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SONINE FORMULAS AND INTERTWINING OPERATORS IN
DUNKL THEORY

MARGIT ROSLER AND MICHAEL VOIT

ABSTRACT. Let Vj denote Dunkl’s intertwining operator associated with some
root system R and multiplicity function k. For two multiplicities k, k" on R,
we study the operator Vi, = Vi o Vk_l, which intertwines the Dunkl oper-
ators for multiplicity k with those for multiplicity k’. While it is well-known
that the operator Vj is positive for nonnegative k, it has been a long-standing
conjecture that its generalizations Vs j are also positive if &' > k > 0, which
is known to be true in rank one. In this paper, we disprove this conjecture by
constructing examples for root system B, with multiplicites ¥’ > k > 0 for
which Vj/ ;. is not positive. This matter is closely related to the existence of
integral representations of Sonine type between the Dunkl kernels and Bessel
functions associated with the relevant multiplicities. In our examples, such So-
nine formulas do not exist. As a consequence, we obtain necessary conditions
on Sonine-type integral formulas for Heckman-Opdam hypergeometric func-
tions of type BC), as well as conditions on the existence of positive branching
coefficients between systems of multivariable Jacobi polynomials.

1. INTRODUCTION

In the theory of rational Dunkl operators initiated by C.F. Dunkl in D2],
the intertwining operator plays a significant role. This operator intertwines Dunkl
operators with the usual partial derivatives on some Euclidan space. To become
more precise, let R be a (not necessarily crystallographic) root system in a finite-
dimensional Euclidean space (a, (., .)) with finite Coxeter group W, and fix a W-
invariant function k : R — C (called multiplicity function) with Rek > 0. Denote
by {Tt(k),§ € a} the associated commuting family of rational Dunkl operators.
The intertwining operator Vj is then characterized as the unique isomorphism on
the vector space P = Cl[a] of polynomial functions on a which preserves the degree
of homogeneity and satisfies

Vk(l) =1, Tg(k)vk = ch‘)g for all £ € a;

c.f. [DJO]. The Dunkl kernel Ej, associated with R and k, which solves the joint
eigenvalue problem for the T¢ (k) and generalizes the usual exponential kernel, can
be represented by means of the intertwiner V, as Ey(z,2) = Vj (e<"z>)($) for all
r € a and z € ac, where ac denotes the complexification of a.

For nonnegative multiplicities k > 0, it was shown in [R1] that Vj is positive on
P, i.e. for p € P with p > 0 on a, it follows that Vip > 0 on a. Further, for each
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T € a there exists a unique probability measure ,u’; on a such that

Ep(z,2) = /e<5’z>du’;(§), Va€a,z€ac. (1.1)
a

The representing measure ,u’; is compactly supported with supp ,u’; C co(W.x),

the convex hull of the W-orbit of z. Formula (1)) generalizes the Harish-Chandra

integral representation for the spherical functions of a symmetric space of Euclidean

type. Indeed, for certain half-integer valued multiplicities k, the Bessel functions

Ji(x,2) = ﬁ Z Ey(wz, z), =z € ac,
weWw

can be interpreted as the spherical functions of a Cartan motion group, where R
and k are determined by the root space data of the underlying symmetric space,
see [O1l [dJ2] for details. In these geometric cases, the integral formula for Jj
obtained from ([I) by taking W-means is a direct consequence of the Harish-
Chandra formula together with Kostant’s convexity theorem [Hel, Propos. 1V.4.8
and Theorem 1V.10.2].

In this paper, we shall consider two multiplicities k, k" on R with k¥’ > k > 0
(i.e., k'(a) > k(o) > 0V € R) and study the operator
Vi gy := Vi 0 kal'
Notice that Vi o = Vis. The operator Vi intertwines the Dunkl operators with
multiplicities k& and &',
Tg(k/)vk/’k = Vk/,k Tg(k’) for all £ € a.
It has been a long-standing conjecture that Vi is also positive on polynomials,

which is (as will be explained in Section [2)) equivalent to the statement that for

each x € a, there exists a compactly supported probability measure u’f’k on a such
that

Ep(z,2) = /Ek(f,z) duf’k(g) for all z € ac. (1.2)
a
Note that ([[2)) implies an analogous formula for the Bessel function:
Tole,2) = [ Ile RN (2 € ac) (13)
a

with some W-invariant probability measures ﬁf;/’k.

In the rank-one case with R = {+1} C R, one has Ji(z,y) = ji_1/2(izy) with
the (modified) one-variable Bessel function

Ja(2) = oFi(a+1;-22/4)  (a€C\{-1,-2,...}). (1.4)
In this case, formula ([L3) is just the classical Sonine formula ([A2] formula (3.4)]):

. Ila+B+1) /1 - 2a+1 2\8—1
Jarp(z) =2—F——+ Jal(zx)T 1—= dx 1.5
+8) = 2 ey, el 1= a?) (15)

for all o, 8 € R with « > —1 and S > 0.

In the rank-one case also the operator Vi j with ¥ > k > 0 is known to be
positive. Indeed, Y. Xu obtained in [X] an explicit positive integral representation

for Vi1, which leads to a positive Sonine-type representation for the rank-one Dunkl
kernel, see Remark 2.8 for details.



