K4 g. Let p be a prime dividing D. Then p divides either

FE1 or F5. Then we define the symbol (%) to be the symbol (zf) such that

ptE; (1=12).
The following theorem is given in [17, I. Satz].

Theorem 6. Let D be a fundamental discriminant and {Dy, Do} (with 2+t D3 ) be
a decomposition of second type, i.e. we have a solution (x,y,z) of the equation
% — D1y2 — D222 =0

such that x, D1y, D2z are coprime with the property that y is even and furthermore
4 |y if Dy =12 mod 16. Then this decomposition is of third type, if and only if there
exists a decomposition E = {E1, Es} of D such that the following two conditions
hold:

(i) vp| Dy : (2£) =1,

(i) ¥p| Dz : (22£) = 1.
Proof. We take a solution from Lemma 6. We can assume y, z > 0 and by choosing
the sign of = we can get:

x4+y=1mod4, if 24D, and x=1mod4, if 2| D.

Let us define
(45) a:=xz+yy/D; and 3 :=x —y\/Dy.
A straightforward computation (see the proof of Lemma 20 in [4], in the particular
case D is special) shows that Ky := Ks(y/«) is an at finite places unramified

C'(4)—extension of K corresponding to {D, D2}. All these extensions are given by
K, g = Ky(VE1a) = Ko(/Esa), where E := {E1, E5} is a decomposition of D.

We define
Ly := Q(v/D1)(va) and Ly := Q(v/D1)(v/B)

and also the twists

Ly1.g == Q(v/D1)(vE10) = Q(v/D1) (v Esax)
Lo == Q(v/D1)(E1B) = Q(v/D1)(\/EB).

Now suppose that {Dj, Dy} is a decomposition of third type. By Theorem
D we get that there exists an at finite places unramified C(4)-extension of K
corresponding to {D1, Do} such that all prime ideals in K dividing D are split.

and
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This degree 4 extension is equal to K4 g for some decomposition £ of D. Denote
by Li g and Ly g the corresponding subfields. Now we translate the splitting
condition into symbols.

Let 2 # p | D;. Then there exists a unique prime ideal p in Q(y/D;). By the
assumption p is split in K4 g and therefore in L r and Lo . This mean that for
the generalized Kronecker symbol we have

(3)- (=22)-(3)-(5)

where the latter equality is deduced from the fact that the degree of p is 1. So all
prime ideals above p are split if and only if this symbol is 1.

Let p | Dy be a prime (which is odd). Then p is split in Q(y/D;) and therefore
factors into two prime ideals p1po. Both prime ideals are ramified in K5 and p; is
ramified in either Ly or Ly (same for py). Suppose that p; is unramified in L; and
ramified in Ly, and therefore p | 5. Then we get:

(Ea) B (E(a+ﬁ)) B (295E) B (295E)
p1 p1 p1 p )
since p; is a prime ideal of degree 1. So all prime ideals above p are split if and
only if this symbol is 1.

The final case is 2 = p | D;. In this case there is one prime ideal above 2
in Q(+/D;). In order to guarantee splitting we need to get that « is a square

modulo p® = 4p. Since o = x + y/D; we see that p® | y/D; (we are in the case
Dy =8,12mod 16). As in the first case we see that

(2)-(=22m) - () (3)

where the symbols are Kronecker symbols. ]

This criterion is not very nice for two reasons. Firstly, we have to use the
solution x and secondly, we do not know which E has to be chosen. Let us now
specialize to special discriminants. It turns out that for a necessary condition these
two disadvantages disappear. We need some lemma and the proof follows Redei’s
arguments in [17].

Lemma 8. Let D be a special discriminant and {D1, D2} (21 D2) be a decompo-
sition of second type. Then we have a solution (x,y,z) of

(46) 22 — Diy? — Dyz® =0

such that ©, Diy and Dsz are pairwise coprime and y is even. We also have the
equalities:

T 2z
47 — | =[D2,D d | = ) =[D1, Ds]4.
( ) (D1) [ 2 1]4 an (Dz) [ 1, 2]4
Proof. The first part of this lemma is given by Lemma 6. We remark that by
eventually multiplying by —1 we can assume that x = 1 mod 4, y > 0, and z > 0.

€T

Of course, these new constraints do not affect the values of the symbols o

(3):

) and
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Let p be a prime dividing D;. Then we have the equalities:

a) () =l = 20ash = (2)i0asli = (2) D

For the second equality we used the equation z? — Diy? — Dy2? = 0 modulo p.
Actually, if Dy is even, we also have the equality

(49) () = (j) (D, 2.

The proof of (49) is done by comparing the values of both sides of this equality.
Note that we have D;y? =0 mod 16 which implies

(50) 2? = Dy2? mod 16,

hence Dy = 1,9 mod 16. In order to check (49), it remains to pass in review all
the possible congruences {1,5} of  modulo 8, and {1,9} of Dy modulo 16, and
{1,3,5,7} of z modulo 8 under the constraint (50).

Multiplying (48) and (49) for every p | D1 and using multiplicativity we get:

(3)- (2o,

Finally, by reducing (46) modulo z, we get (%) = 1 and we complete the proof of
the first equality of (47).

The proof of the second equality of (47) has many similarities. Let p be a prime
dividing D5 and therefore odd. We write y = 27u, where v is odd and j > 1. Then

we get:
(i) = [2%,pla = [y’ D1, pla = (i) [D1,pls = (;)j<5)[D1’p]4>

by appealing to the reciprocity law. By multiplying all p | Dy we get:

(5:) = (5:) (% v

By reducing (46) modulo u we obtain (%) = 1, which combined with the above

formula gives:
2 2 \’!
<D2> = (D2> (D1, D2l4.

If j = 1, the second formula of (47) is proved. In the case j > 2 we get that
D1y? = 0mod 16 and (50) is satisfied. This implies (%2) = 1 and again the
second formula of (47) is proved.

Theorem 7. Let D be a special discriminant and {D1, Da} be a decomposition of
third type. Then

[Dl,D2]4 =1= [DQ,D1]4.
Proof. Using Theorem 6 we find a decomposition E = {E1, E2} such that Vp | Dy :

(%) = (%) (%) = 1. We want to multiply this equation for all p dividing D;.
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Unfortunately, the E; we have to choose is different for each p. By Lemma 8 we

have:
1) (3) -

p|D1
(5)-

p|D1

Therefore we need to prove that:

Since we choose F; in a way that p ¢ E; we get:

<E> _ (Eg) (E1>
11 p 11 P 11 p)
p|D1 p|(E1,D1) pl(E2,D1)

where (E1, D1) denotes the greatest common divisor. Let us introduce the following
notations:

eii= [[ pee= ] »nhi= I »r= 1] »

p|(E1,D1) pl(E2,D1) p|(E1,D2) p|(E2,D2)

Note that ejes = D1 and f1fo = Do up to a possible factor of 4. Then we can

G I G =)= ()0
~(@EEE)-3E)

Since {D;, Dy} is a decomposition of second type, we have

(2)- ()(E) - () ()8
— —Jl=]Jandl=(—]=(— )=
e e1 /) \ e Dy er/) \e2

and therefore (ﬁ) = (ﬁ%) and (%) = (%) So we continue:

- -

Altogether we get: [],p, (%) =1 and therefore we proved [Ds, D1]4 = 1.
Using the same decomposition F = {E;, F2} we apply Theorem 6 and for all

primes p dividing Dy we get (%) = 1. Then

D)) oo

p|D2

1

Here we used Lemma 8 and a similar computation as in the first case to show that
the product over the Kronecker symbols is 1. (I
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4.4. The special case where the 4-rank is one. In the last paragraph we have
proved the second part of Theorem 3, i.e. we have proved an upper bound for the
8-rank. The goal of this section is to prove the third part, which gives an equality in
the case that the 4—rank of Cp is 1. In Theorem 6 we have already proved a criterion
for the 8—rank. Unfortunately, the assertion of this theorem is not easily usable for
our purpose, because we have the freedom to choose a decomposition E = {E, Ea}.
If we have the right decomposition E we need to check w(D) symbols which have to
take the value 1. In Theorem 7 we group these symbols in two sets and only check,
if the product of those symbols in these sets is 1. Obviously, this gives a necessary
condition, but there is no reason that this gives a sufficient one.

Now we use the theory of Redei matrices which can be introduced for funda-
mental discriminants. In order to simplify the presentation we restrict to special
discriminants. As usual we denote by d the squarefree part of D, i.e. d =D if D is
odd and d = D/4if D is even. We write d = p; - - - pt, hence t = w(D) = w(d) and all
the p; are distinct and congruent to 2 or 1 modulo 4. Let Mp := (m, ;)! ;_, € Fy**
be the matrix, where m; ; € Fy are defined by the equations:

(—1)mii = (TL:) ifi#£j
(—1)mes = (5}{}’) ifi=j.

We remark that the multiplicative properties of the Kronecker symbols carry over
to additive properties of the rows of Mp.

Let {Dy, D2} be a decomposition of D. Define vy = (v;1) and vy = (v;2) € F}
via

t

dj = [Ipi (G =1.2).

=1

It is clear that to each decomposition we can associate two vectors vy and vg € IF’;,
which have the property that vy + va = (1,...,1)*. The trivial decomposition
corresponds to the zero vector and (1,...,1)"¥ and vice versa.

The following lemma was proved by Redei in [15]. We remark that it can be
extended to arbitrary fundamental discriminants.

Lemma 9. Let D be a special discriminant with d = py---p;. Assume that E =
{E1, Ex} is a decomposition corresponding to vy,ve. Then we have:

(i) Mp -vy = Mp vy = (wy,...,wy)" with (—1)¥ = (pE) for1<i<t.
(ii) {E1, Ex} is a decomposition of second type, if and only if v1 and vy are in
the kernel of the matriz Mp.
(iii) dim(ker Mp) = rkys(Cp) + 1.

