HIGHLY NONLINEAR FUNCTIONS

KAI-UWE SCHMIDT

ABSTRACT. Let f be a function from Z3' to Z,. Such a function f is
bent if all values of its Fourier transform have absolute value 1. Bent
functions are known to exist for all pairs (m, q) except when m is odd
and ¢ = 2 (mod 4) and there is overwhelming evidence that no bent
function exists in the latter case. In this paper the following problem
is studied: how closely can the largest absolute value of the Fourier
transform of f approach 17 For ¢ = 2, this problem is equivalent to the
old and difficult open problem of determining the covering radius of the
first order Reed-Muller code. The main result is, loosely speaking, that
the largest absolute value of the Fourier transform of f can be made
arbitrarily close to 1 for ¢ large enough.

1. INTRODUCTION AND RESULTS

Let f be a function from Z" to Z, and write w = *™/4. The Fourier (or
Walsh) transform of f is the function f: Zy* — C given by

~ 1 _
Fo = D WO

TELY
Kumar, Scholtz, and Welch [9] defined f to be bent if
IfN)|=1 forall AeZ™

This generalises the classical definition of bent functions (arising for ¢ = 2)
by Rothaus [14]. The value

1 Fx

(1) fax [ F(V)]
equals the largest magnitude of an Hermitian inner product of w/ with w?,
where £ is a linear function from Z;* to Z,. Hence (1) is a measure of

nonlinearity of f. Notice that (1) is at least 1 by Parseval’s identity and
thus bent functions have largest possible nonlinearity in this context.
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Constructions of bent functions are known [9] for all pairs (m,q) except
when m is odd and ¢ = 2 (mod 4). For ¢ = 2, the values of ¢™/2f(\) must
be real and integral and hence bent functions cannot exist for ¢ = 2 and
odd m. Several authors have established the nonexistence of bent functions
for odd m and infinitely many values of ¢ [9], [13], [1], [7], [5] [10], providing
overwhelming evidence that no bent function exists when m is odd and ¢ = 2
(mod 4).

For integers ¢ > 2 and m > 1, define

)

= mi 5
u(g,m) = min fnax |F(V)

where the minimum is over all functions f from Zj" to Z;. Then

(2) 1< p(g,m) </q.

Due to the existence of bent functions, the lower bound is an equality except
possibly when m is odd and ¢ = 2 (mod 4). The upper bound in (2) is trivial
for m = 1 and, for odd m > 3, arises by “lifting” a bent function on Zzn_l
to a function on Zg".

The determination of u(2,m) is equivalent to the difficult open problem
of finding the covering radius of the first order Reed-Muller code [17]. Tt is
known [3], [11], [6] that equality holds in the upper bound of (2) for ¢ = 2
and m € {3,5,7}. It is also known that

\/49/32 for m > 9 (see [8])
\/729/512  for m > 15 (see [12]).

Patterson and Wiedemann [12] conjectured that

(3) Tim_p(2,m) = 1.

n(2,m) < {

An appropriate generalisation of the conjecture (3) is
li =1
im pu(g,m)
for each ¢ > 2. For fixed ¢ > 2 satisfying ¢ = 2 (mod 4), this conjecture
however does not seem to be easier to resolve than the original conjecture (3).
In this paper we prove that
lim p(g,m) = 1.

q—00
for each m > 1, which is implied by the following more precise result.
Theorem 1. For all sufficiently large ¢, we have
p(g,m) < cos T 4 15sin ",
q q

Notice that, for all ¢ > 16, the bound of Theorem 1 is strictly better than
the upper bound in (2).

To prove Theorem 1, we generalise the notion of bent functions to func-
tions from Zj" to Zy, (these generalise at the same time the bent functions
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from Zj' to Zg, as defined by Kumar, Scholtz, and Welch [9], and the bent
functions from Z5* to Z, as defined by the author [15]). We give a construc-
tion of such generalised bent functions for all m and all even g. To establish
Theorem 1, we apply a random modification to this construction, using a

method of Beck [2].

2. A GENERALISED BENT FUNCTION

Let ¢ = €™/ be a primitive (2¢)-th root of unity and write w = ¢2. We
say that a function f: Z" — Zag is bent if

Z Cf(iv) WAt

TELY

L =1 forall AeZ™.
qm/2 q

We provide a construction of such bent functions for all even ¢, generalis-
ing [15, Construction 5.7].

Proposition 2. Let g be an even positive integer. The function g : Z™ — Z,
given by

9@, ) = 25 - 22
induces a function f from Zg' to Zaq that is bent.

Proof. The function g induces a function from Zg" to Z, because ¢ is even,
and thus

(4) (x+¢)*=2* (mod2q) forallzcZ.