SONINE FORMULAS AND INTERTWINING OPERATORS IN DUNKL THEORY 3

In the present paper, we shall construct examples which reveal that the above
positivity conjecture is not true in general. Our examples are related to root system

B, ={xe;, te; te;, 1 <i<j<n}CR"

with n > 2, where multiplicities are denoted as k = (k1, k2), with k1 and ko the
values of k on e; and e; &+ e;, respectively. We prove that for k = (k1, k2) with
k1 > 0,ke > 0 and k' = k'(h) = (k1 + h, ko) with h > —Fk;, the Bessel function
J,f, (n) of type B,, has no positive Sonine representation with respect to JE unless
h is contained in the set

E(kQ) ::]k2(n - 1)7 OO[U ({07 kQa R k2(n - 1)} - ZJr), Z+ = {Oa ]-7 2; . }

This implies that the intertwining operator Vi (p) is not positive unless h € (k).
More generally, we shall consider also complex multiplicities and obtain similar
conditions for Sonine representations with complex bounded Radon measures.
The proof of our main result, which is contained in Corollary [3.6] is based on
the fact that the Bessel function of type B, can be expressed as a multivariable
oFi-hypergeometric function in the sense of [K] (see also [BE]). Via Kadell’s [Ka]
generalization of the Selberg integral one obtains an explicit Sonine formula for this
hypergeometric function and therefore also for the Bessel function J5 (h) in terms of

JP within the range Reh > ko(n — 1). This explicit formula allows a distributional
extension to a larger range of the parameter h, which is based on results of [dJ2]
for the intertwiner V4. Employing arguments of Sokal [So| for the characterization
of Riesz distributions on symmetric cones, we then obtain necessary conditions on
h under which our distributional Sonine formulas can actually be given by positive
or complex measures. Indeed, the set X(k2) is similar to the so-called Wallach set,
which describes those Riesz distributions of a symmetric cone which are actually
positive measures. We also mention that for Bessel functions on symmetric cones,
Sonine formulas were recently studied in [RV2].

Our results concerning Sonine formulas in the rational Dunkl setting are con-
tained in Section B, which is preceded by preperations for intertwining operators in
Section 2l In Section [, we apply the results from Section B] to the trigonometric
theory of Heckman, Opdam and Cherednik (see [HS| [02]) which generalizes the
spherical harmonic analysis on Riemannian symmetric spaces of the non-compact
and compact type. We shall use a well-known contraction procedure from the
trigonometric to the rational case in order to derive necessary conditions on the
existence of Sonine-type integral representations between hypergeometric functions
and Heckman-Opdam polynomials (also called Jacobi polynomials) associated with
root system BC, as well as the positivity of branching coefficients between two such
polynomial systems with different multiplicities. These results are complemented
by motivating examples in rank one and the case of symmetric spaces. Let us men-
tion that in geometric cases, branching rules and Sonine-type formulas for Bessel
functions were recently also studied in [HZ] in connection with the geometry of
moment mappings.

2. INTERTWINING OPERATORS AND SONINE FORMULA FOR DUNKL KERNELS

We start with some background and notation in rational Dunkl theory supple-
menting the material in the introduction. For more information, the reader is
referred to [dJ1l [O1l [DJOL [dJ2] [DX] and the references cited there. Again, R is a
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root system in a finite-dimensional Euclidean space (a, (., .)) and W = W(R) be
the associated finite Coxeter group. We assume in this section that R is reduced,
but not necessarily crystallographic. Let K = {k : R — C : k is W-invariant}
denote the space of multiplicity functions on R. For two multiplicities k, k' € K we
write k' > k (Rek’ > Rek) if ¥'(a) > k(a) (Rek'(a) > Rek(w)) for all @ € R. The
Dunkl operators associated with R and k € K are given by

Te(h) = 96+ 5 3 K)o (1= 70). €€
a€R >

where the action of W on functions f : a — C is given by w.f(z) = f(w™'lz).
It was shown in [DI] that the T¢(k), £ € a commute. A multiplicity & is called
regular if the joint kernel of the T¢(k), considered as linear operators on P = Cla],
consists of the constants only. This is equivalent to the existence of a (necessarily
unique) intertwining operator Vi as described in the introduction. The set K"¢9
of regular multiplicities is open in K and contains the set {k € K : Rek > 0}, see
IDIQ]. Moreover, for each k € K™ and y € ac, there exists a unique solution
f = Ex(.,y) of the joint eigenvalue problem

Te(k)f =& u)f VEea, f(0)=1.

The function Ej is called the Dunkl kernel. The mapping (k,z,y) — Ek(z,y) is
analytic on K™% X ac¢ X ac and satisfies Ex(z,y) = Ex(y, x) as well as

Ek()‘zay) = Ek(za Ay)a Ek('lUCL',’UJy) = Ek(ﬂ?,y) (>‘ € (C,’UJ € W)

We shall from now on always assume that Rek > 0. In this case, the following
estimate for the Dunkl kernel is due to [dJ1]:

|Ep(z, 2)| < /|W]emoxwewwzRez) v g e q 2 e ag. (2.1)

Denote by £(a) the space C*°(a) of smooth functions on a, equipped with its
usual Fréchet space topology. According to [dJ2], the operator Vj (uniquely) ex-
tends to a homeomorphism of £(a) retaining the intertwining property. Thus

Ey(x,2) = V(e *) (2), VY €a,z€ac

We next recapitulate some facts about the Dunkl transfrom from [dJ1]. Consider
the (complex-valued) W-invariant weight

wil@) = T Hewa) .
a€R
The Dunkl transform associated with R and k on L!(a,|wy|) is defined by

e = / (@) B (e, —i€)won(€)dé, € € a.