Proof. We remember that (%) was defined as the symbol (%) or (%) such that
p 1 E;. Note that (%) = H;éj:l (%) and therefore the vector (1,...,1)* is
contained in the kernel and it corresponds to the trivial decomposition (which is of
second type). In order to simplify notations w.l.o.g. (by reordering the p;) we can

assume that v; = (1,...,1,0,...,0) and it corresponds to F; = Hle p; for some
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k <t. Now Mp vy = (w1, ..., w)", where w; € {0,1} is defined via

k _ v AN A
11 () (%) = L ()= (8) e

(—1)wi = i#j=1

ﬁ(%):(fj) ik

j=1

We immediately see that the decomposition corresponding to a v in the kernel is
a decomposition of second type and vice versa. Since we have to count {Ej, Fs}
and {Es, F4} as different elements and we always meet the trivial decompositions
we find that we have 2'¥+(€p) different decompositions. Therefore the rank of the
kernel of Mp is rky(Cp) + 1. O

In the following we assume that we have a decomposition {D;, Dy} of second
type which has the additional property (used in Theorem 7) that [Dy, Ds]y =1 =
[D3, D1]4 which by Lemma 8 is equivalent to

o ()G () )

p|D1

In order to apply Theorem 6 we need to find a decomposition E = {E1, E2} such
that (for a  chosen according to the statement of that theorem):

; L (zE)
(i) vp | Dys (2£) =1,
i L (2z2E) —
(i) Vp|D2.( - )—1.
For every prime dividing D we get a condition:

z if p| Dy,
2 (%) N,
D f) if p| Ds.

Using the first part of Lemma 9 we see that the corresponding vectors v; and vy of
the decomposition E = {F1, F3} have the property that Mp - vy = (wy, ..., ws)"

with (—1)* = (£).

Therefore we have to answer the question if the vector w corresponding to the
condition (52) is in the image of Mp. By Lemma 9 we know that the dimension of
the image is t —1 —rk4(Cp). Furthermore by equation (51) we know that the image

is contained in (by assuming D1 = py - - pg, D2 = pgy1-- - pr for some 1 < k < t):

k t
{(ml,...,xt)“|2xi:0, Z z; =0} <TFh.
i=1

i=k+1

For a non-trivial decomposition {D1, Dy} of second type this space has dimension
t — 2 and it contains the image of Mp. In case that rky(Cp) = 1 this space has
the right dimension and it coincides with the image of Mp. This means that in
this situation we can always find a decomposition E = {Ej, Fx} which satisfies
condition (52) and we have proved:

Theorem 8. Let D be a special discriminant satisfying tkq(Cp)
be a decomposition of second type of D with [D1,Ds]y = 1 =
{D1, D2} is a decomposition of third type and therefore rks(Cp) = 1.
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This finishes the proof of the first three parts of Theorem 3. The final parts of
this theorem will be proved in the following two sections.

5. ANALYTIC TOOLS

We shall appeal to analytic tools which were already exploited in [4] to study
the asymptotic behavior of the following moments:

(53) S(X, k)= Y 2Fra(Co),
DeD
D<X
(54) SUX(X, k) = Y 2Frka(Op) . grka(Cln)
DeD
D<X

and the corresponding moments Soqa (X, k), STX(X, k), Seven(X, k), and S (X, k),
attached to the subsets Dyqq and Deyen. We proved

Proposition 5. ([4, Theorems 3 & 4]) For every integer k > 0 and for every
positive € we have

(55) S(X,k) = cic- D(X) + Op (X (log X) 4 577+),
and
(56) SR = e (2571 + 1) DIX) + 00 (X(log X)~H w5 ),

uniformly for X > 3. Similar equalities are also true for the sums Soaa(X, k),
Seven (X k). STE(X. k) and ST (X, k).

even

Notice, that by techniques similar to those employed in §3, Proposition 5 implies
the knowledge of the density of the set of special D, such that rks(Cp) = a and
rky(Clp) = b for any pair of integers (a,b). This is the content of [4, Theorem 2],
a particular case of which is quoted in (29) above.

5.1. Heuristic interpretation of formula (14). The left part of (56) contains
the contribution of two trivial decompositions {D, 1} and {1, D}, coming from the
decomposition formula of 2%4(C10) given in Proposition 4. Similarly these terms
also appear in the left part of (14) (see the definition of 2*?). The contribution of
these terms to the left hand sides of (14) and (56) is just > pep p<x 2krka(Cp)
and by (55), we deduce that this contribution is ~ ¢ - D(X). -

Subtracting this easy term from the left hand side of (14) and (56), we exactly
obtain the asymptotics ¢ - 2872 - D(X) and ¢ - 287! - D(X), respectively. The
main term of the first one is equal to half of the second one. In other words,
asymptotically, in the set of non trivial decompositions {D, D2} of the second
type of D, the number of pairs with [Dy, Da]s = [D2, D1]s = 1 is the same as the
number of those satisfying [Dy, D2]s = [Da, D1]a = —1. The above considerations
explain the expansion (14) heuristically. It remains to give a rigorous justification
of this interpretation.
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5.2. Gaussian integers. We gather all the necessary tools from the theory of
Gaussian integers, as it is used in [4]. The main idea is to transform the formulas
contained in Proposition 3 and in Definition 2 into expressions containing products
of Jacobi symbols and of of quartic symbols in order to take advantage of the
oscillations of these characters. All what follows is an abstract of [4, §4 & 5]. We
classically say that an element of the ring Z[i] of Gaussian integers is primary when
it is congruent to 1 mod 2(1 + ¢). We also say that w € Z[i] is odd if its norm
denoted by N (w) is odd.

Definition 4. (see [4, Def. 3]) An irreducible element m of Z[i] is said to be
privileged if, written as m = a + bi, it satisfies the three conditions:

e 7T is a rational prime congruent to 1 mod 4,

® T 1S primary,

e b>0.

We denote by B the set of privileged irreducible elements.

The third condition is a natural way to choose one element in the set {m, 7} and
P appears as a subset of the upper half complex plane. With this convention, note
that every integer prime p = 1 mod 4 has a unique factorization p = 77, where 7
is a privileged prime. We generalize this fact by

Definition 5. Let D an odd special discriminant. We say that the factorization
D =29 is the privileged factorization of D if © is the product of elements of 3.
Such a factorization exists and is unique for every D € Dyqq.

Using the Jacobi symbols we can reformulate Proposition 3 as follows.

Proposition 6. For D € D,qq we have the equalities

=g Z 10 G 0+ ()

plb

_ 1 Do\ ( Dy
e 2 (2)(R):

D=DyD1D3Ds

and

e - o TT( (2)) T+ (2)

D=ab pla p|b

w3 (5)(5)(5)
24(P) D=DoD1 D3 Ds Ds )\ D2/ \ D3

Proof. See [4, Lemmata 12 & 13]. Note that these lemmata are consequences of
the first criterion which gives a formula for 2°%#(CP) for fundamental D. This first
criterion, due to Redei, is based on the study of the norm form on Q(\/ﬁ)7 consid-
ered as a quadratic form (see [3, Thm. 5] and [4, Prop. 2] for more comments).
Proposition 3 of the present paper is a consequence of the second criterion which is
based on deeper algebraic number theory. It also simplifies the formulas contained
in Proposition 6, by using Jacobi symbols to detect when an integer is a square
modulo another integer. O

A similar formula for 2'%4(C1p) and for 2*? is more difficult to produce owing
to the symbol [.,.]4 appearing in Proposition 4 and in Definition 2. To transform
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these formulas, we shall appeal to the quartic (or biquadratic) character on Z[i] :
(+)4
5.3. Usual properties of the quartic character. In this subsection, we shall re-
call the basic properties of the quartic symbol without comments. A good reference
is [10, p.119-127].

If v € Z[i] and 7 is an odd irreducible element of Z[i] not dividing v, we define

v i
(7), =7
™/ 4
N (=

where j is the unique integer satisfying 0 < j < 3 and v 7= =/ mod 7. Tf 7 | a,
we put (%)4 = 0. If w is an odd element of Z[i| factorized as w = 7y - - -7, in a
product of irreducible elements, we define

(4.~ (%),

and w — (%)

Both applications v — (%) are multiplicative. If p is a prime

4 4
= 1 mod 4, factorized as p = 77w, then we have (E) = (;)z In particular, if a is a
rational integer, then (%) =1 if and only if (%)4 = +1. The integer a is a fourth

power modulo p if and only if (£),
w odd, we have

(.= (5),= G,

Finally the so—called quartic reciprocity law

(2),- (3) e
w’ 4 V/4

which is is true for every primary elements v and w in Z[i]. In particular, we have

(2= (5),- (4

If v = a + ib is a primary element, then we have

()t

5.4. Basic formulas. Let us recall

= 1. For every elements v and w of Z[i], with

[NE)

Proposition 7. ([4, Thm. 6]) For every D € Doaq we have the equalities

9rka(Cp) 1 ab\”
57 orka(Clp) —
( ) 2 +4.2w(D) Z ) 4’
D=abed

and

9rka(Csp) 1 2 ab 2
58 grks(Clan) — + ab,2 <> (> ’
o 2 2247 D:ztz:bcd[ 8 ab/ 4\ 0 /4

where a = aa, b = bb, ¢ = ¢t and d = 00 are the privileged factorizations of a, b, ¢
and d.