To verify the bent property of f, let A = (A1,...,Ay,) be an element of Z™.
Then

q—1
Z Cf(m)w_)\zT _ Z Cz%+"'+$$n_2)‘1931_"'_2)‘m93m

CCEZ{]" L1y, T =0

m q—1

— H Z Cmi—2)\krk

k=1z,=0
m q—1

— H Z CYE

k=1 yk:0
by setting xx = yx + A\x and using (4). Therefore,
m q—1 m
Z Cf(fv)w—/\xT = < H e‘”“i/Q) <Z eﬂ'?ﬁ/q>
TELY k=1 y=0

and the proposition is proved by showing that

qg—1
Z e | NG
y=0
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We have
2

q—1
.9 )
T4 o —miz?/q

q—1

02
S vt
y=0

y,2=0
qg—1
02 R 2
— E T/ p—mi(y+w) /q’
y,w=0
using (4) again. Therefore
q—1 2 g1 q—1
o . o
2 :eﬁzy /a| — § :6 Tiw /q§ :6 27rzyw/q.
y=0 w=0 y=0

The inner sum is zero, unless w = 0 (mod ¢), in which case the inner sum,
and hence the total sum, equals ¢, as required. O

3. BOUNDING LINEAR TRANSFORMATIONS

In this section we elaborate on a result due to Spencer [18] and a refine-
ment due to Sharif and Hassibi [16].
We define a norm on C" by

H($17 v 7$n)” = max{|x1|, SRR |$n|}

Lemma 3 ([18, Theorem 7], [16, Lemma 3]). Let A be a matriz of size £ xm
satisfying £ < m with real-valued entries of absolute value at most 1. Then
there exists a nondecreasing function K : (0,1] — R satisfying

(i) K(a) < 11y/alog(2/a), and

(ii) K(a) < ty/a + K(\/—3.05aQ(t) logy(0.39Q(t))) for all real t > 3,

where
1 > 2
t) = —— /2 g,
) == [

such that the following holds. For all sufficiently large £, there exists u €
{—1,1}¢ such that

luAll < K (¢/m)y/m.
We use Lemma 3 to deduce the following lemma.

Lemma 4. Let K be as in Lemma 8 and let h > 2 be an integer. Let B be a
matriz of size £ xn satisfying £ < hn with complex-valued entries of absolute
value at most 1. Then, for all sufficiently large ¢, there exists u € {—1,1}*
such that

luB]| < sec (%)K(%)M
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Proof. For complex z, we have the elementary geometric inequality

(5) |z| < sec (%) je{g.l_z.l}fi—l} ‘ Re(zeﬁz‘j/h)‘.

Construct a matrix of size £ x hn with real-valued entries by
A= [Re(B) Re(Be™") Re(Be™/") ... Re(Bemh—1)/h)].

By Lemma 3 applied with m = hn, we see that there exists u € {—1, 1}3
such that

14
< N
ludll < K(hn) Vhn
and the lemma follows from (5). O

We shall apply Lemma 4 in the following equivalent form.

Lemma 5. Let K be as in Lemma 3 and let h > 2 be an integer. Let B
be a matriz of size £ X n satisfying £ < hn with complex-valued entries of
absolute value at most 1. Let €1, ..., €y be complex numbers of absolute value
at most r. Then, for all sufficiently large ¢, there exists vy € {—eg,ex} for
all k € {1,...,¢} such that v = (v1,...,v;) salisfies

|lvB|| < rsec (%)K(%) Vhn.

We shall apply Lemma 5 with h = 8 and £ equal to either n or n/2, so

that we require upper bounds for K(1/8) and K(1/16).
With Q(t) defined as in Lemma 3, we have

1 —t2/2
Q) < NorTh

(see [4, Theorem 1.2.3], for example). Applying the implicit bound (ii) for
K in Lemma 3, first with £ = 5 and then with ¢ = 7, we find that

K(1/8) < 5/1/8 + K(1.617 x 1073)

< 5/1/8 + TV/1.617 x 1073 4 K(5.127 x 1077).

Then, using the explicit bound (i) for K in Lemma 3, we conclude that
K(1/8) < 2.08 and therefore,

(6) sec(m/16)K (1/8)V8 < 6.
Likewise (by taking the same parameters), we have K(1/16) < 1.52 and

(7) sec(m/16)K (1/16)v/8 < 4.4.
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4. PROOF OF THEOREM 1

Write w = €27/ and let B = (bx;) be the ¢ x ¢™ matrix whose elements
are given by
bk] — w_(jlkl‘f'""‘!‘jmkm)’

where

J=14j1+jaq+ -+ jmg™ "

k=1+k +kog+- +kmg™ !

and jg, ke € {0,...,q—1} forall £ € {1,...,m}. Given a function f : Z7* —
Zg, there exists a uniquely determined vector z = (21,. .., 2gm) such that

K1yoorkom) _
wl k1 ) = 21 kg +hogtt+hmgm—1  for each (ky,... kp) € Z;",

where the index is computed in Z. Thus the theorem is proved by showing
the existence of a vector z € C?" whose entries are g-th roots of unity such
that

(8) IzB| < (cos T 4 15sin ”>qm/2
q q

for all sufficiently large ¢.