The Dunkl transform Dy, : f — fk is a homeomorphism of the Schwartz space S(a)
with inverse

_ 1 a2

D) = gDl (=), = [ e (@)
a

Notice that ¢ # 0 by [dJI, Cor. 4.17]. Dunkl operators act continuously on S(a)

and therefore also on the space §’(a) of tempered distributions on a, via

(Te(k)u, ) = —(u, Te(k)p), u €S (a), ¢ €S(a). (2.2)
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Moreover, the Dunkl transform extends to a homeomorphism u + u* of &'(a) by

(@, o) = (u, "), ¢eSa)

For R > 0 let Br(0) := {x € a: |z| < R} and Bg(0) := {z € a: || < R},
where | .| denotes the norm associated with the given inner product. We shall use
the following facts concerning the intertwiner V.

Proposition 2.1. [dJ2, Theorem 5.1]
(1) If ¢ € E(a) vanishes on Br(0), then also Vi and V, % wvanish on Bg(0).
(2) Let ¢ € S(a). Then for all x € a,
2

() Viole) = D i Dodelo) = 5 [ B°(€) Bl €) e

0Ja
2
(0) Vi Yola) = BDF @iPe(o) = 5 [ O wal)ds
k kJa

For an open subset 2 C a we denote by D(2) = C°(€2) the set of test functions
and by D'(2) the set of distributions on €. Recall that the topological dual £'()
of £(Q) coincides with the set of compactly supported distributions on 2, and that
compactly supported distributions on a are tempered.

Definition 2.2. We define the Dunkl-Laplace transform of u € £'(a) by
Lru:ac — C, Lru(z) = (u(z), Bx(z, —2)),
where the notion u(z) indicates that u acts on functions of the variable .

As in the classical case, we have the following fact for compactly supported
distributions, c.f. also [BSOJ.

Lemma 2.3. Let u € £'(a). Then Liu is analytic on ac, and the Dunkl transform

" is a reqular tempered distribution given by Lyu in the sense that

@) = / SO Lruli€) wr()dE, ¢ € S(a). (2.3)

Proof. This is the same as in [HOl Theorem 7.1.14] for the classical case. We
briefly note the steps: According to [HO, Theorem 2.1.3] Liu is smooth on ac and
differentiations with respect to z may be taken in the argument Ej(z, —z). As this
kernel is analytic in z, the same follows for £;u(z). For the proof of [23), it suffices
to consider ¢ € D(a). By the Fubini theorem for compactly supported distributions
we obtain

(0, 3%) = (u(@), / (€ B (i, € (€)de )
— (u(z) ® p(€)wn(€), Ex(—iz,€)) = / D€ (), B (i, €)) wi (€)de.

a
This implies the assertion. (I
Lemma 2.3 implies injectivity of the Dunkl Laplace transform:

Corollary 2.4. Let u € &'(a).
(1) If Lyu =0, then u = 0.
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(2) Suppose that m € My(a) is a complex bounded Radon measure satisfying

Lru(i€) = /Ek(ac, —i&)dm(x) for all £ € a.
Then m = u.

Proof. (1) is obvious by the above Lemma, because the Dunkl transform is a home-
omorphism of &'(a).

(2) Consider m as a tempered distribution on a. By Lemma 2.3 and our assump-
tion we obtain for test functions ¢ € S(a),

@)= |2 [ Bule—ig)dm(@)wn(e)ds = (¥, )
a a
Thus Mm* = @* which implies m = u by the injectivity of the Dunkl transform on
S'(a). O
Consider now a fixed root system R C a with two multiplicities k, k' satisfying
Rek > 0,Rek’ > 0. Then the operator
Vi := Vi 0 kal

is a topological isomorphism of £(a) and intertwines the Dunkl operators associated
with multiplicities &k and &,

Te(K)WVirk = Ve Te(k)  for all € € a.
Note that for all z € a and z € ac,
B (2, 2) = Vi (Ex(., 2))(2). (2.4)
For fixed z € a the assignment (u*"*, ) := Viy o(z) defines a compactly sup-
ported distribution u*"* € £'(a) satisfying
W* (., 2)) = By (z, 2). (2.5)
Lemma 2.5. The support of u’;/’k is contained in the closed ball Em(()).

Proof. Let ¢ € D(a) with supp ¢ QEM(O) = (). Then by Proposition 21} (Vi o
&

V- ")(p) vanishes on Bj,|(0) and therefore (ukF o) = 0.

O

Lemma 2.6. For Rek > 0, Rek’ > 0 the following are equivalent.

(1) Vi is positive on P, i.e. Virpgp >0 on a for all p € P with p >0 on a.
(2) Vi is positive on E(a), i.e. Vi f >0 for all f € E(a) with f > 0.
(3) For each x € a there exists a probability measure p*"* € M*'(a) such that

B (. iy) = / Ey(€,iy)diE ™ (6) Wy € a. (2.6)

In this case, the representing measure u’f’k is unique and compactly supported.

Proof. (1) = (2) Let f € &(a) with f > 0 on a. As P is dense in &E(a) (see [Tt
Chap.15]), there exists a sequence (p,,) consisting of real-valued polynomials p,, € P
such that p, — +/f in £(a). Then the polynomials ¢, := p? are nonnegative on a
and ¢, — f in &(a). It follows that for alll = € a,

Viewf(x) = (uf*, f) = lim (uf*,g,) = lim Viey ga(z) > 0.
n—o0 n—oo
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A simple approximation argument, using Vi ;1 = 1, implies the assertion.