Now we prove similar formulas for the function 2*?:
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Proposition 8. For every D € Dyqq we have the equalities

2rk4(CD) 1 a b
(59) 2 = o 2 (%) ()
4 4 . 2( )D:abcd /4 \c0/,
— 2
w2 (%)
+ e )
8 . ow(D) D;ﬂ;cd €/,
and
1 2 b b
Asp .~ —_ L =2
o et S (2)(2)(2)
D=aiasbi1bs
—\2
1 2 ajdg
+ — [a1a2,2]4() < - )
4 . 9(D) D:a%;blbz a182 / 4\ b1bs /4
1 2 aq a2
+ —— [a1a272]4() ( ) ( )
4 . 9ow(D) D:a%blbz aq b6y 4 b1ba 4

1 2 b1 bo
o, 2 () (6w, (65,
4 . 9w(D) D:(I%bm aiag )4\ 0z /,\ a0z /4

Note that we ca replace the first line of the right hand side of (60) by 2t%4(Csp) /4,
Comparing with Proposition 7, we directly get
Proposition 9. For every D € Dyqq we have the equalities

2rk4(ClD) 1

b
QAD = (g) = ’
5 i DZ @/4\cd/,

=abed

and
2rk4 (Clsp) 1

2 a as
+ Z [a1a2,2]4 () < ) ( - )
. ow(D
2 4.2 ( )D:a1a2b1b2 al [1152 4 ble 4
1 (7). (5). ()
+ - — — — .
4.2W(D) D:a%lnbz a1a2 4 aiaz 4 apaz 4

Proof. Proposition 8 has many similarities with Proposition 7. Hence the proof of
Proposition 8 uses many tools already given in [4]. First we detect the value +1 of
the symbol [-, |4 as follows:

oXsD —

Lemma 10. ([4, Lemma 28]) Let b € Doqq with its privileged factorization b = bb.
Then we have for every integer a coprime with b

R (DR (R )R H

plb

If a is coprime with 2b, we have

62) 3 21w<b> ((%)4@2]4 + 1) H(l * <Z))[a’2}42 - {(1) Z}[Zrii]:e: "

plb

From this we deduce
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Lemma 11. For every D € Dyqq, we have the equalities

P X ().100+ (2) It (%)
e S ERI0 (IO (2))
o

oot S (e (2) (2 (@), (2) (1)
<TI0 (2T (2)

a=1 mod 8
pla plb
where a = ag and b = bb are the privileged factorizations of a and b.

Proof of Lemma 11. By Definition 2 and Lemma 10, we have for D € Dyqq:

- s £ (0),0((2), 0 (DT ()

D=

We expand the product ((%)4 + 1) ((3)4 + 1) and use the equalities

©).(e),= ©.6),=6).(),6).G),= ).
b/a\a/, \b/a\b/a \b/a\b/,\b/a\b/, \b/4

which are consequences of the multiplicative and conjugacy properties of the quartic
character and the quartic reciprocity law. We appeal to Proposition 6 to complete
the proof of the first equality of this lemma.

As usual, the prime 2 creates extra difficulty. Using Definition 2, Lemma 10 and
symmetry we get for D € Dyqq the following equality:
+1)

2= e 2 () 2 )((3),
0+ () TI0+ (2):

pla plb
By imposing the congruence ¢ = 1 mod 8, we drop the coefficient [a,2]42. We

expand the product ((%)4 [a,2]4+ 1) ((%)4 + 1), as we did before. This completes

the proof of Lemma 11. O
Now we pass to the proof of Proposition 8 itself. For the first formula, we sum
over the divisors of @ and b in order to write the double product as

@ MG ()- 2 2 ()

which is consequence of the multiplicative properties of the Jacobi symbol and of
the quadratic reciprocity law. We introduce the privileged factorizations of a;, as,
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b1 and by which gives

EEI0-GhIe-Gh- = G5),6)6)

pla plb D=ajazb1b2

Now we use some properties of the quartic symbol, listed in §5.3:
2 2
ayas a1 as - ayas a1 as
(blb2) ( ) <b2> (blb2)4( ) <52>
® -(5),6).0).6), - G).Ge).,
bl 4 bg 4 b2 4 b1 4 b1b2 4 ble 4

This computation proves the second term of the right part of (59), after an obvious
change of names of variables. The third term on the right part of (59) comes from
the third term in the right part of (63). The proof is the same as above and this
computation was already made within the proof of [4, Thm 6]. This completes the
proof of (59).

The proof of (60) concerning 2*sP is more intricate than (59), since there are

four terms inside < ) in the right part of (64). Of course, the identity (65) is
replaced by

(67) H(1+<%))H(1+< )) > <2b1>( >
pla p plb aiaz=a b1ba=b

In order to control the congruence

(68) aias = 1 mod 8,

we appeal to the following equality

(69) [102,2)¢” = % <1 * <a12a2)> ’

which is true for any integers a; and as congruent to 1 modulo 4. Using the multi-
plicative properties of the Jacobi symbol and the symmetry between the variables,
we get the first term on the right part of (60). Note that a similar trick was already
used at the end of the proof of [4, Thm 6].

The contribution of the second term inside ( : ) in (64) can be dealt by using

(67) and noticing the equalities
2 a2 2b1 b2 2 ajas 2 2[]161 2 bQEQ ?
[a,2]4( = (*) — || =) = [a1a2,2]4
ajy b/4 ai as ajas 4 blbg 4 a 4 ao 4
2 alﬁg 2
= |a1a2,2]4| = =
(anaz ]4<a1a2)4<b1[12>4
2 ajas 2
= |la1az,2]4| — =
(anaz ]4<a1a2>4<b162>4

obtained by writing a = ajas, b = b1b2 and by appealing to the formulas quoted in
§5.3. Changing the notations, we recover the second term of the right part of (60).
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Similarly, the contribution of the third term on the right part of (64) is trans-
formed as follows

o) (2) - () ). (2);

by a computation already made in (66). This explains the third term on the right
part of (60). Finally, we write for the last term:

G.E.GE) -G aw). G,

Once again, we appeal to (69) to remove the congruence condition (68). This
completes the proof of (60), hence the proof of Proposition 8. O

5.5. How to explain the main term of (14) ? We give another explanation of
the coefficient I'y, (see (17)) of the main term appearing in (14). This explanation
is different from the one given in §5.1, since it starts from Proposition 9. For
simplicity, we restrict to the subsum Sﬂ(’; (X, k). Replacing 2*P in the definition

(44) by its expression given in Proposition 9, we get the equality:

(70) Scr)‘;f(’l‘k(Xk Z oktka(Cp) . grka(Clp)
DEDodd
D<X
Z 2krk4 Cp) Z (g) <b)
w(D = = .
1oGn, PO L, 0\,

The first term on the right part of (70) is equal to §S™X(X, k) and is
1
~ gk (2" +1) - Doaa(X),

by (56). For the second term of (70), we follow the intuition that the product
(&), (%), creates cancellations as soon as it really oscillates. Hence the main
term should come from the cases when this product is identically equal to one, and
this happens only when a = b =1 or ¢ = d = 1. These two cases give birth to a

main contribution

1 rik4(CD) . 1
.= § 2 w2
2 4 Qw(D) 2 2 Ck Dodd(X);
D€Dyga
D<X

by (55). It remains to check the equality 2(2¥~*+1)cj,+ 3¢ = Iy to finally explain
the coefficient of the main term in (14).

The rest of the paper is devoted to give complete justifications to the above way
of reasoning.

5.6. Facts taken from [4]. First we shall deal with odd D‘s. As already written
above, the techniques have many similarities with those used in [4]. We will ex-
ploit all these similarities to shorten our proof. Inserting the equality contained in
Proposition 7 in the definition (54), we obtained the equality

) 1 1
B (X, R) = 5 Soaa (X, K+ 1) + 7 S5aa(X, K),
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(see [4, Lemma 44]), with

ok 1ka(Cp) ab\ 2
() = 3 0T S (%)
DeDyqd abed=D 4
D<X
In our context, we define the sum
2k:rk4(CD) a b
(72) SeiaXok) = > —m D (f) ()
DeDyqd 2 ) abcd=D €0/4\cd 4

D<X

With these conventions, the equality (70) can be stated as

Lemma 12. For every integer k > 0 and for every X > 1 we have the equality

SIEAX,K) = S ST R) + 7SS R)

The crucial transformation of S¢,,(X, k) is given in [4, Lemma 45]. To present
its contents, we must introduce the following notations and conventions
e k is an integer > 0,
e 0:=1{0,1,2, 3},
e A:=1+ (logX)~
o (V= edFt1(loglog X + By), where By is a sufficiently large constant, such that
the following inequality

2k+1

X (loglog X + By)*
log X £ ’
for every X > 3, for every integer £ > 0 (the existence of such By is due to Hardy
and Ramanujan [5], quoted in [3, Lemma 11]),
e ; and j are indices taken in O,

t{n <X : wn)=4¢ p*(n)=1} < By -

er=(ry,...,r;) and s = (s1,...,s;) are indices taken in QF,
o for (r,i) and (s,7) € QF x Q Ay and Ag; are any numbers in the sequence
1, A, A% A3 ...,
o for (r, ) € Qk x QF kp(r,s) :=8{1<m <k; sy —7rm =2}
For A = (Ari)(r,iyc ok x @, We introduced the partial sum of S3, (X, k, A) defined
by (see [4, formula (103)]):
(73)
ki (r,s)
st &) e (T ([T o) (I (322) )
(Dr,4) r,i ri s,j
X{HH(Q”’)Q}{HH(@“O) I (22 (2
r s 9572 4 r s 9573 4 r s 9572 4 r s 9573 4 ’
with the following conditions of summation
(r,i) and (s,j) € Q% x Q,
Ari<Dri<AAria TieDOddU{l})
Ag ;i < Dg; < AAgj, Ds; € Doaa U {1},
w(Dm) < Q ,w(Dsg ;) <,
Dr,i = Dr,iﬁr,i and Ds,j = @SJESJ
are the privileged factorizations of D ; and Dy j,
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and the convention 0° = 1.
In [4, Lemma 45] we proved the equality

(75) Saaa (X, F) Z C4a(X,ky A) + Opo (X (log X) 702 +¢),

for every € > 0 and every integer k£ > 0, where the summation is over all the
4F+1tuples (Ar,i)(r,iycor+1 satisfying the inequality

(76) [TAr <a"x

The formulas (71) and (72) show flagrant similarities, hence, by analogy with (73)

for our present situation, it is natural to introduce the sum Sg(’ig(X ,k, A) defined
by

(77)

S A - g 3 AT o (IT=o0) T (5) )
(Drb r,2 s,j

g {HH (?;)4}{HH (@ZE)J{HE (@Zi)ﬁﬂjﬂ} (g;>4}

where the variables also satisfy the conditions (74). We also have the following
lemma, analogous with (75)

Lemma 13. For every € > 0 and for every integer k > 0 we have the equality

SEAXR) = 3T SSA(X k, A) + Ope (X (log X) 2772 +),
A

where the summation is over all the 411 —tuples (Ari)(r,i)eqr+1 satisfying the in-
equality (76).