Since bent functions from Z* to Z, always exist when ¢ is odd and the
expression in the bracket of (8) is strictly greater than 1 for all ¢ > 2, we may
assume that ¢ is even. Then, by the above discussion and by Proposition 2,
there exists a vector 2 € C¢" (induced by the bent function in Proposition 2)
whose entries are (2¢)-th roots of unity such that

(9) lzB|| = ¢/,
By multiplying = with ™/ if necessary, we may also assume that
(10) at least half of the entries of x are not ¢g-th roots of unity.

We obtain a vector z satisfying (8) by rounding the entries of x to g-th roots
of unity, using a refined version of a method due to Beck [2].

Write p = cos(m/q), so that p is the radius of the inscribed circle of the
regular ¢-sided polygon whose vertices are the ¢-th roots of unity. Write
= (x1,...,24m) and let k € {1,...,¢™}. Then zp = e™2)/9 or 1, =
e™(21t1/4 for some j satisfying 0 < j < q. In either case, pzj lies within
the triangle Ay with vertices

(11) (e2™U—N/a 4 2mii/a) 19 2miila (2milH)/a 27/ /9,
Let d be the diameter of the triangles Ay, so that
(12) d = 2cos(m/q) sin(w/q).

For a real number A and a triangle A, let AA be the triangle obtained
by a uniform scaling of A with scaling factor A. Using the barycentric



HIGHLY NONLINEAR FUNCTIONS 7

decomposition of a triangle, we have the chain of partitions

4 42 40
Ap=J A 8) =A@ ) == ] Aull,s) =,
s=1 s=1

s=1

where, for each s € {1,...,4%}, the triangle Ay (¢, s) is congruent to 27¢Ay.
Notice that the diameter of the triangles Ax (¢, s) equals 27“d.

Let ¢ > 1 be an integer to be determined later. Then there exist integers
s1,...,5 satisfying s, € {1,...,4} for all £ € {1,...,t} such that

prr € Ak(t,se) CAp(t—1,8-1) C -+ C Ag(1,51) C Ag.
Let y® be a vector in C?™ whose k-th entry is obtained by rounding pxj,
to a nearest vertex of the small triangle Ag(¢,s;). Then
lpz —y©|| < 27"d/2
and so
(13) lpeB - y OB < ¢"2td/2.

In the next step, we round the k-th entry of y(!) to a vertex of the big
triangle Ag. By virtue of the definition of Ay, we see from (10) that at least
q™/2 entries of y® are already vertices of the corresponding big triangle.
Now, each vertex of Ag(t,s;) is either a vertex of Ag(t — 1,s,-1) or lies
exactly in the centre between two vertices of Ag(t — 1,s,-1). We apply
Lemma 5 with r = 2=(-1d/2, £ = ¢™/2, n = ¢™, and h = 8 and use (7)
to conclude that there exists a vector y(*~1) whose entries are vertices of
Ag(t —1,s,-1) such that

Iy B — y VB < 4.4.27tdgm/?

for all sufficiently large ¢"*. Continuing this process, there exist vectors
y=2) .y 4O whose entries are vertices of A (t—2,5;_3), ..., Ap(1,51),
Ay, respectively, such that

[y 9B —y " VB| <4.4-27%A¢™? foreach £ € {1,...,t}

and all sufficiently large ¢". Hence, by the triangle inequality,

t
I8 4@ B < 3" I8 — VB
(=1

t
< 44-27tdgm?
(=1
(14) <4.4dqm?
The k-th entry in y(©) is a vertex of Ay, so equals one of the points in (11).

Notice that the length of the two equal sides of the triangle A equals
sin(m/q). We apply Lemma 5 once more with r = sin(w/q), £ = n = ¢,
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and h = 8 and use (6) to conclude that there exists a vector z € C?" whose
entries are g-th roots of unity such that

(15) I2B — 4" B|| < 6sin(n/q) ¢"/?

for all sufficiently large ¢™.
Now from (13), (14), and (15), for all sufficiently large ¢, we have by
the triangle inequality

|2B — pxB| < 6sin(r/q)q™? + 4.4dq™? + ¢™274d/2
= sin(r/q)q™? (6 + 8.8 cos(m/q) + qm? ot cos(m/q))
using (12). Hence, by choosing ¢ large enough, we have
2B — pxB|| < 15sin(r/q) ¢™/>.

From (9) we have ||pzB|| = cos(7/q) ¢"/?, which shows that z satisfies (8),
as required. O
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