(2) = (3) By assumption, the distribution u*** is positive and therefore given
by a compactly supported positive Radon measure ([HG, Theorem 2.1.7]). Denoting
this measure by uﬁ."k, we obtain from ([24]) that

By (z,2) = / E(6, 2)dub b (6), = € ac.

As E(£,0) = 1, evaluation at z = 0 shows that u’;l’k is a probability measure.

(3) = (1) In view of formula (23), Corollary Z4(2) implies that u®"F = p+"F.
In particular, u’;/’k is compactly supported and uniquely determined by (Z.6). We
claim that V. acts on P by

Viespla) = [ p(€) ™ (6). (27)
a
After replacing p by Vip, it suffices to prove that

Vie( (/Wp Jduk(©) VpeP.

But homogeneous expansion in ([2.0]) gives

Z{)%Vk'«-v Z /Vk )(E)dpk R (€).

Comparison of the homogeneous parts in y shows that

V(o)) = [Vl O )
for all y € a and n € Z, . This implies the assertion. O

The following analyticity result will be important in the next section.

Lemma 2.7. Let ¢ € S(a). Then for fized x € a and k € K with Rek > 0, the
mapping k' — Vi o(x) is analytic on {k’ € K : Rek’ > 0}.

Proof. By Proposition 1],

2, _ 1 ~ .

mem:ﬁ@ﬁ@wﬁMMmr7;/JQMMmo%@%. (2:8)
k k Ja

As @* belongs to S(a) and k' — Ej (ix, &) is analytic on {k’ : Rek’ > 0} with
|EE (iz,€)| < \/|]W], it follows by standard arguments (dominated convergence

and Morera’s theorem) that the integral in (28)) depends analytically on &’ with
Rek’ > 0. O

Remark 2.8. In the rank one case, Y. Xu derived in [X| Lemma 2.1] for &’ > k > 0
the explicit formula

/

(k, (kj/)+ ]];;/i 1/2 / flat |t|2k(1 +4)(1— )k’fkfldt'

This operator and the associated Sonine type integral representation for the rank
one Dunkl kernel,

Vi f(x) =

T(k +1/2)
T(k' — k)D(k +1/2)

were further studied in [Soll.

Ey(z,2) = / Ep(xt, 2)|tPF(1+£)(1 — )+ 1at
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3. THE SONINE FORMULA FOR BESSEL FUNCTIONS OF TYPE B,

In this section, we consider the Dunkl kernel EZ and the Bessel function J2
associated with root system

B, ={%e;,1<i<n}U{fe;xe;, 1<i<j<n}CR"

where R™ is equipped with its usual inner product. The associated reflection group
is the hyperoctahedral group W (B,) = S, X Z%, and the multiplicity is of the
form k = (k1, k2) where &k and k2 denote the value on the roots +e; and +e; * ¢;
respectively. We shall derive an explicit Sonine formula for the Bessel function J, ,f
at the reference point 1 = (1,...,1) € R”, extend it in a distributional sense to
larger classes of multiplicities and construct counterexamples where the associated
Bessel functions have no Sonine formula. Of decisive importance for our calculations
is the well-known fact that J lf can be expressed in terms of a certain multivariable
hypergeometric function. To recall this, we need some further notation.

Fix some index o > 0. For partitions A\ = (A,...,A\p) € Z7, A\ > ... > A, (for
short, A > 0) we denote by C{ the Jack polynomials of index « in n variables (c.f.
[Sta]), normalized such that

(14 ... +z)™ = Z C{(z) forallmeZ;.
[A|l=m

Following the notation of [K] and [BE], we define for 1 € C with Rep > X (n—1)
the hypergeometric function

1 C{(2)C% (w)
F(p; z,w :zg . 22 A
oFf (135, v) ZGsTT CR)

with the generalized Pochhammer symbol

In the one-dimensional case n = 1, the Jack polynomials are independent of o and
given by C¢(2) = 2*, A € Z. Thus

22

Z7
In the general case, the Bessel function JkB is expressed in terms of oFy* as
follows:

oFT (13 ——,1) = ju—1(2).

Proposition 3.1. Let k = (ki, ko) with Reky >0 and kg > 0. Then
22 w? 22
Té (2 w) = oFY (1 5, =) = oy (o w?) (2w €CY),

where o = é and p = u(k) :=ky + ka(n — 1) + %

[

Proof. See [R2, Propos. 4.5] and [BF| Section 6] for real k; > 0. The general case
follows by analytic continuation. (I

The key to the subsequent Sonine type integral representation for the Bessel func-
tion J lf is Kadell’s generalization of the Selberg integral. For parameters «, u, v € C
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with Rex > 0 and Rep,Rev > Rek(n — 1), the Selberg integral is given by

—k(n—1)—1 v—k(n—1)— K
/ [Tz D7 @ = g0t [T s — P de
10,10 524 1<i<j<n

n

B (1+kj) —Hj—l))r(l/_’@(j—l)) —
Hr1+n H T(u+v—k(—1) = Il gy,

(see e.g [FW]). With the normahzed Selberg density

Sy () = H e RO ki | I EE

R ”’ j=1 1<i<j<n
Kadell’s [Ka] generalization of the Selberg integral (c.f. also [FWl, (2.46)]) reads
Cx(z) 1y ()%
s/ J(x)dr = ——2—. (3.1)
/]0,1[% o) * (n+v)§
Formula (3] implies that for z € C" and p,v € C with Rey,Rev > L(n — 1),
PPt vz t) = [ oFf () sif2 @) (3.2)
]071[71,

This is a Sonine formula for ¢FY; in case n = 1 it reduces to the classical Sonine
integral (LX) for one-variable Bessel functions.