Proof. We briefly sketch the proof of this lemma. We easily modify the proof of [4,
formula (98)] in order to write the equality

9krka(Cp) a b
(78) 9w (D) ab; (CD)AL(CD)
=S dy dy
2k 2(k+1)w(D) Z ZUH ( ) (0203>4<0203>4’

where the sum is over (Dy)pcor and d = (do, d1, d2, d3) such that

(79) D =[] Dx = dodydads.

We follow the convention that d; = 0;0; is the privileged factorization of d;. To
parametrize the solutions to (79), we introduce D, ; = g.c.d.(Dy,d;) to write the
equalities Dy =[], Dy; and d; =[], Dy, under the constraint

111D =D.
r i



34 ETIENNE FOUVRY AND JURGEN KLUNERS

Summing (78) over all the odd special D < X, decomposing the variables D, and
d; in terms of D, ; and using the multiplicative properties of the characters, we
finally arrive at the equality

(80)

foe (r,8)
SEM(X, k) 2k Z (J1D-.) (H 27(k+1)w(Dr,i)) {HH ( ) }

X {UE%ZZZ)}{HE{(5212)4}{11U<§::;>4}{U13<§Zji)4}’

where the variables of summation D, ; are taken in the set Doqq U {1} and satisfy
the inequality
H H Dr,i S X.
r ¢

To finish the proof of Lemma 13, it remains to introduce the parameters of dissection
Ay i, to split the sum SZ&Q(X, k) in the corresponding subsums Sgég (X, k,A) where
the number of prime factors of the variables D, ; is bounded by 2. This technical
preparation is similar to [4, §7.2, formula (61)], which also mimics [3, §5.4]. It gives
birth to an error term in O(X (log X)_%_ﬁ%).

O

5.7. Oscillations of characters. Now we recall two of the major analytic ingre-
dients of [4]. The first one is the Siegel-Walfisz Theorem and its variations. As
usual, for z a real number, a and ¢ integers, let

m(2;q,a) =4 {p < x; p=amod q}.
Then we have

Lemma 14. For every positive A there exists a constant c1(A) > 0 such that for
all coprime integers a and q with ¢ > 1 we have the equality

m(x;q,a) = @ /: l(ift + O(a: exp( 1(A)+/log(2x) )),

for any real number x > 2 such that 1 < ¢ < logA(Zx). The constant implied in the
O-symbol is absolute.

An easy consequence of Lemma 14 is (see [11, Corollary 5.29]):

Proposition 10. For every A > 0 there exists a constant co(A) such that the
following inequality holds:

(81) Y )| £z g7 (20)

p<x
p= 1 ‘mod 4

for every x > 1, for every odd integer ¢ > 3, and for every non principal character
x modulo q.
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Similarly, we have the inequalities

’ > (;) x(p)

p<z
p=1 mod 4

&2) | Z ] Lt g,

‘ > (;) X(p) lep, 2]

p<w
p=1 mod 4

for every x > 1, for every odd integer ¢ > 1, for every character principal or not
modulo q, and for every integer c.

This upper bound is valuable only for ¢ less than a fixed power of logxz. We
shall need an extension of Lemma 14 and Proposition 10 to the set B of privileged
primes. We introduce the following notation

Toriv(z;w,a) =4 {m€P : N(r) <z, 7 =amodw},

with x a real positive number, A is now the norm in Z[i|, a and w belong to
Z[i], and ¢(w) will be the generalized Euler function, that means the number of
invertible elements of Z[i]/(wZ][i]). By classical methods of analytic number theory
we have (see [4, Lemma 32], for instance):

Lemma 15. Let a and w # 0 be two elements of Z[i] with (a,w) = 1. If the
congruences z = a mod w and z = 1 mod 2(1+ ) are not compatible, then we have

Tpriv (Z; W, @) = 0.

Otherwise, these two congruences are equivalent to a unique congruence z = a’ mod
w’, where w' = lem(w, 2(1+14)). Furthermore for every A > 0 there exists a positive
constant cs(A) such that the following equality holds

Tpriv (T3 W, @) = (i)(i)') /j lc?gtt + O(wexp( 3(A)+/log(2z) )),

for every x > 2, uniformly for a and w as above and satisfying the inequality
1 < N(w) < log®(2z). The constant implied in the O-symbol is absolute.

A classical application of Lemma 15 concerns the sum of characters.

Proposition 11. For every A > 0 there exists a constant c4(A) > 0 such that the
following inequality holds

‘ Z x(m) ‘<C4 z /N (w) log= (2z).

TeP
N(m)<z

for every x > 2, for every odd w € Z[i] and for every x mon principal character
(over Z[i]) modulo w.
In particular, we have the inequality

(83) ‘ Z (g)J < (A \/710g (22),

N’(rw)gz
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for every x > 2 and for every non unit element w € Z[i] which is product of elements
of BPUP to a power < 3. We also have

DINES[E)

N(m) <z

2 s
(84) ‘ Z T 4<E>4 < es(A) z /N (w) log™*(22),
TEP
N(m)<z

‘ Z (2) (z)
= ) \w/4
N(m)<z

for every integer a and for every element w € Z[i] which is product of elements of
PUP to a power < 3.

Proof. Tt is similar to the proof of [4, Prop. 7]. Note that in (83) and (84), w is
necessarily odd and that we may have w =1 in (84). O

Now we give results on double oscillation of characters. The archetype problem
is the following one: let M and N be large real numbers, o = (o) and 8 = (3,,)
be two sequences of complex numbers of moduli less than one, depending on the
integers m and n and let

E1(M,N,a, ) : Z Z Qo B 112 (2m) 1% (2n) (@)

n
m<M n<N

This sum of Jacobi symbols contains =< M N terms of modulus < 1, but, due to
the oscillations of the Jacobi symbols, it is now well known that this sum satisfies
E1 = o(MN) as soon as both M and N go to infinity. Such a statement appears
several times in the literature and has many applications (for instance [9], [12], [7],
[3], [4, Lemma 32],...) For a deep study of =1, see [8]. In this paper we only use:

Proposition 12. For every positive A there exists a constant K = K(A) such that
the inequality

|Z1(M, N, e, 8)| < K- MN log™ % MN

holds uniformly for M and N > max(?7 log” MN) and for sequences o and (3 such
that ||alleo and ||B]le < 1.

Proof. We split Z; into four subsums, where the variables m and n satisfy one of
the congruence conditions +1 mod 4. Eventually using the quadratic reciprocity
law, each of this sum has the shape

E(MNa,ﬂ Z Zamﬁnu (2m) p? (2 )(m)

n
m<M n<N

where ||@|/o and ||B]loc < 1, and where M and N now satisfy the inequality
max(2, log” MN) < N < M. By Cauchy—Schwarz inequality and by [12, Lemma



THE PARITY OF THE PERIOD OF THE CONTINUED FRACTION OF v/d 37

3], for instance, we have

~ ~ ~ 24y 2
S NGB < MY )| Y ptend.(2)| )
| <at{ 32 wem| 3 wemi ()] )
< M3{MN + M} N21ogf N} ?
< MN(N~% + (MN)"% log® MN).
0

Such a phenomenon of double oscillations is not special to the Jacobi symbol.
For instance in [4, §6.2], we define the sum

2
S(MN.af)i= Y1 3T anfuud@m) ) (T
N(m)<M N(n)<N
where now, the summations are over the Gaussian integers m and n, where f
means that we are summing over primary elements, and where p is the natural
generalization of the Mobius function to the Gaussian integers. The number of
terms in Zj is also in < M N and we proved in [4, Proposition 9:

Proposition 13. Suppose that the sequences a and B satisfy the inequalities |||
and ||Bllcc < 1. Then for every positive € we have

Eo(M,N, e, 8) < MNmin{N~% + M~iNz M~ + M:N"1,
M(N™% + M™iN®), N (M™% + M3N~%)}.
In §5.9 and 5.11, we shall meet the following sum

) SOLNa)= 3 3 anfuomon (%),

n
m<M  N(n)<N

m primary

where the {—symbol means that we are summing over Gaussian integers n, which
are product of distinct elements of 3 U9. The conditions of summation imply that
m is a positive integer = 1 mod 4 and n is a primary Gaussian integer. The sum =3
is similar to Z; and =5 with the difference that the variables of summation m and
n are now of different nature (the former is a rational positive integer, the latter
is a Gaussian integer). The sum Z3 also contains < M N/+/log N terms and the
assumption that m is supposed to be primary is harmless. However, since m and
n are primary and since m is an odd integer (hence N (m) = 1 mod 8), the quartic
reciprocity law (see §5.3) allows us to write =3 in the form

) EOLNas= 3 3 anfodemuen (=)

m<M  N(n)<N

m primary

The sum =3 also has the property of double oscillation since we shall prove an
analog of Proposition 13:

Proposition 14. Suppose that the sequences a and B satisfy the inequalities || ||
and ||Blle < 1. Then for every positive ¢ we have

(87)  Z3(M,N,a,B) < MNmin{N~% + (M/N) % log? N;
M™% N+ MSN~T+ M~ + MN "1}
uniformly for M and N > 2.
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Proof. Since we only want a non trivial upper bound for =3 when M and N >
(log MN)4, we shall use very simple tools from analytic number theory in order
to adopt two points of view about the character (%) 4> as a function of m or as a
function of n. These tools can be seen as transpositions of the tools appearing in the
proofs of Propositions 12 & 13. Actually, it is possible to appeal to more advanced
tools, to obtain better bounds for =3, for instance Burgess’ bound for short sums
of Dirichlet characters, or the functional equation of the L—function L(s, ¥m, ms,),
where ., m, is the character over Z[i] defined in (93) below.

By the Cauchy—Schwarz inequality applied to (85), we have

SN aB) <M Y | 3o gauten) (B )4’2

m<M N (n)<N

(88) <M SF pPen) SF o QnQ)‘ 3 (nT;Q)J
m<M

N(n1 <N N(’I’LQ <N

Since n; and ny are products of distinct elements of 8 U B, the character over Z,

m — (ni%z) is principal if and only if ny = ng. If n; # ng, this character has
4

modulus < N2, and we apply the famous Polya—Vinogradov inequality (see [11,
Theorem 12.5]). Hence we deduce from (88) the inequality
(89) |E3(M,N,a, 5)|2 < M{MN + N* (VN2log N)} < M*N + MN?®log N.

This gives the first term inside the min—term in (87). But this term has no interest
when M is small compared to N. We shall cope with this drawback by the second
term.

We adopt another technique to enlarge the summation over n. We apply Hélder’s
inequality to (86), with the coefficients % + % = 1. This gives

(90) ]53(M7N7a7ﬁ)|8§M7{ ;M (2m) ‘ E;jNﬂn 2n)( )4‘8}

Expanding the 8-th power and noticing that the number of solutions in Z[i] of the
equation
n = N1NaN3NaNsNgNTNg
is in O(N(n)¢), for every € > 0, we deduce from (90) the inequality
(91) |53(M,N,a,,6)|8<<M7N6{ ‘Zu (2m) ( ) ‘}
N(n)<N8 m<M

Now we apply Cauchy-Schwarz inequality to the sum in n and invert summation
to write

|Z5(M, N, a, B)|'°
(92) <<M14N8+26{ Z Z (2mq)p? (2ms) ‘ Z Vg ma (N )‘}

m1<M mo<M N(n)<N®

where ¥y, m, is the character over Z[i] defined by:
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Since my and my are squarefree, ¥, m, is principal if and only if m; = mg. In
the other cases, we apply the rather simple lemma about lattices in euclidean plane
(see [4, Lemma 35] for instance).

Lemma 16. Let a # 0 and ¢ be elements of Z[i|. Then the number of n € ZJ[i]
satisfying N'(n) < N and n = ¢ mod a is equal to

N N
—— 4+ 0/ —=+1
"N " ( NON ):
uniformly for N > 0, a and ¢ as above.

We apply this lemma with a = myms, for any ¢ mod mi;ms to the inner sum
over n in the right part of (92). The main term disappear, since the character
Wm, ms 1S DOt principal. Summing the error terms, we find that

(94)  |Zs(M, N,a, B)["" < MM NS NS 4 M2 M (V/NS/MT 4+ 1) }
< M14 N8+26{MN8 4 M4N4 +M6}
< M15N16+26 + M18N12+2€7

since this bound is trivial for M > N2. This gives the second part in the min—term
n (87), but this term does not cover the case when the term M tends to oo, but
slower than any power of N. In order to solve this case we have to avoid the divisor
function. This is the purpose of the third term.

By the Cauchy—Schwarz inequality applied to (86) we deduce

|Z5(M, N, e, B)| <<N{ 3 ’Zamu 2m( )‘2}

N(n)<N m<M

(95) <<N{ S prem)u 2m2‘ > Cmims(n ‘}

mi<M ma<M N(n)<N
We appeal to Lemma 16 to treat the second part of (95) as we did for (94). It gives
|Z5(M, N, o, B)]° < N{MN+M2 .M4(\/JW+1)} <« MN?+M*N% +MSN,
and finally

‘ES(M,N,a,ﬁ) > <« MN? + M*N3,

since this bound is trivial for M > Ni. This gives the third term in (87). The
proof of Proposition 14 is now complete . (|

Proposition 14 easily implies this more practicable form

Proposition 15. For every positive A there exists a constant K = K(A) such that
the inequality

NFS

’53(M7N7a7/g)| < K-MN IOg_ (MN)’

holds uniformly for M and N > max(2,logA(MN)) and for sequences o and (3
such that ||a||ee and ||Ble < 1.
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5.8. Discussion on the order of magnitude of the A, ;. The purpose of the
following subsections is to prove the following lemma.

Lemma 17. Uniformly for X > 2 we have the equality
185Xk, A)| = O(X (log X)),
A

where the sum is over the A such that (76) is satisfied and such that
(96) max{Ay o, Ar1;r € Qk} > 1 and max{A; 2, Ap3;1r € Qk} > 1.

This proof is rather long and it largely mimics the proof of [4, Lemma 46]. We
denote by ¥; the sum studied in Lemma 17. First of all, we remark that the number
of the 4*+1 tuples A satisfying (76) is

(97) < (log X)*" 12",

We also remark that we can restrict to study the contribution to ¥; of the A such
that

(98) [TAw: > X3,

r,g

since the contribution to X1 of the other ones is trivially O (X 2+€) for every ¢ > 0.
Let A be given satisfying the inequalities (76), (96) and (98). Our purpose is to
prove that we have for such an A:

(99) Sg(’ig(X, k,A) < X(logX)*1*4k+1(1+2k+1)'

This inequality combined with (97) proves Lemma 17.
The restriction (98) implies that, among the D, ;, there is at least one large

variable, which means that the largest A, ; is greater or equal to X 27T, Let us
denote by (ug, 7o) the corresponding index to this largest A, ;. Hence we have

(100) Augig > X3107T |

Obviously, ip may take the four values 0, 1, 2 or 3. But due to the unsymmetrical
structure of the product of quartic symbols in (77), these four cases cannot be
treated in an analogous manner (this was not the case for (73) which was dealt in
[4]). However the cases iy = 0 and ¢; = 1 are similar, eventually after taking the
conjugate of the corresponding expression. The same remark also applies to the
cases 19 = 2 and ig = 3. Hence we shall restrict to the cases ig = 0 and ig = 2.

We recall the following definition of linked indices, introduced by Heath—Brown
[7] in a slightly different context, and deeply used in [3] and in [4, Definition 4].

Definition 6. Let k > 0 be an integer. Two indices v and s € QF are linked if they
satisfy the equality

kr(r,s) + ki(s,r) = 1 mod 2.
They are unlinked, when

Kr(r,s) + ki(s,r) = 0 mod 2.

Similarly, we extend this definition to the orders of magnitude A, ; and A ; and
to the variables D, ; and Ds ;, by saying that they are linked, if the indices r and
s are linked. Note that in the case k = 0, the two variables D,; and Ds; are
always unlinked. Also note that this definition of being linked is independent of
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the values of ¢ and j and it simply says that in the right parts of the equalities
(73), (77) and (80), after reduction and simplification of the exponents modulo 2,

exactly one of the symbols (ggj) or (g:) is really present, for each fixed value

of i and j in Q. Recall that, by the quadratic reciprocity law, we have the equality
Dyi\ _ [ Ds,;
(5:) = (5:2):
Now we enter into the discussion on the value of iy and on the values of the
index s linked with ug.

5.9. Case iy = 0. Actually, as said above, this proof will also work if iy = 1, with
obvious tiny modifications. We shall discuss on the way to apply either Proposition
10, 11, 12, or 15 to deduce that, for such an A, the equality (99) is satisfied.

5.9.1. There is an so, unlinked with ug, such that Ag, 2 > (log X)100~10’“. We want
to benefit from the oscillations of the symbol (%) in the right part of the
4

s0,2
definition (77). Since {ug, so} is unlinked, we know that there is no Jacobi symbol

(g“o’s) or (gso‘z) in (77), after reduction of the exponents modulo 2. Hence,
S0 up,

by appealing to the multiplicative properties of the symbol (,) 4» we deduce the
inequality

) S EA ([T Av) - |Zs(A w0040 2,0.8),
(r,i)
#(ug,0), (s0,2)

where Ej is defined in (85), for some sequences a and 3, with || - ||oc < 1. A direct
application of Proposition 15 gives the inequality

(102) ’ 53(AA110,07 AAS(),Za «, ,6) | < Auo,OAso,Q (log X)_50'10k .
The inequalities (76), (101) and (102) imply (99) for any A falling in that case.

5.9.2. There is an so, linked with g, such that As, 2 > (log X)loo'lok. In that case,
we know that in (77), the Jacobi symbol (#) = (@> appears once and only

s0,2 Duyg .0
once after reduction of the exponents modulo 2. From the equality

2 2
o (2)-(2-)
P /4 T/ 4
between the Legendre symbol modulo p = 77 and the quartic residue symbol (see
§5.3), we deduce the equality

()32, (2 (22, T - (22
DSO,Q CD50,2 4 D50,2 4 3350,2 4 3350,2 4 3350,2 4

Hence, we are led to a study similar to §5.9.1.

5.9.3. There is an sg, unlinked with ug, such that As, 3 > (log X)loo'lok. The study
is similar to the study of §5.9.1 by considering the double oscillations of the character

Dy 0
Ci)50,3 4.
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5.9.4. There is an sq, linked with ug, such that As, 3 > (log X)100-10’“' This case is
similar to §5.9.2, but here we use the equality

(32)(32) - () (22), -2
DSQ,S QS[),-?) 4 @SQ,?) 4 DSo,:?) 4 QSO,B 4

After the discussions made in §5.9.1,...,85.9.4 and by the assumption (96), we are
now led to suppose that, in the cases ig = 0 or 1, the following inequality holds

(104) 1 < max (As2, As3) < (log X)100~10’“.
s€QFk

Now we discuss on the order of magnitude of the Ago and As; such that {s,ug}
are linked.

5.9.5. There is an index so linked with ug, such that As, o > (log X)100~10’°. This
means that (77) really contains the Jacobi symbol (%) = (#). No quartic

0,0 ug,0
symbol contains the pair of variables {Dsg, 0, Du,,0} - Hence we appeal to Propo-
sition 12 (double oscillations of the Jacobi symbol), since we can write, for some a
and B3, with their norm || - ||« less than 1

(105) |S§(7;13(Xa k7A)‘ S < I | Ar,i) : | EI(AAuO,Ov AAASO,Ov a7ﬁ) |7
(r,i)
#(ug,0), (sg,0)

and deduce the inequality
(106) | Z1(AAuy 0, Adsy 0, 0, B) | € Aug,o Asg 0 (log X) 010",
Putting (105) and (106) together, we deduce (99) for each A falling in this case.