The Sonine formula (3:2)) translates to the Bessel function of type B, as follows:
Let k = (k1, k) with Rek; > 0 and ko > 0. For h € C put

k/(h) = (k?l + h, kg)
Then for h € C with Reh > ka(n and all z € C",

—1)
J,f/(h)(z, 1) = /]0 " JP(z,2) frn(2)da (3.3)

with the density

n

fk,h(l') (kQ H k1 - h ka(n—1)— 1H|:L' 2 2k2

= 1<J

and with p(k) as in ProposfmonBﬂ] Note that fgp is W(B,)-invariant, and there-
fore

JkB’(h) (2,1) = /] [ E,f(z,:c)fkvh(:c)dx. (3.4)
0,1["

We extend fi 5, by zero to a measurable function on R™. For Reh > ka(n — 1) we
have fin € L; OC(R”), which corresponds to a complex Radon measure

dpin(z) = frn(x)dx
Now recall from Section P the distributions u"F € £(R™) defined by (ur"*, o) =
Vi ().

Definition 3.2. Consider k = (ki,k2) on root system B, with Rek; > 0 and
k2 > 0 as above. For h € C with Reh > —Rek; denote by Sk € &'(R™) the

W (B,,)-mean of uy Kk 5 e,

1 K (h),k
(Sen0) =g D, (ud " w).

‘weW (By)
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According to Lemma 2.5 Sk 5 is supported in the Euclidean ball B 5 (0), and
it is W (B, )-invariant. Thus in view of (23], we have the following distributional
extension of the Sonine formula (33)):

J,E(h)(z,n = (Skn, J2(2,.)) = (Sen, BP (2, .)), zeC" (3.5)

The next result is a simple criterion for the existence of a Sonine-type integral
representation for the Bessel function of type B,,.

Proposition 3.3. Let k = (k1,k2) with ko > 0 and Rek; > 0. Then for Reh >
—Reky the following are equivalent:
(1) The distribution Sk, is a complex (positive) measure.
(2) There exists a bounded complex (positive) Radon measure m € My(R™) such
that the following Sonine formula holds:

J,g(h)(i«f,l) = / JP(ig, x)dm(x) for all € € R™.

n

In this case, the measure m in (2) is unique and given by m = Sk p.

Proof. The implication (1) = (2) is immediate from identity (33]). For the converse
direction, note first that we may assume that m is W (B),)-invariant. Thus from
B3), we obtain that

(Skn s B (68, ) = (m, JP (i€, ) = (m, B (i€, .)) - for all § € R™,
Corollary [Z7(2) for the Laplace transform now implies that m = Si p. O

Identity (3.0) together with (8.4) and the injectivity of the Dunkl Laplace trans-
form (Corollary 2-4) imply that for Reh > ka(n — 1),

Sk,h = Pk,h-

We are interested to know for which range of h the distribution Sy 5 is actually
a complex Radon measure, i.e. of order zero. The following useful observation of
Sokal [Sol Lemmata 2.1, 2.2 and Proposition 2.3]) will provide a necessary condition.

Lemma 3.4. Let Q CR"™ be open and D C C open and connected. Suppose that
F:QxD—=C, (x,A)— falz):=F(z,\)

is a continuous function such that F(x,.) is analytic on D for each x € Q. Extend
fa by zero to all of R™ and define uy € D'(Q2) by

(ux, @) :/Qw(x)f)\(ac)dac.

Then the following hold:

(1) The map X — uy, D — D'(Q) is weakly analytic, which means that A —
(ux, ) is analytic for all p € D(Q).

(2) Let Dy C D be a nonempty open set, and suppose that there is a weakly
analytic map A — uy, D — D'(R™) such that for each A € Dq the distri-
bution wy extends the distribution uy from Q to R™. Then u) extends uy
for each A € D. Moreover, if uy is a complexr Radon measure on R™, then
fx belongs to Llloc(ﬁ). This means that fy is integrable over a sufficiently

small neighborhood in R™ of any point x € €.
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To apply this lemma to our situation, fix k = (k1, k2) with Rek; > 0 and k3 > 0
and put

D:={heC:Reh>—-Reki}, Dg:={he€C:Reh>ko(n—1)}.

Theorem 3.5. (1) The mapping h — Sk p, is weakly analytic on D.

(2) Let h € D and suppose that Sy 1, is a complex Radon measure on R™. Then
either h € Dy, in which case Sk.n = prn, or h is contained in the discrete
set {0,ke, ... ka(n —1)} —Zy.

(3) Suppose that ki is real and Sy, is a positive Radon measure, then in addi-
tion to the condition in (2), h must be real.

Proof. (1) Let ¢ € D(R™). By Lemma [27] the mapping k' — Vi (1) = u]f ()
is analytic on {Re%’ > 0}, and therefore (Sk 1, ) depends analytically on h € D.
(2) Consider formula [33]), which is valid for h € Dy. The function

n

H T(1+ jka) 1:[1 (k1 + jko + 3)D(h — jks)

i} 1+k2 o F(lﬁ +jk’2+h+%)

h— Iy (k2 p(

extends to a meromorphic function on D without zeroes and with pole set
DN ({0,ka, ... ka(n—1)} = Zy).