5.9.6. There is an index sy linked with wg, such that As,1 > (log X)100.1o’“' We

operate as in §5.9.5, but we use the character (g“—o’f
S0

In conclusion, after the discussions made in §5.9:5 & 5.9.6, we can now suppose
(107) s linked with ug = max(As, 4s1) < (log X)lOO-lOk-.

5.10. Use of the classical Siegel-Walfisz Theorem. With the restrictions
(104) and (107), we are left with the case where Dy, o (large variable) appears
in Jacobi symbols and quartic symbols where the other variables are small, which
means < (log X)loo'lok. And, by the assumption (104), at least one of the variables
appearing in the denominators of the quartic symbols in the right part of (77) is
larger than 1. To summarize this, after using the multiplicative properties, we see
that Dy,,0 appears in five types of oscillating characters

(108)

(P (222) (22, (222, (252)(22) o (252),
14 a a /g < /), b b/, o/,

where
{= H (Ds,ODs,1>> a= H Ds 2,

s linked s linked
with ug with ug
b= I | Dg3, c= | I Ds 2, and d = | I Dy 3.
s linked s unlinked s unlinked

with ug with ug with ug
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As usual, a = aa, b = bb, ¢ = ¢¢ and d = 20 are the privileged factorizations of the
integers a, b, ¢ and d. Finally, the five integers a, b, ¢, d and ¢ are all coprime and
belong to Dygq U {1}. As a consequence of the above discussion, concerning the
orders of magnitude, we have

(109) abed > 1 and abed! < (log X)400-40"

Using (103) and the multiplicative properties of the Jacobi symbol and of the quartic
symbol, the product of the five symbols in (108) is gathered in one quartic symbol

(roe)
abcol2/,

with ¢ = [l is the privileged factorization. Hence we have the inequality

(110) Sk A) S S ‘Zﬁ(HDr’i)g—kW(DuO,o)(D“O’O) |
4

beo 2
(Dr,'i) DuO,O !‘,i abCD [
(r,1)#(ug,0)

where the variables of summation satisfy
(111) Ar,i S Dr,i < AAr,iaDr,i € Dodda W(Dr,i) S Q/,

and where the variables a, b, ¢, d and ¢ are defined as above. Note that the
{ are squarefree, coprime and satisfy abcd > 1. The modulus of this character is
odd and is less than (log X)P* by (109), where B}, is a constant depending only
on k. We shall apply Proposition 10 (Siegel-Walfisz Theorem) to the largest prime
factor of Dy, 0, as it has been done in [4, §7.5]. We write

Dirichlet character n +— ( is not principal since the integers a, b, ¢, d and
4

(112)
Sk A< (T Av)eomax| 30 2 hePuny(Du)|
(T,i)#(ua,o) X AuO,OSDuO,O<AAuO,0
(Duo,()vm):l
where

e the maximum is taken over the integers m satisfying 1 < m < X and over the
non principal characters x with an odd modulus < (log X)Z*,
® Dy, .0 € Doaa satisfies w(Dy,0) < .

We sum over the value wy of w(Dy, ) and denote by P+ (n) the greatest prime
divisor of the integer n > 1. In (112), we decompose Dy, o into Dy, 0 = np, where
p = Pt (Dy,,0) in order to write

‘ Z 2—kw(Du0,0)X(DuO’O)‘
Dy 0

(113) < Y > ‘ > x(p)|.

1<wo <’ n,w(n)=wo—1 max{P+(n),Ayy,0/n}<p<AAyg0/n
p=1 mod 4, (p,m)=1

By Proposition 10, with ¢ odd < (log X)B*, we have, for every positive A the
inequality

All(),o

(114) Zx(p) <4 (logX)% : . <log(%))ﬂ4 +log X,
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where the final log—term comes from the condition (p,m) = 1. When the summation
1

o

o, from which we deduce
0>

over p in (113) is not empty, we have the inequality p > A
1-ar
n<AA, ¢ and finally

A a
(115) log(%’o) > log AY ;> log? X,

by the definition of ', given in §5.6 and the inequality (100). Inserting (115) into
(114) then into (113), summing over n, then over wp, and finally inserting into

112), we see that S:)):i)(\i (X, k, A) satisfies (99), by choosing A as a large function of
k.

5.11. Case iy = 2. Actually, the proof will also work for iy = 3 as said above by
considering conjugate expressions. The assumption ip = 2 means that we have the
inequality

(116) Au0,2 > X2.411c+1 ,

and that the associated variable D, o, is large and appears twice in the denominator
of the quartic symbols in (77).

5.11.1. There is an rq, unlinked with ug, such that Ay, o > (log X)100-10’f' Consider
the double oscillations of the character

(5:2)
DUO,Q 4,
5.11.2. There is an ro, linked with ug, such that Ay, o > (log X)loo'lok. Use (103)

to write
<Dr0,0)<D1‘0,0) — <Dl‘0,0>
Du072 911072 4 ©u0,2 4’

and operate as in §5.9.2.

and operate as in §5.9.1.

5.11.3. There is an rq, unlinked with ug, such that Ay, 1 > (log X)100»10"' Consider

the double oscillations of the character (5“0’12) and operate as in §5.9.3.
LIO, 4

5.11.4. There is an ro, linked with g, such that Ay, 1 > (log X)100~10’“‘ Write the

e(]uallty
EUO72 QUO,Q 4 Qll(),Z 4

and operate as in §5.9.4.
The conclusion of the discussions made in §5.11.1,...; 5.11.4 and of the condition
(96), is that, in the case where ig = 2, we are now reduced to study the case

(117) 1< max (Ar,O; Ar,l) < (log X)100-1o’“.
rcQ

Now we want to control the sizes of the variables Dy, 2 and Dy, 3, when rg is
linked with ug.
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5.11.5. There is an index ro linked with ug, such that Ay, 2 > (log X)loo'lok. This
means that (77) really contains the symbol (gr—‘”z) = (D“—"j
ug g,

. ) Then operate as
in §5.9.5 to benefit from the double oscillations of this Jacobi symbol.

5.11.6. There is an index ro linked with ug, such that Ay, 3 > (log X)loo'lok. This
means that (77) really contains the symbol (DD:—‘;‘Z) = (g‘:—s:j
in §5.9.6.

After the discussion made in §5.11.5 & 5.11.6, we can now suppose that

(118) r linked with ug = A, 2 and A, 3 < (log X)loo.mk_

). Then operate as

5.12. Use of the extended Siegel-Walfisz Theorem. Now we are working with
the restrictions (117) and (118). We are led to a conclusion almost similar to (108):
the variable Dy, 2 appears in the five following symbols or products of symbols
(119)

() (o) e); ) (5m), (50), 1 (5)
14 ' Du0,2 511072 47 Du0,2 ©u0,2 4’ 511072 4 ©u0,2 47

with
= | I (Dr,ZDr,3)7 a = | I Dr,07
r linked r linked
with ug with ug
b: I | Dl‘,l, c= | | DI‘,O7 andd: I | DI‘,17
r linked r unlinked r unlinked
with ug with ug with ug

with a, b, ¢, d and ¢ are coprime integers belonging to Doqq U {1}, also satisfying
(109). We use (103) to multiply the five expressions written in (119) and obtain
the character over Zl[i]:

©u0,2 ©u0,2 _ Duo,Q
Duo2 = <ad€2 >4< be >4 - <ab3c3cw2 n

By (117) and (118), this character is non trivial, with modulus w satisfying N'(w) <
(log X)B*, where By, is a constant depending on k only. Now we operate as in (110)—
(115), with the difference that we apply (83) of Proposition 11 (extension of the
Siegel-Walfisz Theorem to the set of privileged primes) to the largest (privileged)
prime divisor (say ) of @y, 2. Hence the A falling in the cases studied in §5.11 &
5.12 are such that the associated sums also satisfy (99).

We have covered all the cases of A satisfying (96). The proof of Lemma 17 is
now complete.

5.13. The final step. By Lemmas 13 and 17, we now have the equality
(120) ST (X k) = 37 STA(X B, A) + Op e (X (log X) 275892 9),
A

where k is any integer > 0 and € any positive number and where the summation is
over all the 45*1 tuples A = (Ari)(r,i)cor+1 satisfying the inequality (76), and the
equalities

(121) Apo=Ap1 =1, forallr € QF,
or

(122) Apo=Arz =1, forallr € Q.
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Let ¥o,1 be the contribution of the A satisfying (121) to the right part of (120)
and 33 3 corresponding to the A satisfying (122). The condition (121) means that
the variables of summation D, ¢ and D, ; can only take the value 1. In the case of
(122), the variables Dy o and D, 3 are forced to be equal to 1. In both cases, the

quartic symbols in the definition (77) of Sg(’ig(X ,k, A) have the value 1. Hence,
using symmetry, we clearly have 3¢ ; = X2 3. So we may write (120) in the form

(123) SONX, k) = 2501 + O (X (log X) 2~ 772 ).

For A satisfying (121), we have the equality

(124) S2A (X, k, A) = 2k S > (H rzDr,s))

(Dr 2) (Dr 3)

2—(k+1)w(Dr12Dr73) r 2Dr 3 Kk (r,s)
) (H ) {H H s 2Ds ,3 },

where
Api < Dpi < AApi, Dy € DogaU{1} and w(Dy ;) < Q' for all (r,i) € Q% x{2,3}.