Thus the function h — fi 5 (z) extends analytically to D for each z €]0,1[". If
h € D is such that Sy} is a complex Radon measure on R", then it follows from
LemmaBAlthat fy 5 € L}, .([0,1]™). This in turn implies that either Re h > ko(n—1)
or h is a pole of the function I, (ka, u(k), .).
(3) is immediate from part (2).
O

As an important consequence of the previous results, we obtain that in the B,,-
case and for arbitrary multiplicity k& with k1 > 0 and ko > 0 there exist multiplicities
k' = (k1 + h,k2) > k such that the Bessel function JJ has no Sonine integral
representation with respect to Jlf, and that the intertwiner Vi j is not positive.
More precisely, the following holds.

Corollary 3.6. Let k = (ki, ko) € C? with ka > 0, Rek1 > 0 and consider k' =
(k1 + h, ko) with Reh > —Rek;.

(1) Suppose that there exists a bounded complex Radon measure m € M,(R™)
such that the Sonine formula

TB(iE1) = / I, aydm(z) (3.6)

holds for all & € R™. Then either Reh > ka(n — 1), in which case (3.0)
holds with m = py p, or h is contained in {0,ks,... ko(n —1)} —Z4 . If
k1 > 0 and m is positive, then in addition h must be real.

(2) Suppose that kv > 0 and that Vi is positive. Then h is contained in the
set

S(ka) :==]ka(n — 1),00[U ({0, ke, ..., ka(n — 1)} — Z3).
Remarks 3.7. (1) The set 3(k2) is closely related with the so-called Wallach set
Jd(n —1),00[U{0,d,...,d(n—1)},
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where d € N is the Peirce constant of a symmetric cone. The Wallach set plays an
important role in the analysis on symmetric cones, see [FK| for some background.
It describes the set of parameters for which Riesz distributions on a symmetric cone
are actually positive measures, a result which is due to Gindikin [G].

(2) Corollary should be compared with the results of [RV2 Section 4] for
Bessel functions on symmetric cones, which are closely related to the Bessel func-
tions JP. In [RV2, Theorem 4] also a sufficient condition for the existence of Sonine
formulas between Bessel functions on a symmetric cone is given. It is based on the
knowledge of the parameters for which Riesz distributions are actually measures.
Corresponding results are not yet available in the Dunkl setting.

4. CONSEQUENCES FOR HYPERGEOMETRIC FUNCTIONS AND HECKMAN-OPDAM
POLYNOMIALS OF TYPE BC

We start with some basic facts from Heckman-Opdam theory, see [HS| [02] for
more details. Let again (a, (., .)) be a finite dimensional Euclidean space, which
we identify with its dual a* = Hom(a,R) via the given inner product. Let R be a
crystallographic, not necessarily reduced root system in a with associated reflection
group W and fix a positive subsystem Ry of R as well as a W-invariant multiplicity
function k on R, where we assume for simplicity that k is real-valued with k& > 0.
The Cherednik operators associated with R, and k are defined by

De(k) =0+ Y k(@) T——(1-0a) — (p(k).€), £ R

a€ERy

where e*(z) := e for A,z € a and p(k) = %Za€R+ k(a)a.

The D¢(k),& € a commute, and for each \ € ac there exists a unique analytic
function G(A, k;.) on a common W-invariant tubular neighborhood of a in ag, the
Opdam-Cherednik kernel, satisfying

De(k)G(A ks ) = (X&) G\ k; ) VE € a; G(Ak;0) = 1.
The hypergeometric function associated with R is defined by

F(\E;z) = ﬁ Z G\ k;wt2).

weWw

Closely related with the hypegeometric function are the Heckman-Opdam polyno-
mials. To introduce these, write o = <jaa> for &« € R and consider the weight

lattice and the set of dominant weights associated with R and R,

P={ eca:(\a")eZVaeR}, Pr={NeP:(\a’)>0Vac Ry}

Note that Ry C Py. We equip Py with the usual dominance order, that is, p < A
iff A — p1 is a sum of positive roots. Denote further by 7 := spanc{e?*, A € P} the
space of trigonometric polynomials associated with R. Notice that the members of
T are 2wQ"-periodic, where QV = spanz{a", o € R}, and that the orbit sums

MA:ZCZ"U', )\€P+
pneEWX
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form a basis of the subspace TW of W-invariant elements from 7. Consider the
compact torus T = a/27Q" with the weight function

() == [] Isin @Pka.

aER

The Heckman-Opdam polynomials associated with R, and k are defined by
Pa(k;2) == Ma(2) + ) exv(k)My(2); A€ Py,z€ac

<A
where the coefficients ¢y, (k) € R are uniquely determined by the condition that
Py(k; .) is orthogonal to M,, in L*(T, ) for all v € P, with v < A. It is known
that the coefficients actually satisfy ¢y, (k) > 0 for all indices A, v (M} Par.11]), and
that the family {Py(k, .), A\ € Py } forms an orthonormal basis of L(T,;)", the
subspace of W-invariant functions from L?(T, §x). The renormalized polynomials
Py (k; 2)

R,\(k’, Z) = m

are related with the hypergeometric function via (see [HS])
Ra(k,2) = F(\ + p(k), k;iz).
As Ry(k, .) =1, it follows that
F(pk),k;.)=1. (4.1)
We now consider a = R™ with the nonreduced root system
R =BC, ={%e;,+2¢;,1 <i<n}U{x(e; £e;),1 <i<j<n}CR"

Its weight lattice is P = Z" and the torus T is given by T = (R/27Z)". We
write mulitplicities on R as k = (ki, k2, k3) with k1, k2, k3 the values on the roots
ei,2e;,e; £ e;. We fix some positive subsystem R, and denote the associated
Opdam-Cherednik kernel and hypergeometric function by Ggc and Fpc.

Dunkl operators are scaling limits of Cherednik operators, which implies that
Dunkl kernels and Bessel functions can be obtained by a contraction limit from
Opdam-Cherednik kernels and hypergeometric functions. We shall need the follow-
ing variant of Theorem 4.12 in [dJ2] (see also [RV1]) which was originally formulated
for reduced root systems. The proof extends to R = BC,, in the obvious way.

Lemma 4.1. Consider the root systems BCy,, with multiplicity k = (k1,ka,ks)
and By, with multiplicity ko := (k1 + k2, ks). Let further K, L C C"™ be compact,
d > 0 some constant and let h : (0,8) x L — C™ a continuous function such that
lime_,0 €h(e, \) = A uniformly on L. Then

lim Gpo(h(e, M) ki ez) = Eig (A, 2),  lim Fpc(h(e, ), kiez) = Jig (A, 2)  (42)
uniformly for (\,z) € L x K.

Hypergeometric functions associated with root systems generalize the spherical
functions of Riemannian symmetric spaces G/K of noncompact type. More pre-
cisely, suppose that X is the restricted root system of G/K with Weyl group W
and geometric multiplicities mq, @ € ¥. Let F be the hypergeometric function
associated with R = 2% and define the multiplicity k& on R by k(2a) := im(a).
Consider the decomposition G = KAK and let a := Lie(A), which is a Euclidean
space with the Killing form (., .). Then the spherical functions of G/ K, considered
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as W-invariant functions on a, are given by px(z) = F()\ k;x), A € ac. From the
Harish-Chandra formula [Hel, Theorem IV.4.3] and the Kostant convexity theorem
it follows that for R and k as above,

F\+ p(k), k;z) = / PO dmk(e) YA€ ac
C(x)

where C(x) C a again denotes the convex hull of the W-orbit of z and mF is a cer-
tain W-invariant probability measure. For root system A,, and certain BC,,-cases,
this integral representation was recently extended in [Sall [Sa2] to arbitrary non-
negative multiplicities, including a detailed analysis of the representing measures
mk. See also [Su] for an alternative approach in the A,-case. A natural general-
ization would be an integral representation of Sonine type between hypergeometric
functions with different multiplicities. We obtain the following necessary condition
on the multiplicities in the BC), case as a consequence of Corollary

Theorem 4.2. Fiz k = (k1, ko, k3) € R3 with ky,ky > 0, k3 > 0 and consider
k' =K' (h) := (k1 + h1, ko + ho, k3) with hy > —k1, ha > —ko. Suppose that for each
¢ > 0 there exists a positive Radon measure m. on R™ with suppm. C B.(0) such
that the following Sonine formula holds:

Fpe(A+p(k'),k';¢) = Fpe\+ p(k), k; &) dmo(§) VA eC", (4.3)
R‘VL

with ¢ = (¢,...,c). Then hy + ho must be contained in the set
2([’63) :]k3(n - 1), OO[U ({0, k?3, ceey k3(n - 1)} - Z+)

In particular, there are multiplicities k, k' > 0 on BC,, with k' > k such that a
Sonine formula (L3) does not exist.

Note that the measures m,. in (@3] are actually probability measures, which is
immediate from the normalization (J).

Proof. For € > 0 denote by m¢ € M'(R") the image measure of m, under the
mapping x — x/e. Then by ([3)),

FBC(% + p(k'), ks €) = / FBC(% + p(k), k; €€) dmg(€) (4.4)

n

for all A € C". By our assumption, the measures m¢ are compactly supported in
the ball B;(0). Thus by Prohorov’s theorem (see e.g. [Bi]), the set {m¢,e > 0}
is relatively (sequentially) compact. Hence there exists a sequence €, — 0 and a
measure m € M (R") with supp m C B1(0) such that m¢ — m weakly as n — oc.
Put ko := (k1 + k2, k3) and k() := (k1 + k2 + hq1 + he, k3) on B,,. Using Lemma [L1]

and taking the limit €, — 0 in formula ([@4)), we obtain that
B0 = [ IEOOdm(E)
for all A € C™. Corollary B.6] now implies the assertion. O

We now turn to the Heckman-Opdam polynomials of type BC,,. These have been
extensively studied in the literature, see for instance [BOI [Lal [RR]. We consider
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the (W (B,)-invariant) normalized polynomials Ry = Rfc", A € Z%. A short
calculation shows that the rescaled polynomials Ry on [0, 1]™ defined by

-1
R,\(§(1—cost)) = Ry(k;t), XeZl

form an orthogonal basis of L2([0, 1], px) with the weight function

n
ki+ko—1/2 _
Pk(ﬂ?):Hﬂ?il+ 2—1/ (171.1)]62 1/2H|xi7xj|2k3'
i=1 i<j
In the rank one case, the Heckman-Opdam polynomials can be written in terms
of the classical one-variable Jacobi polynomials

1
R;“’B)(x) = gFl(—n,n—i—oz—i—B—i— 1;a+1;§(1 —x)) (a,8>-1,n€Zy)

as follows, see [HS| Ex.1.3.2]:

1 1

REBC(k;t) = R (cost) with a = ki + kg — 2 B=ke— 7
Classical Jacobi polynomials have various interesting integral representations. Of
relevance in our context is the following one, which is proven in [All eq. (4.19)]:
Let o, > —1 and v > 0. Then for each x € [—1,1] there exists a (necessarily

unique) probability measure p, € M1([—1,1]) such that

1
R0 () = / R (y)dpg(y) Vn € Zoy. . (4.5)

-1
In the higher rank case, one may ask for integral representations between Heckman-
Opdam polynomials with different multiplicities. Note that for the normalized
Heckman-Opdam polynomials Ry of type BC,,, Lemma (1)) implies that
. t By
mlgnoo R (K E) = Jip (A, it). (4.6)

The following necessary condition concerns the analogue of formula ([@3) in
higher rank; it is a counterpart of Theorem with essentially the same proof.