Summing back all the sums S’g&g (X,k,A), where A satisfies (121), (as written in
(124)) and bounding the error terms (as it was done for Lemma 13), we see that
the contribution ¥y ; of these sums satisfy the equality

(125)

071 - 219 Z Z) (H r 2Dr73))
Dr3
X <1;[ 2_(k+1)w(Dr72Dr,3)) {HH ( :zgzj)mk(r,s)}

+ Op(X(log X) 2~ 72 ),

where the variables Dy o and Dy 3 belong to Doqq U {1} and satisfy the inequality

H(Dr72Dr,3) < X.

r

Setting Dy = Dy 2Dy 3, (when D, € Dyqq is fixed, this equation has 2w(Dr) golu-
tions), we write (125) in the form

0 s= k(0 (I =) (I (%))
(Dn) x ; LD,
+ O (X (log X) 2~ 72 ),

where the D, belong to Doqq U {1} and satisfy the inequality

H D, < X.

reQk
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We recognize an expression already met in [4], in the course of the proof of (55).
In fact, by [4, Lemma 36], we have the equality

Soaa(X, k) = 3¢ Z (HDr) (Hz—kwwa) {HH (gzyk(r,s)}’

where the conditions of summation are the same as in (126). By (55) and by (126),
we deduce the equality

(127) S04 = - D(X) + O o (X (log X) 2~ zmrz +¢),
Putting together Lemma 12, (56) from Proposition 5, (123) and (127), we write

; 1 2 11
SMEA(X k) = (3@ + 1)+ 7) - e Doaa(X) + +0. (X (log X) g,
This completes the proof of Theorem 3(v) in the case Doqq.

6. THE CASE OF EVEN DISCRIMINANTS

In that section we are concerned with the subsum of S™**(X k) (see (44))
defined by

S (X k)= 3 2hmlCn). 2o,

even
D€EDeven
D<X

in order to prove the equality (14), with D replaced by Deyen (see Theorem 3 (v) ).
Note the trivial equality

Srmx )\(X k Z 2krk4 Csp) , 2/\8D

even

DEDyqq
D<X/8

The study of S22 (X, k) has a lot of similarities with S™ MX, k) particularly in
the analytic point of view. Using Proposition 9 to decompose 228D we can easily

prove the following lemma:

Lemma 18. For every k > 0 and every X > 1, we have

(128) SmixA(X k) = Sg;g;(x k) + Al(X k) + AQ(X k)
with
9krka(Csp) 2 ay as
W NS P— [a1a2,214<) ( ) < )
Dezv;dd 2(P) D:a%‘;blbg ay/ \biba /4 \b1ba /4
D<X/8
and
rik4(CSD) 2 b b
MEX = Y Tom 2 (aa> <a111> (ai> :
D&€Dgqq D=ajiazb1b2 18274 19274 182/ 4
D<X/8

where a; = a;a; and b; = b;b; are the privileged factorizations of a; and b; (i=1,2)

By (56) we know that the first term on the right side of (128) is equal to
(129) 7535;()( k) = 2'“ -2 4+ 1) Deven(X) + Oé,k(X(logX)*%*zﬁﬁ),

We want to prove
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Proposition 16. For every integer k > 0, for every € > 0 and for every X > 2,
we have

As(X, k) = ¢t - Deven(X) + Oc ( X(log X)—%fﬁﬂ).

Since the study of A; is very similar, we shall only give short indications on the
proof of

Proposition 17. For every integer k > 0, for every ¢ > 0 and for every X > 2,
we have -
AL(X, k) = i - Deven(X) + Oc (X(log X)_TW’LC).

Gathering (128), (129), Propositions 16 & 17 and summing the coefficients of
the main terms, we easily obtain (14) for D replaced by Deyen. This will complete
the proof of Theorem 3. It remains to prove Propositions 16 & 17.

6.1. First transformation of Ay(X, k). As we did in §5.6, we shall benefit from
the combinatorial and analytic transformations made in [4]. In that paper, we met
the sum G(X, k) defined by

(130) G(X,k) = Y 2’““‘4(08D>~(m > [ab,2]s (fb) (ab>j)

DeDsqq D=abcd
D<X/8

(see [4, (130) & (131)]), and in [4, (132)] we proved the equality
(131)

Ly (r)
G(XJ“):% Z k:+1)w(D) Z (H< ) )

DeD, o) (E; k
e D) (B;) reQ

D, Kk (r,s) 9 @0@1 2
X ~_ S (ByEs, 2,
( H (Ds> )<@2@3)4(@2€3)4[ 2Es, 2

r,s€Qk

where
e Q and kg(r,s) have the same meanings as in (73),
e the sums are over D € Doqq, D < X/8 and over (Dy),cor and (E;);co such that

(132) p=T[ .= &

reQk i€Q
with D, and E; € Dygq U {1},
o the privileged factorization of E; is E; = &;¢&; (0 <i<3),
o for r = (r1,...,7r) € QF, Li(r) is the number of j (1 < j < k) such that r; = 3.
Using the similarities between the definitions of A2 (X, k) and the definition (130)
of G(X, k) and arguing as in the proof of (131), we can prove

Lemma 19. With the conventions of (131), we have the equality

(133) Mo(X, k)= ) G+ D)w(D) Z (H( >Lk(r))

%i”;;lg Dy) (Ei) reQk
(11 (Dr>”(r’s)>< 2 ) (Eo ) <E1 )
r,s€Qk Ds 62@3 4 62@3 4 @2@3 4’

for any integer k > 0 and any X > 2.
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To solve (132) we operate as for (79): we introduce for (r,i) € Q% x Q the g.c.d.
(134) Dr,i = ng (Dr, Ez);

which gives the relations
Dy =[] Dess E: =] Dra-

Then we insert this into (133) in order to write

5 \ Lr()
(135)  Mo(X.k) = D w3 (] Des) (JT 2 *H042) (H<D> )

(D) r,i r,i r,i

M (2) "M (5 5))

r,i s,j

(T (52 ) (I (522 ).

where the sum is over the 4*+1-tuples (D, ;) (with (r,i) € QF x Q) satisfying

Dyi € Doaa U {1} and [ Dr.i < X/8.

r i

As usual the privileged factorization of Dy ; is Dy ; = @r’iﬁr,i. We shall use the
same splitting process as in §5.6. Let A2(X, k, A) be the subsum of A2(X, k) defined
by the same formula as in (135), but with the extra condition that the variables of
summation satisfy the restrictions (74). Similarly, as in Lemma 13 we have

Lemma 20. For every € > 0 and for every integer k > 0 we have the equality

(136) Ao(X, k) =D Aa(X,k, A) + O o (X (log X)"ETaEEte),
A

where the summation is over all the 411 —tuples (Ar,,-)(m)egwl satisfying the in-
equality

(137) [T A4 < x/8a4").

r,i
Our next task is to prove

Lemma 21. For every integer k > 0 and uniformly for X > 2, we have the equality

> [A2(X, k, A)| = Ok(X (log X)),
A

where the sum is over the A such that (137) is satisfied and such that
(138) max{Ay 2, Ar3;r € Qk} > 1.

We remark that, due to the oscillations of characters containing 2 in the numer-
ator, the condition (138) is less demanding than (96).
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6.2. Reduction of the proof of Lemma 21. The proof follows the path of the
proof of Lemma 17. Let X3 be the sum studied in Lemma 21. As in the proof of
Lemma 17, we can restrict to show the inequality

(139) Ao(X, b, A) < (log X)~ 14" @+2"h)

for the A satisfying (98), (137) & (138). Let (ug,ig) be an index in QF x Q, such
that A, satisfies (100). Our proof will depend on the value of iy. However the
cases 79 = 0 and ig = 1 are similar. The cases i = 2 and iy = 3 are the same after
conjugating the expressions in question.

6.3. Proof of (139). The case iy = 0. This proof also works when ig = 1. As in
§5.9, we discuss on the size of the other variables, which accompany Dy, o in some
symbols.

6.3.1. There is an so unlinked with g, such that Ag, 2 > (log X)loo'lok. We apply

Dy 0
2

Proposition 15 to the symbol (i)s
(139).

) as it was made in §5.9.1 and we obtain
2 /4
6.3.2. There is an sg linked with ug, such that Ag, 2 > (log X)loo'lok. We write the

equality (g:g;’) (g:2§>4 = (2222)4 and we apply Proposition 15 to the symbol

Dy 0

> ) as it was made in §5.9.2 and we obtain (139).
S0 4

6.3.3. There is an so unlinked with g, such that As, 3 > (log X)loo'lok. This case is
analogous to §6.3.1 by considering the double oscillations of the character (%) .
4

50,3

6.3.4. There is an so linked with ug, such that As, 3 > (log X>100.10’“. This case is
analogous to §6.3.2 by considering the double oscillations of the character (g“o’g) .
4

50,3

Hence, after the discussions made in §6.3.1-6.3.4, we can now suppose that

(140) Ag 2, As3 < (logX)loo'wk for all s € QF.

6.3.5. There is an sy linked with ug, such that Ag o > (logX)loo'lok. We apply

Proposition 12 to the character (g“—o‘;’), and (139) is proved in that case. Similar
507
arguments apply if Ag,,1 > (log X)10010",

After the discussion made in 6.3.5 we can suppose that
(141) Ag, Agy < (log X)'9010" for all s € QF linked with .

6.3.6. The final argument. By studying the right part of (135), we see that the
variable Dy, o appears in the following multiplicative symbols

(142) (D“°’°>, (D“O’()) and (D“Oo> ,
¢ a Ja b /4

where
{ = H HDr,i7 CL:HDI‘,27 b:HDs737
B

r linked 4 r
with ug

and eventually in the symbol (DLO), if Ly (ug) is odd.
uo,



THE PARITY OF THE PERIOD OF THE CONTINUED FRACTION OF v/d 51

The product of the three symbols in (142) gives a non principal Dirichlet charac-
ter, Dyg0 — X(Dug,0) With an odd modulus ¢ < (log X)B%, where By, is an explicit
function of the integer k. This is a consequence of the assumption (138) and the
restrictions (140) and (141).

When L (ug) is even, we apply formula (81) in Proposition 10 to the largest
prime factor p of Dy, 0, as it was done in (112)-(115). And (139) is proved in that
case.

When L (up) is odd, we proceed in the same manner, by appealing to the formula
(82) of Proposition 10. This also gives the proof of (139) in that case.

In conclusion, the proof of (139) is now complete, when ig = 0 or ig = 1.

6.4. Proof of (139). The case iy = 2. By assumption, we have (116) and this
proof also works when iy = 3 with tiny modifications. As above, it depends on the
sizes of the variables, which accompany Dy, 2 in some characters.

6.4.1. There is an ro unlinked with ug, such that Ay, o > (log X)100~10k_ We apply

Proposition 15 to the symbol (£r0.2>4 as it was made in §5.9.1 and we obtain (139).
ug,

6.4.2. There is an rq linked with ug, such that Ay, o > (log X)loo'lok. We write the
equality (3“0’0) (DTO"’ ) = (DYO’O ) and we apply Proposition 15 to this symbol
4 4

ug,2 ©u0,2 33u0,2
as it was made in §5.9.2 and we obtain (139).

6.4.3. There is a ro linked or not with ug such that Ay, 1 > (log X)100~10’“' The
proof is similar to the proofs contained in §6.4.1 & 6.4.2.
After the discussions made in §6.4.1-6.4.3, we can suppose

(143) Ag o, Asq < (logX)loo'lolC for all s € QF.

6.4.4. There is an ro, linked with ug, such that Ay, 2 > (logX)mO'lOk. Then we

consider the double oscillations of the character (g'o’z ), and the proof is similar
o,

to §6.3.5. Therefore formula (139) is proved again.

6.4.5. There is an ro, linked with vy, such that Ay, 3 > (log X)100~10‘“" Now we
consider the character (#) The proof is similar to §6.4.4 and formula (139) is

0:2
proved again.
After the discussions made in §6.4.4 §6.4.5, we can now suppose that

(144) Ar, Ars < (log X)10019" for all r € QF linked with uq.

6.4.6. The final argument. In this subsection, we shall see the difference with the
case ig = 0 or 1, treated in §6.3 and the true influence of the symbols containing 2.
In (135), the variable Dy, o appears in the five symbols

2\ Do 2 a b
2 (a2, (), ()
( ) (Duo’2> < ¢ D2 4 Duo,2 4 Duy,2 4

with
t= 1] II Dri» a=]]Droandb=]]Dr..

r linked  j r
with ug
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Note, that in the present case, we may have a = b = £ = 1. The product of the five
symbols appearing in (145) is equal to

2 Da 0 ' '
<©uo,2 > 4 (ab;ﬁ? )4 if Ly(ug) is even,

/2 N\ Duco . .
05 fL .
(©u072>4 (ab3£2 )4 if Ly (up) is odd

We appeal to (84) of Proposition 11, which we apply to the largest prime priv-
ileged divisor m of @y, 0, by the same technique employed in (112)—(115). In this
case we also get (139).

This completes the proof of (139) in the case ig = 2 or 3. Incorporating the
results of §6.3 (case ig = 0 or 1), the proof of Lemma 21 is now complete.

or

6.5. Dealing with the main term. From Lemmata 20 & 21, we see that the main
term (on the right part of (136)) comes from the contribution of the Ay(X,k, A)
with Ap o = Ay 3 = 1, for all r € Q. This means that, in these sums, we have
D:o = D;3 = 1. Gluing back these sums Ay(X,k, A) as it was done in (125),

with an admissible error in Ok,G(X(log X)_%_z’iFZ +€), we have to consider the
contribution AYMT (X, k) of these terms. In other words, let

(146) AT = S ([ DroDea) ([T 2704 0ePronn)

(Dr,0); (Dr,1) r r

() I (Fepe) ™).

where the variables Dy o and Dy ; belong to Doqq and satisfy [].(DroDr,1) < X/8.
Then, from (135) & (146), Lemmas 20 & 21 and the above discussion, we can write
the equality

(147) As(X, k) = AYT(X, k) + Op o (X (log X) "2~ 7072 7).

n (146), we make the change of variables Dy gD, 1 = Dy, in order to write the
equality

(148)
Li(r) ik (r,s)
AYT (X, k) %:)MQ(IZIDr) (Hz—kwwr)) (H (;) )(HH (12:) )

where the summation is over the 4*—tuples (D) of elements of DoqqU{1}, satisfying
I1, Dr < X/8. Here also, we recognize a formula already met in [4]. By [4, Lemma
47] we have

st =TT on ([T =) (1 (5,) ) (5:) )

with the same conditions of summation. This directly gives the equality
(].49) AIQVIT (X7 k) = Seven(X7 k)

Now Proposition 16 is an easy consequence of (147), (149) and Proposition 5.
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6.6. Proof of Proposition 17. As announced above, we shall only sketch the
proof of Proposition 17 concerning the asymptotic expansion of A; (X, k). By the
same techniques as those used in the study of As(X, k) (see §6.1-§6.5) we obtain
the analogue of Lemma 19:

Lemma 22. With the conventions of (131), we have the equality

(150) A1(X, k) = Z oot T w(D Z (H( )Lk(r))

E;ESD)?%{ D.) (E;) reQk
D\ "9y /2 E E
(I (5) )(E) (Ge), (e e
r. 5Ok Ds E2 6061 4 @0@1 4

for any integer k > 0 and any X > 2.
Now we introduce the D, ; (see (134)) giving the equality

) = e[ (T 400) (T (7))

(Dr,i) ri r,

) () (25
(%)) [

We continue with the same strategy as in §6.1, which consists in splitting A1 (X, k)
into subsums A (X, k, A), where the size of each variable D, ; is controlled. Then
we arrive at an analogue of Lemma 20, which is

(152) A(X, k) = Ay(X,k, A) + O (X (log X)"immeEte),
A

where the summations are the same as for (136). Now we prove cancellations
in some Ay (X,k,A), by producing either double oscillations of some characters
(then use Proposition 12 or 15) or simple oscillations of a character (then use one
of the variants of the Siegel-Walfisz Theorem, see Proposition 10 or 11). The
conclusion of that study, is that, in the summation of (152), only the A with
Aro = Ay s = 1 matter (this means that Dy o = D, 3 = 1). Then, as in §6.5, we
glue back these sums, with an admissible error term. In doing so, we exhibit a
main term AM7T (X, k), which can directly be seen by imposing Dy 2 = D, 3 = 1 in
(151)). This main term AMT (X, k) is equal to AXT (X, k) (see (146)). This finishes
the proof of Proposition 17.

REFERENCES

[1] J. Briidern, Einfiihrung in die analytische Zahlentheorie. Springer—Lehrbuch, 1995.

[2] P.G.L. Dirichlet, Vorlesungen tiber Zahlentheorie, Chelsea Publishing Co., New York, 1968.

[3] E. Fouvry and J. Kliiners, On the 4-rank of class groups of quadratic number fields. Inv.
math., 167 : 455-513, 2007.

[4] E. Fouvry and J. Kliiners, On the negative Pell equation. to appear in Annals of Math., 2008.

[5] G.H. Hardy and S. Ramanujan, The normal number of prime factors of a number n. Quart. J.
of Math., 48 : 76-92, 1920. see also Collected works of G. H. Hardy (Oxford University Press)
vol II : 100-113, 1967.



54 ETIENNE FOUVRY AND JURGEN KLUNERS

[6] H. Hasse, Number Theory, Grundlehren der mathematischen Wissenschaften, 229, Springer,
1978.

[7] D.R. Heath-Brown, The size of Selmer groups for the congruent number problem, II Inwv.
math., 118 : 331-370, 1994.

[8] D.R. Heath-Brown, A mean value estimate for real character sums. Acta Arith., 72 : 235-275,
1995.

[9] H. Heilbronn, On the averages of some arithmetic functions of two variables. Mathematika, 5
1 1-7, 1958.

[10] K. Ireland and M. Rosen, A classical introduction to modern number theory (Second edition).
Graduate texts in Mathematics, 84, Springer, 1990.

[11] H. Iwaniec and E. Kowalski, Analytic Number Theory. Colloguium Publications, 53, AMS,
2004.

[12] M. Jutila, On mean values of Dirichlet polynomials with real characters. Acta Arith. 27 :
191-198, 1975.

[13] F. Lemmermeyer, The d4-class group of real quadratic number fields. Preprint.
http://www.ruszer.uni-heidelberger.de/~hb3/rank4.ps

[14] L.J. Mordell, Diophantine Equations. Academic Press, London and New York, 1969.

[15] L. Redei, Arithmetischer Beweis des Satzes tiber die Anzahl der durch vier teilbaren invari-
antender absoluten Klassengruppe im quadratischen Zahlkorper. J. Reine Angew. Math. 171
1 55-60, 1934.

[16] L. Redei, Eine obere Schranke der Anzahl der durch vier teilbaren invarianten der absoluten
Klassengruppe im quadratischen Zahlkorper. J. Reine Angew. Math. 171 : 61-64, 1934.

[17] L. Redei, Uber die Grundeinheit und die durch 8 teilbaren Invarianten der absoluten Klas-
sengruppe im quadratischen Zahlkorper. J. Reine Angew. Math. 171 : 131-148, 1934.

[18] L. Redei, Uber die Pellsche Gleichung t2 — du? = —1. J. Reine Angew. Math. 173 : 193-221,
1935.

[19] L. Redei and H. Reichardt, Die Anzahl der durch 4 teilbaren Invarianten der Klassengruppe
eines beliebigen quadratischen Zahlkorpers. J. Reine Angew. Math. 170 : 69-74, 1933.

[20] H. Reichardt, Zur Struktur der absoluten Idealklassengruppe im quadratischen Zahlkorper.
J. Reine Angew. Math. 170 : 75-82, 1933.

[21] A. Scholz, Uber die Losbarkeit der Gleichung t2 — Du? = —4, Math. Z. 39, 95-111 (1935).

[22] W. Sierpinski, Elementary Theory of numbers. PWN-Polish Scientific Publishers, Warszawa,
1987.

[23] P. Stevenhagen, The number of real quadratic fields with units of negative norms. Experiment.
Math., 2: 121-136, 1993.

UNIv. PARIS-SUD, LABORATOIRE DE MATHEMATIQUES D’ORSAY, CNRS, F-91405 OrRsAY CEDEX,
FRANCE
E-mail address: Etienne.Fouvry@math.u-psud.fr

MATHEMATISCHES INSTITUT, HEINRICH-HEINE-UNIVERSITAT, UNIVERSITATSTR. 1, 40225 DUs-
SELDORF, GERMANY.
E-mail address:  klueners@math.uni-duesseldorf.de