Proposition 4.3. Consider root system BC, with multiplicities k = (k1, k2, ks3)
and k' = (k1 + hi, ka2 + ho, k3) as in Proposition [[.2 Suppose that for each T €
R/27Z there exists a positive Radon measure m, on T = (R/2xZ)"™ such that

Ry(K';7) = /’H‘R,\(k;s)me(s) VA eZl.

Then hy + ha is contained in X(ks).

We finally turn to branching rules for Heckman-Opdam polynomials of type
BC,,. For multiplicities k, k" on BC,, and A € Z! we have an expansion

Ra(K' 1) = exu (K, k) Ry (ks t)
r<A

with unique connection coefficients ¢y, (k’, k) € R. In rank one, the following pos-
itivity result for the connection coefficients between Jacobi polynomial systems is
well-known, see e.g. [A2] (7.33)]: For o, 5 > —1 and v > 0,

R%oﬁrl/,ﬁ) — Z Cn’ijX,B) with Cnj Z 0.
7=0
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Heckman-Opdam polynomials of type BC,, generalize the spherical functions of
compact Grassmannians. See |[RR] for a detailed treatment, where however the
notation (scaling of root systems and multiplicities) is slightly different from ours.
To become specific, consider for fixed n € N and integers m > n the compact Grass-
mann manifolds Uy, /K, with U, = SU(m + n,F), K,, = S(U(m,F) x U(n,F))
for F € {R,C, H}. Via polar decomposition of U,,, the double coset space Uy, // K,
may be topologically identified with the fundamental alcove

AO:{tGR”:thlz...ZthO}

with ¢t € Ag being identified with the matrix

cost 0 —sint
a; = 0 In 0 €U, t=diag(ty,..., t,).
sint 0 cost

The spherical functions of U,,/K,, are given by
oX'(at) = Ra(km;2t), A€ ZY
with
kw = (d(m —n)/2,(d—1)/2,d/2), d= dimgF.
Here the R, are again the normalized Heckman-Opdam polynomials associated
with root system BC,,. For integers [ > m we consider U, as a closed subgroup of
U;. Then K,,, = Uy, N K; and U,,/K,, is a submanifold of U;/K;. As a function

on Uj, the spherical function golA is Kj-biinvariant and positive definite, and its
restriction to U, is K,,-biinvariant and positive definite on U,,. This implies that

l _ m
Alv, = D cawel
u621

with unique branching coefficients ¢y, = ¢y, (I, m) > 0, only finitely many of them
being different from zero. For the Heckman-Opdam polyomials this implies that

R)\ (kl, t) = Z CA,VRV (km; t)a

r<A

so the connection coefficients between the two systems are non-negative.

The next result however shows that for general multiplicities k = (k1, k2, k3) > 0
and k' = (k1 + h, ko, k3) with h > 0 there may also occur negative connection
coeflicients between the associated systems of Heckman-Opdam polynomials.

Theorem 4.4. Consider root system BC,, with multiplicities k = (ki, k2, ks) and
k' = (k1 + hi, ko + ha, k3) as in Theorem[{.2. Suppose that hi + ho & 3(k3). Then
the connection coefficients in the expansion

Rn(K'5t) = > emyRu(kst), m=(m,...,m) (4.7)
v<m
satisfy
sup Cm,v| = 0.
7neN;§;L| |

In particular, there exist infinitely many m € N such that cm,, < 0 for some v.
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Proof. Assume in the contrary that S := sup,,en ., < m [Cm,v| < 00. We proceed
similar as in [RVI] and introduce the bounded, discrete signed measures

Hm = Z Cm,v 51//m S Mb(Rn)a m e Na

r<m

where §, denotes the point measure in x € R™. By definition of the dominance order,
the support of p,, is contained in the compact cube [0, 1]™. With these measures,
expansion (1) can be written as

R (K3 —) = > emu Fro(vp(k), k; 2y :/ Fpe(ma-tp(k), ks -0 ) dpo (2).
m r<m m [0,1]" m

We consider the Jordan decomposition p,,, = ul, — 2, where p are positive
measures whose total variation norm satisfies ||ul,|| < ||gm| < S and which are
supported in [0, 1]™. Using again Prohorov’s theorem we obtain, after passing to
subsequences if necessary, that there exist positive bounded Radon measures p
on R" with supp(u‘) C [0,1]" and such that pl, — u® as m — oo. Therefore
fm — b= pt — p? weakly. Taking the limit m — oo and employing Lemma 1]
as well as formula ([&6]), we obtain

s = [ indue) veer
(0,1]™

with kg = (k1 +ka, k3), k) = (k1 +ka+hi+hse, k3). Again, Corollary B.6 now implies

that hy + ha € X(k3), a contradition. O

Remark 4.5. Apart from the well-studied rank one case (see [A2] for an overview)
and the geometric cases described above, further nontrivial pairs of Heckman-
Opdam polynomial families with nonnegative connection coefficients seem to be
unknown.
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